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Abstract

In a vertex algebra setting, we consider non-local screening opera-
tors, which are associated to any non-integral lattice. We have previously
shown that under certain restrictions these screening operators satisfy the
relations of a quantum shuffle algebra or Nichols algebra, with a diagonal
braiding associated to the non-locality and non-integrality.

In the present article, we take all finite-dimensional diagonal Nichols
algebras, as classified by Heckenberger, and find all realisations of the
braiding by a lattice that are compatible with reflections. Usually the
realising lattices are unique or parametrised by one or two parameters.
We then study the associated algebra of screenings with improved meth-
ods. Typically, for positive definite lattices we obtain the Nichols algebra,
such as the positive part of the quantum group, and for negative definite
lattices we obtain a certain extension of the Nichols algebra generalising
the infinite quantum group with a large centre. Our result in particular
covers so-called (p, p’)-models and Lie superalgebras, which had been of
interest to other research.
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1 Introduction

Given a (non-integral) lattice A with basis v1,...,v,, we associate the Gram
matrix mg; = (vi,vj) and a braiding matrix ¢;; = €™ (vi:v5) - For the Heisen-
berg vertex algebra, we consider the non-local screening operators 3,,. Then
in [Lenl7] it was proven that the screening operators obey the relations of
the diagonal Nichols algebra B(g), as long as the so-called smaliness condi-
tion on my; is fulfilled. The application one has in mind is the construction
of vertex algebras with the same representation theory as quantum groups
[Wak86] [FGST06a] [AMOS] [FT10] and beyond [Sem11].

The goal of this article is to find all lattices A, such that the associated
braiding g¢;; gives a finite-dimensional Nichols algebra as classified in [Hec06],
and such that the Weyl reflections on g;; lift to reflections on m;; in a suitable
sense. In this case we say that A, m;; realise the braiding matrix g;;.

As a second goal, for each realising lattice A we then study the algebra of
screening operators by analysing the smallness condition which does usually not
hold. Depending on the free parameters in the realisation we find extensions of
Nichols algebras.

As a main example, let g be a complex finite-dimensional semisimple Lie
algebra with simple roots aq, ..., a,. Let ¢ be a root of unity and ¢;; = q(@i-2)
be the braiding with associated Nichols algebra B(g) the positive part of the
small quantum group uq(g)™.

For every real number r with ¢ = ¢"™" we get a realising lattice, namely the root
lattice of g rescaled by r. Then the screening algebra is for r > 0 the Nichols
algebra u,(g)™ and for r < 0 conjecturally the positive part of the Kac-Procesi-
DeConcini quantum group Uf(g) (see .

These are all solutions, if ¢ has sufficiently large order. But for e.g. ¢ = —1,
g = sl, we get an additional family of realising solutions. They are associated
to the Lie superalgebras sl(n'|n”), n’ +n' = n, which give incidentally the same
braiding matrices but different realising lattices. The screening algebra is for

LT



r > 0 again the Nichols algebra u,(sl,)" = uy(sl(n/|n”))", ¢ = —1, and for
r < 0 conjecturally the positive part of the Kac-Procesi-DeConcini quantum
super group UX (sl(n’|n”)), which is different from U (sl,,).

The paper is organized as follows:
In section 2 we present some preliminary notions on Nichols algebras.
In section 3, we briefly present the notion of vertex algebras and their repre-
sentation theory. In particular we look at the Heisenberg algebra H and its
modules H,, v € C*. Then we introduce screening operators and review in
theorem the result from [Lenl7] that if m,; fulfils the smallness condition
then the screening operators 3,, generate the Nichols algebra B(q), ¢i; = eimmis
Then we prove in theorem [3.5] our first main result, which weakens the smallness
conditions on m;; by analytical continuation.
In section 4 we state the classification problem: for a given braiding g;;, we
classify lattices A we Gram matrix m;; = (v;,v;) such that ¢;; = €™ and
such that m;; is compatible with Nichols algebra reflections in the sense of
In section 5 we classify realising lattices for braidings of Cartan type: starting
from a simple Lie algebra g we rescale its root lattice by a parameter r and
prove that this lattice A always realises the braiding. Except small values of g,
we prove this solution to be unique. Then we calculate the screening algebra
depending on r.
In section 6 we proceed for Lie superalgebras. A classification of the realisable
lattices of this type is presented and explicit examples in rank 2 and arbitrary
rank are shown.
In section 7.1 we construct realising lattices for all other finite dimensional di-
agonal Nichols algebras in rank 2.
In section 7.2 we show that the examples presented in the previous sections
exhaust all realising lattices for rank 2 braidings of finite dimensional diagonal
Nichols algebras.
In section 8 we present the construction and classification for rank 3.
In section 9 we indicate how this determines the realising lattices for rank > 4.
Final tables show all realising A, m;; for rank 2 and 3.
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2 Preliminaries on Nichols algebras

We start by giving the basic definitions and examples regarding Nichols algebras.

2.1 Definition and properties

Let M = (z1,...,ZTrank)c be a complex vector space and let (¢;;); j=1,...rank be
an arbitrary matrix with ¢;; € C*. This defines a braiding of diagonal type on
M via:

c: ol ®xj) = qijr; @ x;.



Hence we get an action p,, of the braid group B, on M®" via:
Ciitl =id®-- - Qc®- - ®id.

Definition 2.1. Let (M, ¢) be a braided vector space. We consider the canonical
projections B, — S,, sending the braiding ¢; ;41 to the transposition (4,7 +
1). There exists the Matsumoto section of sets s : S,, — B, given by (i,i +
1) — ¢ i+1 which has the property s(zy) = s(x)s(y) whenever length(zy) =
length(z) + length(y). Then we define the quantum symmetrizer by

My = Y pals(7)) (1)

TES,

where p,, is the representation of B,, on M®" induced by the braiding c¢. Then
the Nichols algebra or quantum shuffle algebra generated by (M, ¢) is defined by

B(M) := P M®" /ker(I1L, ;).

Remark 2.2. This characterization enables one in principle to compute B(M)
in each degree, but it is very difficult to find generators and relations for B(M)
since in general the kernel of the map Il ,, is hard to calculate in explicit terms.
In fact B(M) is a Hopf algebra in a braided sense and as such it enjoys several
equivalent universal properties.

