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Abstract

By employing the differential structure recently developed by N. Gigli, we
first give a notion of functions of bounded variation (BV') in terms of suit-
able vector fields on a complete and separable metric measure space (X, d, )
equipped with a non-negative Radon measure  finite on bounded sets. Then,
we extend the concept of divergence-measure vector fields DMP(X) for any
p € [1,00] and, by simply requiring in addition that the metric space is locally
compact, we determine an appropriate class of domains for which it is possible
to obtain a Gauss-Green formula in terms of the normal trace of a DM™(X)
vector field. This differential machinery is also the natural framework to spe-
cialize our analysis for RCD(K, o0) spaces, where we exploit the underlying
geometry to determine the Leibniz rules for DM (X) and ultimately to ex-
tend our discussion on the Gauss-Green formulas.
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1 Introduction

The main purpose of this paper is to investigate integration by parts formulas for essen-
tially bounded divergence-measure fields and functions of bounded variation (BV) in the
very abstract contexts of locally compact and RCD( K, co) metric measure spaces (X, d, u1).

In order to deal with “vector fields” on metric measure spaces, one needs of course to
refer to some differential structure of the ambient space, in terms of which the usual
differential objects of the “smooth” analysis and geometry find a consistent and equivalent
counterpart.

To this aim, we chose to follow the approach of [37], where the author builds a first-order
L? theory of differential forms and vector fields which is tailored for metric measure spaces,
in particular - when second-order differentiability issues are addressed - those whose Ricci
curvature is bounded from below by some K € R. This differential structure, which was
anticipated in the analysis carried on by the same author in [36], relies on the theory
of LP-normed modules, 1 < p < oo, whose construction is based on the idea of the L*>
modules previously considered in [60] and which is discussed in detail in [37]. There,
the machinery of such theory serves as the starting point for the settlement of a metric
counterpart to the cotangent bundle, namely the cotangent module L? (T*X) defined as
the L2-normed module consisting of square-summable differential forms.

The concept of a differential form is characterized in terms of the minimal weak upper
gradients of Sobolev functions - defined via test plans, [10, 1T, [36] - and of suitable
partitions of the underlying space; by this procedure, the differential of a Sobolev function
arises as the 1-form given accordingly as an equivalence class consisting of the function
itself and the whole space X. Then, by duality - in the sense of normed modules - the
tangent module L*(TX), namely the L?>-normed module having square-summable vector
fields as its own elements, is given as the dual module of L?(T*X). Of course, taking into
account all the due - albeit expected - technicalities (see in particular Remark 2.23]), this
approach can be extended to any couple of conjugate exponents p, ¢ € [1, co] with % —i—% =
1, giving rise to the corresponding modules LP(7T*X) and L9(TX). As this straightforward
task was presented in [I8], we shall therefore follow that exposition. This is the main
object of Section 2l where we also address all the other fundamental preliminary tools of



our analysis, like the definition of RCD(K, c0) space and the related consequences of the
lower curvature bound, especially in connection with the heat flow.

As one may expect, this language allows for well-posed characterizations of differential
operators such as the gradient of a function and the divergence of a vector field, whose
definitions are consistent with the classical ones of the Euclidean and Riemann-Finsler
geometries.

This is for example the case of the just mentioned RCD(K, 0c0) spaces, whose core-
characterization is that of infinitesimally Hilbertian spaces X; that is, such that W?(X)
is a Hilbert space [36], whose Ricci curvature is bounded from below by some K € R.
Such spaces exhibit several interesting properties, especially in regards with the heat
flow hy : L*(X) — L*(X), which is given as the gradient flow of the Cheeger-Dirichlet
energy and defines a semigroup (h;),., of linear and self-adjoint operators whose con-
traction properties in the metric setting with curvature control - after the pioneering
work [I5] - have been extensively studied, during the last decade, in notable papers like
[7, 9], [10], [12] [38], [47]. For us, the most important property of the heat flow is of course the
Bakry-Emery contraction estimate (2.10), which gives an exponential decay for the norm
of the gradient of a Sobolev function along the heat flow, a decay that is intimately related
to the lower curvature bound of the space. The Bakry-Emery condition will be invoked
repeatedly in Sections [l and [6] where it will play a fundamental role in establishing the
correct forms of the Leibniz rules for divergence-measure vector fields, and therefore the
Gauss-Green formulas.

The use of this differential machinery is essential also in our characterization of BV
functions on general metric measure spaces, which is the central topic of Section[3l. Indeed,
by considering the subclass of those essentially bounded vector fields in L*°(7X) whose
divergence belongs to L*>(X), namely ©>°(X), we find that it is possible to characterize
the total variation of a function in a familiar way:

|1Dul|(Q) = sup {/ﬂudjv(X)du; X € D%(X), supp(X) € Q, |X]| < 1}, (1.1)

where 2 C X is any open set.

Our procedure is basically adapted from [32], where BV functions are characterized by
means of (bounded) Lipschitz derivations, namely linear operators acting on Lipschitz
functions, § : Lip,(X) — L%(X), satisfying the Leibniz rule and the locality condition

0(N)I(z) < g(2)Lip,(f)()

for p-almost every z € X, for all f € Lip,,(X) and for some g € L%(X), where Lip,(f)
denotes the asymptotic Lipschitz constant of f, see Definition 3.1l As for the L> modules,
also this class of objects was previously treated in more generality in [60].

Our characterization of BV functions instead, rather than relying on Lipschitz derivations,
actually incorporates Sobolev derivations, whose notion is taken from [37] and reads as
follows: given any two conjugate exponents p,q € [1,00], a linear map L : D'(X) —
LY(X) satisfying

L(f)] < 4Dy

for any f € DYP(X) and for some ¢ € L4(X) is a Sobolev derivation, see Definition [B.7]
below. Under some additional assumptions, it turns out that the class of Lipschitz deriva-
tions can be actually extended to that of Sobolev ones, thanks to suitable approximation



procedures. Then, by arguments based on the theory of LP-normed modules and on the
properties of the modules LP(T*X) and L(TX), we are able to prove that there exists a
one-to-one correspondence between the vector fields in the class ©°°(X) and a suitable
subset of the bounded Lipschitz derivations used in [32]. This result allows us to define
BV functions (Lemma B.I1] Lemma and Theorem [B.14). Indeed, it is the start-
ing point for our construction of the BV space in a similar manner as in [32] and for
the derivation of (ILII), which produces an equivalent characterization of functions with
bounded variation (Theorem [3.10).

As the definition of BV involves an integration by parts formula, it appears natural to
study such formulas in more depth and detail.

In particular, looking for sharp regularity assumptions on the vector fields, it is convenient
to consider the space of essentially bounded divergence-measure fields DM (X), namely
those X € L*°(TX) whose distributional divergence is a finite Radon measure. This
function space was originally introduced in the Euclidean framework by G. Anzellotti in
1983 ([14]), in order to study the pairings between vector valued Radon measures and
bounded vector fields. One of the main results of his seminal work is an integration by
parts formula for DM vector fields and continuous BV functions on a bounded open
set © with Lipschitz boundary. In particular, in [14, Theorem 1.2] the author proved the
existence of essentially bounded normal traces on the boundary of the Lipschitz domain.
This family of vector fields was then rediscovered in the early 2000’s and studied by many
authors aiming to a variety of applications of the generalized Gauss—Green formulas (we
refer for instance to [2, 22, [31), 140, 48, 49, 50, 61, 53, 54]). At first, the integration
domains were taken with C* or Lipschitz regular boundary, and subsequently the case of
sets of finite perimeter was considered in [23], 26} 27, [52]. In particular, in [26] the authors
extended to DM the methods of Vol’pert’s proof of the integration by parts formulas for
essentially bounded BV functions, [58, 59]. The generalized method consists in proving a
Leibniz rule for DM -fields and essentially bounded scalar functions of bounded variation
and in applying this formula to the characteristic function of a set of finite perimeter:
then, the Gauss-Green formulas are a simple consequence of some identities between
Radon measures derived from the Leibniz rule. We refer to [26] for a more detailed
exposition of the history of the divergence-measure fields and their applications in R",
and to [24] 28, 29, [30}, 41] for some recent developments.

It seems natural to investigate the possibility to extend the theory of divergence-measure
fields and Gauss-Green formulas to non-Euclidean settings, and indeed there have been
researches in this direction: in [I8, 19, 43] the authors considered doubling metric measure
spaces supporting a Poincaré inequality, while in [25] the class of horizontal divergence-
measure fields in stratified groups is studied; lastly, in the very recent paper [17], a Gauss-
Green formula for sets of finite perimeter was proved in the context of an RCD(K, N) space
by means of Sobolev vector fields in the sense of [37]. In particular, in [43] the authors
employed the Cheeger differential structure (see [20]) to prove a Gauss-Green formula
on the so-called reqular balls, and later, in [I8, [19], a Maz’ya-type approach based on
[42, Section 9.5], allowed to write a similar formula in terms of the rough trace of a BV
function. On the other hand, in [25] the authors exploited the approach developed in [20]
and proved that it is possible to extend the method to stratified groups. In Sections
and [6] we shall follow a similar method in the framework of locally compact RCD(K, o0)
metric measure spaces; that is, we shall first derive a Leibniz rule and then use it to obtain
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suitable identities between Radon measures, from which the Gauss-Green formulas shall
follow.

Having the appropriate class of vector fields to work with, we can start to discuss the
main topic of our work, namely the investigation of the Gauss-Green formulas. In Sec-
tion Ml we define the space of p-summable divergence-measure fields on a general metric
measure space X, DMP(X), and, as an interesting byproduct of the definitions and of the
differential structure we are using, we show that, if X € DMP(X), for p € (1, 0], the
measure div(X) is absolutely continuous with respect to the g-capacity, where ¢ denotes
the conjugate exponent of p.

Then, we refine the analysis of [I8] to give a Gauss-Green formula on regular domains in
a locally compact metric measure space, requiring no further structural assumptions to
be satisfied.

The hypothesis of local compactness will be essential here, and also in Sections [ and [6],
since we will often need to rely on the Riesz Representation Theorem and its corollaries
in our arguments.

Inspired by [43], we generalize the concept of regular balls by considering the class of
reqular domains, namely those open sets {2 C X of finite perimeter for which the upper
inner Minkowski content of their boundary satisfies
Q\Q
M;(00) = lim supw

t—0

= [ D1al[(X),

where, for t > 0,
Q= {x € Q; dist(z,Q°) > t}.

From our analysis, it turns out that the main notable properties of any regular domain 2
are the following:

e Just like regular balls, also regular domains admit a defining sequence (¢¢)e~o of
bounded Lipschitz functions, which somehow encodes the properties of the domain

itself (Definition E10).

e The perimeter measure of €2 can be approximated in the sense of Radon measures
via the family of measures | Dg.|p; that is, |[Dy.|u — ||D1g]|, as € — 0 (Proposition

411).

These two facts together entitle us to make use of similar arguments as in the proof of [43]
Theorem 5.7] and therefore to establish the Gauss-Green formula given in Theorem
below, which features the first occurrence of the interior normal trace (X - vq),q, of a vector
field X € DM™>(X). We then extend our discussion on regular domains by imposing
further assumptions on our selected domain €2, finding the conditions which first allow
us to determine the exterior normal trace (X - vg)j, of X € DM™(X) and the related
integration by parts formula, Theorem [£.15. We conclude this section with Corollary [4.19]
where we find suitable sufficient conditions on €2 and div(X) under which the interior and
exterior normal traces coincide. In such case, they are denoted by (X - vq),q-

It is worth to mention that a similar connection between the normal traces and the
Minkowski content of the boundary of the domain was considered in the Euclidean space
in [24, Proposition 6.1 and Proposition 6.2], in the spirit of [54, Theorem 2.4].
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From Section [{ onwards our analysis moves definitively to the realm of (locally compact)
RCD(K, o0) spaces.

Here we address in particular the issue of Leibniz rules for DM (X)) vector fields and the
action of BV functions on such objects. Our aim is to extend the product rules already
established in the Euclidean spaces in [21, Theorem 3.1] and [34, Theorem 2.1]. In order
to do so, we have to use extensively the self-adjointness and the contraction properties of
the heat flow by, and above all the Bakry-Emery contraction estimate in the self-improved
form (2.I0). Our arguments eventually lead to Theorem 5.3, where we essentially prove
that the action of f € BV(X) - the pairing between Df and X - on X € DM™(X)
produces a vector field fX still in DM>(X) and that any accumulation point D f(X)
of the family of measures (dh;f(X)u)i~o in M(X) is absolutely continuous with respect
to the total variation measure ||Df||. This fact will be then fundamental to define the
normal traces of a divergence-measure field.

This is indeed the starting point of Section[@, where the interior and exterior distributional
normal traces of X € DM (X) on the boundary OF of a set of finite perimeter £ C X
are given as the functions (X, vg)~ , (X, ve)s, € L®(X, ||D1g||) such that

2D p(1pX) = (X, vE)p [| D1l

Due to the non-uniqueness of the pairing, a priori, we cannot ensure the uniqueness of
these normal traces either. Indeed, from this point on, we shall assume to have fixed a
sequence t; — 0 such that

Nevertheless, our arguments allow us to establish the relation between the interior and
exterior distributional normal traces of X on E and on E° (Remark [6.1)). It is also not
difficult to notice that the sequence (htj]l £)jen admits a subsequence converging in the
weak* topology of L®(X, ||div(X)]||) to some function 1z, which is again a priori not
unique, being a weak™ limit point of a uniformly bounded sequence. The analysis of
Section B starts with a discussion on the level sets of 1, E5 := = {1p = s} we give a
weaker notion of measure-theoretic interior and exterior of E related to 15, namely El
and E0 and of measure-theoretic boundary

FE=x\ (U B).

Taking then into account also the weak™ accumulation points 15 of the sequence (hy, 1) jen
in L>*(X, ||D1g||), we first obtain in Theorem a refinement of the Leibniz rules for
DM (X) vector fields and then, with Proposition [6.4l and Proposition [6.5] we investigate
further the properties of traces and the relation between the divergence-measure div(X)
and the sets E' and 9*E. The discussion culminates with Theorem [l [6.6] which is a second
refined version of the Leibniz rule between X and 15 and is fundamental in the derivation
of the Gauss-Green formulas in Section [6.2]

The issue of the dependence on the approximating sequence (h, 1) en can be solved under
the additional assumption that ||div(X)| < p. Indeed, in Section [6.3] it is showed that



the interior and exterior distributional normal traces of X € DM (X) on the boundary of
E are uniquely determined and coincide. In this case, the unique normal trace is denoted
by (X, vE)gp-

We then reconsider en passant a particular case of regular domains to give a character-
ization of the sets Q0 and Q! to conclude that, when ||div(X)|| < p, the normal trace
coincide with the distributional one; that is, (X - va)yq = (X, v0) 50

Our survey on Gauss-Green formulas ends with Section [6.5], where we formulate the hy-
pothesis that the weak* limit points 15 of hy1 5 in L®(X, ||D1g||) are constant functions.
Indeed, if X is a Euclidean or a Wiener spaces (see [5, Proposition 4.3]), given a measurable
set F satisfying either 1z € BV (X) or 1g. € BV (X), we have the convergence

Ll
hilp = 5 in L¥(X, [ D1gl).

However, the proof of this result relies heavily on a Leibniz rule for the total variation, a
tool which is not available at present in the more abstract context of a general RCD( K, 00)
space. Nevertheless, in Theorem [6.16 we prove that
£ Tedl D15 = !
< E Ell — 27
for any weak* limit 1 of some subsequence of h;1 5. As an easy corollary, it follows that,
if 15 is a constant function, it must be equal to % It is worth to mention that this fact
does not depend on the local compactness of the space, as one would expect, since the

Wiener spaces are not locally compact in general. However, we need that supp(u) = X,
an assumption which does not seem too restrictive for our purposes.

A first interesting consequence of the condition 1 = % is that the distributional normal

traces of any X € DM>(X) coincide ||D1g|-almost everywhere on the set £O U E! and
that the space X admits a “tripartition” up to a ||div(X)|-negligible set, namely

|div(X)| (X\ (E°U EV2 U E)) = 0.

Thanks to this result, we finally obtain a refinement of the Gauss-Green formulas previ-
ously given in Section[6.2] as the weak™ limit 1 z does not appear anymore in the improved
version of the results.

2 Preliminaries

Throughout this paper, (X, d, ) shall always be a complete and separable metric measure
space endowed with a non-negative Radon measure u; additional hypotheses on the space
will be made from time to time as soon as they are needed. A p-measurable set F in X
will be simply called measurable when no ambiguity occurs. Given x € X and r > 0, we
denote by B,(x) the ball centered in x with radius r; that is,

B (z) ={y e X: d(z,y) <r}.



