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Charmed-Meson Fragmentation Funtionswith Finite-Mass CorretionsT. Kneesh1, B.A. Kniehl1, G. Kramer1, and I. Shienbein21 II. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, Germany2 Laboratoire de Physique Subatomique et de Cosmologie, Universit�e Joseph FourierGrenoble 1, CNRS/IN2P3, Institut National Polytehnique de Grenoble,53 avenue des Martyrs, 38026 Grenoble, FraneAbstratWe elaborate the inlusive prodution of single heavy-avored hadrons in e+e�annihilation at next-to-leading order in the general-mass variable-avor-numbersheme. In this framework, we determine non-perturbative fragmentation fun-tions for D0, D+, and D�+ mesons by �tting experimental data from the Belle,CLEO, ALEPH, and OPAL Collaborations, taking dominant eletroweak orre-tions due to photoni initial-state radiation into aount. We assess the signi�aneof �nite-mass e�ets through omparisons with a similar analysis in the zero-massvariable-avor-number sheme. Under Belle and CLEO experimental onditions,harmed-hadron mass e�ets on the phase spae turn out to be appreiable, whileharm-quark mass e�ets on the partoni matrix elements are less important.PACS: 12.38.Bx, 12.39.St, 13.66.B, 14.40.Lb
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1 IntrodutionIn previous work [1℄, two of us determined non-perturbative D0, D+, D�+, D+s , and�+ fragmentation funtions (FFs), both at leading order (LO) and next-to-leading or-der (NLO) in the modi�ed minimal-subtration (MS) fatorization sheme, by �tting thefrational-energy spetra of these hadrons measured by the OPAL Collaboration [2,3℄ ine+e� annihilation on the Z-boson resonane at the CERN Large Eletron-Positron Col-lider (LEP1). Apart from untagged ross setions, they also measured the ontributionsarising from Z ! bb deays. This enabled the authors of Ref. [1℄ to obtain spei� FFsfor the transitions ; b! D0; D+; D�+; D+s ;�+ . The strategy adopted in Ref. [1℄ was verysimilar to the one underlying Ref. [4℄, in whih also ALEPH data [5℄ were �tted, andRef. [6℄. The FFs obtained in Ref. [1℄ were used as input for a NLO study [7℄ of harmed-meson hadroprodution in pp ollisions, whih yielded reasonable agreement with dataolleted by the CDF Collaboration in run II at the Tevatron [8℄.Reently, new data on harmed-meson prodution with muh higher auray have beenpresented by the Belle Collaboration [9℄ at the KEK Asymmetri Eletron-Positron Col-lider for B Physis (KEKB) and the CLEO Collaboration [10℄ at the Cornell Eletron-Positron Storage Ring (CESR). These data o�er us the possibility to determine the non-perturbative initial onditions of the FFs muh more aurately. Furthermore, the largespan in enter-of-mass (.m.) energy (ps) ranging from 10.5 GeV [9,10℄ way up to91.2 GeV [2,3,5℄ provides us with a powerful lever arm to test the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [11℄ evolution of the FFs. These new FFs will enableus to improve our theoretial preditions for the harmed-meson hadroprodution rosssetions [7,12℄ to be ompared with the CDF data [8℄.The data from Belle and CLEO are loated muh loser to the thresholds ps = 2m andps = 2mb of the transitions ! H and b! Hb, where H and Hb stand for generi  or bhadrons, respetively, than those from ALEPH and OPAL. It might thus be a questionableapproximation to treat the partoni ross setions for e+e� !  +X and e+e� ! b +Xin the massless approximation, with m = mb = 0, as was done in Refs. [1,4,6℄, whereLEP1 data were �tted. Therefore, we take into aount the �nite quark mass orretionsof the form m2=s (m = m; mb) in the partoni ross setions to test their signi�ane.Similar studies based on perturbative FFs [13℄ may be found in Refs. [14,15℄.The outline of this paper is as follows. In Setion 2, we desribe the theoretial formalismof single-hadron inlusive prodution in e+e� annihilation. After reviewing the masslessase in Setion 2.1, we explain how to inlude the full mass orretions in Setion 2.2.Lengthy expressions are relegated to Appendies A and B. Spei�ally, we list the ele-troweak quark harges in Appendix A and the mass-dependent oeÆient funtions inAppendix B. In Setion 2.3, we onsider the eletromagneti initial-state radiation (ISR)that is inherent to the Belle and CLEO data and explain how to eÆiently aommodatethe ISR orretions in our �ts. In Setion 3, we present several alternative FF sets. Theyare obtained from global �ts to Belle [9℄, CLEO [10℄, ALEPH [5℄, and OPAL [2,3℄ data,2



and from separate �ts to the B-fatory (Belle plus CLEO) and Z-fatory (ALEPH plusOPAL) data, both for m 6= 0 and for m = 0. Finally, in Setion 4, we present a summaryand our onlusions.2 FormalismWe study the inlusive prodution of a single harmed hadron H, with mass mH , in e+e�annihilation via a virtual photon () or Z boson,e+ + e� ! (; Z)! H +X; (1)where X stands for the residual �nal state, whih goes unobserved. Spei�ally, weonentrate on the ases H = D0; D+; D�+. In the following, we explain how to alulatethe ross setion of proess (1) at NLO in the parton model of QCD, both in the zero-mass (ZM) approah, where all quark masses are negleted, and in the general-mass (GM)approah, where the  and b quarks are taken to be massive. We denote the four-momentaof the virtual gauge boson and the H hadron by q and pH , respetively, so that s = q2and m2H = p2H , and introdue the saling variable x = 2(pH � q)=q2. We all the energy ofH and the angle of its three-momentum w.r.t. the beam axis in the .m. frame E and �,respetively. Then, x = 2E=ps measures the energy of H in units of the beam energy.For unpolarized beams and observed hadrons, the ross setion of proess (1) at a givenvalue of ps an only depend on E and �. Sine the virtual boson has spin one, the mostgeneral form of the di�erential ross setion then readsd2�dx d os � = 38(1 + os2 �)d�Tdx + 34 sin2 �d�Ldx + 34 os �d�Adx : (2)The three terms on the right-hand side are the transverse, longitudinal, and asymmetriontributions, respetively. The �rst two are assoiated with the orresponding polar-ization states of the virtual boson with respet to the diretion of the observed hadron.The asymmetri ontribution is due to the parity-violating interferene terms and is notpresent in QED. The transverse and longitudinal parts are normalized so thatd�dx = +1Z�1 d os � d2�dx d os � = d�Tdx + d�Ldx : (3)In the parton model, eah omponent d�P=dx (P = T; L) on the right-hand side ofEq. (3) an be written, up to power orretions, as a sum of onvolutions of partoni rosssetions d�Pa (y; �; �f)=dy, where a = g; u; u; : : : ; b; b is the fragmenting parton with four-momentum pa, y = 2(pa � q)=q2, and � and �f are the renormalization and fatorizationsales, respetively, with FFs Da(z; �f ), where z = x=y is the fration of energy passed3