2.2 Examples
We now present some examples.

Example 2.3 (Rank 1). [Nichols78] Let M = zC be a 1-dimensional vector
space with braiding given by ¢;1 = g € C*, then

n

T 1_qk
C>s Iy, = Z ‘I‘11l = H 1 =: [n]y!

€S, =1 4

Because this polynomial has zeros all ¢ # 1 of order < n the Nichols algebra is

Clz]/(a*), ¢11 primitive ¢-th root of unity
Clx], else

Example 2.4 (Quantum group). Let g be a finite-dimensional complex semisim-
ple Lie algebra of rank n with root system ® and simple roots aq,...,a, and
Killing form (o, ;). Let ¢ be a primitive ¢-th root of unity. Consider the
n-dimensional vector space M with diagonal braiding ¢;; := ¢(@>®) Then the
Nichols algebra B(M) is isomorphic to the positive part ug(g)* of the small
quantum group u4(g), which is a deformation of the universal enveloping of a
Lie algebra U(g).

2.3 Generalized root system and Weyl groupoid

Every finite-dimensional Nichols algebra comes with a generalized root system,
a Weyl groupoid and a PBW-type basis [Kha00], [Hec06], [HSOS].



The Weyl groupoid plays a similar role as the Weyl group does for ordinary
root systems in Lie algebras, but in the general case not all Weyl chambers look
the same: different braiding matrices and even different Dynkin diagrams are
attached to different Weyl chambers (i.e. groupoid objects). This behaviour
already appears for Lie superalgebras.

The finite Weyl groupoids are classified in [CH09], [CH10]; apart from the finite
Weyl groups there are additional series D, ,, and 74 sporadic examples.

Remark 2.5. We remark that the generalized root systems do not provide a com-
plete classification as they do in the theory of complex semisimple Lie algebras:
there are non-isomorphic Nichols algebras whose corresponding Weyl groupoids
are equivalent and there are Weyl groupoids to which no finite dimensional
diagonal Nichols algebra corresponds.

Definition 2.6. To every braiding matrix ¢;; we define the associated Cartan
matrix (a;;) for all ¢ # j by

. _ 1
ai; =2 and a;; = —min {m €Z|q;™ = qijgi or qz(i +m) 1}. (2)

Definition 2.7. We call a root «; g-Cartan, respectively g¢-truncation, if it
satisfies:

47 = ijqjis respectively qili_a” =1 (3)

We observe that a root can be both g-Cartan and g-truncation. In partic-

ular we will call a root only g-Cartan, respectively only g-truncation, if it is
exclusively so.

Definition 2.8. The Weyl groupoid is generated by reflections, defined for
every k as:

RE .7 — 7™

Qi = O — QRO

which transform the bicharacter g;; into the bicharacter R*(g;;). As we said,
this is a new braiding matrix, possibly different from the original one and with
possibly different associated Cartan matrix. However, the Nichols algebras have
the same dimension and are closely related [HST1, [BLST5].

Remark 2.9. With R* we mean the reflection around the k-th simple root in
the respective Weyl chamber, which can be again expressed in coordinates with
respect to the simple roots aq, ..., a, in some fixed initial Weyl chamber.

Example 2.10. We consider, as an example, the finite dimensional diagonal
Nichols algebra of rank 3 with the following braiding in an initial Weyl chamber

Gii = —1, 495 = G,

with ¢ # j and ¢ € R3 a primitive third root of unity.

Following Heckenberger, we write the braiding as a diagram, where nodes
correspond to the simple roots «; and are decorated by the braiding ¢;; and
each edge is decorated by the double braiding g;;q;;:



~1 ~1
¢

As it turns out, the overall root system has seven positive roots. If {ay, as, a3}
are the simple roots in the Weyl chamber shown above, then the positive roots
in this basis are:

{on, a2, az, aiz, ags, ais, ais}
and the Cartan matrix of this Weyl chamber is:
2 -1 -1
al. = -1 2 -1
-1 -1 2
We now reflect around ap. Then the new simple roots are {a2, —aa, a3} and
the new braiding matrix is:

q12,12 = 23,23 = ¢ ga2 = —1
G12,20212 = q23,2G2,23 = ' ¢12,23¢23,12 = 1
which is in diagram notation:

¢ ¢to-1 ¢
e o 3

A\

In this new basis the positive roots are:

{04127 —Qg, (a3, (1, O3, (X123, 0413}

and the new Cartan matrix is hence

Even though this Cartan matrix is of standard type As, the root system has
one additional root. The following figure shows the hyperplane arrangement of
the root system in R? in a projective picture:




Each of the seven lines corresponds to the hyperplane orthogonal to a root. Each
triangle is a Weyl chamber with the three adjacent hyperplanes corresponding
to the three simple roots. Equilateral triangles (white) correspond to the Cartan
matrix I and right triangles (grey) to the Cartan matrix II.

3 Preliminaries on screening operators

3.1 Vertex algebras and their representation theory

Vertex operator algebras (VOA) are algebras with an extra layer of analysis
[FBZ04] [Kac98]. In particular the multiplication map Y, called vertex opera-
tor, depends on a formal parameter z, and there is a compatible action of the
Virasoro algebra.

There is a notion of vertex algebra modules. Under certain finiteness-
assumptions on a vertex operator algebra V., the category of V-modules has
a tensor product X and a braiding [HLZ10].

Example 3.1. The easiest example of a vertex operator algebra is the n-
dimensional Heisenberg algebra #. Then, the irreducible modules H, are
parametrised by vectors v € C", with H = H, tensor product H,XH., = Heytw,
and braiding given by the scalar e™ (V@)

From the perspective of our article, this is already an interesting vertex
operator algebra: In the next section we will define screening operators 3,, for
v; € C™, and the idea of this article is to analyse the algebra generated by

these screening operators, which will be largely determined by the braidings
Gij = eTI"L(Ui,'Uj).

3.2 Screening operators

We now briefly review the notion of screening operators. They go back to [DF84]
and appear throughout vertex operator literature. Our main focus are screening
operators for elements in a module different than the vacuum module, and those
are called non-local screening operators.

Given V a VOA, W module of V and w € W. The tensor product W X U with
some other module U is defined in [HLZ06] by the universal property of having
an intertwining operator

Y : W @c U — (WK U)[logz][[z2/N]].
If we evaluate Y on our fixed w € W, we get a map
Y (w,z): U — (WK U)[logz][[zF/N]]
Taking monodromies around z = 0, we get linear maps into the algebraic closure
30U > WKU.