For any open set Q@ C X, we shall denote by M(Q2) the space of signed finite Radon
measures on §2. Moreover, by Lip,(2) and by L°(2) we shall denote the spaces of bounded
Lipschitz functions and of measurable functions in €2, respectively.

In addition, following the notation of [I3], we set

Crs(Q) == {f € Cy(Q) : supp(f) € O},

where we write A € B to mean that A C B is bounded and dist (A, B) > 0. Analogously,
we set Lip,.(€2) to be the set of Lipschitz functions in Chs(2). If Q@ = X, then Chs(X)
and Lip,,(X) are the spaces of continuous and Lipschitz functions with bounded support,
respectively.

We denote by Lip,(f) the asymptotic Lipschitz constant of f, namely
Lip, (f)(z) = lim Lip(f, B,(2)), (2.1)

where, for any set £ C X, one defines

Lip(f,F) = sup ——FF——F——
( ) el x#£y d(ZL‘, y)

We recall a notion of weak convergence for Radon measures, following the monograph [16,
Chapter 8§].

Definition 2.1. Given a sequence of finite Radon measures (v;); .y C M(X), we say that
(V) jen 18 weakly convergent to v in M(X) if

Tim / fdv; = / fdv,  Yf e Cy(X),
J—+oo JX X

and we write v; — v.

The above notion of convergence is the natural generalization of the weak* convergence

in the duality of C'(K) with M(K), the space of finite Radon measures on K, for any
compact set K C X.

This duality allows us to deduce that, for a Radon measure v € M(X), its total variation
in X is given by

v ]|(X) :sup{/xfdu feCy(X), [f(x)] <1V EX}.

Since the class of bounded Lipschitz functions Lip,(X) constitutes a subalgebra of Cj(X)
and its restriction to K for any compact set K C X is a subalgebra of C'(K’) containing
a non-zero constant function and which separates points, it turns out that the restriction
of Lipy(X) to K is dense in C'(K), so that we also obtain

I105) =sup { [ £ v f € Lip,(X), |f(@)] < 1Vz € X}

Of course, this argument can be also extended to Radon measures on open sets {2 C X to
deduce that for any v € M(2)

(@) = sup{ [ fdvs f € Lip, (), 1) < 1V € X},
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where
Lipb7c(Q) = {f € Lip,(X) : dist (supp(f), 2°) > 0}.

We recall the notion of uniform tightness of a family of Radon measures and Prohorov’s
Theorem on the necessary and sufficient conditions for the weak convergence of Radon
measures (for which we refer to [16, Theorem 8.6.2]).

Definition 2.2. A family of Radon measures M on a metric space X is called uniformly
tight if for all € > 0 there exists a compact set K. such that [[v|(X\ K.) < ¢ for all
veM.

Theorem 2.3. Let (X,d) be a complete separable metric space and let M be a family of
Radon measures on X. Then the following conditions are equivalent:

1. every sequence (v;)jen C M contains a weakly convergent subsequence;

2. the family M is uniformly bounded and uniformly tight.

2.1 Sobolev spaces via Test Plans

Let C ([0, 1], X) denote the space of continuous curves equipped with the supremum norm.
Note that, since the underlying metric space is complete and separable, C ([0, 1], X) will
be complete and separable as well.

Definition 2.4. We define the evaluation map e, : C ([0,1],X) — X, ¢t € [0,1] as

et(V) = fyt:/}/(t) VWEC<[O7 1]7X>
Any curve v € C ([0, 1],X) is called p-absolutely continuous, for some p € [1, 00, if there
exists f € L? (0, 1) such that
A7) < [ f)dr,  Vise(0,1) witht <s, (2.2)
t

and in this case we write v € AC?(|0, 1], X).

By [8, Theorem 1.1.2], to every p-absolutely continuous curve we can associate the metric
derivative (or the speed) t — |3¢| € LP(0,1) defined as the essential infimum of all the
f € LP(0,1) satisfying (2.2), and which is representable in terms of an incremental ratio
for almost every ¢ € (0, 1):

. s d (Yetn, V)
1 (£) =l 100

Now let &7 (C([0, 1], X)) be the space of probability measures along continuous curves.

Definition 2.5. Let w € £ (C([0,1],X)). We say that w has bounded compression
whenever there exists a constant ¢ = ¢(7) > 0 such that

(er)ym <c(m)p Vtelo,1].

If p € [1,00), w has bounded compression, it is concentrated on AC?(][0, 1], X) and

1
[ bl atam(y) < oo,
0
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then it will be called a p-test plan.

If p = oo, 7 has bounded compression, it is concentrated on AC*°([0, 1], X) and Lip(y) €
L>(C(]0,1],X), 7r), then it will be called an oco-test plan.

As it is customary - see for instance [39, Section 3.2] - given a non-negative locally finite
Radon measure v and p € [1,00], we say that a v-measurable function f : X — R is
p-summable, and we write f € LP(X,v), if || f||zrx) < 00, where

(/X|f|pdy>% if p € [1,00),

[ fller@er) =
inf{\ > 0:v({|f| > A}) =0} if p=oc.

Then, we introduce an equivalence relation on £P(X,v), by declaring fi, fo € LP(X,v)
equivalent if and only if

v({z € X: fi(z) # fa(2)}) = 0.

Finally, we define the LP-space LP(X,v) as the vector space of such equivalence classes.
As it is well known, LP(X, v) equipped with the p-norm ||-||1r(x,,) := |||l 2r(x) is @ Banach
space. With a little abuse of terminology, in the rest of the paper we shall refer to p-
summable functions, rather than to equivalence classes. In addition, we shall simplify the
notation in the case v = p by removing the reference measure, namely LP(X) := LP(X, u).

We can now give a definition of Sobolev-Dirichlet classes in terms of test plans.

Definition 2.6. Let p € [1, 00| and let ¢ be its conjugate exponent, that is, % + % =1.
The Sobolev-Dirichlet class DVP(X) consists of all Borel functions f : X — R for which
there exists a non-negative g € L?(X) satisfying

1560 = £ Gollam() < [[ 9 il dsdm() (23)

for every ¢-test plan 7. Following the usual terminology, we shall say that ¢ is a p-weak
upper gradient of f.

We note that, even though in the literature the above definition is mostly given for
p € (1,00), the existence of p-test plans for any p € [1,00] entitles us to define the
Sobolev-Dirichlet classes also for the limiting values of p.

We recall that, by [10, Section 5.2] and [11], Section 4.5], for every f € D'P(X) there exists
a unique minimal 0 < g € L?(X) such that (2.3)) holds. Such a function will be called the
minimal p-weak upper gradient of f and we shall denote it by |D f|. This allows to define
a semi-norm on D'P(X), by setting

1 prae) = DA o - (2.4)

Remark 2.7. As it is natural to expect, the minimal p-weak upper gradient satisfies the
following properties ([36], 37] and the references therein):

1. Sub-linearity: |D(af + Bg)| < |a||Df|+ |B||Dg| for all o, 8 € R, f, g € D*(X).

10



2. Weak Leibniz rule: |D(fg)| < |f]|Dg| + |g||Df| for all f,g € DY (X) N LOO(X).
3. Locality: |Df| = |Dg| u-almost everywhere on {f = g} for all f,g € D'?(X).

4. Chain rule: |Df| = 0 on f~YN) for every f € DV(X) and every Z!'-negligible
Borel set A/ C R. Moreover, if ¢ : I — R is Lipschitz and f € D'(X), with I C R
open such that p(f~'(R\ I)) = 0, then we have p o f € D"(X) and

|D(po f)l=1|¢ o flIDf]

p-almost everywhere, where |’ o f| is defined arbitrarily on the points where ¢ fails
to be differentiable.

We observe that the asymptotic Lipschitz constant Lip,(f) is an upper gradient of f;
so we get |Df| < Lip,(f) p-almost everywhere [11, [32]. This simple fact will play an
important role in Lemma 3.1l

Thanks to this notion of Sobolev-Dirichlet class, the definition of Sobolev spaces may be
given in a traditional fashion.

Definition 2.8. For all p € [1, 00|, we set
WH(X) = {f € D"(X) : || fllzoe) < o0},

and we endow this space with the semi-norm

1
(LA + 1 Wioy)” i p € [1,00),
Ifllyp =

max {|| fll ooy » 1 | procey ) if p = 00,

where || f|| pisx is given by ([2.4). Let ~ be the equivalence relation on WP(X) defined
by setting f ~ g if and only if [|f — g||,,, = 0. We define the Sobolev space WhP(X) as

the quotient
WP (X) = W(X)/ ~

endowed with the norm |||y =[]l -

As in the case of the LP-spaces, with a little abuse of terminology we shall refer to W!»-
functions, rather than to equivalence classes.

To conclude this section, it is worth spending some words on an equivalent characterization
of Sobolev spaces via test plans which involves the concept of “negligibility” of a family of
curves with respect to any such probability measure. To this aim, below we shall recollect
the salient arguments of [36, Appendix B|.

Definition 2.9. A Borel set I' C C' ([0, 1], X) is called p-negligible whenever (") = 0 for
any g-test plan 7, where p, ¢ € [1, o0] are such that % + % =1.

In this sense, any property will be said to hold for p-almost every curve if it fails in some
p-negligible set.

!This intersection has to be intended in the sense that the Borel functions f,g € D'P(X) are also
essentially bounded.
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Definition 2.10. A Borel function f: X — R is said to be Sobolev along p-almost every
curve if for p-almost every 7 the composition f o~ coincides almost everywhere in [0, 1]
with an absolutely continuous function f, : [0,1] — R. Thus, to any function f which
is Sobolev along p-almost every curve we associate a p-weak upper gradient, i.e. a Borel
map g : X — [0, oo] such that

o) =10l < [ 96l ds

for p-almost every .

This notion of Sobolev spaces turns out to be indeed equivalent to Definition [2.6]

Theorem 2.11. [36, Theorem B.4] Let p,q € [1,00] be any two conjugate exponents. If
f:X—=>Randg: X —[0,00] are two Borel functions, with g € LP(X), then the following
statements are equivalent:

1. f € DY*(X) and g is a p-weak upper gradient of f in the sense of Definition [Z.4.

2. f is Sobolev along p-almost every curve and g is a p-weak upper gradient of f in the

sense of Definition [Z10.

We finish the present survey on Sobolev spaces by recalling a result on Lipschitz approx-
imation of functions in W?(X) for p € (1, c0).

Proposition 2.12. Letp € (1,00). If f € WHP(X), then there exists a sequence (fi)ren C
Lipy.(X) such that

Jdim [ i = J7 4 |Lip, () = IDAI dyp = 0. (2.5)
Proof. Let f € WP(X). Then, [1, Theorem 6.1] implies that f has a p-relaxed slope which
is equal to its minimal p-weak upper gradient |Df| € LP(X). Hence, [I, Proposition 4.2]
yields the existence of a sequence of functions (fx)ren such that fi € Lip,(X) for all
k € N and (Z2.H) holds. O

2.2 The differential structure

Below, we shall briefly discuss the differential machinery that we are going to use for
the rest of the paper. As anticipated in the Introduction, this will provide a metric
counterpart to the notions of cotangent and tangent bundles. We recall that, while [37]
provided this structure for the case p = 2 only, a straightforward generalization of such
construction for any exponent p € [1, 00| was given in [I8, Chapter 5], so here we shall
follow the latter as our main reference.

We notice that for a full understanding of this setting, a throughout treatment of the
theory of LP-normed modules would be necessary; this task was carried on in detail in
[37]. Nevertheless, for the reader’s convenience, we shall include a brief account on this
theory in Appendix [Al
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Definition 2.13. We shall call pre-cotangent module the set

PCM, = {{<f@-,Ai>}ieN; (A)ien © BX), fi € D' (X) Vi € No Y ID Al 0a, < oo} ,

1€EN

where the A;’s form a disjoint partition of X, D'?(X), p € [1,c0), denotes the Sobolev-
Dirichlet class of order p as in Definition 2.6, and B(X) denotes the set of all equivalence
classes of measurable subsets of X, with A, B C X being equivalent whenever

w(AAB) =0, where AAB :=(A\ B)U(B\ A).

When p = o0, in the corresponding definition of PCM,, we shall simply require the f;’s to
be in DV>°(A;) for all i € N and

sup [| D fill = ay < oo.
ieN

We introduce an equivalence relation ~ on PCM, by setting

{<f27 Ai)}ieN ~ {<gj7 Bj>}jeN
whenever |D (f; — g;)| = 0 p-almost everywhere on A; N B; for all 4,5 € N.

PCM,,/ ~ turns into a vector space if we define the sum and the multiplication by scalars
as

[(fi, Adil + [(g5. Bj)i] = [(fi + g5, Ai 0 Bj)i gl
M(fi, Ai)i] = [(Afi, A0l
Let Sf(X, 1) denote the space of simple functions, that is, those of the form

h= Zﬂgj'a,j,

jeN
where {B;},  is a partition of X. If [(f;, 4;),] € PCM,/~, then we define the multiplica-
tion with h € Sf(X, p1) as

h[(fi, Ai)il = [(a; fi, Ai 0 Bj)i).
This operation gives a bilinear map Sf(u) x PCM,/ ~— PCM,/ ~ such that

U [(fi, Ao)i] = [(fi, A0)i] -
Definition 2.14. Consider the map |- |, : PCM,/ ~— LP(X) given by

(i Al = |Dfil

p-almost everywhere on A; for all i € N; this map, namely the pointwise norm on PCM,/ ~,
is well defined thanks to the above definition of the equivalence relation on PCM,,.

Since D'?(X) is a vector space, one has the following inequalities for | - |,:

(i + 95, A OBy )il < [(fi Aa)ill« + 11(g55 By )il
IMCfi Al = ITCE, Aail, (2.6)
(W [(fe Al = IR TTCS, Aal,

valid p-almost everywhere for every [(fi, A:):], [(9;, Bj);] € PCM,/~, h € Sf(x) and A € R.

13



The above arguments, in particular (2.6)), allow us to define a norm on PCM,/ ~.

Definition 2.15. We define || - ||Lr(r+x) : PCM,/ ~— [0,00), p € [1,00) by setting

e Ay = [N ANIE dn =Y [ 1DAP du = S IIDAI

1€N 1€EN
As in Definition T3] when p = oo, we set || - || (7+x) to be

1[(fis Ad)illl Lo (ex0) = sup 11D filll o< (a

The completion of PCM,/~ with respect to the norm |||,y will be called cotangent
module and denoted by L? (T*X). Consequently, its elements will be called p-cotangent
vector fields or, more traditionally, p-integrable 1-forms when p < 0o, essentially bounded
1-forms when p = oo.

The choice of the terminology “cotangent”; as explained in [36], [37], is due to the fact that
p-weak upper gradients are defined by means of a (p, ¢)-duality between test plans and
speeds of curves, so in some geometric sense they constitute “cotangent” objects to the
metric space X.

Having a notion of “1-form” at our disposal, we are entitled to define the differential of
any Sobolev function as follows.

Definition 2.16. Given a function f € D'?(X) we define its differential df € LP (T*X)
as

df =[(f,X)] € peMm,/~C LP (T7X).
Here, (f,X) stands for (f;, A4;),cy with fo = f, Ao =X and f; =0, A; = () for every i > 0.

Of course, the differential is linear by construction (in particular, it is L*°-linear) and the
definition of pointwise norm ensures that

|dfl =D

p-almost everywhere for all f € DVP(X). Moreover, d is local; this means that for any
f,9 € D'*(X) one has df = dg p-almost everywhere on {f = g}, see [37, Theorem 2.2.3].

Putting together [37, Theorem 2.2.6] and [37, Corollary 2.2.8] (and the respective gener-
alizations featured in [18]), we get the usual calculus rules for the differential.

Proposition 2.17. Let p € [1,00]. The following equations hold p-almost everywhere:
1. d(fg) = gdf + fdg for all f,g € D¥ N L=(X);
2. df =0 on f7Y(N) for all f € DYP(X) and every £ -negligible Borel set N' C R;

3. d(po f) = (¢ o f)df for all f € D'?(X) and every ¢ : I — R Lipschitz, where
I C R open is such that u(f~Y(R\ I)) = 0 and ¢’ o f is defined arbitrarily on
f! ({non-diﬁer@ntmbility points ofgo})
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We recall now another useful property of the differentials of Sobolev-Dirichlet functions,
stated in [37, Proposition 2.2.5] for p = 2 and generalized in [I8, Proposition 5.4.7].

Lemma 2.18. Let p € [1,00). Then LP(T*X) is generaled in the sense of modules
(Definition[A8) by the space {df : f € W'P(X)}.

Now, by duality - in the sense of modules, [37] (see also in Appendix [A]) - with the
cotangent module LP (T*X) it is possible to define a “tangent module”. To this aim, let
p,q € [1,00] be any two conjugate exponents, i + % =1.

Definition 2.19. The tangent module LY(TX) is the dual module of L? (T*X). The
elements of L9 (TX) will be called g-vector fields.