on from parton a to hadron H in the .m. frame, asd�Pdx (x; s) =Xa ymaxZymin dyy d�Pady (y; �; �f)Da�xy ; �f� ; (4)where the values of ymin and ymax are subjet to mass e�ets to be disussed below. AtNLO, �f de�nes the sale, where the divergene assoiated with ollinear gluon radiationo� a massless primary quark or antiquark is to be subtrated.2.1 ZM approahAt NLO in the MS sheme, the ross setions of the relevant partoni subproesses aregiven by [16℄d�qidy (y; �; �f) = N�0 �V 2qi + A2qi�(Æ(1� y) + �s(�)2� "P (0;T )q!q (y) ln s�2f + Cq(y)#) ;d�gdy (y; �; �f) = 2N�0 nfXi=1 �V 2qi + A2qi� �s(�)2� "P (0;T )q!g (y) ln s�2f + Cg(y)# : (5)Here, N = 3 is the number of quark olors;�0 = 4��23s ; (6)with � being Sommerfeld's �ne-struture onstant, is the total ross setion of e+e� !�+�� for massless muons; Vqi and Aqi are the e�etive vetor and axial-vetor ouplingsof quark qi to the photon and the Z boson inluding propagator adjustments, whih arelisted in Appendix A; P (0;T )a!b are the LO timelike splitting funtions [11℄,P (0;T )q!q (y) = CF �32Æ(1� y) + 1 + y2(1� y)+� ;P (0;T )q!g (y) = CF 1 + (1� y)2y ; (7)and the oeÆient funtions read [16℄Cq(y) = CF ���92 + 23�2� Æ(1� y)� 32 � 11� y�+ + 2 � ln(1� y)1� y �+ + 52 � 32y+ 4 ln y1� y � (1 + y)[2 lny + ln(1� y)℄� ;Cg(y) = CF 1 + (1� y)2y [2 ln y + ln(1� y)℄; (8)4



where CF = (N2 � 1)=(2N) = 4=3 and the plus distributions are de�ned as usual. Weevaluate the strong-oupling onstant �s using the two-loop formula with nf = 5 quarkavors. We identify � = �f = ps , so that in Eq. (5) the terms proportional to ln(s=�2f)vanish. We observe that Cg(y) < 0 for any value of y, so that the gluon ontributesdestrutively to Eq. (5). The bounds of integration in Eq. (4) are ymin = x, ymax = 1, andwe have p�H � x � 1, where �H = 4m2H=s.For later use, we also list the total hadroni ross setion at NLO,�tot = N�0 nfXi=1 �V 2qi + A2qi� �1 + �s(�)2� CF 32� : (9)The x dependenes of the FFs are not yet alulable from �rst priniples. However, onethey are given at some initial fragmentation sale �0, their �f evolution is determined bythe DGLAP evolution equations [11℄,dd ln�2fDa(x; �f) = �s(�)2� Xb 1Zx dyy P Ta!b(y; �s(�))Db�xy ; �f� : (10)Spei�ally, we use �0 = m for a = g; u; u; d; d; s; s; ;  and �0 = mb for a = b; b. Ourtask is thus to onstrut a model for the z dependenes of Da(z; �0), whih upon evolutionto �f = ps �t the data at that .m. energy.The above formalism is idential to the one that is routinely used in the literature forthe inlusive prodution of single light hadrons [17℄. The non-zero values of the - andb-quark masses only enter through the initial onditions of the FFs, and the mass of theheavy hadron sets the lower bound on the saling variable x.2.2 GM approahWe derived the partoni ross setions at NLO for non-zero quark masses adopting theon-shell de�nition of the latter and found agreement with Ref. [18℄. We take the polemasses of the  and b quarks to be m = 1:5 GeV and mb = 5:0 GeV, respetively. The�nite-mass orretions are generally of order m2=s (m = m; mb). They an be sizeable forsuÆiently small values of ps. In our study, where the smallest value of ps is 10.52 GeV,they reah at least 2% for the  quark, but might be muh larger depending on theoeÆient of m2=s in the LO ross setion. On the other hand, they are quite substantialfor the b quark at values of ps just above the bb prodution threshold.In the following, we onsider �nite-mass e�ets of order m2=s only in the prodution dy-namis, but not in the deays of the produed H mesons, whih are a�eted by kinematipower orretions. This would be beyond the sope of our analysis and is not requiredbeause the experimental analyses atually provide prodution ross setions.5



In order to expose the onnetion with the ZM limit and to establish the �nite subtrationterms, whih are needed for the evaluation of the GM ross setion in the MS fatorizationsheme, we report the relevant ross setion formulae for the GM ase. We largely adoptthe notation of Ref. [18℄.At NLO, there is a ontribution from real gluon radiation. The gluon an either beinluded in the hadroni system X or it an at as the leading parton initiating a hadronjet that ontains the H meson. Therefore, we also need to onsider at the parton levelsingle-gluon inlusive prodution with X inluding a  or bb pair.The partoni ross setions of single-heavy-quark inlusive prodution readd�Pqidy (y; �) = N�0 hV 2qiF (v)P (y; �) + A2qiF (a)P (y; �)i ; (11)where � = 4m2=s with m = m; mb. Notie that the vetor and axial-vetor ontributionsdi�er by �nite-mass terms. At NLO, the oeÆient funtions F (u)P (y; �), with P = T; Land u = v; a, in Eq. (11) may be deomposed as [18℄:F (u)P (y; �) = Æ(1� y)B(u)P (�) + �s(�)2� �Æ(1� y)S(u)P (�) + � 11� y�+R(u)P (y; �)� : (12)The LO terms readB(v)T (�) = �; B(v)L (�) = ��2 ; B(a)T (�) = �3; B(a)L (�) = 0; (13)where � = p1� �. In the massless limit, we have B(v)T (�) = B(a)T (�) = 1 and B(v)L (�) =B(a)L (�) = 0. The NLO terms, S(u)P (�) and R(u)P (y; �), may be found in Appendix B. Thepartoni ross setion of single-gluon inlusive prodution readsd�Pgdy (y; �) = N�0�s(�)2� hV 2qiG(v)P (y; �) + A2qiG(a)P (y; �)i ; (14)with the oeÆient funtions G(u)P (y; �) given in Appendix B. Deviating from the notationof Ref. [18℄, we inluded the fator CF in the funtions S(u)P (�), R(u)P (y; �), and G(u)P (y; �)to simplify the omparison with the ZM approximation. Through this omparison, wereover the so-alled perturbative FFs [13℄, from whih the subtration terms for theonversion from the NLO alulation with �nite quark masses in the on-shell sheme [18℄to the GM variable-avor-number sheme [7,12℄ are onstruted. The result thus obtainedontains all the �nite-mass terms and, at the same time, smoothly approahes the ZMresult in the limit m! 0.Thanks to our spei� hoie of hadroni and partoni saling variables, x and y, respe-tively, Eq. (4) applies to the GM ase as it stands. The bounds of integration in y and theallowed x range now depend on the partoni subproess and on the fragmenting partona. In the ase of heavy-quark fragmentation, we have ymin = max(x;p�), ymax = 1, and6