These maps are called screening operators. If the singularity of Y (w, z) at 2 =0
is mild enough, then by the next theorem these screening operators should
fulfil the relations of the Nichols algebra B(W) associated to the module W.
The braiding of W in the representation category expresses the non-locality



of Y(w, z). If the singularity at z = 0 is severe, then the screening operators
generate some algebra extension of the Nichols algebra B(W).

For general VOAS this is work in progress by Huang-Lentner, but for Heisenberg
VOAs and lattice VOAs it has been proven in [Lenl7]:

Theorem 3.2. Given a non-integral lattice A and elements vy, ..., v, € A, we
consider the elements e”* in the modules H,, of the associated Heisenberg VOA
H. The braiding between two elements is

e ®e g e e,

L piTmy —
where q;j = €™M my; = (v;,0;).

Consider the diagonal Nichols algebra B(q) for braiding matriz ¢ = (¢ij)i;
generated by elements x,,, then any relation in the Nichols algebra, in degree
(di,...,dn) € N™, holds for the screening operators 3,,, under the additional
assumption of smallness:

. d;
VJCI,Vi,jeld Z;dmﬂmj+§:(2>mﬁ>1-—§:¢

1<j i i
where I = {1,...,n} is the index set.

Example 3.3. In the case A = ﬁAgv with Ay the root-lattice of a complex
finite-dimensional simple Lie algebra g, and ¢ = 2p even integer, we obtain as
B(q) the positive part of the small quantum group u,(g)* where ¢ is a primitive
£-th root of unity and the braiding is

2im

in( Iz, =) a0 a0
Qijze Na \/5‘7:62( ]):q( ])’

where a; € Ag.

Lemma 3.4. In particular, by theorem 6.1 of [Len17], theorem holds if A
is positive definite and my; = (v;,v;) < 1 for v; in a fixzed basis.

Theorem is a general result. We will now present a refined version,
which will appear in our examples. Roughly, it shows that for the definition of
smallness the assumption not-too-negative can be replaced by not-a-negative-
integer, by analytic continuation. We prove this only in two special cases:

Theorem 3.5 (Continued Smallness). As in the previous theorem, we consider
the action of linear combinations of monomials 3, - -+ 3», of n screening op-
erators on the module Vy, we will denote m; = (v;, A) and m;; := (v, v;) for
1<i,j<n.

a) If allm; are equal Vi € I and all m;; are equal ¥i,j € I, then a relation in
the Nichols algebra B(q) holds for the screening operators 3.,,, under the
weaker assumptions which we call continued smallness

2

mij ¢ _Nk

k=1,...,n.



b) If there is a distinguished element 1 € I such that all m; are equal Vi €
1,3 # 1 and all my; are equal Vi, j € 1,1 # 1, then a relation in the Nichols
algebra B(q) holds for the screening operators 3,,, under the weaker as-
sumption of continued smallness

2
mijg—NE k:]., ,TL—l
m1j+kn;ij¢—N k=0,...,n—2.

Proof. Retaking the steps in the proof of theorem in [Lenl7] we consider
the following function (which play roughly the role of structure constants for
multiplying screenings)

Pmomg) = [ [ dda TLa T o)™
e ,e“" i<j

We express this function as quantum symmetrizer of another function:
F(mi,mij) = III F(mi,mij)

F((mi;mij)ij) = (%T%wz(*l)k ( H o2 mi> Z H o™i M

k=0 i=k+1 nESy, =k \#<d, n(&)>n(J)

- Sel((my 1.3 03 M1y -1(5) )is)

Where Sel indicates the Selberg integral

Sel(m;,mq, mij) = Sel((my; M4 mij)ics)

=[] e [Lem TT0 - 207 TG - 2.
1>z1>.. >Z7L>O i i

1<j

By this result, the Nichols algebra relations are thereby proven to hold if F
is analytic at the parameters m;, m;; under consideration.

a) In our special situation with equal m;; =: my, and m; =: m,  we find
from the factorization in [Lenl7] resp. from the Selberg integral formula:

F(mv)\;mm)) — H ((eﬂimuv)SGQW’imuA _ 1) . Sel(mM;O;mW)

n—1

H I'(a+ ke)T'(b+ kc)T' (1 + (k+ 1)c)
IFla4+b+(n+k—1c)I'(1+¢)

Sel(a —1,b—1,2¢) =
k=0

Our goal is to prove that under the assumptions on 1, my the function
F is analytic.

The Gamma function does not have zeros, and it has poles for negative
integer values of z. Thus the only possible poles are for:



e Poles:
a+ ke € —Np, k=0,....,n—1.

These simple poles cancel with the factors ((e™™mvv)se2mimor —1). So
at these values F is analytic and thus F vanishes according to the
quantum symmetrizer formula and Nichols algebra relations hold.
We remark however, that these exceptionally non-zero values of F
give rise to reflection operators [Lenl17].

e Poles:
1+ kc € —Ng, k=0,...,n—1
<= kc € —N, k=0,...,n—1
<= kce —N, k=1,...,n—1
e Poles:
14+ (k+1)c € —Ny, k=0,....,n—1
<~ (k+1)ce —N, k=0,....,n—1
— kc € —N, k=1,...,n

where in the last step we substituted k + 1 with k.

We thus found that to avoid poles we need to ask the condition

k%gz—N, k=1,....n

b) To prove the second point we proceed in the same way, this time isolating
the distinguish element with index equals to 1.

Sel mlamljvmla ml])

/ / Hz”“ i ﬁ (21 — z;)™4 H (zi — 2z;)™idzy - dzo ... dzy

2<i<j<n

/ dzy m1+(n D+30ma+30 mij+3-m;
0

/ /Hzm 1=z)™ [ Gi-z)midz... dz,.

2<i<j<n
Calling m the power of z1, we have:

Sel(m;, m;j,mq,m;)

2mim
_ (e — 1 /27T71/ / ~7n,7 1_ Zj)mlj
14+m

Il G-z)mvdz.. . dz,
2<i<j<n
(€2 — 1) /2 "1:[2 T(a + ke)T(b+ ke)T(1 + (k+ 1))
B 1+m T(a+b+(n+k—1)c)(1+c)
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A similar calculation as in the previous case disregard the pole at 1+m =0
and a 4+ kc € —Nj.
Then we have poles just for:

e Poles:
b+ kc € —Ny, k=0,....,n—2
<:>m1j+kn;ij¢—N k=0,...,n—2.
e Poles:
14 (k4 1)c e —No, k=0,...,n—2
= kc € —N, k=1,...,n—1
= k%e—N k=1,....n—1

which are the asserted conditions.