Remark 2.20. We explicitly point out that, by the theory of LP-normed modules, for
any p € [1,00] the module dual of LP(7T*X) is just - or, it can be canonically identified
with - L9(TX), where % + % =1.

With the machinery discussed so far, it comes a “natural” notion of divergence of a vector
field.

Definition 2.21. Let us denote
DY(X) = {X € LUTX); 3f € LI(X) : /ngd,u - —/ng(X)dM, Vg e lep(X)}.

Clearly, ®9(X) C LY(TX); the function f, which is unique by the density of W14(X) in
L9(X), will be called the g-divergence of the vector field X, we shall write div(X) = f,
and the space ©9(X) will be obviously referred to as the domain of the q-divergence.

Remark 2.22. The linearity of the differential implies that ©7(X) is a vector space and
hence that the divergence is a linear operator. Moreover, the Leibniz rule for differentials
immediately yields the same property for the divergence as well: given X € ©%(X) and
f e L>*(X)Nn DY(X) with |df], € L>(X), one has

fX € 91(X),
div(fX) =df(X)+ fdiv(X).

In fact, these hypotheses give df(X) + fdiv(X) € L(X) and for all g € W4(X) one has
fg € Wh?(X), whence

~ [graiv(X)du = [ d(fo)(X)du = [ gdf(X)+dg(sX)dp
X X X
so the claim holds.

We conclude this section with some important comments on the choice of giving the
notions of cotangent and tangent modules for arbitrary exponents p,q € [1, 0o].
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Remark 2.23. Note that, until now, we have not made any structural assumptions on
the metric measure space (X, d, ). This means that the minimal p-weak upper gradient
of any Sobolev function f € W!'?(X) depends on p. Precisely, as the class of g-test
plans contains the one of ¢-test plans for ¢ < ¢/, then D'"?(X) c D" (X) for p > p/,
so that for any f € D'P(X), one has that if g is a p-weak upper gradient of f, it is
also a p’-weak upper gradient. In particular, for the minimal upper gradient it holds
|Dfl|, > |Dfly p-almost everywhere in X. The paper [33] contains a throughout discussion
of the dependence of p-weak upper gradients on p and provides also examples of spaces
X where, for f € DY?(X) N D' (X), one has |Df|, # | Df],; on a set of positive measure.
Thus, without any structural assumptions, then also LP(7T*X) and L(TX) depend on the
respective exponents. This issue is removed when (X, d, u) is endowed with a doubling
measure and supports a Poincaré Inequality, [20], or when it is an RCD (K, 0o) space, [35];
then, since in the ensuing discussion we shall work mainly in the RCD(K, co) setting, all
these problematics will not be relevant to us.

In particular, when the dependence on the exponent is removed, given any X € ©F(X) N
99(X), from the definition of divergence it follows that there exist f,,, f, € L?(X)NLY(X),
fp = div,(X) and f, = div,(X), such that for any g € WH?(X) N W4(X) one has

/}g(fp - fq) gdp =0,

meaning that f, — f; = 0 p-almost everywhere, whence the uniqueness of the divergence

of X.

2.3 RCD(K, o00) Spaces and the Heat Flow

In this section we recall the notion of an RCD (K, co) metric measure space, naively, a space
whose Ricci curvature is bounded from below by some K € R, along with its most notable
properties, which we shall use extensively in the upcoming sections. The construction of
such spaces relies heavily on the theories of Gradient Flows and of Optimal Transport,
see for instance [8] and [57] respectively.

To get started, we give the following basic definition.

Definition 2.24. Let p € [1,00). We define the Cheeger-Dirichlet Energy E, : L*(X) —
[0, 00] as the functional given by

1
= [ IDfPdu, £ € D'P(X)N LX)
p Jx
E,(f) =
400, otherwise.

Remark 2.25. In particular, when p = 2 the Cheeger-Dirichlet energy Es allows us to
characterize the domain of the Laplace operator — or, more simply of the Laplacian — as

D(A) = {f € L*(X): 0 Es(f) #0},
where 07 Es(f) denotes the sub-differential of E5 at f, namely

0 Ea(f) = {v € LX) Balf) + [ ogdp < Balf + 9) Vg € LX) |,
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with the convention 0~ Ey(f) = () whenever Ey(f) = +o00. Thus said, whenever f € D(A)
we define its Laplacian Af € L*(X) as

Af = —uv,
where v is the element with minimal norm in 0~ Ey(f).

By the properties of the minimal weak upper gradient, E, is convex and lower semi-
continuous; moreover, its domain is dense in L?(X).

A key-tool in the definition of RCD(K, c0) spaces is the concept of “Infinitesimal Hilber-
tianity” of the metric measure space, first introduced in [36].

Definition 2.26. (X,d, 1) will be said infinitesimally Hilbertian whenever W2(X) is
a Hilbert space. This is equivalent to ask that the semi-norm || - ||p12(x) satisfies the
parallelogram rule, and that the 2-energy E, is a Dirichlet form.

Besides infinitesimal Hilbertianity, in order to come to the main definition we also need
the concept of entropy of a probability measure.

Definition 2.27. The relative entropy is defined as the functional &, : #(X) — RU{+o0}
given by

/X plog(p)dp if m = ppand (plog(p))~ € L'(X)
&, (m) =

400, otherwise.
Thus, we are now able to give the definition of RCD(K, c0) spaces.

Definition 2.28. (X d, u) will be called an RCD(K, 00) space, K € R, if it is infinites-
imally Hilbertian and, for every A\, v € 92,(X) with finite relative entropy, there exists a
Wh-geodesic my with mg = A and m; = v and such that, for every t € [0, 1],

& (my) < (1=, (\) +1t8, (v) — %t(l — W3 (\v),

where (25(X), W,) denotes the L2-Wasserstein Space, namely the space of probability
measures on X with finite second moment, i.e.

Py(X) = {m e P(X): [ & (2,20)dm < 00 Yy € x},
X
endowed with the Wasserstein distance Wy given by

W2 (my, my) == inf {/X d*(x,y)dy(z,y): v € F(ml,mQ)} , (2.7)

xX

where '
T(my, my) := {7 € 2 (X x X) such that (v) = m; for i = 1,2}

and 7! denotes the canonical projection over the i-th component, for i = 1, 2.
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Another tool which will be of great use to us is the “heat flow”, whose analysis has been
discussed extensively in [10].

Definition 2.29. The heat flow h;, t > 0, is the L?-gradient flow of the Cheeger-Dirichlet
2-energy Es.

As observed in [10} 37], the theory of gradient flows ensures the existence and uniqueness
of the heat flow as a 1-parameter semigroup (hy),, he : L*(X) — L*(X), such that for
every f € L*(X) the curve t — hy(f) is continuous on [0, 00), absolutely continuous on
(0, 00) and moreover fulfills the differential equation

d

Eht(f) =A (htf)

for almost every ¢ > 0, which means h;(f) € D(A) for every f € L*(X) and for every
t > 0. In addition, one has [[h;f — f|| 25 — 0 as t — 0 for any f € L*(X).

The infinitesimal Hilbertianity of RCD(K, 0o) spaces grants that, in our setting, (hy),s,
defines a semigroup of linear and self-adjoint operators.

Also, from the analysis carried on in [10], we have that for every p € [1, 00| it holds

e fll oy < 1 lloey (2.8)

for every t > 0 and for every f € L?(X) N LP(X). Then, by a density argument we can
uniquely extend the heat flow to a family of linear and continuous operators h; : LP(X) —
LP(X) of norm bounded by 1 for every p € [1, 0], as the contraction results proved in [7]
and [9] showed.

In regard to our discussion, the most important property of the heat flow is the Bakry-
Emery contraction estimate

|Dh, fI* < ey (IDfF) . (2.9)

p-almost everywhere for every ¢t > 0 and for every f € W(X), see [9], [38] and the
seminal paper [15].
Actually, we shall use the Bakry-Emery estimate in its “self-improved” version established
by [47] in the RCD(K, co) setting:

|Dh, f| < e %t (|Df]) p-ae. (2.10)

for every t > 0 and for every f € WH?(X).

It is important to notice that the Bakry-Emery condition actually plays a fundamental
role in the definition of RCD(K, 0o) spaces itself, as explained in [9, Section 6] and [12,
Section 4].

We also recall that h; maps contractively L>°(X) in Cy(supp(u)), by [9, Theorem 6.1] and
[7, Theorem 7.1], and that

Vf g€ L*X), f < g+ cforsome c € R implies h, f < h,g + c, (2.11)

by [10, Theorem 4.16].
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The lower curvature bound implies also that
h;1 =1. (2.12)

Indeed, by [56, Theorem 4.24], when the metric measure space (X,d, ) has curvature
bounded from below by some K € R, then for every x € X and every p > 0 there is ¢ > 0
such that

1 (By(2)) < e, (2.13)
which in turn yields (2.I2]) by the remarks after [55, Theorem 4].
Lastly, another property of the heat flow which will be useful to us is the following:

(K, t) |Dhef|? < hef? — (hef)?, (2.14)

valid p-almost everywhere in X, for every ¢t > 0 and for every f € L*(X) for some positive
constant ¢ = ¢(K,t) (see [12, 147]).

3 Characterization of BV Functions

In the rest of the paper we shall make an explicit use of BV functions. To this aim,
for the first part of this section we shall recall the derivation approach of [32], and then
we will see that the differential machinery discussed in Section entitles us to give an
equivalent definition of BV functions in terms of ®>°(X) vector fields.

We recall that the derivation approach of [32] is equivalent to the relaxation procedure
performed by [45] and also to the “weak BV space described in [3]; we refer in particular
to [3, Section 7] and [32, Section 7.3] for an extensive discussion on the equivalences of
BV spaces.

Let (X,d, ) be a complete and separable metric measure space endowed with a non-
negative Radon measure p which is finite on bounded sets.
3.1 The derivation approach

Definition 3.1. We say that a linear map § : Lip,,(X) — L°(X) is a Lipschitz derivation,
and we write 0 € Der(X), if it satisfies the following properties:

1. Leibniz rule: §(fg) = fd(g) + gd(f) for every f, g € Lip,(X);
2. Weak locality: there exists some function g € L%(X) such that
0(H)(x) < g(x) Lip,(f) ()

for p-almost every x € X and for all f € Lip,(X), where Lip,(f)(x) denotes the
asymptotic Lipschitz constant of f at z, as defined in (2.1]).

The smallest function ¢ satisfying 47) will be denoted by |0|. In the case |§| € LP(X), we
shall write 6 € LP(X).
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We notice that, thanks to the weak locality condition in the definition of derivations, any
d € Der(X) can be extended to Lip,,.(X).

We define the support of a derivation § € Der(X) in the usual distributional sense. Indeed,
we say that 0 = 0 on a open set V if §(f) = 0 for any f € Lip,(X) such that supp(f) C V,
and then we set

supp(6) =X\ (J W
520 on v

It is possible to define the divergence of a derivation by requiring that the usual integration
by parts formula holds.

Definition 3.2. Given § € Der(X) with § € L} _(X), we define its divergence as the
operator div(d) : Lip,4(X) — R such that

£ = [ 8(5)du.

We say that div(d) € LP(X) if this operator admits an integral representation via a unique
LP(X) function h = div(0):

[ 8(h)du =~ [ nfap

For all p, ¢ € [1, 0] we shall set
Der?(X) = {0 € Der(X); 6 € L(X)}

and

Der™!(X) := {§ € Der(X); 6 € LP(X), div(d) € L1(X)}.

When p = 0o = ¢, we write Der,(X) instead of Der® > (X).

The domain of the divergence is then characterized as
D(div) := {6 € Der(X); [d], div(d) € Li,.(X)},
which contains Der”?(X) for all p,q € [1, 00].
With these tools available, we may proceed as in [32] to give the definition of BV functions.

Definition 3.3. Let u € L'(X). We say that u is of bounded variation in X, and we write
u € BV (X)), if there is a linear and continuous map L,, : Dery(X) — M(X) such that

/X dLy(6) = — /X udiv(d)du (3.1)

for all § € Der,(X) and satisfying L, (hd) = hL,(6) for any h € Lip,(X).
We say that a measurable set E has finite perimeter in X if 15 € BV (X).

As observed in [32], the above characterization is well-posed since, if we take any two maps
Ly, L, as in Definition B3] the Lipschitz-linearity of derivations ensures that L,(6) =
L,(0) p-almost everywhere for all § € Der,(X). In other words, when u € BV (X) the
measure-valued map L, is uniquely determined and we shall write Du(d) := L, (0).

20



We combine now the statements of [32, Theorems 7.3.3 and 7.3.4], which allow us to
recover the usual properties of BV functions, including the representation formula for the
total variation as the supremum of

div(d)d
/Qu iv(d)dp
taken over all derivations ¢ such that supp(d) € .

Theorem 3.4. [32, Theorems 7.3.3 - 7.3.4] Assume u € BV (X). There exists a non-
negative, finite Radon measure v € M(X) such that for every Borel set B C X one has

/B dDu(6) < /B 6]*dv ¥ € Dery(X), (3.2)

where |d]* denotes the upper-semicontinuous envelope of |§|. The least measure v satisfying
B2) will be denoted by ||Dul||, the total variation of uw. Moreover,

[Dul|(X) = sup {|Du(d)(X)[; § € Dery(X), [o] <1}.

Finally, the classical representation formula for || Dul|| holds, in the sense that if Q@ C X
is any open set, then

1Dul|(Q) = sup { /Q udiv(6)du; § € Dery(X), supp(8) € Q, |6] < 1}. (3.3)

Remark 3.5. As a consequence of (3.3) and of the Leibniz rule for derivations, we see
that, if E is a set of finite perimeter in X, then

|D15|(X\ OF) = 0. (3.4)

Hence, if p(OF) = 0, then the measures p and ||D1g|| are singular. In addition, we notice
that, if F is a measurable set,

/Q 1pdiv(d)dp = — /Q 15 div(8)du

for any open set  and § € Dery(X), supp(d) € Q. Hence, if we have 1 € BV(X)
or 1gc € BV(X), then the Radon measures ||D1g|| and ||[D1gc| are well defined and
coincide.

We recall now an approximation result for BV functions analogous to Proposition [2.12
for Sobolev spaces.

Proposition 3.6. If f € BV (X), then there exists a sequence (fi)ren in Lippy(X) such
that fi, — f in LY(X) and Lip,(fr)n — ||Df|| in M(X).

Proof. This result follows by combining [32, Proposition 4.5.6 and Theorem 7.3.7]. 0
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3.2 The approach via vector fields. Proof of the equivalence

Before discussing our equivalent characterization of the BV space, we need to introduce
the notion of Sobolev derivations following the definition given in [37].

Definition 3.7. Let p,q € [1,00] be two conjugate exponents. A linear map L :
D'?(X) — L'(X) such that
IL(f)] < €D (3.5)

p-almost everywhere for every f € D'P(X) and for some ¢ € L4(X) will be called a ¢-
Sobolev derivation. The set of g-Sobolev derivations L : D'(X) — L'(X) will be denoted
by S-Der,(X).

Of course, the usual calculus rules hold for this definition as well. It is interesting to
notice that, roughly speaking, the space of ¢g-Sobolev derivations contains the space of
g-summable Lipschitz derivations with divergence in L4(X) for ¢ > 1. In order to make
this statement rigorous, we start with the following technical lemma.

Lemma 3.8. Let q € (1,00] and p € [1,00) be conjugate exponents. Any ¢ € Der®?(X)
may be uniquely extended to a linear continuous map 0 : DVP(X) N (L7(X) U L= (X)) —
LY(X) satisfying

[0(f)| < €D (3.6)
p-almost everywhere for every f € D'?(X) N (LP(X) U L=(X)), where
i g (1.00)
6]l Loey  if g = o0
Proof. Let at first ¢ € (1,00) and let § € Der??(X). Then, for any f € Lip,,(X) we have
0(F)] < [0] - Lip,(f), with [o] € LU(X), (3.7)
and
/ 5(f)dp = — / div(6) fdp, with div(s) € LI(X). (3.8)
X X

We start by showing that we can extend § to functions in W?(X) := D'(X) N LP(X),
where p is the conjugate exponent of ¢, in such a way that (3.6) holds with ¢ = |d].
Hence, let f € WP(X). Thanks to Proposition 212, we know that there exists a sequence
(fk)keN C Lipbs(X), such that

fr = fin LP(X) and Lip,(fx) — |Df| in LP(X).

Hence, thanks to (3.7), it is easy to see that (6(fx))ren is @ bounded sequence in L'(X),
so that (0(fx)i)ken is uniformly bounded in M(X). In addition, this sequence is also
uniformly tight. Indeed, since |§| € L4(X), for all € > 0 there exists a compact set K.

such that
-\ 7
Oduy < | =—
L. u_<o),

Cy = sup [Lip, (o) 0 < o0

where
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Thanks to (37) and Hoélder’s inequality, we see that

I8l (KN K = [ 16l < [ 1o1Lip, () dn

1
_ ( [ |5|qdﬂ) Lipa(fll oo < <
X\K.