p�H � x � 1. If a gluon fragments and there is also a heavy-quark pair in the �nal state,then we have ymin = x, ymax = �2, and p�H � x � �2. If there are only massless partonsin the �nal state, then we have ymin = x, ymax = 1, and p�H � x � 1 as in Setion 2.1.The experimental data at ps = mZ , olleted by OPAL [2,3℄ and ALEPH [5℄ at LEP1,ome in the form d�=dx as a funtion of the saling variable x introdued above. Asexplained above, the maximum x range is p�H � x � 1. On the other hand, Belle[9℄ and CLEO [10℄ present their data as distributions d�=dxp in the saled momentumxp = p=pmax = p(x2 � �H)=(1� �H), with allowed values 0 � xp � 1. The onversionformula reads d�dxp (xp) = (1� �H)xpx d�dx (x); (15)with x =q(1� �H)x2p + �H .We onlude this setion with a remark onerning parton model kinematis of frag-mentation in the presene of �nite quark and hadron masses. In the piture where thefragmenting parton a reates a jet that inludes the observed hadron H, the parton vir-tuality p2a must exeed the hadron mass square m2H . In fat, if the saling variable z isde�ned in terms of light-one momenta, as z = p+H=p+a = (p0H+p3H)=(p0a+p3a) [19℄, we havep2a > m2H=z [20℄. Sine the outgoing partons are taken to be on-shell in the parton model,this inequality beomes m2 > m2H=z. In our ase, this is only satis�ed for the transitionb! H in the onstrained z range m2H=m2 < z < 1.At this point, we �nd �nd it instrutive to insert a digression on the massive kinematisof fragmentation, a topi whih has reeived very little attention in the literature. Let usview the fragmentation proess b! H as a deay b! H+X, where the invariant massmX of the hadroni system X, whih we may treat as one e�etive partile, an be tunedin the range 0 � mX � m �mH . Starting from the rest frame of the deay, we performa Lorentz boost along the three-momentum of H, suh that the energy of H beomesp0H = xps=2, where ps is the e+e� .m. energy. This orresponds to the situation whereH is emitted ollinearly from b, arrying energy p0b = yps=2, in the laboratory frame.For given values of x and mX , we havey = 12m2H ��m2 +m2H �m2X�x�q� (m2; m2H ; m2X) (x2 � �H)� ; (16)where �(a; b; ) = a2 + b2 + 2 � 2(ab+ b+ a). Owing to the onstraint p� � y � 1 ony and the one on mX spei�ed above, x must lie in the range p�H � x � xmax, withxmax = 12m2 �m2 +m2H + � �m2 �m2H�� : (17)7



For a given value of x, the allowed y range is thus ymin(x) � y � ymax(x), whereymin(x) =(p� if p�H � x � m2+m2Hmpsy0 if m2+m2Hmps < x � xmax ;ymax(x) =(min(y0; 1) if p�H � x � (m +mH)pmHmsmin�x mmH ; 1� if (m+mH)pmHms < x � xmax ; (18)where y0 = 12m2H h�m2 +m2H� x� �m2 �m2H�px2 � �Hi : (19)For ps � (m2 +m2H)=mH , the saling variable z = x=y appearing in the b! H FF liesin the range 2m2H=(m2 +m2H) � z � xmax.If mH � m is a good approximation, we may simplify these expressions by puttingmH = 0. Then, we have 0 � x � xmax, with xmax = (1 + �)=2, andymin(x) =(p� if 0 � x � p�2x + �4x if p�2 < x � xmax ;ymax(x) = 1: (20)Consequently, we have 0 � z � xmax. Finally, if also m = 0, we reover the ZM situation,0 � x � 1 and x � y � 1, so that 0 � z � 1.In Fig. 1, the kinematially aessible region in the (x; y) plain is shown for our frag-mentation model of b ! H assuming LEP1 experimental onditions, with ps = mZ ,m = 5:0 GeV, and mH = 2:01 GeV (solid line). It does not exhaust the region en-ompassed by p�H � x � 1 and max(x;p�) � y � 1 that we adopt for the eval-uation of Eq. (4) in the ase of b ! H (dashed line). There is a wedge missing atsmall values of x and large values of y, i.e. small values of z. The minimum value of z,2m2H=(m2 + m2H) � 0:28, is reahed at the minimum value of x. However, in the bulkof the missing wedge, we have z � mH=m � 0:40. As we shall see in Setion 3, thisexluded z range atually aommodates the peak of the b ! H FF (see also Table 8).Moreover, our simple fragmentation piture annot desribe the transitions a ! H fora = u; d; s; ; g. For these reasons, we abandon it at this point. A ruial oneptualdrawbak of the parton model applied to the inlusive prodution of heavy hadrons isthat fragmenting partons are taken to be on-shell. We esape this problem by imaginingthat the hadroni system initiated by the fragmenting parton a not only reeives olor,but also energy and momentum from the rest of the event. In this way, the aessibleregion in the (x; y) plane is expanded to beome the one underlying our analysis. By thesame token, the masses of the fragmenting quark and the observed hadron an be treatedindependently of eah other, the former appearing in the partoni ross setions and thelatter in the hadroni phase spae fator. As explained above, we take m = 0 < mH inthe ZM approah and m;mH > 0 in the GM approah. In Setion 3, we also study thease m = mH = 0 for omparison. 8



2.3 Eletromagneti initial-state radiationThe ross setions of inlusive single-hadron prodution in e+e� annihilation measuredby Belle [9℄, CLEO [10℄, ALEPH [5℄, and OPAL [2,3℄ naturally inlude eletroweak or-retions, whih were not subtrated in the data analyses. The bulk of these orretionsis due to the e�et of eletromagneti radiation emitted from the inoming eletrons andpositrons. This ISR is suppressed by a fator of �, but enhaned by the large logarithmlog(s=m2e), where me is the eletron mass. At Belle and CLEO energies, the hadroniross setion dereases with inreasing invariant mass of the hadroni system. Sine ISRredues the hadroni mass, it leads to an inrease in ross setion. The shape of the FF isalso hanged, sine a fration of the events takes plae at lower hadroni invariant mass.The impat of ISR on the determination of FFs has already been onsidered in Ref. [14℄and has been found to be non-negligible for the analysis of the Belle and CLEO data.The most straightforward way to orret for ISR would be to inorporate into the generalexpression for the e+e� ! H +X ross setion without photon radiation, presented inSetion 2.1, the orretions due to photon radiation o� the initial-state leptons and usethe resulting expression to �t the FFs to the Belle and CLEO data. This proedure wouldinvolve several additional numerial integrations in eah iteration of the �tting proedureand thus dramatially slow down the latter. In the following, we expliitly derive anapproximation formula, whih redues the number of integrations to a manageable leveland is still rather preise. Our proedure di�ers from the one used in Ref. [14℄, where theISR orretions were subtrated in an iterative way from the experimental data beforethe atual �t. Our proedure is numerially more involved, but o�ers the advantage that,at at the end, the ISR orretions preisely refer to the �nal x distribution resulting fromthe �t.The dominant ISR orretions are onveniently inorporated using the struture-funtionapproah, in whih the photon emission is taken to be ollinear to the inoming e� leptons[21,22℄. In analogy to the fatorization formula of the ollinear parton model, the ISR-orreted di�erential ross setion d�ISR(p+; p�), where p� denote the four-momenta ofthe inoming e� leptons, is obtained by onvoluting the unorreted di�erential rosssetion d�(p+; p�) with radiator funtions De�(x�; s), one for eah inoming leg, whihmeasure the probabilities for the e� leptons to retain the frations x� of their energiesafter the emission of ISR, asd�ISR(p+; p�) = 1Z0 dx+ 1Z0 dx�De+(x+; s)De�(x�; s)d�(x+p+; x�p�): (21)Using the method by Gribov and Lipatov [23℄, the leading logarithms an be resummedto all orders, leading to the expression for De�(x; s) in Eq. (7) of Ref. [22℄. The struture-funtion approah was mostly applied to total ross setions in the literature. In this ase,one integration an be arried out independently of the onsidered proess and leads to9