3.3 Central charge

The output of our article are elements vy, ...v, € C", the respective screening
operators of the Heisenberg algebra #H, and their algebra relations. We also
wish to fix an action of the Virasoro algebra at a certain central charge on .
As discussed in [FL17] it is usually desirable to choose the Virasoro structure in
such a way, that it is compatible with the screening operators associated to the
v1,...,0,. This gives a unique solution of Virasoro structure and a characteristic
central charge for the situation at hand, which we now compute:

Proposition 3.6. For the Heisenberg algebra, there is a family of Virasoro
structures parametrised by the choice of an element Q) € C™, called background
charge [FF06]. The compatibility condition means that

1

5(1},‘,’1}@')—(%,@):1 iZl,...,’I’L.

The central charge of the system will be:
¢ =rank — 12(Q, Q).
In particular for rank = 2, we have as in [Seml1l|] the explicit formula:

RPN 73|Ul(m22 —2) — vg(myy — 2)[?

2
mi1ma2 — Mio

4 Formulation of the classification problem
Definition 4.1. Let A be a lattice of rank n, basis {v1,...,v,}, bilinear form

(, ) and Cartan matrix a;; and let m;; := (v;,v;). Given a braiding matrix g;;,
we say that the lattice A and the matrix m;; realise ¢;; iff

11



. MG
e we have: e = g;;
e m;; satisfies:

A: 2mij = QM4 or B: (1 - aij)mii =2 (5)

e all the reflected matrices R¥(m;;) fulfil again .

We will say with respect to a realisation m;; that a root v; is m-Cartan if m;;
satisfies A, and m-truncation if it satisfies B.

[Sem11] asks this condition only for one specific Weyl chamber.

Remark 4.2. We observe that condition is the logarithmic version of .

Remark 4.3. Clearly m-Cartan implies g-Cartan and m-truncation implies g¢-
truncation. The converse is not always true. If a root is both ¢-Cartan and
g-truncation, then there are two possible solutions in terms of the m;; matrix.
An example is the s[(2|1) superalgebra, presented below in example .

Proposition 4.4. Clearly, if v is m-Cartan, then Rk(mij) =myj.
Our goals are as follows:

e Given a braiding ¢;; from Heckenberger lists in [Hec05], [Hec06], construct
all the realising m;;. In sections [f] [6] and we construct the m;; while
in section we prove that the constructed m;; exhaust all cases of Heck-
enberger list in rank 2. In section [8| we do the same for rank 3.

e We compute the central charges for each solution.

e We analyse which Nichols algebras relations hold and which don’t, for the
associated screening operators. This may depend on a free parameter in
the family of solutions.

Example 4.5. We now show an example of this procedure. We consider row 3
of table 1 in [Hec05], described by the braiding matrices:

1 ¢ ¢! N
gt -1 qg -1
and corresponding diagrams:
¢ ¢ -1 -1 ¢ -1
O0——O O———O
I II

with ¢ € C*, ¢* # +1, simple roots {ay, as} and {12, s} respectively, and a
unique associated Cartan matrix

This describes the Lie superalgebra s[(2[1). The set of positive roots is {a1, ag, 12}
where o is only ¢-Cartan and a, ayo are only g-truncation (for ¢ = —1 this
is not true: all roots are both g-Cartan and g-truncation, which gives more
solution, see remark .

12



Proposition 4.6. The following m;; matrices are realising solutions of the
given braiding and its reflections:

2r —r 1 —147r
—r 1 -1+ 1

for allr = % € Q with (p',p) =1 such that '™ = q.

Proof. We check that condition B is satisfied for as, aryo:

2 1
m = =
2= T
2
Mz =7 _—— = 1
—a12,2

while condition A is satisfied for the root ajg:

The reflection on oy preserves g¢;; as well as m;j;, because o is m-Cartan.
We check that reflections on ap and g, which interchange ¢j; and ¢/}, also
interchange our choices of mfj and mfjl . O
Remark 4.7. For ¢ # +1 this family gives all solutions.

For ¢> = —1, we have more choices for the m;;-matrices because the roots

become both g-truncation and g-Cartan. Thus we may have solutions fulfilling
either (FJA) or (BB). The new (unique) diagram in this case is:

to whom correspond several solutions of m;j;-matrices; for simple roots o, cva:
let p' € Z with (p/,2) =1,

e if we assume a7 and as m-truncation, the unique family of solutions is
given by
P P / P
L =5 ] P 5

mij = ., mij = mij =
_Db_ _Dp / _Dp
2 1 2 P 2 1

These are reflections one of the other by Proposition [4.6| with p”/ =2 —p'.
Other combinations bring to the same solution in different Weyl chambers.

e if we assume «; and oy m-Cartan, the unique family of solutions is given
by
’
/ P
P =3
mij =
/
p ’
-2 p

which can be interpreted as coming from sl3 for p = 2.

13



5 Cartan type

5.1 ¢ diagram

Let g be a simple Lie algebra with simple roots aq,...,a, and Killing form
(0g,05)g € {—3,—-2,—-1,0,2,4,6}. Let ¢ € C* be a primitive ¢-th root of unity
with ¢ € Z and let ord(¢?) > d with d half length of the long roots. Define a
braiding matrix by

Gij = q(ai,aj)g.

Definition 5.1. The finite dimensional Nichols algebra B(q) is called of Cartan
type.

We have that:

® ¢;; is invariant under reflections RE,

e the Weyl groupoid is the Weyl group associated to g,

e the set of positive roots is the set of roots associated to g,

e the Cartan matrix a;; is exactly the Cartan matrix for g.

5.2 Construction of m;;
Definition 5.2. Given r € Q, such that § = %, with k € Z, (k,¢) = 1 we define
mij = (ai,aj)r.

Differently spoken, the lattice A of definition [£.1]is, in this case, exactly the
root lattice of g rescaled by r.

Remark 5.3. Usually in literature r = %, eg. r= % and ¢ = 2p, q = e

Lemma 5.4. The matriz m;; realises the braiding g;; for all reflections, and
every simple root is m-Cartan.