Therefore, Theorem yields the existence of a subsequence (0(fx;)i);jen weakly con-
verging to a Radon measure, which we denote by d;. By the Leibniz rule (point 1 in
Definition B.1]) and (B.8]), the measure d; acts on h € Lip,((X) in the following way:

/X hds; = lim / ho(fi,)dp = — lim / fi, (hdiv(8) + 6(h)) dp

J—r+oo J—too
_ —/Xf (hdiv(8) + 8(h)) du. (3.9)

This shows that d; does not depend on the converging subsequence and is indeed unique.
In particular, for all h € Lip,,(X), we have

ndsy| = i
o] = i,

from which we deduce that ||5 7|l < |9]|D f|p in the sense of Radon measures. Therefore, 65
is indeed absolutely continuous with respect to p, and we denote by 0 (f) its L' density.
Thus, it is clear that §(f) is well defined for all f € W'(X) and it is a continuous
linear operator from W'?(X) to L'(X) satisfying (3.6) with ¢ = |§|. In addition, we have
0(f) = 8(f) for all f € Lip,,(X), since, thanks to (39), the Leibniz rule (point 1 in
Definition B.]) and (B8], for all A € Lip,(X) we have

[ nhdn == [ f (hdiv(o) + o) dpr = [ ha(f)ap

Thus, 0 is the unique extension of § to W?(X). In the case f € D'(X) N L*(X), we
may not have f € LP(X), and so we need to proceed by approximation with Lipschitz
cutoff functions. For some fixed zy € X and all R > 0, we define

d(x, o)

d/i‘ < timinf [ [B]16]Lip, (fe)de = [ |Al13] 1D 1dp,

Nr(7) = Lpgy) () + (2 - ) 1By p(wo)\Br (z0) (T)-

It is easy to see that np € Lip,(X) € D'?(X) N L°°(X) and it satisfies

_ 1
nr(x) =1 on Bgr(zo),nr(z) =0 on X\ Bag(zo) and |Dng| < ]IBQR(JBO)\BR(JBO)

Therefore, we have
|D(fnr)l < ne|Df[+ [ f]|Dngl (3.10)

by the weak Leibniz rule for the minimal p-weak upper gradient, see point 2 of Remark 2.7
This implies fnr € W?(X), so that d(fnr) is well defined for all R > 0. In addition, we
notice that the sequence (8(fngr))r>o is Cauchy with respect to L{.. convergence: indeed,

for any R,r > 0, by (33) and (3.10) we have

[6(f (nr = n))| < 161 (Inr = 0|1 DF1 + | £1(1 Dngl + [ De]))
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so that for any bounded set B C X we obtain

[ 18 = )l du = 0

for all R > r > 0 such that B C B,(xy). Hence, by considering a covering of X of
balls { Bi(zo) }ren and a gluing argument, we may deduce the existence of a subsequence
(&( f1r,))jen converging to a function &(f) in L{(X), a priori depending on the subse-
quence. In addition, since § satisfies (3.6) on W'?(X), we obtain the estimate

16(fnr,)| < 16| (TZRj|Df\ + |fHDnRj|) ;

which easily implies |6(f)| < |0||Df| p-almost everywhere, so that we also deduce that
0(f) € LY(X). In addition, thanks to (3.9), for all A € Lip,,(X) we have

[ 185 dp= Y[ 03(fum) dyp = = T [ B, div(s) + Fun,o(h) dy

— /X F (hdiv(5) + 8(h)) dps.

This shows that 0(f) does not depend on the subsequence and is unique. In this way,
we extend 4 to a linear operator from D'?(X) N L*(X) into L'(X) satisfying (B.5) with
¢ = 4|, which we still denote by §, with a little abuse of notation.

We now consider the case ¢ = oo and p = 1, and we start by assuming f € WH(X) :=
DYY(X)NLY(X). We notice that f € BV(X), with ||Df|| = |D f|u. Thanks to Proposition
B.0, we know that there exists a sequence (fx)ren C Lip,s(X) such that

fre = [ in L'(X) and Lip, (fi)u — | Df.
Therefore, (3.7) implies

16(f)| < |0|Lip,(fx) < |[6]| oo x)Lipa(fx)

p-almost everywhere. Hence, Theorem implies that the sequence (Lip,(fi)i)ren is
uniformly bounded and tight, since it is weakly converging, and thus we conclude that
the sequence (d(fx))ken is uniformly bounded and tight, again by Theorem 23l Therefore,
we can proceed as we did in the case ¢ € (1, 00) in order to deduce the existence of a Radon
measure 0y € M(X) which is the weak limit of a subsequence (0(fx;))jen. Then, we can
employ the Leibniz rule to show that d; does not depend on the converging subsequence
and that it is unique. In addition, we notice that for all h € Lip,,(X) (B1) implies

= i |/ ’<1’ inf [ [l |3|Li
’/th(sf’ Jim | [ ho(f)dn| < timint [ |n][]Lip, (fo)dn

<001"f/L' :w/D
< 0l o timint [ AlLip, (e = 10 ico [ V4] [D 1

from which we deduce that [|df| < ||| zeox)|D f|p in the sense of Radon measures. There-

fore, 07 is indeed absolutely continuous with respect to p, and we denote by ) (f) its Lt
density. Thus, it is clear that ¢ is a linear continuous operator from W' (X) to L'(X)
satisfying (B6) with ¢ = ||6]| (). In addition, we can show that ¢ is an extension of
d, arguing by approximation and by the Leibniz rule as in the case ¢ € (1,00). Finally,
we can extend 4 to a continuous linear operator from D' (X) N L=(X) to L*(X) arguing
by approximation with cutoff functions as we did in the case ¢ € (1,00), with the only
difference that now in (B.6]) we have £ = ||§|| Lo (x). O
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Remark 3.9. We wish to underline the fact that the approximation argument of Lemma
does not work in the case ¢ = 1 and p = oo, since in general it is not possible to
approximate functions in W1°°(X) with sequences of Lipschitz functions with bounded
support. In addition, unless (X, d, ut) is the space R™ endowed with the standard Euclidean
distance and Lebesgue measure £, we cannot prove that each function in W1 (X)
admits a representative in Lip,(X), given that it is enough to choose as X a suitable
subset of R, for n > 2, to obtain counterexamples (see [0, Section 2.3]). Hence, not even
a different approximation approach based only on the use of a cutoff sequence seems to
be working, without some other assumptions on (X, d, u).

We proceed now to show, in the case ¢ > 1, the existence of an extension of a derivation in
Der??(X) to the whole Sobolev-Dirichlet class D'?(X), where p is the conjugate exponent
to ¢; in this way proving that each ¢ € Der??(X) admits an extension to S-Der,(X).

Lemma 3.10. Let g € (1,00]. Any ¢ € Der®?(X) may be extended to a q-Sobolev deriva-
tion o € S-Der,(X) satisfying [B.5) with

(3.11)

. 11l if g € (1,00),
[6]|zxy if ¢ = oo.

Proof. Let p € [1,00) be the conjugate exponent to ¢ and f € D'?(X). For all k € N we
set

koo if f >k,
To(f):=_f if —k<f<k,
—k it f<—k

Clearly, Ty.(f) € D"*(X) N L>*(X), and, thanks to point 4 of Remark 27, we have
|DTy(f)| = |Df|Lyfj<k} p-almost everywhere. Hence, the unique extension ¢ of § given
by Lemma B.8 can be applied to Ti(f), and (B.6) yields

[0(T(f))] < UDT(f)] = (D fILgpi<ry < LD, (3.12)

where ¢ is defined as above. Since (|[Df| € L'(X), we deduce that the sequence

(0(Tx(f))1t)ken is uniformly bounded in M(X). In addition, (812) easily implies also
the uniform tightness, since, for all € > 0, there exists a compact set K. such that

| aDfldu <,
X\ K-

so that )
[ B@mldp< [ apfian <<
X\ K- X\Ke

Therefore, Theorem yields the existence of a subsequence (0(T};(f))p)jen weakly

converging to a Radon measure, which we denote by d;. Thanks to ([3.I1Z), we deduce
that |[0f]] < €| D f|p, since, for all h € Cy(X), we have

/m@%@myﬁﬁ%gmqgmm/wmmmmmwg/wmm@
X X Jj—+oo JX X

Jj—+oo
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Hence, there exists a function §(f) € L'(X) such that 6 = §(f)p and [5(f)] < €|Df].
Thus, we constructed a linear continuous map 0 : D'?(X) — L'(X) satisfying (B3).
Finally, it is clear that, if f € D"?(X) N L>(X), then §(Ty(f)) = 6(f) for k large enough,

so that 3~: 5 on DP(X) N L>(X), and this shows that 0 is an extension of the derivation
§, since 0 is the unique extension of § to DP(X) N L*>°(X), thanks to Lemma 3.8 O

We wish to stress the fact that the extension § given by Lemma [B3.I0/is a priori not unique.
However, we will prove that it is indeed unique, thanks to the one-to-one correspondence
between the derivations in Der??(X) and the fields in ©9(X), which is treated in the

following statements.

Lemma 3.11. Let q € [1,00]|. Any vector field X € ©9(X) induces a unique derivation
0x € Der?(X) given by dx = X od, and

10x ()] < Lip,(¢)|X]| (3.13)

p-almost everywhere for every ¢ € Lip,(X), so that |0x| < |X|. In addition, we have
div(ox) = div(X) and 0x € S-Der?(X), satisfying ([B.5]) with ¢ = | X|.

Proof. 1t is easy to see that dx defined as above satisfies the Leibniz rule in Definition
B, thanks to Proposition 217, and that for all ¢ € Lip,,(X) we have dx(p) = dp(X),
so that

|[dp(X)] < |del.| X] = [Del|X| < Lip, ()] X| (3.14)

p-almost everywhere, since Lip,(¢) is an upper gradient of ¢. This gives point 2 of
Definition B with ¢ = |X|. Then, it follows that |dx| < |X| € L%(X). In addition, we
notice that dx = X od can be naturally extended to D*?(X), thanks to the properties of
the differential (Definition 2.16]); and, analogously to (3.14), for all f € D'P(X) we get

0x (P = [df(X)] < [df[|XT] = [DF]IX]

p-almost everywhere, which clearly implies (3.5) with ¢ = |X|. Finally, we notice that,
for any ¢ € Lip.,(X), we have

/ bdiv(dx)du = — / Sx (0)dp = — / dp(X)dp = / bdiv(X)dp.
X X X X
This means that div(dx) = div(X) € L9(X), thus proving our claim. O

We show now the converse statement; that is, the fact that every derivation in Der??(X)
induces a vector field X5 € ©%(X), in the case ¢ > 1.

Lemma 3.12. Let g € (1,00] and 6 € Der?(X). Then there ezists a unique vector field
Xs € D9(X) such that 6 = Xsod. In addition, we have

X5] < 0] if g € (1, 00), (3.15)
ol if g = oo

and div(Xy) = div(§).
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Proof. Thanks to Lemma 310, we may extend § to a g-Sobolev derivation § € S-Der,(X),
a priori not unique. By the theory of LP-normed modules, see [37] and Appendix [A]

LY(TX) = Hom (L (T°X), L'(X)).

where i + é = 1. As a consequence, using [I8, Theorem 5.5.4]@ and the fact that 0 €

S-Der,(X), we deduce that there exists X5 € L?(TX) such that § = X5 o d, which means
that §(¢p) = dp(X5) for all ¢ € Lip,(X), since = ¢ on Lip,,(X). Moreover, Lemma 310
implies that, for all f € D'?(X),

|df (X5)| = [0(f)| < (IDf| = €ldfl.

p-almost everywhere, where ¢ is defined as in (3.I1]). Hence, by Remark [A.5 and Lemma
218, p-almost everywhere we have

| X5] = ess-sup {|L(X5)| : L = df for f € D'(X), |L], < 1}
= ess-sup {|df(Xp)| : f € D'P(X), [df]. <1} <,

which implies (B:13]), thanks to (BIT]).

We notice that X5 depends a priori on the choice of the extension § of § to D'?(X).
However, this dependence is actually illusory. Indeed, assume that there exist two such
extensions 01, 05. Then, there exists two fields Xj , X5 € LY(TX) such that §; = X5 od

for i = 1,2. However, these extensions 01,5 coincide with the unique extension & of § to
W1P(X) given by Lemma B8] so that, for all f € W1P(X), we have

df(X5,) = 01(f) = 6(f) = 02(f) = df (X35,),

which clearly implies df (X5, — X5,) = 0 for all f € W'?(X). Thus, we conclude that it
must be Xz = X5 , by the linearity of the pairing and thanks to Lemma[2.I8 This proves
the uniqueness of the vector field, which we shall denote simply by X5. We conclude the
proof by showing that div(Xs) = div(d). Let ¢ € Lip,,(X) and notice that

S

/X bdiv(Xs)dp = — /X A (Xs)dp = — /X 5()dp = /X bdiv(8)dp.
Since 1 is arbitrary, we conclude that LY(X) > div(d) = div(Xs), which means X5 €
D(X). O

Corollary 3.13. Let q € (1,00]. Any § € Der®(X) may be uniquely extended to a
q-Sobolev derivation 0 € S-Der,(X) satisfying (B.0) with

o= 10l if g € (1,00),
0]l ey if q = oo

2Notice that [I8, Theorem 5.5.4] is a generalization to any exponent q € (1, 0] of [37, Theorem 2.3.3],
which was proved only for the case ¢ = 2.
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Proof. Lemma [B.10 provides the existence of such extension. The uniqueness follows by
exploiting Lemma indeed, we can associate to ¢ a unique vector X5 € ©9(X) such
that § = X5 o d. This means that § can be naturally extended to D'P(X), where p is
the conjugate exponent to g, by setting 6(f) := df(X;) for all f € D"(X), which is well
posed, since df € LP(T*X) and X; € LI(TX). In order to show that this extension is
indeed unique, let Ty (f) be the truncation of f defined as in the proof of Lemma and
let § be the unique extension of § to D(X) N L>*(X). Since ¢ is unique, it must coincide
with X5 o0d on D'(X) N L>(X). Thanks to point 3 of Proposition 21T, we have

dTy(f) = 1y <rydf,
so that

0(T(f)) = dTi(f)(Xs) = Lypi<rydf(Xs).
Thanks to the estimates on |X;| given in Lemma BI2 we clearly have df(X;) € L'(X).
Therefore, Lebesgue’s dominated convergence theorem implies that

5(Te(f)) — df(Xs) in L*(X) as k — +oo,

which means that § ;= X;sod is the unique extension of § to D'?(X). Finally, the estimates
on / follow immediately from those on | X;| given in Lemma B.12 O

All in all, we have just proved the following result.

Theorem 3.14. Let (X,d, p) be a complete and separable metric measure space endowed
with a non-negative Radon measure p which is finite on bounded sets and let ¢ € (1, 00].
Then, any vector field X € ©9(X) induces a unique derivation dx € Der?!(X) satisfying
ox = X od, |0x| < |X| and div(dx) = div(X). Vice versa, any derivation 6 € Der??(X)
induces a unique vector field X5 € D9X) satisfying d = X5 od,

) if g € (1,00),
X< Fae oo

6] L) if ¢ = oo
and div(Xy) = div(6).
In conclusion, Lemma B.17, Lemma and Theorem [3.14] entitle us to characterize the
space of BV functions in the following alternative way.
Definition 3.15. Let u € L'(X). We say that u € BVp(X) if there exists a continuous
linear map L, : ©°(X) — M(X) such that

/ dLu(X) = — / wdiv(X) du (3.16)
X X
for all vector fields X € ©*°(X).

In the same fashion as for Definition [3.3, we observe that also the above characterization
is well-posed, in the sense that, when u € BVp(X), the map L, is uniquely determined.
Therefore, we shall write, with no ambiguity, Du(X) instead of L, (X).

It is worth noticing that, if ¢ = oo - which is the case of interest for BV functions -,
Theorem B.I4] obviously gives a bijection between Dery(X) and ©°°(X). This fact has an
immediate yet notable consequence.
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Theorem 3.16. We have the equivalence
BV (X) = BVp(X). (3.17)

In particular, if 6 € Dery(X) and X € D%(X) are associated by the bijection given by
Theorem[3.17), then the signed measures Du(d) and Du(X) coincide, and the same is true
for their respective total variations.

Proof. Given u € L'(X), for all X € ©°°(X) we have

/udiV(X)d,u:/udiV((SX)du,
X X

where dx € Der,(X) is the unique derivation associated to X given by Lemma 311l On
the other hand, for all 6 € Der,(X) we have

/Xudw(é) du:/xud1V(X5) du,

where X5 € D°(X) is the unique vector field associated to d given by Lemma B2
Therefore, a straightforward application of Theorem B.14] - with § and X associated by
the bijection - allows us to conclude. 0

The above result motivates the following definition.