the luminosity funtionHe+e�(�; s) = 1Z0 dx+ 1Z0 dx�Æ(� � x+x�)De+(x+; s)De�(x�; s) (22)in � = x+x�. The Gribov-Lipatov-resummed expression for it may be found in Eqs. (8)and (9) of Ref. [22℄, in terms of the variable � = 1 � � . However, if the ross setion isdi�erential w.r.t. variables, whose di�erentials are not invariant under boosts along thebeam axis, as in our ase, the situation is more involved [24℄. In this ase, we obtain fromEq. (21) the following master formula:d�ISRdx (x; s) = Z dx+ dx� dx0 d os �0 Æ(x� x(x+; x�; x0; os �0))De+(x+; s)De�(x�; s)� d2�dx0 d os �0 (x0; os �0; x+x�s); (23)where the primed variables refer to the hadroni .m. frame, whih is reahed from thee+e� .m. frame through a Lorentz boost with veloity ~� = (x+ � x�)=(x+ + x�), andx(x+; x�; x0; os �0) = ~ �p�x0 + ~�p�x02 � �H os �0� ; (24)with ~ = 1=q1� ~�2.1 Integrating Eq. (23) over os �0, we haved�ISRdx (x; s) = 1Zx dx00B� 1Zx=x0 dx+ a+=(x0�a�=x+)Za�=(x0�a+=x+) dx� + 1Zx=x0 dx� a+=(x0�a�=x�)Za�=(x0�a+=x�) dx+1CA (25)� 2De+(x+; s)De�(x�; s)jx+ � x�jpx02 � �H=� d2�dx0 d os �0  x0; 2x� (x+ + x�)x0(x+ � x�)px02 � �H=� ; �s! ;where a� = x�px2 � �H2 : (26)Notie that the seond pair of integrations enlosed within the parentheses in Eq. (25)merely dupliates the �rst one if De+(x; s) = De�(x; s).Detailed numerial inspetion of our spei� appliation reveals that, to very good ap-proximation, we may substitute in Eq. (25)De+(x+; s)De�(x�; s) � Æ(1� x+)He+e�(x�; s); (27)1We denote the relativisti boost veloity and its  fator by ~� and ~, respetively, beause � and are reserved for other quantities in this paper. 10



whih trivially satis�es Eq. (22), so as to eliminate the seond term within the parenthesesin Eq. (25) and to save one integration in the �rst one. This implies that the whole ISRis emitted by the eletron alone, while the positron stays idle, or vie versa. A furthersimpli�ation may be obtained by asting Eq. (25) into a form that ontains on the r.h.s.(d�=dx0)(x0; s), i.e. the ross setion at the e+e� .m. energy integrated over the polarangle. To this end, we use the approximationsd2�dx0 d os �0 (x0; os �0; �s)� 38(1 + os2 �0) d�dx0 (x0; �s)� 38(1 + os2 �0)�(�s)�(s) d�dx0 (x0; s): (28)The approximation in the �rst line of Eq. (28) may be justi�ed by observing that, inEq. (2), d�L=dx is suppressed for m2 � s, being zero at LO in the ZM approah, and thatthe ontribution from d�A=dx vanishes upon integration over os �0. The approximationin the seond line of Eq. (28) faithfully desribes the leading power-like dependene on the.m. energy, but disregards the saling violations of the FFs, whih are just logarithmi.For simpliity, we evaluate the fator �(�s)=�(s) in Eq. (28) at LO in the GM approahnegleting the ontribution from Z-boson exhange, as�(�s)�(s) = 1� 1 + �=(2�)1 + �=2 s1� �=�1� � : (29)On the one hand, the NLO orretions largely anel out in this ross setion ratio; onthe other hand, the Z-boson ontribution is suppressed for ps � mZ , as explained inAppendix A. Substituting Eqs. (27) and (28) into Eq. (25), we obtain our working formulad�ISRdx (x; s) � 1Zx dx0 d�dx0 (x0; s) a+=(x0�a�)Za�=(x0�a+) d� 2He+e�(�; s)(1� �)px02 � �H=� 38(1+os2 �0)�(�s)�(s) ; (30)where os �0 = 2x� (1 + �)x0(1� �)px02 � �H=� (31)and �(�s)=�(s) is given in Eq. (29). In Eq. (30), we insert the NLO expression for(d�=dx0)(x0; s). Stritly speaking, we should then also evaluate Eq. (29) at NLO. How-ever, the omitted orretion is insigni�ant, as explained below Eq. (29). We employthis formalism also in the ZM approah, exept that we then set � = 0 in Eq. (29) foronsisteny.The e�et of ISR on the xp distribution of e+e� ! D+ + X measured by Belle [9℄ andCLEO [10℄ is studied for the GM approah in Fig. 2, where the result of the ISR-orreted�t to these data is ompared with the orresponding result where the ISR orretions aresubtrated. As already observed in Ref. [14℄, we �nd that the spetrum is shifted to larger11



values of xp, i.e. it beomes harder and lower at the peak when the ISR orretions aresubtrated. This is expeted, sine ISR redues the available hadroni .m. energy, whihsoftens the spetrum and inreases the ross setion.At LEP1 energy, the shift of the spetrum due to ISR is negligible. This may be under-stood by observing that ISR shifts the .m. energy available for the hard sattering tovalues below the Z-boson resonane, where the ross setion is greatly redued. In theanalysis desribed below, we thus only inlude ISR orretions in our theoretial desrip-tion of the Belle [9℄ and CLEO [10℄ data, while we neglet them in onnetion with theALEPH [5℄ and OPAL [2,3℄ data.3 ResultsAs experimental input for our �ts, we use the xp distributions of D0, D+, and D�+prodution in the ontinuum at ps = 10:52 GeV for 0:08 < xp < 0:94 from Belle [9℄and for 0:20 < xp < 0:95 from CLEO [10℄, whih we orret for ISR as desribed inSetion 2.3, and the x distributions of D0, D+ [2℄, and D�+ [3,5℄ prodution on the Z-boson resonane at ps = 91:2 GeV from ALEPH and OPAL. We reeived the Belle datain numerial form via private ommuniation [25℄. Belle [9℄ also provide data from the�(5S) resonane outside the B-meson deay region, whih we leave aside.In Refs. [2,3,5℄, the absolute ross setion distributions in x are normalized to the totalhadroni ross setion and inlude the branhing frations of the deays used to identifythe H mesons, namely D0 ! K��+, D+ ! K��+�+, and D�+ ! D0�+ followed byD0 ! K��+, respetively. Therefore, we multiply our preditions by 1=�tot, where, forsimpliity, we evaluate �tot from Eq. (9) exploiting the insigni�ane of quark mass e�etsat LEP1 energy, and divide the experimental data by the respetive deay branhing fra-tions. For onsisteny, we adopt the very values of the latter that are used in Refs. [2,3,5℄.These read B(D0 ! K��+) = (3:84�0:13)% and B(D+ ! K��+�+) = (9:1�0:6)% [26℄for Ref. [2℄, B(D�+ ! D0�+) = (68:3� 1:4)% and B(D0 ! K��+) = (3:83� 0:12)% [27℄for Ref. [3℄, and B(D�+ ! D0�+) = (68:3� 1:4)% and B(D0 ! K��+) = (3:85� 0:09)%[28℄ for Ref. [5℄, respetively. The b-tagged samples of Refs. [2,3℄ are treated in thesame way as the full ross setions, while the one in Ref. [5℄ needs to be multiplied byRbf(b! D��), where Rb = �(Z ! bb)=�(Z ! hadrons) is the fration of b-tagged eventsin the full hadroni sample and f(b ! D��) is the probability of a b quark to hadroniseinto a D�� meson. We adopt the value Rbf(b ! D�+) = (4:66 � 0:51)% determined inRef. [5℄.We take � in Eq. (6) to be the running �ne-struture onstant, whih is partiularlyimportant beause it appears there in squared form. At ps = 10:52 GeV, we have 1=� �132 [29℄. Of ourse, this e�et anels out in the normalized ross setions onsidered inRefs. [2,3,5℄.As already mentioned in Setion 1, we perform for eah hadron speies a ombined �t to12