Proof. Condition asks

2my; = a;;my; or (1—a;j)mi; =2 (6)
2Trlji = aj;Mmyj; or (1 — aji)mjj =2. (7)
But from the last point of enumeration [5.1{ we have a;; = 2((;"’;-7)). Hence
mi; = (o, ou)r = 2(a a')ri(ai’ai) —oMij
7 (3} 1 19 J 2(@/[/7 aj) az]

which is A, saying that the roots are m-Cartan.
Since any reflection leaves the m;; invariant (not just the g;;) because is a m-
Cartan reflection, condition holds also after reflections. O

Lemma 5.5. Ifl; > 1—a;; fori=1,...,n, with {; :=
then none of the roots are m-truncation.

¢ .y
W as in ILUSQO/,
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Proof. Assume the root «; is m-truncation, i.e. (1 — a;;)m;; = 2, this implies:

qu‘l_a”) = eimmii(l=ai) = ¢im2 = 1. But ord(q;;) = ord(q*¥) = £; > 1 — a;; and
we find a contradiction. O

Lemma 5.6. If all roots are m-Cartan, then the unique solution for the matriz
m;j is the one of definition . In particular this is the case if £; > 1 — a;; for
t=1,...,n.

Proof. If all the roots are m-Cartan then if we fix m;; for some root «;, the
mixed term m;; is fixed by condition A) and so is m;; by the same condition
with reversed indices. Moreover the reflections around m-Cartan roots leave the
system invariant, so the m;; are fixed Vi, j. But then, up to a rescaling there is
a unique solution for m;; and this is the one defined in O

Example 5.7. As a counterexample of the condition of lemma [5.5] we consider
sl3. In this case, a;; = —1 Vi,j and for 2¢; = £ = 2p = 4, i.e. g;; = —1, the
roots can be considered as m-truncation as well. We thus obtain an additional
solution of m;;, which will be understood from reinterpreting sls, £ = 2p = 4,
as the Lie superalgebra sl(2|1), £ = 2p = 4, treated in the remark of example
4.9

5.3 Central charge

Recall {v1,...,v,} as basis of A with m;; = (v;,v;).

Proposition 5.8. The central charge of the system is
1
¢ = rankg —12(~ | 0" P ~2(p,p") + 7| p ) (8)

where p is the sum of all positive roots.

Proof. The central charge is:

c=rank —12(Q, Q)

where Q = > ; a;v; s the unique combination such that for every 4

%(Uiavi)/\ - (viaQ) =1
%(Uiavi)l\ - Zaj(vi,'l}j)/\ =1

J

Rewriting v; = —/Ta;, with a; root of g, this set of equations bring us to
Ly
Q= P Vrp
that on turn gives the central charge as in the statement. O

Remark 5.9. The central charge matches with the one of the affine Lie algebra
ar at level k+ Y = 1 as in [Ara07].

15



Remark 5.10. For rank 2 the central charge is

(2p' — 2p)? '

P P
c=1-3 =13—-6= — 6=
2pp’ 2 D

which is the central charge of the p,p’ model.

5.4 Algebra relations

We now want to determine when the algebra of screenings satisfies Nichols al-
gebra relations. We will again denote d the half length of the long roots.

With the definition of smallness and the results in [Lenl7], see theorem [3.4}
we get for a rescaled root lattice m;; = (o, a;)r:

Corollary 5.11. If ﬁ >1r >0, then all Nichols algebra relations hold.

Proof. Since we are rescaling by +/r a positive definite lattice A, the only con-
dition for the new lattice to be positive definite is r > 0. We ask moreover
my; = 2dr < 1 for all 4. This implies r < 2—1d. O]

Now we want to analyse the algebra relations in the screening algebra for
arbitrary values of . To do so we study relation by relation using theorem

Definition 5.12. A generator x; is said to satisfy the truncation relation if

zh =0, 4 = ord(qis).

(3

A pair of generators x;,xz; are said to satisfy the Serre relation if
s . - 1+
(adez;) ™z =0, a;; = —min {m €Z|qg;™ = qjqy or qgi m) = 1.}
We denoted the braided commutator by (ad.z;)x; = [z, z;]c = [z, xj]q-

Theorem 5.25 of [Ang08] states a set of defining relations for each finite
dimensional Nichols algebra of Cartan type:

Theorem 5.13. For finite dimensional Nichols algebra of Cartan type uy(g)™",
i.e. with diagonal braiding q;; = ¢\@2) gssociated to the root system of a Lie
algebra g, the defining relations are as follows

1. For each root « the truncation relation and for each pair of simple roots
. 1—aqj .
oy, o with g % 1 the Serre relation.

2. For the following subdiagrams the following additional relations:
o For type Az with g = —1

-1 -1 -1 -1 -1
@ O O

[(adz2)z1, (adza)zs]. = 0

o For type By or Cy with g =1

16



or with g = ( € Rs

¢ ¢ !
&——-0

[(adz1)?z2, (adzi )] = 0

e For type B3 with g =1

i -1 -1 -1 =1
O O O

or with g =( € Rs

¢ ¢ ¢t
S o 0

[(adzy)?(adzs)xs, (adzy)2s]. = 0

e For type Gy with ¢ = ( € Rg

¢ -1 =1
or with ¢ =1

) ) —1

Oo——O

[(adwl) T, (adxl)

[3317 [$1$2$1$2L

c

(&

[[x%$2x1x2]0 [:Ela x2]c c

2le=0
le=0
le=0
le=0.

[[I%@]c, [$1l‘2931$2]c c

We now apply our refined smallness criteria of theorem to these explicit
set of relations to determine the algebra of screening operators in comparison
to the Nichols algebra.

Example 5.14. Let us consider a rank 1 Cartan g-diagram and corresponding
m-solution:

q2

@)
2r

The truncation relation (31)" = 0, n = ord(q?) holds, according to iffr > 0.
For r < 0 it is further calculated in [Lenl7] that (3 5,,)" = 3, /7, Which

is a local screening. The algebra of screenings is therefore an extension of the
Nichols algebra by a long screening.

17



Example 5.15. Let us consider a rank 2 Cartan g-diagram and corresponding
m-solution:

q2 q72d q2d

O——0
2r —2rd 2rd

— By the previous example the simple truncation relations hold for r > 0.