Definition 3.17. Let V*°(X) denote any of the spaces Der,(X) or ©°(X). If u € BV (X)),
we say that the measure-valued map Du : V*(X) — M(X) satisfying (B1)) or (316
respectively, is the gradient of u.

We observe that this notation is chosen in order to emphasize the fact that the measure
Du(X) - or, Du(d) - can be seen as a pairing between the vector field X - or, the derivation
0 - coherently with the definition of pairing measure given in Section [5l

Remark 3.18. We explicitly point out that by virtue of Theorem and [32, Theorem
7.3.7], BVa(X) is also equivalent to the “relaxed” BV space treated in [45].

Moreover, Theorem [3.4] continues to hold also for the definition via vector fields, so that for
any open set {2 C X we have an analogous representation formula for the total variation,
given by

1Dul|(Q) = sup {/ wdiv(X)du; X € D°(X), supp(X) € O, |X| < 1} ,
X

which is obviously lower semicontinuous with respect to the L'-convergence. Clearly, the
observations in Remark apply also to Definition B.15 as well.

In the following sections we shall always consider BV functions in the sense of Definition
B.15 in order to be coherent with our choice of using the differential machinery of [37].

29



4 Divergence-measure fields and Gauss-Green for-
mulas on regular domains

In this section we introduce the main object of our discussion, namely the essentially
bounded divergence-measure vector fields DM (X), in terms of which we shall undertake
the task of obtaining integration by parts formulas featuring their (interior and exterior)
normal traces. We start with the main definitions and properties in a general metric
measure space (X, d, u) satisfying no specific structural assumptions. Then, we consider a
particular class of integration domains on which we achieve integration by part formulas;
to this purpose, however, as the Riesz Representation Theorem will be often needed to
achieve our claims, we shall require in addition the space X to be locally compact.

As we already mentioned in the Introduction, this part is based on [I8], where the issue
was attacked in a geodesic space, and which in turn started from the analysis made by the
authors of [43] in the context of a doubling metric measure space supporting a Poincaré
inequality and equipped with the Cheeger differential structure (introduced in [20]).

Let (X,d,pn) be a complete and separable metric measure space equipped with a non-
negative Radon measure p, finite on bounded sets. Recall that the differential operator
satisfies the Leibniz rule, namely

d(fg) = fdg + gdf. (4.1)
for any f, g € Lip(X).

Definition 4.1. We say that X € LP(TX), 1 < p < oo, is a p-summable divergence-
measure field, and we write X € DMP(X), if its distributional divergence, which we
continue to denote as div(X), is a finite Radon measure; that is, div(X) is a measure
satisfying

_ / gddiv(X) = / dg(X)dp (4.2)
X X
for every g € Lip. (X). If p = oo, we say that X € DM>(X) is an essentially bounded

divergence-measure field.

In the following, we shall be concerned mostly with the case p = co. Note that an example
of vector fields in DM™(X) is clearly given by the class ©>(X).

We prove now a simple version of a Leibniz rule for fields X € DMP(X) and bounded
Lipschitz scalar functions f with df € LI(T*X), where p, q € [1, 0] are conjugate expo-
nents. This condition is equivalent to ask that the minimal weak upper gradient |D f]|
belongs to L9(X). To this purpose, we notice that for any g € Lip,,(X) and X € LP(TX),
the L*°-linearity of the differential ensures that

dg(fX) = fdg(X) (4.3)
for every f € Lip,(X).

Lemma 4.2. Let p,q € [1,00] be such that %+% =1. Let X € DMP(X) and f € Lip,(X)
with df € LYT*X). Then, fX € DMP(X) and

div(fX) = fdiv(X) + df (X)p. (4.4)
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Proof. 1t is clear that fX € LP(TX). Let g € Lip,4(X). By applying (ZI)-(Z3) we get
[ ag(rx)du= [ fag(X)dp= [ d(fo)(X)du~ | gaf(x)dn
X X X X
= — [ fgddiv(x) - [ gaf(x)ap
X X
Hence, div(fX) € M(X) and (Z4) holds. O

We show now a result on the absolute continuity of the measure ||div(X)|| with respect
to the g-capacity, which extends analogous properties of the divergence-measure fields in
the Euclidean framework (for which we refer to [26, 46]). To this aim, let us first recall
the notion of g-capacity of any set A C X.

Definition 4.3. Let (2 C X be an open set and A C 2. We define the relative q-capacity,
1 <q < oo, of Ain  as the (possibly infinite) quantity

Cap,(4,Q) = inf{HuH%,Lq(Q ; u € WH(X) such that 0 < u < xq and u|s = 1} . (4.5)

)
If Q =X, we set Cap,(A) := Cap,(4,X).
Remark 4.4. We notice that, thanks to the density of Lipschitz functions inside Sobolev

spaces [11, Theorem 7.3|, the infimum in (£5) may be taken over Lipschitz functions in
Wha(X).

We prove now a technical lemma on compact sets with zero g-capacity (an analogous

result in the Euclidean setting has been proved in [26, Lemma 2.8]).

Lemma 4.5. Let g € [1,00) and K C X be a compact set such that Cap,(K) = 0. Then
there exists a sequence of functions py € Lipp,(X) such that

1. 0< ¢ <1,

2. op =1 on K for any k,

3. Nerllwrap — 0 as k — +oo,
4. pr — 0 pointwise in X'\ K.

Proof. We start by noticing that Cap,(K,€2) = 0 for any open set Q D K. Indeed, if
K C Q and we choose n € Lip,,(2) satisfying n = 1 on K, then, for any v € WH(X)
such that 0 < u < 1 and u|x = 1, we have

Cap, (K, 9) < [ (jnul? + D)) du < Coyg [ (ful? + | Duf?) dn

for some C;, > 0. Hence, since u was arbitrary, we conclude that Cap,(K,Q) = 0.
Actually, this argument, combined with Remark [.4] shows also that the infimum may be
taken on Lip,(€2). Let now € be a sequence of bounded open sets satisfying €, D K
and MN;2, 2 = K. Let also €, a non-negative vanishing sequence. Then, by the above
argument, for any k there exists @), € Lipp (%) NTWH9(€,) such that 0 < ¢, <1, . =1
on K and ||¢g|lwra@) < €k This ends the proof.

O
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The following result extends [I8, Proposition 7.1.8] to any pair of conjugate exponents
p,q and uses the same arguments based on the Hahn decomposition as in [43, Lemma
3.6], and in [26, Theorem 2.15] for the Euclidean case.

Proposition 4.6. Let 1 < p < o0 and 1 < g < oo be such that % + % =1, and let X €
DMP(X). Then, for any Borel set B such that Cap,(B) = 0, we have ||div(X)|[(B) = 0.

Proof. Let B be a Borel set such that Cap,(B) = 0. Since div(X) is a signed Radon
measure, we are entitled to consider its positive and negative parts, namely div(X)"™ and
div(X)~ respectively. By the Hahn decomposition theorem, there exist disjoint Borel sets
By C B with By U B_ = B such that +div(X)L By > 0. Hence, we need to prove that
div(X)(By) = 0, and, in order to do so, it suffices to show that div(X)(K) = 0 for any
compact subset K of By, thanks to the interior regularity of ||div(X)||.

Without loss of generality, let K C B,, since the calculations in the case K C B_ are
the same. Since Cap,(K) = 0, by Lemma [L5] there exists a sequence (¢),cy C Lipyg(X)
such that 0 < ¢ <1, ppr =1 on K, |l@k/lyrac — 0 as k = +oo, and ¢x — 0 pointwise
in X'\ K. Then, it follows that

[ orddiv(x)| = | [ don(Odu] < 1Dl o 11X ancey < Ioullrae X lmgey = 0

(4.6)
as k — 400. On the other hand, since 0 < ¢, <1 for any k£ € N and ||div(X)||(X) < oo,
thanks to the Lebesgue’s Dominated Convergence Theorem, we get

div(X)(K) = lim / opddiv(X),
k—+o00 JX
which, combined with (£8]), implies div(X)(K) = 0.
U

We give now a definition of regularity on domains that will allow us to establish some
integration by parts formula. As a starting point we recall the notion of upper inner
Minkowski content of a set: if we set

Q= {z € Q; dist (z,Q°) > t},
for ¢t > 0, then we define
Q\Q
M;(02) = lim sup M

t—0 t

Definition 4.7. An open set 2 C X is said to be a regular domain if it has finite perimeter
in X, namely 1 € BV(X), and if

[ DLg (X) = M3 (99).

In the following, we shall make use of the Coarea Formula for Lipschitz functions. We
recall that this result was proved for BV functions on doubling metric measure spaces
supporting a Poincaré inequality in [45, Proposition 4.2]; however, the same property
holds as well for Lipschitz functions also in our more general setting by the remarks at
the beginning of [4], Section 4].
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Proposition 4.8. Let f € Lip,,.(2), Q@ C X open set and denote
E, ={reQ; f(x)>t},
t € R. Then, for any open set A C € one has

[ D1l = 1Dl A). ()

Remark 4.9. We notice that, when the space X is geodesic, examples of regular domains
are given by almost every balls. We recall that (X, d, u) is geodesic, if for every =,y € X
we have

d(z,y) =inf{€(y); v:[0,1] = X, v0 =2, m =y}.
Under this hypothesis, it is possible to choose the distance function

dyo(z) = d(z, 20) Vi eX

(which is obviously a Lipschitz function) in such a way that its minimal weak upper
gradient satisfies

| Do | () =1
for p-almost every z € X.

We claim now that, for any 2y € X and for .Z*'-almost every p > 0, Q = B,(z¢) is a
regular domain. This follows by the Coarea Formula (L7, since

p(Bp (x0) \ Bpn(70)) 1
h I JB,(20)\B,—n(20)

1 rr
Dy ()dia() = [ D15, | (Kt

So the claim follows by considering the Lebesgue points of ¢ — || D1 g,z || (X).

Definition 4.10. Given a regular domain €, for € > 0 we set

0 x € Q°,
cp?(x) = M x € Q\L, (4.8)
1 x € (..

We call (¢p%).~¢ the defining sequence of the regular domain . In the following, we shall
simply write ¢., when the relation to €2 is unambiguous.

For any regular domain €2, it is clear that (¢.).~0 C Lip,(X).

As we shall prove in the following statement, thanks to the properties of regular domains,
the measures |Dy.| i converge weakly to ||[D1gl||. To this aim - as we already pointed out
- we shall need to assume the space X to be locally compact, in order to exploit useful
consequences of the Riesz Representation Theorem.

Proposition 4.11. Let X be locally compact, Q C X be a reqular domain and (pg)eso be
its defining sequence. Set
p((2\ Q)N E)

pe(E) == -
for any Borel set E. Then, we have
pe = [| DLl (4.9)
and
[ Dpe| pp = | DLl (4.10)
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Proof. Thanks to [6], Proposition 1.80], it is sufficient to prove that, for any open set
A C X, we have

lim 1.(X) = | Dlg]| (%) and liminf () > [ Dig]|(A). (4.11)
and
tim [ [Dg| du = | D1g|(X) and liminf [ |Dgc| du > [Dlgl(4).  (412)

Since (2 is a regular domain, we have

lim sup p.(X) = [ D1g|| (X).

e—0

Then, by exploiting the Coarea Formula (4.7]), the fact that the function g(x) = dist (z, 2°)
is Lipschitz with |Dg(z)| <1, and Q. = {g > €}, we obtain

p(Q\Q)NA) 1 1
(@\2)04) _ —/ dp > - |Dgldp
€ € J(\Q)nA € JEO\Q)nA

= é /]R HD1{9>5}

1 € 1
— = [P0l (A)ds = [ [ Dla. | (4)ds.
g Jo 0

(N\Q:) N A)ds

Hence, by Fatou’s lemma and the lower semicontinuity of the perimeter measure (see
Remark B.I8)), using the fact that 2.5 converges to 2 in measure for any s € [0, 1], we get

it A (212 0 4)

e—0 £

> timpf [ DL, |(4) ds
> [Miminf |Dlg.,(4)ds > [Dig] (4),
for any open set A C X. Then, if A =X, we get
lim inf 41 (X) > || D1a| (X),
and this proves (£I1l), which implies (£9)). We notice now that

Dy 1\
[ Dot [ 1Dy, < 2@
X oA € €

Hence, we immediately get
Q\ Q.
limsup | Dol dp < tim L) _ypg o). (4.13)
e—0 X e—0 e

Then, arguing with the Coarea Formula as above, for any open set A we obtain

D 1
/\Dsoe\duzf Vgl duz/ | D1g,,
A (Q\Q)NA € 0

(A)ds.
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Thus, Fatou’s lemma, the fact that )., converges to ) in measure and the lower semi-
continuity of the perimeter measure imply that

liminf [ Dg.|dp > | D1all(A).

This proves the second part of (£I2)), while we obtain the first by taking A = X and
employing (£13)). Thus, (£I0) follows and this ends the proof.
O

Remark 4.12. An interesting byproduct of the proof of Proposition [£11]is that, if ) is a

regular domain, the measures v, : | D1gl|. We leave

the details to the interested reader.

We are now able to prove an integration by parts formula for regular domains and vector
fields in DM™>(X), following in part the footsteps of the proof already given in [43]
Theorem 5.7]; this result can be actually seen as an improvement of [I8, Theorem 7.1.7].

Theorem 4.13. Let X be locally compact, X € DM™(X) and Q2 C X be a reqular domain.
Then there ezists a function (X - vq)yq € L™ (092, || D1q||) such that

[ fadiv(x) + [ af(X)dp== [ f(X-v0)0d | DLal. (4.14)

for every f € Lipy(X) such that supp(flg) is a bounded set. In addition, we have the
following estimate:

(X - va)anllL=@e,ip1al < Xl Loe()- (4.15)

As it is done in the literature on weak integration by parts formulas, for instance in the
Euclidean space, we shall call the function (X - vq)y, the interior normal trace of X on

0f2.

Proof. Let (¢.)., be the defining sequence of 2 as in (£8). It is clear that fy. € Lipy(X),
so that, by (£4]), we have

[ e (X)du= [ a (o) (X)dp— [ w.df(X)dp
= — [ eefadiv() = [ df(x)d

Since @, converges to 1 everywhere and supp(fe.) C supp(f1lg) is a bounded set, the
Lebesgue’s Dominated Convergence Theorem entails the existence of

lim /X Fdpo(X) dp = — /Q Fddiv(X) — /Q df(X) dp. (4.16)

e—0

Let us now define the distribution

Tx(f) = lm Tx(f),

e—0

= [ fdea() du
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It is clear that we have the estimate

T < WX =) [ 1£11D¢e] dp

Hence, by (@I0), we deduce

Tx (N < Xz~ /aﬂ [fldIDLall < [1Xl[ze@ [ fll2r e p1al)- (4.17)

We notice that, since Lipy,(X) is dense in Cy,s(X) and Ch(X) is dense in L' (X, || D1gl|), T
may be extended to a continuous linear functional in the dual of L' (X, || D1g]|). Therefore,
by the Riesz Representation Theorem and the fact that || D1g||(X\ 0Q) = 0 (see Remark
[B.5)), there exists a function (X - v);, € L®(09, || D1g||) such that

Tx(f) = [ F(X - v0)sadlDLal, (4.18)

for any f € Lip,,(X). Since

Ti(f) = = [ fadiv(x) - [ df(x)dp,

by (£I6), we immediately obtain (£I4]) for any f € Lip,(X). Let us now consider
f € Lip,(X) such that supp(flg) is bounded. It is easy to notice that, for any cutoff
n € Lip,(X) such that n = 1 on supp(flg), we have

[ fadiv(x) + [ af(X)dp= [ nf ddiv(x)+ | dnf)(x) = ~Tx(nf)
= — [ nf(X o) d| DL
=~ [ F(X v d| Dlg].

Hence, we get ({I4) in this general case. Finally, the estimate (ZI5]) follows easily by
(A7) and (EIY). O

Thanks to this result, we immediately obtain a Gauss-Green formula for regular domains.

Corollary 4.14. Let X be locally compact, X € DM>(X) and Q@ C X be a bounded
reqular domain. Then we have

div(X)(Q) = — /m(x W)5d|DLg]. (4.19)
Proof. Take f =1 in Theorem O

We prove now an integration by parts formula on the closure of a given open set €2, under
the assumption that Q° is a regular domain.

Theorem 4.15. Let X be locally compact, X € DM™=(X) and Q C X be an open set such
that Q° is a regular domain. Then there exists a function (X - vq)l, € L= (0%, ||D1g]|)
such that

L fadiv(X) + [dfx)du=~ [ f(X-va)id|Digl, (4.20)
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for every f € Lip,(X) such that supp(flq) is a bounded set. In addition, we have the
following estimate:

1(X - va)dall=@aipigl < X1 o @e)- (4.21)

Q
If Q) is also bounded, then we have

div(X)(@) = = | (X-va)jod||Dig]. (4.22)

Analogously as before, we shall call the function (X - vqg)Jk, the exterior normal trace of
X on 0€.