Table 1: Values of �t parameters for the D0 meson resulting from the Belle/CLEO, OPAL,and global �ts in the GM approah together with the values of �2 ahieved.Belle/CLEO-GM OPAL-GM global-GMN 1:51 � 107 4:42 � 104 8:80 � 106a 1.56 1.52 1.54 3.64 2.83 3.58Nb 13.5 13.5 78.5ab 3.98 3.98 5.76b 0.921 0.921 1.14�2 3.15 0.794 4.03the Belle, CLEO, ALEPH, and OPAL data (global �t), a separate �t to the B-fatory data(Belle/CLEO), and a separate �t to the Z-fatory data (ALEPH/OPAL). We perform�ts both for m 6= 0 (GM) and for m = 0 (ZM).We parameterize the z distributions of the  and b quark FFs at their starting sales �0as suggested by Bowler [30℄, asDHQ (z; �0) = Nz�(1+2)(1� z)ae�2=z; (32)with three free parameters, N , a, and . This parameterization yielded the best �tto the Belle data [9℄ in a omparative analysis using the Monte-Carlo event generatorJETSET/PYTHIA.Spei�ally, our �tting proedure is as follows. At the sale �f = m = 1:5 GeV, the-quark FF is taken to be of the form spei�ed in Eq. (32), while the FFs of the lightquarks q (q = u; d; s) and the gluon are set to zero. Then these FFs are evolved tohigher sales using the DGLAP equations in Eq. (10) at NLO with nf = 4 ative quarkavors and an appropriate value �(4)MS of the asymptoti sale parameter. When the salereahes the threshold value �f = mb = 5:0 GeV, the bottom avor is ativated and itsFF is introdued in the Bowler form of Eq. (32). The evolution to higher sales is thenperformed with nf = 5 and the value �(5)MS is properly mathed to �(4)MS. Inluding �(4)MSamong the �t parameters, it turns out to be feebly onstrained by the �t. Therefore, weadopt the value �(5)MS = 221 MeV from Ref. [31℄ and adjust the value of �(4)MS aordingly,to be �(4)MS = 321 MeV.We �rst desribe the Belle/CLEO �ts in the GM approah. In the Belle and CLEO data,all harmed hadrons oming from B-meson deays are exluded, so that there is no needto inlude b! H fragmentation. On the other hand, the ALEPH and OPAL data eahome as two sets: the sample of H hadrons produed by the deays of b hadrons fromZ ! b�b (b tagged) and the total sample of H hadrons, also inluding those from diretprodution in Z ! � and from light-quark and gluon fragmentation (total). Sine we13



Table 2: Values of �t parameters for the D+ meson resulting from the Belle/CLEO,OPAL, and global �ts in the GM approah together with the values of �2 ahieved.Belle/CLEO-GM OPAL-GM global-GMN 5:66 � 105 2:82 � 104 5:67 � 105a 1.15 1.49 1.16 3.39 2.92 3.39Nb 18.8 18.8 185ab 4.71 4.71 7.08b 1.17 1.17 1.42�2 1.30 0.509 1.99

Table 3: Values of �t parameters for the D�+ meson resulting from the Belle/CLEO,ALEPH/OPAL, and global �ts in the GM approah together with the values of �2ahieved. Belle/CLEO-GM ALEPH/OPAL-GM global-GMN 1:33 � 107 4:58 � 104 1:10 � 107a 0.992 1.38 1.07 3.84 3.00 3.81Nb 6.67 6.67 14.0ab 3.28 3.28 3.85b 1.04 1.04 1.14�2 3.74 2.06 6.90
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wish to test the Belle/CLEO FFs �ts through omparisons to LEP1 data, we must inludethe b ! H transitions in an appropriate way. For this purpose, we �rst �t the D0 andD+ data from OPAL and the D�+ data from ALEPH and OPAL. The resulting values ofthe �t parameters and of �2 per degree of freedom, �2, for the D0, D+, and D�+ mesonsare given in Tables 1{3, respetively. The goodness of these �ts may also be judged fromFigs. 3(a){(), respetively. We observe from Fig. 3() that the D�+ data from ALEPHand OPAL are only moderately ompatible, as was already notied in Ref. [4℄. Thisexplains why the orresponding �t has a larger value of �2 than those for the D0 and D+mesons.In a seond step, we use the values of Nb, ab, and b thus obtained as rigid input forthe �ts to the Belle and CLEO data. While the b ! H transitions are exluded fromthe �nal states as explained above, their FFs still inuene the �ts through the DGLAPevolution from �f = mb to �f = ps. These �ts yield new values for N, a, and , whihare also inluded in Tables 1{3 together with the values of �2 ahieved. The �2 valuesof the �ts disussed so far are all aeptable, exept perhaps for the �ts to the D0 andD�+ data from Belle and CLEO, whih yield �2 values in exess of 3. In Figs. 4(a){(),the D0, D+, and D�+ data from Belle and CLEO are ompared with the respetive �tresults in order to assess the goodness of the latter. We observe from Figs. 4(a){() thatthe agreement is best in the D+ ase, whih is also reeted in Tables 1{3.We now turn to our global �t, whih uses all available D0, D+, and D�+ data, from Belle,CLEO, ALEPH, and OPAL. The resulting values of the �t parameters and of �2 are alsoinluded in Tables 1{3. The D0, D+, and D�+ data are ompared with the respetivetheoretial results based on the global �t in Figs. 5{7, respetively. Comparing Figs. 5{7with Figs. 3 and 4, we �nd the most striking di�erene to be that the global �t desribesthe total H samples from ALEPH and OPAL, espeially the D0 and D+ samples fromOPAL, less well in the large-x range, for x�> 0:6, than the ALEPH/OPAL �ts. This maybe understood by observing that, in the global �t, the  ! H FFs, whih dominantlyontribute in the large-x range, are mostly onstrained by the more preise Belle andCLEO data and are appreiably inreased in that x range ompared to their ounterpartsfrom the ALEPH/OPAL �ts. On the other hand, the modi�ations of the b! H FFs areless signi�ant and do not worsen the agreement with the ALEPH and OPAL data in anyvisible way. The observation that the  ! D�+ FF �tted to Belle and CLEO data doesnot yield a satisfatory desription of the ALEPH data was also made in Ref. [14℄, whereit was speulatively linked to the presene of large non-perturbative power orretions.New experimental data at intermediate energies, between those of the B and Z fatories,whih are not expeted to beome available in the foreseeable future, would ertainly shedmore light on this potential anomaly.In order to study the impat of �nite  and b quark masses on our �ts, we repeat them inthe ZM approah, wherem = mb = 0, exept in the de�nition of the starting sale �0. Westill have mH 6= 0, so that the x distributions have �nite lower endpoints and di�er fromthe orresponding xp distributions in shape. The resulting values of the �t parameters andof �2 are listed for the D0, D+, and D�+ mesons in Tables 4{6, respetively. Comparing15