We conjecture that in this case the non-simple truncation ([31, 32]" etc.)
also hold for » > 0. But this would either require a reflection theory for
algebra of screenings or a generalization of theorem

— The long Serre relation [32,[32,31]] = 0 holds if 2dr ¢ —N. Does the
long Serre relation may fail if gogp = —1 and r < 0, which is when the
long root as is both g-Cartan and g-truncation and when the truncation
relation fails. But for these cases the Serre relation was in theorem B.13]
not required as an independent relation.

— The short Serre relation [31,...[31,32]-..] = 0 which involves d+ 1 times
the first screening, holds if
2r,3r,...,(d+1)r ¢ —N
dr,(d—1Dr,(d—2)r,...,2r ¢ N.

In particular:

x for d =1 see the long Serre relations.

* for d = 2 holds iff 3r ¢ —N.

x for d = 3 holds iff 2r,4r ¢ —N and 2r ¢ N. But 2r € Z is not
admissible because ¢ # —1.

So again the short Serre relation may fail if the short root «; is both
g-Cartan and g¢-truncation and the truncation relation fails.

— Extra relations as listed in point (2) of theorem apply exactly in the
exceptional cases for the Serre relations above.

Summarizing we have the following possible exceptions:

o forg?=—-1,k€N, kodd, (r<0,d=1):

-1 -1 -1 -1 -1
] O
-k k -k k -k

e for ¢ € Rog, k €N, k odd, Vd (r < 0):

¢ -1 -1
O——0

T A
d

o for ? =C€R3, keN, kodd, (r<0,d=2):

18



¢ ¢ ¢t
2 4 4
Ik 4k -3

-1 -1
_k k -k k -k
2

o for > =(€R3, keN, kodd, (r<0,d=2):

¢ ¢ ¢to¢ ot
%k ik O4/€ ik gk
—3k 3k —3k 3k —3

e for ke N, kodd, (r<0,d=3):

1 7 —1

O———O

E 3 _3
T2 2k zk

Proposition 5.16. We consider again a rank 2 Cartan q-diagram
@ g2 g

O———0
2r —2rd 2rd

1. If ¢** = —1, r < 0 the long Serre relation holds.

2. If ord(q?)=d + 1, 7 < 0 the short Serre relation holds.
Proof. 1. The long Serre relation reads
[32,[32, 31)—1]+1 = (32)?31 + 323132 — 323132 — 31(32)” = [(32)%, 31].

Since r < 0 this is not automatically zero because (32)? # 0. Despite
this it was studied in [Lenl7] that (32)? ~ 322. Then standard OPE
calculations give: [(32)2,31] = [322,31] = 0.

2. This point is a generalization of the previous. We have:

(31, [31,32) ) = B30 — (¢ + ¢+ 4+ ¢ (31)73231 + - ..
= X UGG = (03

= [3(d4+1)ar,32] =0
where for the penultimate equality we used again results from [Leni7] and

for the last one theorem 3.2
O
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Remark 5.17. Alternatively this follows conceptually from the fact that this
holds for generic q. One can argue similarly for the other relations or proceed
as in the previous proposition.

In conclusion:
Corollary 5.18. The screening operators algebra is as follows:

e For r > 0 all Nichols algebra relations hold (conjecturally also the non-
sitmple truncation relations).

e Forr < 0 all Nichols algebra relations hold except the truncation relations.

Conjecturally, the non-zero result of the truncation relation are, as above,
themselves local screenings and in the centre of the algebra of screenings.
Hence in these cases we get the positive part of the infinite-dimensional
Kac-Procesi-DeConcini quantum group, also called non-restricted special-
ization [CP9j).

Remark 5.19. We remark that for » < 0 products of screenings can be not well
defined.

5.5 Examples in rank 2
Heckenberger row 2

This case of the list is described by the braiding diagram:

with ¢ € C ¢% # 1 and simple roots {a1, as}. The realising lattice is a rescaled
A, root lattice i.e. sls.
The set of positive roots is given by {aj,as, 12} with unique associate
Cartan matrix:
2 -1
aij =
-1 2

Proposition 5.20. Defining r as z'n we find that the following m,;-matriz
is a realising solution:

2r —r
mij =
—r 2r
Remark 5.21. For ¢> = —1, these are all solutions and the roots are both g-

Cartan and g-truncation.
This case is shown in detail in remark [£.7] of example

Heckenberger row 4

This case of the list is described by the braiding diagram:
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with ¢ € C ¢% # 41 and simple roots {a, as}. The realising lattice is a rescaled
Bs root lattice.

The set of positive roots is given by {aq, ag, @12, @112} with unique associate
Cartan matrix:

Proposition 5.22. If ¢*> # £1, then for every possible r defined as in the
following m;;-matriz
2r =2r
mij =
—2r  Ar

is a realising solution for the braiding.

Remark 5.23. 1. When ¢? € R4, the root as is ¢-Cartan and ¢-truncation.
There is an additional family of solutions when it is m-truncation:

2r =2r —2r+1 2r—1 ,
ml = mil = forr:pz, p’ odd,
—2r 1 2r —1 1

with simple roots I: {a1, @z} and II: {aq2, —as}.

This lattice can be interpreted as lattice realising the Lie superalgebra
B(1,1) described in case Heckenberger row 5, which for this choice of ¢
has the same g-diagram.

2. When ¢? € R3, the root a; is g-Cartan and g-truncation.
There is an additional family of solutions when it is m-truncation:

2 2 4
3 —2r 0 3 -3 + 2r
—2r  4r —% + 2r % —4r
for r = 2+T3ﬂ, p’ € Z, with simple roots I: {a1, s} and II: {—ay, 112}

This lattice can be interpreted as lattice realising the case Heckenberger
row 6 (a colour Lie algebra), which for this choice of ¢*> has the same
g-diagram.

Remark 5.24. Note that ¢?> = —1 is excluded. Indeed for that value, the system
degenerates and the short truncation roots form a lattice of type A} as described
in [FL17]. Physically it corresponds to n pair of symplectic fermions.

Heckenberger row 11

This case of the list is described by the braiding diagram:
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with ¢? # +1,¢? ¢ R3 and simple roots {1, as}.
The realising lattice is of type Gs.

The set of positive roots is given by {aq, a2, @12, 112, 01112, ®11122} With
unique associate Cartan matrix:

aij =
-1 2

Proposition 5.25. If ¢> # £1,¢> € Rs, then for every possible v defined as in
the following m;j-matriz

is a realising solution for the braiding.