Proof. Let n € Lip,4(X) be a cutoff function such that n = 1 on supp(f1lg). Then,
nf € Lip,4(X), and so (£2)) implies

[nradi(x)+ [ dnn) () du =0
By (@14), we have
0= [nfddiv(X) + [[dmf)(X)du+ [ nf ddiv() + [ d(n)(X) dp
= [ufddiv(X) + [[dnf)(X)dp— [ nf (X vy )oad| Dig

= [ rddiv0) + [df(X)dp— [ f(X-vgr)0d Dig]l
Thus, if we set (X - vq)dg = —(X - vge) g0, we get (£20) and (Z21]), by Theorem LT3
Finally, if Q is bounded, we can take f = 1 and obtain ([Z22). O

Remark 4.16. It is not difficult to see that one can argue in an analogous way as in the
proof of Theorem to achieve an integration by parts formula on any closed set C' such
that ©(C) > 0 and C° is a regular domain. The condition x(C) > 0 is necessary so that
1o is not identically zero, as a BV function. Under this and the previous assumptions,
we obtain the existence of (X - v¢)jo € L (9C,||D1¢||) such that

[ fadivx)+ [[af()ap=— [ (X ve)jed|Dic],

for every f € Lip,(X) such that supp(f1¢) is a bounded set. In addition, we have the
following estimate:

(X - ve)sellLecipien < 11X lze(ce)-

If then C' is also bounded, we obtain

div(X)(C) = = [ (X ve)bed|Dicl.

We consider now a particular subfamily of regular domains, in order to obtain both
integration by parts formulas, from the interior and the exterior, with the same perimeter
measure.
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Corollary 4.17. Let X be locally compact, X € DM™(X) and 2 C X be a regular domain
such that Q° is a reqular domain and p(0) = 0. Then (X - vq)k, € L0, ||D1g)),

and we have (EI14),
L fadiv(x) + [ af(X)dp== | f(X-v0)nd | DLal. (4.23)

and

[ gadivix) == [ f ((X-va)bo = (X va)sn) dIIDLall, (4.24)

for every f € Lip,(X) such that supp(flq) is a bounded set. If Q is also bounded, then

we have
div(X)(89Q) = — /

00 ((X V) — (X Vﬂ)gﬂ) d||D1lg]| - (4.25)

Proof. Since pu(0€) = 0, then ||[D1g|| = ||D1g||. Therefore, it is enough to apply Theo-
rems [A.13] and Then, by setting f = 1 in the case €2 is bounded, we immediately get

@), O

Remark 4.18. Under the assumptions of Corollary .17 and arguing as in the proof of
Theorem [4.15, we obtain the following relations:

(X - vge)gn = —(X - va)jg and (X - vge)fg = —(X - 1) 0

We conclude this section with a refined result in the special case in which the measure
div(X) is absolutely continuous with respect to p, which includes the case X € ©°°(X).

Corollary 4.19. Let X be locally compact, X € DM™(X) such that ||div(X)| < p, and
let Q C X be a reqular domain such that Q is a reqular domain and p(0Y) = 0. Then we
have

(X -vq)pg = (X -vq)dg ||Dlg||-a.e. in 0. (4.26)

Thus, there exists a unique normal trace, which we denote by (X - vq)sq, satisfying

I(X - va)aall L= @e.ip1an < X l|z~@) (4.27)

and
/Qfddiv(X)Jr/Qdf(X) dp = _/mﬂx.yg)aﬂdumﬂu (4.28)

for every f € Lip,(X) such that supp(flq) is a bounded set. If Q is also bounded, then
we have

div(X)(Q) = — /a (X v0)ond | Dig (4.29)

Proof. By the absolute continuity property of div(X), we have ||div(X)||(0€2) = 0, so that

(E24) reduces to
X -va)dg — (X - vq)sq) d||Dlgl| =0
mf (( va)an — ( Vﬁ)ag) [D1gf ;

for any f € Lip,(X) such that supp(lqf) is bounded. Hence, we obtain (£26]), and so

we are allowed to set (X - vg)aq == (X - vq)gq. Finally, (£27), ([A28) and (£29]) follow
immediately from (£I5), (£I4) and (£.19). O
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5 Leibniz rules

In this section (X, d, 1) will be assumed to be a locally compact RCD (K, co) metric mea-
sure space. It is important to notice that such assumption is not too restrictive: indeed,
there is a variety of results holding in locally compact (or even compact) RCD(K, o0)
spaces (see for instance [35, Remark 3.5]). In addition, there are examples of locally com-
pact RCD(K, 00) spaces which cannot be RCD(K, N) for any finite N: as an example, we
may consider (R™,d,~), where d is the usual Euclidean distance, and ~ is the Gaussian
measure e~ 11*/2 2.

We observe that by (2I3), the reference measure p is automatically finite on bounded
sets. Recall also the definition of heat flow h; along with its properties given above in
Section [2.3]

In order to obtain a generalization of Lemma to scalar functions of bounded variation,
we need two preliminary technical results concerning the regularizing properties of the
heat flow.

Lemma 5.1. Let f € L=¥(X)NBV(X). Then, we have hf € Lip,(X) and |Dh,f| € L*(X)
for all t > 0. In addition, we get |Dhyf|pn — ||Df]| ast — 0" and

[ e1Dhfl dp < e [ mpd|Df| (5.1)

for allt > 0 and non-negative p € Cy(X). If supp(p) = X, then (B holds also for any
non-negative p € L>(X).

Proof. Since f € LX) N L>(X), it is clear that f € L*(X), so that h;f is well defined.
The L*-estimate on hyf comes from (2.8]). As a consequence, ([2.I4]) together with [9]
Theorem 6.2] implies h,f € Lip,(X).

By (ZI0) and the semigroup property, for any s,t > 0 we have |Dhyf| <
e Kth, (|Dh,f|). Hence, for any non-negative ¢ € Cy,(X), we get

[ o 1Dhessflan < e [ ohy[Dhfldu = e [ () [Dhofldu,  (52)

where we explicitly used the self-adjointness of the heat flow.
By [44, Proposition 5.2], if f € BV (X) then

J1Dbaf] du— [ DAIIX)
as s — 0. Moreover, the lower semicontinuity of the total variation yields
liminf [ |Dh,f] du > | DS (A)
s—0 A

for any open set A C X. Now, [6, Proposition 1.80] entails the convergence |Dhyf|p —
|IDf|| as s — 0. Therefore, we can pass to the limit as s — 0 in the inequality (5.2)) to
get (1)) for any non-negative ¢ € Cy(X).

Now, we can take the supremum over ¢ € Cy(X), 0 < ¢ < 1, to get

IDhef | ey < e IDFIX),
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which in turn gives |Dh;f| € L*(X). Finally, in the case supp(u) = X, let us consider a
non-negative ¢ € L>*(X): for any € > 0, we have h.p € C,(X), by the L>-contractivity
property, and so we get

/X he | Dhy f| dp < e K1 /X hy.eo d|| Df|

for any t > 0. Hence, by taking the limit as e — 0, we get (5.1]). O

We notice that, in the case ¢ = 1, (B.]) was already proved in [13, Proposition 1.6.3]
under the more general assumption that f is only a function of bounded variation.

Lemma 5.2. Let X € L>®(TX) and f € L>*(X) N BV (X). Then the family of measures
d(he f)(X)p, t > 0, satisfies

/ld (he ) (X)) dp < 1X ]| oo ) = I DFIN(X), (5.3)
and any of its weak limit point D f(X) € M(X) satisfies
1D f(X)] < X oo ) 1P S]- (5.4)

Proof. By (&), for any ¢ € Cy(X) and ¢ > 0, we get

[ ) (Odu] < 11Xl g [, il 1Dhf]
< 16l I X ey €I DA )

which implies (5.3]), by passing to the supremum on ¢ € Cy(X) with |¢|lpex) < 1.
This means that the family of measures d (h;f) (X)u is uniformly bounded in M(X). In
addition, this family of measures is uniformly tight: indeed, arguing as above we can see
that [[d (he ) (X)pall < 11X g | (Dhef)pal, and the family ([(Dhy £ )iso is uniformly
tight by Theorem 23] since |(Dh.f)|u — ||Df| as t — 0%, by Lemma [EIl Hence, by
Theorem 2.3 we conclude that there exists a measure D f(X) and a positive vanishing
sequence (t;) . such that

dhy, f(X)u — DF(X) in M(X).

In order to prove (5.4)), we choose a non-negative ¢ € Cy(X) and we employ (5.]) once
more to get

‘/gpde( ‘_ tim | [ od (b, / )dﬂ‘
<liminf | ¢ [d (s, f) (X)] dp

< timinf e X[y [ B, () dIDS

= Xy [ DS
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Theorem 5.3. Let X € DM*®(X) and f € L>(X) N BV (X), then X f € DM*>(X). In
addition, there exists a non-negative sequence (tj)jEN with t; (0 such that

he f = in L(X, || div(X))),

dhy, f(X)u — DF(X) in M(X), (5.5)

and it holds B
div(fX) = fdiv(X) + Df(X), (5.6)

where the measure D f(X) satisfies (&4). In addition, if we assume ||div(X)|| < p, then
we have

f(@) = f(z) for |div(X)|-a.e. z € X, (5.7)
and there exists a unique D f(X) € M(X) satisfying

dh f(X)u — Df(X) ast 0 in M(X)
and (B4). In this case, it holds
div(fX) = fdiv(X) + Df(X). (5.8)

Proof. We notice again that, since f € L'(X) N L>(X), it is clear that f € L*(X). Then,
we start by approximating f via h, f. Thanks to Lemma 5.1l we know that h,f € Lip,(X)
and |Dh,f| € L(X), so that we can employ (£4) to obtain

~ [ dg (nf) X)dn = | gadiv((nf) X)
= [ (nf)gddiv(X) + [ gd(hef)(X) du (5.9)
for any ¢ € Lip,,(X). By the L2-convergence h,f — f as ¢ \, 0 and by (@3), we get
[ dg () X)dp= [ () dg(X)a— [ fag(x¥)du = [ dg(fX)dn.

Using (Z8), we have [hif(2)] < [|f| =) for any € X. In particular, (h/f), is

uniformly bounded in L>(X, [|div(X)[|). Hence, there exist [ e L=(X,||div(X)]) and a
positive sequence t; N\, 0 such that hy, f = f in L>(X, ||div(X)]|). This yields

[ (v, f) g (@iv(X)) = [ Fgadiv(x)

as j — oo. Finally, Lemma implies that there exists a finite Radon measure D f(X)
satisfying (B.4]) and such that, up to extracting a further subsequence,

/ng(htjf) (X)du—>/ngDf(X)-

All in all, we obtain X f € DM™(X) and (5.6). Finally, in the case ||div(X)| < p, we
immediately get

/ ghy fddiv(X) — / g fddiv(X) for all g € Lipy.(X),
X X
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thanks to the L?-convergence h,f — f as t \, 0. This proves (5.7). Then, (5.9) implies
that, for any sequence (¢;) ey for which (5.3) holds, we get

Jp9apC) = tim, [ o g
= lim X(ht].f)gddiVX +/ng((htjf) X)du

=tim [ (10f) gddiv(X) + [ dg ((1f) X) du
_ / g fddiv(X) + / dg (fX)dp = / g fddiv(X) — / g ddiv(fX).
X X X X
This immediately implies that D f(X) is unique and (5.8) holds. In addition, we get

dh, f(X)p = div(hy(f)X) — hy fdiv(X) — div(fX) — fdiv(X) = Df(X) as t \,0,
and this ends the proof. O

6 Gauss-Green formulas on sets of finite perimeter
in RCD(K, c0) spaces

From this point onwards, we shall assume (X, d, u) to be a locally compact RCD(K, 00)
space, unless otherwise stated.

In this section we formally introduce the notion of interior and exterior distributional
normal traces on the boundary of sets of finite perimeter (which may be in general different
from those defined in Theorems and [L15)) for a divergence-measure field, in order to
achieve the Gauss-Green and integration by parts formulas. Even though in the general
case these traces are not uniquely determined, since we do not have the uniqueness of the
pairing term in the Leibniz rule (Theorem [(.3]), we shall also consider some additional
assumptions which allow us to obtain a unique distributional normal trace.

6.1 Distributional normal traces and Leibniz rules for charac-
teristic functions

Let X € DM™>(X) and E C X be a measurable set such that 1z € BV(X) or 1g. €
BV (X). By Remark 3.5 we know that ||D1g|| is well defined and equal to [[D1ge||. Let

(ht),>, denote as usual the heat flow: by Lemma B.2} there exists a sequence ¢; — 0 and
two measures D1 g(1gX), D1g(1gX) such that

d(by,1p)(Xg)p — D1g(Xp)

d(hy, 1) (Xpo ) — Dlg(Xpe) 2 ME) (6.1)

where we have set Xg .= 15X and Xgc := 15X, a notation which we shall keep through-
out the remaining sections of the paper.

Again by Lemma [5.2] these weak limit measures satisfy the following estimates:

|D1p(Xg)| < || X||[zeo@) | PLe|, and |D1g(Xge)

< X zoe ey [ DLl (6.2)
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We observe that, since the pairing measures D1 g(+) are absolutely continuous with respect
to the perimeter measure, thanks to (6.2]), we are entitled to consider their densities.
Thus, we define the interior and exterior distributional normal traces of X on OF as the
functions (X, vg),, and (X, vg) s, in L2(OE, |D1g|) satisfying

2D1g (Xg) = (X, vp)op | D1g| (6.3)

and
2D1g (Xpe) = (X, vp)hp | D1g|. (6.4)

In addition, since h;; 15 is uniformly bounded in L*>(X, ||div(X)||), up to extracting a
subsequence, we can assume that there exists 15 € L=(X, ||div(X)|)) such that

hylp > 1p in L(X, ||div(X)|). (6.5)

We notice that, since 1 is ||div(X)||-measurable, then it coincides with a Borel measur-
able function outside of a ||div(X)|-negligible set. Therefore, without loss of generality,
we shall always choose 15 to be Borel measurable. Since 15 is a representative of 1z, it
is relevant to consider the level sets of this function; that is,

Es = {]T;; = s} : (6.6)

It is clear that E° is a Borel set for any s € [0,1]. In particular, E' and E° can be seen
as weaker “versions” of the measure-theoretic interior and exterior of E. It seems then
natural to define a measure theoretic boundary related to 1z as the Borel set

OE =X\ (E'UEY).

We stress the fact that the notions of distributional normal traces of X on the boundary
of F and representative of F introduced above are heavily dependent on the choice of the
sequence (t;);en. In the following, we will always consider the sequence (t;), or suitable
subsequences, along which (6.1 and (6.5) hold.

In the following remark we show some easy relations between 1 and 1 ge, and the distribu-

tional normal traces of an essentially bounded divergence-measure field on the boundary
of £ and E°.

Remark 6.1. Let X € DM>(X) and £ C X be a measurable set such that 15 € BV (X)
or 1g. € BV(X). Let t; — 0 be a sequence satisfying hy 1 X1 and hy 1 e A e
in L>*(X, ||div(X)||) (up to extracting a subsequence, this always holds true). Then, we
observe that

hy1g =1—hy1ge.

It is then clear that - -
1p=1-1g, (6.7)

which implies

—~—
_ Y~~~

E' = (E°), EO = (Ee)!, EV2=(E)\/2, O'E = 0~E". (6.8)
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In addition, since
d (b, Tpe) (X) = —d(hy, 1p)(X),

it follows that
D1g:(X) = —-D1g(X) (6.9)

in the sense of Radon measures. Arguing analogously, we also obtain

This easily implies the following relations between the distributional normal traces on £
and £
<X’ VE>5E - <X’ VEC)(—;EC and <X7 VE>;E - <X’ VEC)éEC :

We also notice that the linearity property of the pairing D1g(+) implies
D1g(X)=Dlg((1g+1g)X)=Dlg (Xg)+ Dlg (Xge), (6.10)
from which, thanks to (6.3) and (G.4)), we get

X, vg)pp + (X, ve)s
D]IE(X):< ”’E>@E;< ”’E>8EHD11E|]. (6.11)

In the case of a Borel measurable set £ it is actually possible to characterize the sets El
and E° in terms of F and its complementary.

Remark 6.2. Let E be a Borel measurable set such that 1p € BV (X) or 1. € BV (X).
Since it obviously holds hylg. = 1 — hy1g, without loss of generality we can assume
1x € BV(X), which implies h;1x € L*(X) and hylg — 1g in L*(X) as t — 0.