Table 4: Values of �t parameters for the D0 meson resulting from the Belle/CLEO, OPAL,and global �ts in the ZM approah together with the values of �2 ahieved.Belle/CLEO-ZM OPAL-ZM global-ZMN 1:03 � 107 3:43 � 104 1:04 � 107a 1.48 1.48 1.50 3.60 2.80 3.60Nb 13.4 13.4 80.8ab 3.96 3.96 5.77b 0.923 0.923 1.15�2 3.25 0.789 4.66
Table 5: Values of �t parameters for the D+ meson resulting from the Belle/CLEO,OPAL, and global �ts in the ZM approah together with the values of �2 ahieved.Belle/CLEO-ZM OPAL-ZM global-ZMN 7:30 � 105 2:62 � 104 7:31 � 105a 1.12 1.48 1.13 3.43 2.91 3.43Nb 19.0 19.0 163ab 4.71 4.71 6.93b 1.17 1.17 1.40�2 1:37 0:507 2:21
Table 6: Values of �t parameters for the D�+ meson resulting from the Belle/CLEO,ALEPH/OPAL, and global �ts in the ZM approah together with the values of �2ahieved. Belle/CLEO-ZM ALEPH/OPAL-ZM global-ZMN 1:05 � 107 2:80 � 104 1:14 � 107a 0.929 1.33 1.03 3.82 2.93 3.82Nb 6.52 6.52 14.9ab 3.25 3.25 3.87b 1.04 1.04 1.16�2 3.69 2.04 7.6416



Tables 4{6 with Tables 1{3, we observe that the inlusion of �nite quark masses reduesthe �2 values of the global �ts by 11{16% and also tends to redue the �2 values of theBelle/CLEO �ts, exept for the ase of D�+ mesons, where the di�erene is insigni�ant.As expeted, the quality of the ALEPH/OPAL �ts are pratially una�eted by �nite-quark-mass e�ets, whih provides a retrospetive justi�ation for the use of the ZMapproah in Refs. [1,4,6℄.From the omparison of the �t parameters in the GM and ZM approahes presented inTables 1{3 and 4{6, respetively, it is hard to judge by how muh the FFs of the twoapproahes atually di�er as funtions of z at a given value of �f . As an example, wethus display in Figs. 8(a) and (b) the z dependenes at �f = 10:52 GeV of the  ! D+and g ! D+ FFs, respetively, of the Belle/CLEO �ts in the GM and ZM approahes.We notie that there is only little di�erene between the GM and ZM results. Thisobservation may be understood from Fig. 9, where the ZM result for the xp distributionof e+e� ! D++X at ps = 10:52 GeV evaluated with the GM FFs is ompared with theproper GM result. In fat, the �nite-m orretion to the hard-sattering ross setion onlyamounts to a few perent. A similar observation was made in Ref. [32℄ using perturbativeFFs [13℄.In the above implementation of the ZM approah, mH is identi�ed with its physial values.It is interesting to study the impat of the �nite-mH orretion. To this end, we repeatthe Belle/CLEO-ZM �t for the D+ meson putting alsomH = 0, whih implies that xp = xand (d�=dxp)(xp) = (d�=dx)(x), as may be gleaned from Eq. (15). In order to obtainan aeptable value of �2, we exlude the six data points with xp < 0:2 from the �t.Furthermore, we require that � > �D+ in Eq. (23), in whih �H = 0 is put otherwise,to ensure that the hadroni energy after ISR is above the prodution threshold. Theresulting ! D+ and g ! D+ FFs are also shown in Figs. 8(a) and (b), respetively. Wenotie that the former signi�antly di�ers from its ounterpart in the proper ZM approah,its peak being redued in size and shifted to a lower value of z, while the latter is onlymoderately a�eted. This modi�ation of the FFs is ompensated by a reiproal hangein the line shape of the xp distribution, as may be seen from Fig. 9, whih also ontainsthe result of the ZM approah with mH = 0 evaluated with the Belle/CLEO-GM FFs. Infat, the peak position and height are substantially inreased relative to the evaluationswith mH 6= 0. The situation is similar for the D0 and D�+ mesons.Besides the  ! H and b ! H FFs themselves, also their �rst two moments are ofphenomenologial interest. They orrespond to the branhing frations,BQ(�f) = 1Zmax(p�H ;zut) dz DQ(z; �f); (33)
where Q = ; b, and the average fration of energy that the H meson reeives from the17



Table 7: Values of ! H and b! H branhing frations at �f = 2mb, 10.52 GeV, andmZ . FF set H B(10:52 GeV) B(mZ) Bb(2mb) Bb(mZ)Belle/CLEO-GM D0 0.525 0.611 0.146 0.492D+ 0.232 0.269 0.0590 0.168D�+ 0.211 0.249 0.0696 0.206ALEPH/OPAL-GM D0 0.493 0.591 0.146 0.491D+ 0.185 0.220 0.0590 0.167D�+ 0.200 0.247 0.0695 0.206global-GM D0 0.522 0.608 0.140 0.490D+ 0.230 0.268 0.0512 0.157D�+ 0.206 0.245 0.0716 0.212Belle/CLEO-ZM D0 0.534 0.622 0.146 0.490D+ 0.235 0.273 0.0592 0.167D�+ 0.215 0.254 0.0695 0.205ALEPH/OPAL-ZM D0 0.489 0.587 0.146 0.489D+ 0.185 0.221 0.0591 0.166D�+ 0.201 0.248 0.0694 0.204global-ZM D0 0.527 0.614 0.141 0.488D+ 0.234 0.272 0.0517 0.157D�+ 0.209 0.248 0.0718 0.210
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Q quark, hziQ(�f) = 1BQ(�f) 1Zmax(p�H ;zut) dz zDQ(z; �f); (34)where the ut zut = 0:1 exludes the problemati z range where our formalism is not valid.As may be seen from Figs. 3 and 4, there are no experimental data at z < zut either.Tables 7 and 8 ontain the values of BQ(�f) and hziQ(�f), respetively, for Q = ; b andH = D0; D+; D�+ at �f = 2mb, 10.52 GeV, andmZ for the Belle/CLEO, ALEPH/OPAL,and global �ts in the GM and ZM approahes. We observe from Table 7 that, within theGM and ZM approahes, the values of B(�f) from the ALEPH/OPAL �ts are somewhatsmaller than those from the Belle/CLEO �ts, by less than 10% for the D0 and D�+mesons and by approximately 20% for the D+ meson. The orresponding results fromthe global �ts tend to lie between those from the Belle/CLEO and ALEPH/OPAL �ts,but loser to the former. The GM and ZM approahes yield very similar results. Asfor Bb(�f), the di�erenes between three �ts and two approahes are minor. We notethat the values of Bb(2mb) have to taken with a grain of salt beause, in onrast to the ! H FFs, the b ! H FFs are not diretly onstrained by low-energy data. Lookingat Table 8, we see that the values of hziQ(�f) are shifted towards smaller values throughthe DGLAP evolution in �f , as expeted, and that quark-mass e�ets are insigni�anthere. As for hzi(�f), the values from the ALEPH/OPAL �ts fall 5{9% below those fromthe Belle/CLEO �ts, whih are only slightly larger than those from the global �ts. Asfor the ALEPH/OPAL and global �ts, this trend may already be notied by omparingFigs. 3(a), (b), and () with Figs. 5(b), 6(b), and 7(b), respetively. On the other hand,the di�erenes between the various �ts are marginal for hzib(�f).Of ourse, the Q ! H FFs and their moments depend on sale, sheme, order, andimplementation issues suh as the funtional form of the ansatz at the starting sale �0and the value of �0 itself, and thus do not represent physial observables by themselves.Nevertheless, omparisons of the quantities BQ(�f) and hziQ(�f) de�ned in Eqs. (33) and(34), respetively, with their experimental ounterparts determined from the measured xdistributions are instrutive, as they reveal in how far the Q ! H transitions atuallydominate the ross setion distributions. Moreover, these quantities stringently hara-teristise the lineshape in x of the Q ! H FFs at a given value of �f and simplify theomparisons with our previous FF sets [4,6℄ and those to be introdued by other authors.The values of the branhing frations and average energy frations of the Q ! H tran-sitions measured by Belle and CLEO at ps = 10:52 GeV and by ALEPH and OPAL atps = mZ are olleted in Tables 9 and 10, respetively. For omparison, we present inTable 11 the ounterparts of B(mZ), Bb(mZ), hzi(10:52 GeV), and hzi(mZ) extratedfrom the ross setion distributions based on the global �ts in the GM approah, whihare shown in Figs. 5{7.In the remainder of this setion, we ompare our favourable FFs, from the global �t in theGM approah, with those from Refs. [1,4,6℄, whih were determined through �ts to ALEPH19