Remark 5.26. When ¢ € R4, the root «; is ¢-Cartan and ¢-truncation.
When it is m-truncation we get:

i 3 i —34+3r
—3r  6r -34+3r $-12r
with simple roots I: {a1, a2} and II: {—aq, o112}

The root 112 is never m-truncation and it is m-Cartan iff r = %. But for
this value of r, oy is also m-Cartan and thus this is not a new solution.

Remark 5.27. When ¢ € Rg, the root as is m-Cartan and m-truncation.
When it is m-truncation we get:

2r —3r 1—-4r —-143r
=3r 1 -3 +3r 1

with simple roots I: {a, @z} and II: {a12, —as}.

The root aqs is never m-truncation and it is m-Cartan iff r = %. But for

this value of r, oy is also m-Cartan and thus this is not a new solution.

6 Super Lie type

6.1 ¢ diagram

Let g = go ®© g, be a simple Lie superalgebra of classical, basic type [FSS96], i.e.
of type A(m,n), B(m,n),C(n+1), D(m,n), F(4),G(3),D(2,1; «). For these Lie
superalgebras a (non degenerate or zero) Killing form (, ) o is defined.

We now choose a Weyl chamber ay,...,a5_1, af, arii,..., 0, with just
one simple fermionic root ay. We call it the standard chamber according to
[KacT7]. Given « positive root in the standard chamber, we define f(«) the
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multiplicity of af in a.
We can then split g as the direct sum of vector spaces
=g og'em,

where g’ and g” are two bosonic connected component generated by the simple
roots aq,...,ar_q and ayfyq,. .., oy, respectively, while m is the g’ @ g”-module
spanned by all other roots.

We have that m contains g, and thus in particular contains the g’ & g”-
submodule generated by the fermion ay, i.e. the vector space of fermions v,
with f(y) = 1. Moreover m may contain bosonic roots J, with f(d) positive
even.

Definition 6.1. We can write the inner product (, ) p of two arbitrary simple
roots as

(iyaj)g i< f,j<f
(aiya)g = (v, ;) + (v, @) g = 0 ifi<f<j
(ai,aj)gn if 4> f, 7> f
In particular we assume (o, af)g = (o, af)g = (o, ap)gr = 0.

Definition 6.2. Let ¢’, ¢” be primitive roots of unity of the same order. Then
to the above data in the standard chamber we associate the braiding matrix g;;:

(q/)(aiyaj)g/ ifi<f,j<f

B (q//)(am(«w)g” ifi>f,j>f
% =9 ifi>f>y
1 ifi=f=j

Under certain conditions on the g;;, this braiding gives a finite dimensional
Nichols algebra B(q), which we call of Super Lie type.

The reflections will act on the braiding as follow:
e Reflections R* around bosonic roots oy, leave ¢;j invariant.

e Reflections R* around fermionic roots ay, interchange fermionic and bosonic
roots and may produce a braiding containing —q.

Remark 6.3. In the classification of Nichols algebras in [Hec05] and [HecO6]
we find that the fermion (as in the Lie superalgebra sense of the term) in the
standard chamber oy has qry = —1, i.e. it is g-truncation. This is not true in
general for every fermion as we can see in the following example.

Ezample 6.4. The case Heckenberger row 5 of table 1 in [Hec05] is described by
two diagrams:
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I IT
corresponding to the simple roots:
I:{ar,as} II: {—ay,a12}.

This is the Lie superalgebra B(1,1) and aq2 is a fermion with ¢i212 # —1.
We will describe this example in detail later on in this section.

6.2 Construction of m;;

Definition 6.5. Given p/,p” € Z such that (p/,p) = (p”,p) = 1, we define

’ 1/
r = %, = % and in the standard chamber:

(qiyaj)gr’ i< f, j<f

s e ag)gr” i f j > f
70 ifi>f>j
1 ifi=f=j.

We notice that if we restrict to g’ or g”, we get exactly the same result as
in the Cartan type section for p’, p respectively p”, p.

Lemma 6.6. If we call ¢ = €™ and ¢" = €™, then qi; = €™™ii s the

braiding defined in definition [6.3.

Proof. We have m;; = 0 if o; and «; are disconnected, so that 1 = €™ 0 and
myy =1 for the fermionic root which gives —1 = '™ as demanded. O
Lemma 6.7. In an arbitrary chamber C,, ... ., ... we have

mijc = (’Yiv')’j)g’r/ + (’Ym’)’j)g”r// + f(%')f(’Yj)-

Proof. We write ~; = Zk Tipog and y; = Zz zjc and we extend for linearity:

mijC: Z%‘klemkls
k,l
= Y wamplanayr’+ D waajilar, o)yt + ziwip =
k,leg’U{f} k,leg"u{f}

(vis ¥i) o+ (Vi) g+ f (i) f(05)

where the last equality follows from the definition of f(v) as the multiplicity of
ay in v and the fact that on each component g’ and g” the roots are spanned
as in a Lie algebra. O

Corollary 6.8. A root v in an arbitrary chamber is
— m-truncation if  (7,7)g" + (v, V) g + f(V)f(y) =1

— m-Cartan if, for every simple root B; in the standard chamber,

(77 ﬁi)g’rl + 2(')/’ 6i)g”rﬁ + Zf(f}/)f(ﬁl)
= ay8,((7,7)g + (1 Mg + () ().
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Example 6.9. We consider as an example the Lie superalgebra A (1,1) of rank
3. The simple roots in the standard chamber are {a;, as = ag, ag} with inner
product:

2 -1 0
(ai,aj): -1 0 -1
0o -1 2
Hence:
2 =" 0 @2 @)t 1
mi=|-r" 1 = gy=|) -1 (@)
0 _,rll 2TN 1 (q//)—l (q//)2

Remark 6.10. According to [KacT7] we can write the simple roots as
1 = €1 — €9, a2:05f:627517 043:(51752,
with vectors €; generating g’ and §; generating g”.

What remains to do is to see under which conditions the defined m;; are
realising solutions of the given braidings.

Lemma 6.11. If vy € g’ i.e. v = Z{;ll a;a; ory € g’ de. v = Z?:Hl a;oy,
then v is m-Cartan.