If we now take X' € DM™(X) and a positive vanishing sequence (¢;) -y such that hy; 15 =

1 in L (X, ||div(X)]||), by the L?-convergence we have, up to some subsequence, the
pointwise convergence hy, 1g(x) — 1g(z) for p-almost every x € X.

Hence, there exists a Borel set N such that u(Ng) = 0 and hy, 1g(z) — 1g(z) for any
r ¢ Ng. Therefore, for any ¢ € L}(X, ||div(X)]|) we have

L (e 1) ddiv(X) |~ [ T dlldiv(x)|

and

L, ¥ ) dldivX) | = [ e dldiv(X)],

by Lebesgue’s Dominated Convergence Theorem. We stress the fact that 15 is measurable
with respect to ||div(X)||, since FE is a Borel set. This means that

1p(x) = 1g(x) for ||div(X)|-a.e. z & N,

and so we get that £\ N = E'\ N, up to a || div(X)|-negligible set. Thanks to (G8),
we can argue similarly with £ and E°, so that we obtain

Idiv(X)|| (EAEY) \ Ng) = 0 and [|div(X)|| ((E°AE®) \ Nig) = 0.
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In addition,
OE\Ng =X\ (E'UE'UNE) C (E\ (E'UNg)) U (E°\ (E°UNG)),

and so we get

ldiv(X)]| ("B \ Ng) =0.

Thus, we conclude that E! and E° are the representatives of the sets £ and E¢ with
respect to the measure ||div(X)||LX \ Ng, respectively.

We employ now these remarks to obtain a refinement of the Leibniz rule for characteristic
functions of Caccioppoli sets.

As a preliminary, we observe that h;, 1 is uniformly bounded in L>*(9F, || D1g||). Hence,
there exists a function 1g € L>®(0F, || D1g||) such that, up to a subsequence,

hy1p = 1p in L®(0F, ||D1gl|). (6.12)

As in the case of 1, there exists a Borel representative of 1 which coincides with it
up to a ||D1gl||-negligible set, and, unless otherwise stated, we shall always consider this
representative.

Theorem 6.3. Let X € DM™(X) and let E C X be a measurable set such that 1g €
BV (X) or 1g. € BV(X). Then, we have 15X € DM>(X) and the following formulas
hold

div(Xp) = 1gdiv(X) + D1g(X), (6.13)
div(Xg) = (Iz) div(X) + TpD1p(X) + Dl (Xp), (6.14)
Iz (1-1g) div(X) = 1zD1g (Xg) — (1 — L) Dlg (Xpe). (6.15)

Proof. Let first 15 € BV (X). By (5.6]) we immediately get (6.13]), by extracting a suitable
subsequence of a sequence (t;);en such that (6.I) and (63]) hold. In order to prove to

(614), we approximate 1 via hy1x and, employing ([£4]) and (6.13)), we get

= (hy1p) 1pdiv(X) + (hdg) D1g(X) +d(hdp) (Xg)p.  (6.16)

We select now a non-negative sequence (t;);y, t; ¢ 0, such that (G.1]), (6.5) and (6.12)
hold, and we easily get (6.14)).

Now, let E be such that 1g. € BV (X). For any g € Lip,,(X), we have
/ngdiv(XEc) _ —/ng(XEc)d,u: —/X]lEcdg(X) dp
_ _/ng(x) du+/X]1Edg(X) d,u:/xgdiV(X)—i—/X]lEdg(X) dy,
from which it follows that
/X 15dg(X) dy = /X g d(div(Xpe) — div(X)),
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which easily implies that Xp € DM*(X) and

div(Xp) = div(X) — div(Xp.). (6.17)
Hence, by applying (6:13) to 1g. and (6.17), we obtain
div(Xg) = div(X) — div(Xge) = (1 — Tge)div(X) — D1 ge(X). (6.18)

Therefore, thanks to (6.7), (6.I8) and (6.9), we get (6.13) for E such that 1z € BV (X).
Arguing analogously, we obtain also (6.14)).

Finally, if we subtract (6.14) from (6.13)), we get
g (1-1g) div(X) + (1 = Tp)D1(X) - D1g(Xg) = 0.

Thus, (6.I0) directly entails (6.15]). O

In the following proposition we summarize some elementary properties of distributional
normal traces.

Proposition 6.4. Let X € DM™(X) and E C X be a measurable set such that
1p € BV(X) or 1. € BV(X). Then, (X,vg)pq,(X,ve)ap € L®(0OF,|D1g|), with
the estimates

(X, vE)op |l z~@mip1s) < 201X ||lrem) and || (X, vE) s |r=@rip1mn < 2/ X |||z me)-
(6.19)
In addition, it holds

Ip (X, vp),n — (1— 1p) (X, vp)ly
D1zl 2
: IDLg] (6.20)

Proof. 1t is easy to see that (6.2)) implies (€19). As for (€20), it follows directly from
BI), @3 and GI). .

We employ now Proposition [6.4] to investigate further the relation between the measure
div(X) and the sets E*.

g (1 — ],175) div(X) =

Proposition 6.5. Let X € DM™(X) and let E C X be a measurable set such that
1g € BV(X) or 1g. € BV(X). Then, we have

1pD15(Xg)LE'UE® = (1 — 15)D1y5(Xp)LE' U EY, (6.21)
T (X, ve)pp = (1—15) (X,ve)s, ||ID1g|-a.c. on E'U EO (6.22)

and - -
1g=1g ||div(X)]|-a.e. on O*E. (6.23)

Proof. 1t is clear that (G.2I) follows immediately from (GI5), by restricting the mea-
sures to £ U EY. Then, (63), (64) and (6.21)) easily imply (6.22)). In order to prove
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([6.23), we start by considering the sequence hy 1 satisfying (63) and (6.12). Then, since
g (1—1g) € L=(X, |[div(X)]), it follows that

(b, 1) T (1 — 1) div(X) = (1) (1~ L) div(X).

Taking into account (620), the fact that distributional normal traces are in
L> (X, || D1g|) and (612), we obtain

—~ —~ +

L (X,vp)op — (1 —1g) (X, vg)

(hy,1p) Tg (1 1g) div(X) = (hy, 1) : O || D1 |
A (X, vE)py — (1= 1) (X, vE),
—~1g B 7VE>6E (2 E) aVE>aE | D1g|.
Employing again (€.20), we get
(T2)" (1 - Tp) div(X) = Tplp (1 - Lp) div(X),
which yields - - -
(Tp = Tg) 1x (1 - 1g) div(X) =0
from which we infer the thesis. 0J

This result underlines the strict relation between ]Eg and ]E on O*E , and is fundamental
in the proof of the general Gauss-Green formulas.

Theorem 6.6. Let X € DM™(X) and let E C X be a measurable set such that 1p €
BV (X) or 1g. € BV(X). Then, we have

1
€ L'X,||D1g(Xg)|) and =¢ LYX, |D1g(Xge)|)).
E

- LE

In addition, the following formulas hold:

div(Xp) = 1 div(X) + m (X, vE) o | D1gl, (6.24)
div(Xp) = 15 s=div(X) + ﬁ (X, ve)is | D1, (6.25)
e 1p (X, v — (1—15) (X, vp)}
1 div(X) = 5 ”’E>82’1A;((1 __]?EE)H VBB | 1 || L6 E. (6.26)
Proof. Let

Ak g = {1 ! <1p<1 ! }
By (6I5) and (6:22), we get
1p — _ _
: ’”;IA D1p(Xp)LOEN Ay p = (1p div(X) + DIg(Xpe) )LOEN App
— 41FE
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for any k£ > 1. Hence, we obtain

[ apteal = [ = dID15(X5)]

£ 1 —1 *EnAre 1 —1

1
<[ — d||D1g(Xg)|+
< Jrmnans 11 PR

> ko g
— d||D1g(X
L T e

k=2
< 201X | ) | DL (97 E 1 A ) +

2 Tpd||div(X D1g(Xg)|| (FEN A
" ,,CZQ</5:7M,%E 2 d||div(X)]| + | D1g(Xg)| (9°E N kE))

< 2(|1X =gy + 11X |l o)) | DL ]| (9 E) + 2] div{ X) [|(9" E).

In addition, by (6.2I)), we get

1- - - ~
“—D1p(Xg)L (E'UEY) N Ay p = Dlp(Xpe)L (E' U E®) N Ay g,
1-1g

for any k£ > 1, and this implies

f = = alID1e(Xe)| < 2IX] eI DLEII((EY U ) 1 Avg)+
EUE 1 —1g
k
F Y X e I DLEN (B U ) 1 Ay )
k= 2

< 201X |z gy + 11X ey | DL g (BT U E9).

1
Therefore, we obtain P c L'X, | D1g(Xg)|).

- LE

1
Then, in order to prove T c L'(X,|[D1g(Xg)|), we proceed in a similar way, by
B

employing the sets By g 1= { <1p< }

k1
Hence, we can restrict (620) to §*E, employ (623) and divide by 15(1 — 1) to obtain

1

. _1 N —
]].ﬁle(X) = (m <X, VE>8E — ﬁ <X, VE)BE) ||D]].E|||_a E

Thus, (6.26) immediately follows.
If we combine ([6.13)), (€11) and ([6.26]), we obtain
div(1pX) = 15div(X) + Lply7div(X) + D1g(X)

X, ve)op + (X, vE)s
2

= 15 div(X) + 11E]1~d1v(X) + < 9L || D1 |

1z

:]I’Td' X))+ ——r
VX oT

1 _
(X, vE) oy | D1p||LOTE — 3 (X,vE) g | D1gl|LO*E+
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X N X,
+< 7VE>8E+< VE>8E||D1 ”

= 1= div(X) + ———— (X, vg),p | D1g|| Lo E+
E

9L || D1 || L E' U EO.

+ <X7 VE><;E+ <X VE>
2

Now, (6.22)) implies

1 ~ -
(X,vE)l, = . _’1 (X,vg)yp || Dlg|-a.e. on E'U EO, (6.27)

thanks to the summability of 1/(1—1) with respect to the measure |(X -vg)55||| D1g|| =
2||D1g(Xg)||. Thus, we substitute (X, vg)5, and we get (G.24).

As for (6.25), we employ (6.23) to rewrite (6.13)) as

1~ ~d1v(X) — 1551 — 1p)div(X) + D1p(X).

ElU0*E

Then, by (€11, (626) and (627), we get

1 1—1p

—1 (1 — Tg)div(X) + D1g(X) = <—§ (X,vE)op + o (X, I/E>8E> | D1 g|| 0" E+
B

+ <X7 VE>8E <X VE)
2
1 __
== (X,vE)hs | D1g||Lo*E+
FE

|| D1g||

1— 1 X,
+< _—~ +1> < ’;E>3E||D1 ILEYU ED
E

1

X, v D1
= 5= (X D1

This concludes the proof. O

We end this section with a remark in which we consider the possibility of having two
distinct weak™ limits of h1p in L®(X, ||div(X)||) and we show that they differ only
inside OF.

Remark 6.7. Let (¢;) and (t;) be two non-negative vanishing sequences such that
hylg = 1y and hylp =15 in L¥(X, |[div(X)]),

with 15 + ]T;;I. If we set Evl/ = {HTE/ = 1}, thanks to Theorem [6.0] it is possible to prove
that

div(X)| ((ElAElI) \8E) 0. (6.28)
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Indeed, by arguing as we did in this section also for the sequence (1), we obtain a version
—~/ -~ /
of (624) for E'; that is, there exists 1z and ((X,vE)sp) such that

) ) 1 _
div(Xp) = 1 div(X) + ———((X, vr)yp) | D1z
201 — 1)
By combining this with ([6.24)), we get
1 / 1
1~ -1~/ )div(X) = E——— X,I/ N i ————— X,I/ N D1 .
(1 — 1) div(X) (2(1 S i) g #ar ) D121

Hence, thanks to (3.4), (6.28) immediately follows. Analogously, it is possible to prove
that

div(X)]| ((ET)AE“O') \8E) 0.

6.2 The Gauss-Green and integration by parts formulas
Before passing to the Gauss-Green formulas, we need the following simple result.

Lemma 6.8. Let X € DM™(X) be such that supp(X) is bounded. Then, div(X)(X) = 0.

Proof. Let g € Lip,4(X) be such that ¢ = 1 on supp(X). Then, we have gX = X and
gdiv(X) = div(X), and so, by ([@&4), we get

div(X) = div(gX) = gdiv(X) + dg(X)dp = div(X) + dg(X)du,
from which we deduce that dg(X) = 0. Therefore, by (£2), we have
div(X)(X) = /X gddiv(X) = — /X dg(X) dp = 0.
U

We give now the general version of the Gauss-Green formula in locally compact
RCD(K, 0o0) metric measure spaces.

Theorem 6.9 (Gauss-Green formulas I). Let X € DM>(X) and let E C X be a bounded
set of finite perimeter. Then, we have

div(X)(E1) = - /Mm< V5 Al DL]. (6.20)
div(X)(B' UoE) =~ [ ﬁ (X, vp):, | D1 (6.30)

Proof. 1t is enough to recall (6.24) and (€.29]), and to apply Lemma [6.8 in order to get

0= div(Xg) (X) = div(X)(E!) + (X, vE)gp | Dlgl,

x2(1 —1p)
~ 1
0 = div(Xp) (X) = div(X)(E' U 9°E) +/ — (X, vp)l, d|D1g].
X 21]5

Then we employ ([34]) and we get (6.29) and (6.30). O
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The first consequence of Theorem are the integration by parts formulas.

Theorem 6.10 (Integration by parts formulas I). Let X € DM™(X), E C X be a
measurable set such that 1p € BV(X) or 1g. € BV(X), and ¢ € Lip,(X) such that
supp(lgp) is bounded. Then, we have

[ pddiv(x) + [ dp(X)du=— [ Eﬁwx vehop dIDLE].  (6:31)

1—1,)
1
ddi /d X)dy = — / e dID1gl. 6.32
/Elua* pddiv(X) + | dp(X)dp aEﬂEw( vi)ap | D1g| (6.32)

Proof. 1t is clear that o X € L*>°(TX), and that Xz € DM>(X), by Theorem Since
supp(1gyp) is bounded, there exists a cutoff function n € Lip,4(X) such that n = 1 on
supp(Llgyp). It is clear that npl gy = ¢lg, and that ne € Lip,(X). Hence, by Lemma [4.2]
we have npXg = X € DM>(X) and

div(pXg) = div(ngXg) = nediv(Xg) + d(ne)(Xe)p
= nediv(Xg) + 1ende(X)p + Lgedn(X)u = nediv(Xg) + 1gdp(X)p.

Now, we notice that ||div(Xg)||[(E?) = 0: indeed, for any ¢ € Lip,,(E°), we have
/wdvaE /defdu—O
Hence, div(Xp) = div(Xg)L E, and this means that
nediv(Xg) = ediv(Xg).

Then, by (6.24) and (6.25]), we have

1

————p (X, Dlg| + 1pdp(X
2(1—1113)@( ve)op |1D1ell + Tede(X)p,

div(pXp) = 1 5pdiv(X) +
. ) 1
div(pXg) = ]lﬁué?ﬁde(X) + fgo (X, VE>;E | D1g|| + 1 gde(X)pu.
E
Hence, we evaluate these equations over X and we employ Lemma [6.8] in order to obtain
div(eXEg)(X) =0,

since supp(pXg) is bounded. Thus, thanks to (34), we get (6.31) and (6.32). O

6.3 The case ||div(X)|| < p

We study now the Gauss-Green formulas for fields with absolutely continuous divergence-
measure, which include the Lipschitz and Sobolev cases. This property of the divergence-
measure implies that, in particular, the distributional normal traces are unique and do
not depend on any approximating sequence.
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Proposition 6.11. Let X € DM™(X) be such that ||div(X)| < p and let E C X be a
measurable set such that 1y € BV (X) or 1g. € BV (X). Then, we have

1g(z) = 1g(z) for ||div(X)|-a.e. z € X, (6.33)

|div(X)||(E'AE) = 0 and ||div(X)|(8*E) = 0. In addition, there exists a unique distri-
butional normal trace (X,vg)yp € L(OF, ||D1g||), which satisfies

Proof. 1t is easy to notice that (6.33)) is a consequence of (B.7). Then, the negligibility
of the sets E'AFE and 0*F with respect to the measure ||div(X)| follows from (G.33).
Hence, (6:20) implies that

() (X, vi)yp (2) = (1 — Tu(2)) (X, vy (1) for | Digllae. o € X,

from which we can define

1 1
X, 1% = X, 1% J— e X, 1% *
( E>8E 2(1 _ ]1E) < E>8E 21, < E>8E

to be the unique distributional normal trace of X on OF. All in all, we get (6.34) as a
consequence of (6.29]), (€33 and the uniqueness of the distributional normal trace. O

The Leibniz rule given in Proposition [6.11] allows us to obtain the following Gauss-Green
and integration by parts formulas.