Table 8: Values of average energy frations for  ! H and b ! H transitions at�f = 2mb, 10.52 GeV, and mZ .FF set H hzi(10:52 GeV) hzi(mZ) hzib(2mb) hzib(mZ)Belle/CLEO-GM D0 0.623 0.479 0.470 0.273D+ 0.629 0.484 0.470 0.293D�+ 0.659 0.503 0.508 0.305ALEPH/OPAL-GM D0 0.591 0.450 0.470 0.273D+ 0.596 0.455 0.470 0.293D�+ 0.614 0.462 0.508 0.305global-GM D0 0.621 0.477 0.453 0.274D+ 0.629 0.484 0.451 0.288D�+ 0.655 0.499 0.501 0.306Belle/CLEO-ZM D0 0.624 0.480 0.471 0.274D+ 0.632 0.486 0.470 0.293D�+ 0.661 0.504 0.509 0.306ALEPH/OPAL-ZM D0 0.591 0.450 0.471 0.274D+ 0.596 0.455 0.470 0.294D�+ 0.613 0.461 0.509 0.306global-ZM D0 0.623 0.479 0.454 0.275D+ 0.631 0.486 0.452 0.289D�+ 0.657 0.500 0.501 0.308
Table 9: Values of ! H and b! H branhing frations extrated by ALEPH [5℄ andOPAL [2,3℄ at ps = mZ from their measured ross setion distributions.Q! H ALEPH OPAL! D0 0:559� 0:022 0:605� 0:040! D+ 0:238� 0:024 0:235� 0:032! D�+ 0:233� 0:015 0:222� 0:020b! D�+ { 0:173� 0:020
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Table 10: Values of average energy frations for  ! H transitions extrated by Belle[9℄ and CLEO [10℄ at ps = 10:52 GeV and by ALEPH [5℄ and OPAL [2,3℄ at ps =mZ from their measured ross setion distributions. The values for Belle and CLEOare obtained by onverting the orresponding average momentum frations quoted inRefs. [9,10℄, respetively.H Belle CLEO ALEPH OPALD0 0:640� 0:002 0:640� 0:005 { 0:487� 0:014D+ 0:647� 0:001 0:650� 0:007 { 0:483� 0:019D�+ 0:682� 0:001 0:682� 0:006 0:488� 0:008 0:515� 0:009Table 11: Counterparts of B(mZ), Bb(mZ), hzi(10:52 GeV), and hzi(mZ) extratedfrom the ross setion distributions based on the global �ts in the GM approah.H \B(mZ)" \Bb(mZ)" \hzi(10:52 GeV)" \hzi(mZ)"D0 0.628 0.515 0.632 0.509D+ 0.276 0.164 0.640 0.516D�+ 0.252 0.221 0.666 0.532[5℄ and OPAL [2,3℄ data in the ZM approah parameterizing the  ! H and b ! HFFs using the Peterson [33℄ and Kartvelishvili-Likhoded [34℄ ansaetze, respetively. InRef. [1℄, the initial sale for the DGLAP evolution was taken to be �0 = m; mb as inthe present paper, while it was hosen as �0 = 2m; 2mb in Refs. [4,6℄. As in Figs. 8(a)and (b), we onsider the ! D+ and g ! D+ FFs at �f = 10:52 GeV. The omparisonis presented in Figs. 10(a) and (b). From Fig. 10(a), we observe that our global-GM ! D+ FF signi�antly di�ers from those of Refs. [1,6℄ in lineshape, whih essentiallyreets the strong pull of the Belle and CLEO data and the di�erene between the Bowlerand Peterson parameterisations. From Fig. 10(b), we see that our global-GM g ! D+ FFis similar to the one of Ref. [1℄, while the one of Ref. [6℄ is strongly suppressed, espeiallyin the lower z range. As explained in Refs. [1,7℄, this may be attributed to the reduedlength of the evolution path. The situation is similar for the D0 and D�+ mesons.4 ConlusionsPrevious determinations of non-perturbative harmed-hadron FFs in the parton modelof QCD [1,4,6℄ were based on data from the Z-boson resonane, so that the e�ets of�nite quark and hadron masses were greatly suppressed and ould safely be negleted.The advent of preise data from the B fatories o�ers us the opportunity to furtheronstrain the harmed-hadron FFs and to test their saling violations. However, this21



motivates the inorporation of quark and hadron mass e�ets, whih are then likely to beno longer negligible, into the formalism. The GM variable-avor-number sheme, whihwe previously advoated [7,12℄, provides a rigorous theoretial framework for this and isemployed here for the �rst time to determine FFs of heavy hadrons.Spei�ally, we determined here new FFs for D0, D+, and D�+ mesons through global �tsto all available e+e� annihilation data, from Belle [9℄, CLEO [10℄, ALEPH [5℄, and OPAL[2,3℄. In ontrast to the situation at the Z-boson resonane, the x distribution of the rosssetion for ontinuum prodution is appreiably distorted by the e�ets of eletromagnetiISR, whih we, therefore, took into aount. For omparison, we also performed �ts toindividual data sets. We found that the global �ts somewhat su�er from the fat that theBelle and CLEO data tend to drive the average x value of the ! H FFs to larger values,whih leads to a worse desription of the ALEPH and OPAL data. Sine the b ! HFFs are only indiretly onstrained by the Belle and CLEO data, their form is only feeblya�eted by the inlusion of these data in the �ts. In order to assess the signi�ane of�nite-mass e�ets, we repeated the �ts in the ZM variable-avor-number sheme. Asexpeted, the inlusion of �nite-mass e�ets tends to improve the overall desription ofthe data, by reduing the �2 values ahieved. Spei�ally, hadron mass e�ets turned outto be more important than quark mass e�ets. In fat, they are indispensable to usefullydesribe the low-xp tails of the measured ross setions.A FORTRAN subroutine that evaluates the FFs presented here for given values of z and �fmay be obtained from the authors upon request via eletroni mail.AknowledgmentThe work of T.K., B.A.K., and G.K. was supported in part by the German FederalMinistry for Eduation and Researh BMBF through Grant No. 05 HT6GUA and by theGerman Researh Foundation DFG through Grant No. KN 365/7{1. The work of T.K.was also supported in part by the DFG through Graduate Shool No. GRK 602 FutureDevelopments in Partile Physis.A E�etive eletroweak hargesThe e�etive eletroweak harges appearing in Eqs. (5), (9), (11), and (14) are given byV 2qi = e2ee2qi + 2eeveeqivqi�1(s) + �v2e + a2e� v2qi�2(s);A2qi = �v2e + a2e� a2qi�2(s); (35)where vf = (T3f � 2ef sin2 �w)=(2 sin �w os �w) and af = T3f=(2 sin �w os �w) are thevetor and axial-vetor ouplings of fermion f , with frational eletri harge ef and third22