Theorem 6.12 (Gauss-Green formulas II). Let X € DM™(X) be such that ||div(X)| <
w and let E be a bounded set of finite perimeter. Then, we have

div(X)(E) = = [ (X,v8)5 d|[D1e]. (6.35)
Proof. 1t is enough to recall ([6.34]), and to apply Lemma [6.8 in order to get
0 =div(Xg) (X) =div(X)(F) + /X (X, vE)yp d||D1g].

Then, (34) implies (6.35]). O

Theorem 6.13 (Integration by parts formulas II). Let X € DM™>(X) be such that
|div(X)|| < pu, E C X be a measurable set such that 1 € BV (X) or 1g. € BV(X), and
¢ € Lip,(X) such that supp(1gy) is bounded. Then, we have

/EcpddjV(X)+/Edcp(X) dp = —/aEwX, vE) o Al DLg]]. (6.36)

Proof. Let at first ¢ € Lip,((X). By Lemma and Proposition [6.11], we have p Xy €
DM>(X) and

div(pXg) = odiv(Xg) + de(Xe)p
= Lppdiv(X) + ¢ (X, vg)yp [ D1g|| + Lpdp(X)p, (6.37)
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thanks to (£4) and (6.34)). Since supp(pXg) is bounded, Lemma [6.8 implies that
div(pXg)(X) = 0.

By evaluating (6.37) over X and using ([B4]), we get (630 for ¢ € Lip,,(X). Now, let
n € Lipp(X) be a cutoff function such that n = 1 on supp(1gy). Since ny € Lip (X),

we get
[ meddiv(X) + [ dme)(X)dpi == | ng (X,ve)ys dIDLs].

It is easy to notice that n = 1 on supp(lgp), and that d(ne) = de on E, and this ends
the proof. O

6.4 The case of regular domains

In this section, we compare the two different integration by parts formulas that we obtain
on a regular domain €2, namely (£.I4) and (G.31)). In particular, we are able to find some
characterization for the sets Q! and Q0.

Proposition 6.14. Let X € DM>(X) and Q be a regular domain such that Q° is a

reqular domain and u(@Q) 0. Let Q1. Q0 be defined as in (60), for some weakly*
converging sequence hy, 1g — Lo in L®°(X, ||div(X)||). Then, we have

| div(X)][(QAQY) \ 9Q) = 0 and ||div(X)||((Q°AQ0) \ 8Q) = 0. (6.38)
Proof. 1f we apply ([6.31) to £ = Q, and we subtract it from ([@I4]), we get

1

/Xf (1o = 15) ddiv(X) = — i ((X Vo — =T

(X, m>aﬂ) 4 DL,

for any f € Lip,(X) such that supp(f1g) is bounded. If we choose now f € Lip, (X\ 09),
we obtain

/Xf (1o~ 15) ddiv(X) =0,

from which the first equality in (638]) follows. As for the second, it is enough to argue in
a similar way, employing (£20) and (6.32). O

In particular, in the case of absolutely continuous divergence-measure, it follows that the
normal trace on regular domains coincide with the distributional one.

Corollary 6.15. Let X € DM™(X) such that ||div(X)| < u, and let Q be a regular
domain such that QO is a regular domain and p(0) = 0. Then, we have (X - vq)oq =

(X, Vﬂ>aQ-

Proof. 1t is an immediate consequence of (6.30) applied to £ = Q and of (£28§]). O
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6.5 The case 1y =1/2

In this section, we show that it is possible to refine the results of Sections and
under the additional assumption that, for any measurable set E satisfying 15 € BV (X) or
1z € BV(X), the weak* limit points 1 of hy1 5 in L®(X, || D1g]|) are constant functions.
We wish to underline the fact that there exist non trivial RCD(K, 00) spaces enjoying
such property. Indeed, in the Euclidean space (R",|- |, £"), if E or R" \ F is a set of
finite perimeter, we have

1
for any x in the reduced boundary of E, as a simple consequence of the blow-up property.
In addition, 1 is unique and constant in the Wiener spaces (X, || - [|,7), where (X, || - [|)
is a Banach space and + is a Gaussian probability measure. Indeed, Ambrosio and Figalli
proved in [B, Proposition 4.3] that, if E' or E° is a set of finite perimeter in (X, || - [|,7),
then

L1
hip =5 in L¥(X,|[D,1]).

— 1
Hence, also in the Wiener spaces we have 1p = 3 However, it is relevant to underline

that the Wiener spaces are not locally compact, and so our theory for the Gauss-Green
formulas cannot be applied there, a priori.

Actually, we can prove that, if we assume the constancy of the weak* limit points of h;1 g
in L>°(X, ||D1gl|), then the limit is unique and equal to 1/2. To prove this result, we show
first the following general property of the weak* limit points 15 € L®(X, ||D1g|)). We
stress the fact that such property does not require the local compactness of the RCD (K, o0)
metric measure space, but it is necessary to assume that supp(pu) = X.

Theorem 6.16. Assume supp(p) = X. Let E C X be a measurable set such that either
1g € BV(X) or 1g. € BV(X). Then, any weak® limit 1g of lylg in L=(X, || D1g|)
satisfies

—~ 1
][ Tpd|Dlg| = . (6.39)
X 2
Proof. Without loss of generality, we can assume 1p € BV(X) (since clearly hy1p. =

1 —h;1x); under these hypotheses one has h;1x € L*(X) N Cy(X), since supp(p) = X, and
|Dhilg| € L'(X). Now, let X € D°°(X) such that |X| < 1. We have

/X(htllE)]lEdiV(X) dM:/XnEdjv((htnE)X) d,LL—/X]lEd (hel ) (X) dpe.

(A) (B) (©

Let us consider the term (B) right above: we see that

/X]lEdiv((ht]lE) X)dy = —/X dD1p (h1,X) = —/X(ht]lE) dD1p(X).

Therefore, it follows that

/X]lEdiv((ht]lE)X) du’ g/X(htllE)dHDllEH.
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As for (C), notice that, by the fact that |d (h,1g) (X)| < |X||Dhdg| and (BT),
‘/X]lEd (help) (X)d,u‘ < /XnE\X||Dht]1E| dp < /X]IE|Dht]1E| dp
e‘Kt/Xht]LEdHD]LEH.
Hence, we find that (A) satisfies the following bound:
’/X(htllE)]lEdjv(X) dﬂ‘ < /Xht]lEdHD]lEH +e*Kt/Xht]1EdHD]1EH.
Now, upon passing to the supremum over X € ©°°(X) with | X|, <1, we get
1D (15) 16(X) < [ BLpd|DLsll+e ™ [ hlpd|DLg. (6.40)

We notice that by (Z8) we have 0 < hy1g(z) < 1 for every x € X. Hence, the sequence
(hlg),5, is uniformly bounded in L* (X, |[D1g||), and then there exist a positive de-

creasing sequence ¢; N\, 0 and a function Tz € L (X, | D1g||) such that hy g = 1z in
L= (X, | D1g])).

Clearly, (6.40) holds for ¢ = ¢; as well; then, by the lower semicontinuity of the total
variation, we can let 7 — oo and we get

| D1g||(X) < lijrgioIOlfHD(htj]lE) 1||(X) < hjrgioxolf(l+e—Ktﬂ')/Xhtj]lEd||D]1E||
:2/ 15 d||D1].
X

Therefore, we obtain

DO —

£ Tpd| D1y >

In order to prove the opposite inequality, we focus on 1ge. Arguing as before, we no-
tice that 0 < hylge < 1 and so there exists a weak® limit point 1gc of this family in
L> (X, ||D1g||). The convergence hy, 1z — 1p entails that, up to a subsequence, there

exists ]I/E\c such that hy 1 pe N ]I/E\c, satisfying ]I/E\c =1- ]T\E
Since in general 15 € BV(X) does not mean that 1g. € BV (X), we need to verify the
previous computations for 1ge. For any X € ©°°(X) we have

/X(ht]lEc)]lEcdw :/ (hy (1 — 15)) (1 — 1) div(X)du

- / (1 —hlg) (1 — 1g) div(X)du

- / (1—hlpy—1p+ (hlp) Lg) div(X)du
- /X (1) div(X)dp — /X 1 pdiv(X)dp

+ /X (hll ) 1udiv(X)dy

_ /X (b1 ) div(X)dp — /X 1 pdiv(X)dpt
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+ /X 1 div((hylg) X) dp — /X]lEd (helg) (X)dp
- /X (1—1p)d(h1g) (X)dy — /X]lEdiv (he (1 — 1) X)dp
- /X]lEcd (hLp) (X)dp + /Xht]lEclelE (X).

Now we pass to the supremum over X € ©*°(X) with || X||_, <1 in order to find

| D (hylge) 1ge

(X) < (1 +€_Kt) /Xht]lECdHD]lEH'

We consider again the sequence ¢; ~\, 0 in such a way that hy, 1 ge A ]I/EC and we pass to
the limit as 7 — oo exploiting the lower semicontinuity to get

ID1E|(X) < liminf|| D (hy, 15 ) Lee||(X) < liminf (14 e %) / hy, 1 ped|| D1 g
J—00 J—00 X
<2 [ Tped| D1
X

Hence, we get

)

N | —

£, e d|D1g] 2

and so

DO | —

£ 1ea|D1s) <
Thus, we finally obtain (6.39). O

Corollary 6.17. Let E C X be a measurable set such that either 15 € BV(X) or 1pe €
BV(X). Assume that the weak® limit points 1 of hylg in L>®(X,||D1g||) are constant

functions. Then, there exists a unique weak* limit 1z = 5

Proof. Since any weak* limit point 1z is constant, (639)) implies that
_ . 1
1 = ]l 15 d|| D1 = -.
X 2

O

In view of these results, in the rest of this section we shall assume that, for any measurable
—~ 1
set E such that 1p € BV(X) or 1gc € BV(X), we have 1y = 5" In addition, the

RCD(K, oo0) metric measure space (X, d, i) is chosen to be locally compact and such that

supp(u) = X.
Under these assumptions, it is possible to refine many of the result of Section 6.1 and
Section [6.2]

Proposition 6.18. Let X € DM™(X) and let E C X be a measurable set such that
1g € BV(X) or 1g. € BV(X). Then, we have

(X,ve)op = (X,vE)ly ||Dlg|-a.c. on E'U EP, (6.41)
Idiv(X)|| (X\ (E°U EV2U E1)) =0, (6.42)

and 1
= (115 + 5115172) |div(X)[|-a.e. in X. (6.43)
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Proof. Since 1 = 1/2, [622) implies (641). Analogously, (623) yields easily (6.43) and
6.42). O

This result shows that there is a “tripartition” of X up to a [|div(X)||-negligible set, that
is, 1g(z) € {0, 3, 1} for ||div(X)]||-almost every x € X, which in turn allows us to refine
the Gauss-Green formulas.

Theorem 6.19. Let X € DM™(X) and let E C X be a measurable set such that 1g €

BV (X) or 1g. € BV(X). Then, we have

div(Xp) = 1=div(X) + (X, vg), | D1gl, (6.44)

div(Xp) =1 7, =div(X) + (X, ve) g [| D1, (6.45)
and

1, div(X) = [(X,vE)op — (X,ve) ] | DIl (6.46)

Proof. We notice that (6.42) implies | div(X)||(0*E \ EA172) = 0. Hence, thanks to this
fact and 1 = 1/2, it is clear that (6.24]), (6.25) and (6:26]) imply (6.44]), (6-45]) and ([6.44),
respectively. O

Finally, arguing analogously as in Section and employing the assumption 15 = 1 /2,
we easily obtain the following refined versions of the Gauss-Green and integration by parts
formulas.

Theorem 6.20 (Gauss-Green formulas III). Let X € DM>(X) and let E C X be a
bounded set of finite perimeter. Then, we have

div(X)(EY) = = [ (X.v5)5 | DL, (6.47)
div(X)(E' U EY/2) = — /aE (X, vp)iy, d||D1g]. (6.48)

Theorem 6.21 (Integration by parts formulas III). Let X € DM™(X), E C X be a
measurable set such that 1p € BV(X) or 1g. € BV(X), and ¢ € Lip,(X) such that
supp(1gy) is bounded. Then, we have

Leddiv(X) + [ dp(X)dp=— | o (X.ve)ps dIDLell,  (6.49)

/N —_ oddiv(X) +/Edg0(X) dj = —/aE@(X, ve)t d|D1gll.  (6.50)

ElUEY/2

A Appendix

In this section we recall the basic notions from the theory of LP(u)-normed L (1) modules
developed in [37].

Naively, an L>°-module is a Banach space (.#, || - ||.#) seen as a module over the Abelian
ring of essentially bounded functions.

To get things started, let us consider a o-finite measure space (X, A, ).
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Definition A.1. [37, Definition 1.2.1] A Banach space (., ||-||.) is an L*°(u)-premodule
provided there is bilinear map
L) x M — M,
(f7 ’U) = f U,

namely the pointwise multiplication, such that
(fg)-v=1[-(g-v),
1-v=w,
1 vl < [ f [z llolle

for every v € A and f,g € L>(u), where 1 = 1x.

An L*(p)-premodule becomes an L (u)-module if the following additional properties are
satisfied:

- Locality: for every v € 4 and A, € B(X), n € N, one has

Ly, - v=0YneN =— 1y , v=0

neN

- Gluing: for any sequences (vp)neny C A and (Ap)neny C B(X) such that

n
]lAiﬂAj'Ui:]lAiﬂAj'UjViajeN and nh—>r£>lo Z]lAi'Ui < 00,
1=1 VA
there exists v € .# such that
n
1y, -v=14 -v;VieN and o]l < lim ||> 1g4, - v;

As expectable, with the definition of L>°(u)-module it comes a natural notion of module
morphisms.

Definition A.2. Let .#,./ be two L*(p)-modules. We say that T : .# — A is a
module morphism whenever is a bounded linear map from .# to .4 viewed as Banach
spaces, satisfying

T(f-v)=f-Tw), Yved,feLQw).
The set of all module morphisms 7" : .# — .4 will be denoted by Hom(.#Z, .4").

It can be seen that HOM(.#, /) has a canonical structure of L*(x)-module, whose norm
- as a Banach space - is just the operator norm

T[] = sup [[T(v)|ls- (A1)
llvll.a <1
Since L'(p) has a natural structure of L°°(p)-module, a notion of duality can be given in

the following sense.
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Definition A.3. Let .# be an L*°(u)-module. The dual module .#* is defined as
M =Hom(A, L' (1)),
Of course, by ([A.I) one immediately gets

1T+ = sup [ T(v)[|L1 (-

llvll.z <1

It is interesting to notice that by virtue of this definition, one has that the dual of LP(u)
is precisely L?(u), where p, g € [1, 00] with % + % = 1; see [37, Example 1.2.7].

If it is possible to endow an L*(u)-module with an “LP-norm”, then one has the following
definition.

Definition A.4. Let .# be an L°°(u)-premodule and p € [1,00]. We say that .# is an
LP(p)-normed premodule if there is a non-negative map | - |, : .# — LP(u) such that

Ifolllzegy < llvll.a;

|f vl = 1fllv]e

p-almost everywhere for all f € L>(u) and all v € .
We shall call | - |, the pointwise LP(u)-norm or, more simply, the pointwise norm.

When an LP(u)-normed premodule is also an L (u)-module, it will be called an LP(u)-
normed module.

It is easy to see that | - |, : .# — LP(u) is continuous, thanks to the simple inequality

ol = lwlllzeg) < [llv = wlillzr@ = llv = wll.a,

valid for all v,w € .. Also, |-|. is local in the sense that for any v € .# and E € B(X),
v =0 p-almost everywhere on £ <= |v|, =0 p-almost everywhere on F,
[37, Proposition 1.2.12].

Remark A.5. By [37, Proposition 1.2.14], if .# is an LP(u)-normed module, p € [1, 0o,
then its dual module .#* is an L?(u)-normed module, 1—1) + % = 1 with pointwise norm

defined by

|L|, = ess-sup |L(v)],
veM; |v|<1 p-a.e.
where we have now denoted by |- | the pointwise norm on .#. Then, by duality one also
finds
lv] = ess-sup  |L(v)|.

Le#*; |L|+<1 p-a.e.

Finally, we recall the notions of generating sets and span over L*(u)-modules.
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Definition A.6. Let .# be an L>(u)-module, V' C .4 a subset and A € B(X). The span
of V on A, denoted by Span 4(V'), is the subset of .# made of vectors v concentrated on A
with the following property: there are (A4,) C B(X), n € N, disjoint such that A = |J; 4;
and for every n elements vy, ..., Un, n € A4 and functions fi,, ..., fi,n» € L(p) such
that

mn
XA,V = Y finVin-
=1

We refer to Span 4(V') as the space spanned by V' on A, or simply spanned by V' if A = X.
Similarly, we refer to the closure Span, (V') of Span 4 (V') as the space generated by V on
A, or simply as the space generated by V if A =X.
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