omponent T3f of weak isospin, to the Z boson, and�1(s) = s(s�m2Z)(s�m2Z)2 +m2Z�2Z ;�2(s) = s2(s�m2Z)2 +m2Z�2Z (36)are propagator funtions. Here, �w is the weak mixing angle and �Z is the total deaywidth of the Z boson. For small energies, ps� mZ , the propagator funtions �1(s) and�2(s) are negligible.B Single heavy-quark inlusive ross setions atO(�s)In this appendix, we list the NLO oeÆient funtions appearing in Eqs. (12) and (14).We ast our results in a form similar to Ref. [18℄, exept that our formulas inlude theoverall fator CF . We start by introduing the short-hand notation:�x = 1� x;�x =r1� ��x ;�(x; �) = ln �� 2x� 2px2 � ��� 2x + 2px2 � �: (37)The oeÆient funtions due to virtual-soft orretions to inlusive single heavy-quarkprodution read:S(v)T (�) = CF2 �(2� �) �4 ln 4� ln 1 + �1� � � 4 Li2��1� �2� �� 2 ln2 2�1� �+ 43�2 + ln2 1 + �1� � + Li2�� 4�(1� �)2�� Li2� 4�(1 + �)2��+ (10� 8�) ln 1 + �1� � � 4� � 8� ln 4�� ;S(v)L (�) = �2S(v)T (�)� CF ��22 ln 1 + �1� � ;S(a)T (�) = �2S(v)T (�) + 2CF��2 ln 1 + �1� � ;S(a)L (�) = 0: (38)23



The oeÆient funtions due to real orretions to inlusive single heavy-quark produtionread:R(v)T (x; �) = CF ( 2px2 � � ��(2� � 2x) + 4� 2x(1 + �x)3(4�x + �)2 + �x(4 + �x)�1� 2�x(1 + �x)4�x + � �� 2�+ �2(2� � 2x) + �(2x3 � 7x2 � 1) + 2x2(1 + x2)2(x2 � �) �(x; �)� ;R(v)L (x; �) = CF ( 2px2 � � ���(1� �)� �x(�x � 2�) + 2� 2x(1 + �x)4�x + � �+ �3 + �2(4�x � 3) + �(3x2 � 1)2(x2 � �) �(x; �)� ;R(a)T (x; �) = CF ( 4px2 � � ���2 + 2�x + � 3x + 32� 2x + 2�x � 1 + 2� 2x(1 + �x)3(4�x + �)2� � 2x(1 + �x)(5�x + 4)4�x + � �+ �2�3 + 8�2x+ �x2(2�x � 9)� �+ 2x2(1 + x2)2(x2 � �) �(x; �)� ;R(a)L (x; �) = CF ( 2� 2xpx2 � � ��+ x2 � 5� 8�x(1 + �x)3(4�x + �)2 � 2(1 + �x)4�x + � (� 2x � 8�x � 2)�+ � 2x�(� + � 2x � 2)2(x2 � �) �(x; �)� : (39)The oeÆient funtions due to real orretions to inlusive single gluon prodution read:G(v)T (x; �) = CF �2 �1 + (1� x)2x + �1� xx � �22x��ln 1 + �x1� �x � �x�� 41� xx �x � �2�xx � ;G(v)L (x; �) = CF ��2�x ln 1 + �x1� �x + 4�x1� xx � ;G(a)T (x; �) = CF �2 �1 + (1� x)2x � �1� xx + �22x��ln 1 + �x1� �x � �x�� 41� xx �x + �2�xx � ;G(a)L (x; �) = CF ��� + x2 + 2x� 4x ln 1 + �x1� �x + 2�x(2 + �)1� xx � : (40)In order to establish the subtration terms to be inluded in the GM result to ensuremathing with the ZM result in the massless limit, we need to take the limit m ! 024



in the virtual-soft and real orretion terms listed above. In this limit, the vetor andaxial-vetor parts oinide. Spei�ally, we havelim�!0 hS(u)T (�) + S(u)L (�)i = CF �ln2 4� + ln 4� � 2 + �2� ;lim�!0 R(u)T (x; �) +R(u)L (x; �)(1� x)+ = CF �Æ(1� x)�� ln2 4� + 12 ln 4� � 12 � �23 �+� 11� x�+ �(1 + x2) ln 4� � 4x + x22 �� (1 + x2) � ln(1� x)1� x �+ + 21 + x21� x lnx� ;lim�!0 hG(u)T (x; �) +G(u)L (x; �)i = 2CF 1 + (1� x)2x �ln 4� + ln(1� x)� 1� : (41)Comparison of Eqs. (11) and (14) with Eq. (5) yieldslim�!0(Æ(1� x) hS(u)T (�) + S(u)L (�)i+ R(u)T (x; �) +R(u)L (x; �)(1� x)+ ) = P (0;T )q!q (x) ln s�2f + Cq(x)+ d(1)q (x; �f);lim�!0 hG(u)T (x; �) +G(u)L (x; �)i = 2"P (0;T )q!g (x) ln s�2f + Cg(x)#+ d(1)g (x; �f); (42)where [18,13℄d(1)q (x; �f) = P (0;T )q!q (x) ln �2fm2 + CF (1 + x2)�Æ(1� x)� � 11� x�+ � 2 � ln(1� x)1� x �+� ;d(1)g (x; �f) = 2P (0;T )q!g (x) ln �2fm2 � 2CF (2 lnx+ 1): (43)Referenes[1℄ B.A. Kniehl, G. Kramer, Phys. Rev. D 74 (2006) 037502 [arXiv:hep-ph/0607306℄.[2℄ OPAL Collaboration, G. Alexander, et al., Z. Phys. C 72 (1996) 1.[3℄ OPAL Collaboration, K. Akersta�, et al., Eur. Phys. J. C 1 (1998) 439[arXiv:hep-ex/9708021℄.[4℄ J. Binnewies, B.A. Kniehl, G. Kramer, Z. Phys. C 76 (1997) 677[arXiv:hep-ph/9702408℄;Phys. Rev. D 58 (1998) 014014 [arXiv:hep-ph/9712482℄.25
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Figure 1: Kinematially aessible region in the (x; y) plain for e+e� ! b + X andsubsequent deay b ! H + X with ollinear emission of H assuming ps = mZ , m =5:0 GeV, and mH = 2:01 GeV (solid line). For omparison, also the region used in ouranalysis is shown (dashed line).
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