Proof. Suppose v € g’; then
() =0ve (1Y) =0
(v, ai) = (i) (1, i)gn =0
for every arbitrary simple root ;. Moreover f(y) = 0. So we have that A:
27, ) grr’ + 207, i) grr” + 2 (7) fai) = aq,i (v, Vv’ + (V) g™ + F(0) (7))
becomes:
2(y, i)’ = aqi((v, 7))

Since v € g’, we are restricting to one bosonic sector and thus the latter is true
because of definition of a-; in the Lie algebra setting.

By linearity in the simple roots «; it is possible to extend this result to every
arbitrary root a =Y b;a;. O

Lemma 6.12. If v # oy is isotropic, i.e. (7,7) = (7,7)g = (7,7)g" =0, and
f(v) = £1 then v is m-truncation.

Proof. Condition B for a root to be m-truncation reads:
(VMg + (Ve +F(N)F(7) =1
which is clearly true under these hypothesis. O

We summarize these results in the following:

Corollary 6.13. The matriz m;; defined in realises the braiding g;; for
every root a, with the following possible exceptions:
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1. ais a boson in g’ Ug”, i.e. f(a) is a strictly positive even integer.

2. « is an isotropic fermion with f # +1.
3. « is a non-isotropic fermion.
4. a is a fermion strong orthogonal to another fermion vy, i.e. in their real
span {a,y)r there aren’t roots.
Proof. e If a boson a belongs to only one bosonic side g’ or g”, then lemma

tells us it must be m-Cartan. Otherwise, « is like in (1) and must
be spanned by the standard fermion as well, thus f(a) > 0 even. In this
case lemma [6.11] fails since no Lie algebra Killing form is a priori holding.
We then have to check explicitly for which r’ and 7"’ one of condition
holds using Corollary [6.8]

e Let now a be a fermion which is never strong orthogonal to other fermions.
If it is isotropic and f(a) = %1, thanks to lemma it satisfies the M-
condition truncation. If f # £1 or it is non-isotropic, we are back to the
points (2) and (3) of the lemma and we have to check explicitly for which
r’ and 7" one of condition holds using Corollary

e If o and « are two strong orthogonal fermions, then ang = 0. In this case
we have to check for which 7' and r”

Ma,p = (aHB)G'T/ + (Ot, B)Q”TN + f(a)f(ﬁ) =0
O

Remark 6.14. In the examples we didn’t find any boson with f > 2 and any
fermion with f > 1. Thus, point (1) concerns then just bosons with f = 2 and
point (2) never happens.

In conclusion we will now have to look, in every example, if one or more of
the situations described by lemma [6.13]is happening.

Now as last result we state a classification Lemma:

Lemma 6.15. If all the bosonic roots are m-Cartan, then the unique possible
realising solution for the given braiding is the matriz m;; of definition . In
particular this is the case if {; > 1 — ay; for Vi # f.

Proof. Condition gives a unique solution for the m;; in the standard cham-
ber: the fermionic root is m-truncation and thus fixed to my; = 1, while, since
all the other roots are m-Cartan, restricting our study to the two bosonic sec-
tors separately we end up in the same situation of lemma [5.6] Moreover the
compatibility with the reflections fixes the m;; in all the chambers. O

Example 6.16. We apply lemma to example after reflecting the
standard chamber set of roots around the fermion as, we find for new simple
roots: {aqa2, —, o3} the matrix:

1 —147 =147 47"
m$ =| —1l+7 1 —1 4"
—14+7"+r" 149" 1
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Exception (4) of lemma appears. We then have to ask me3 = 0, i.e
r’ 4+ 1" = 1. In that case m;; is a realising solution.

This construction realises the Nichols algebra B(q) described by case row 8 of
table 2 in [Hec05] when g # +1.

6.3 Central charge

We will compute the central charge of systems associated to Lie superalgebras
g, with non degenerate Killing form ( , ).

Proposition 6.17. The central charge of the system is ¢ = rank — 12(Q, Q)
with

Q= T Py’ \/>+ \/* — Py’ V preat
where we denoted by pyr the sum of positive roots in g, pgr the sum of positive
roots in g" and pes: the sum of the remaining positive roots of g.

Proof. The central charge is ¢ = rank — 12(Q, Q) if @ is such that Vo, simple
root of g

. Zifi<f
5(7\/7“70[,;, —Vrioy) — (—/ria;, Q) =1 where 1, =q1ifi=f
%” ifi> f.

Let A} = d—J be such that (a;,AY) = d;i;. Since py = Z Ai, we have that
-1
Py = Z iy pgr = »_ A; and then presy = Ap. We can thus rewrite Q as:
i>f

1
Q - P + — Pg” pres ( - rldl) A
ﬁ g VT /7 g’ VT t = E . %
Hence the previous equation becomes:

%(wﬁ /)~ Q)
2d7’Z — d;)(ay, =1
+ 3 VA = e )

6.4 Algebra relations

We now want to determine when the algebra of screenings satisfies Nichols al-
gebras relations for braiding g;;.
We will denote again d’,d” the half length of the long bosonic root in g’, g”.

Lemma 6.18. For m;; as above, smallness holds under the condition

/

r >0,

1
S >7r" >0, det(m;;) > 0.

— >
2d" —

27



Proof. Smallness for all monomials holds under the assumptions |o;| < 1,
which means 2d'r" < 1, 2d”r"” < 1, and m;; positive definite. By Sylvester’s
criterion, this is equivalent to det(m;;) > 0 and to the principal minor being
positive definite. The principal minor is a rescaling of the root lattices g’, g”, so
it is positive definite for v/, 7" > 0.

O

Example 6.19. For type A(n,m) these conditions read

Dy Mg

>r' >0,
=" n—l—lr m—|—1r

> >0,

N
N

In [Angl5], theorem 3.1, we find a set of defining relations for each finite
dimensional Nichols algebra of super Lie type. We report them in the following
theorem.

Theorem 6.20. For finite dimensional Nichols algebra of super Lie type with
diagonal braiding q;; = ¢\ @%)e’ s for bosonic roots and qi; = —1 for the
fermionic root in the standard chamber, associated to the root system of a Lie
superalgebra g, the defining relations are as follows

1. For each root a the truncation relation and for each pair of simple roots
. 1—a;; .
oy, o with g, # 1 the Serre relation.

2. For the following subdiagrams the following additional relations:

e For type A(2,0), A(1,1), D(2,1;a):
q11 912,21 —1 423,32 ¢33
O O O

[(adze)xq, (adze)xs]. = 0
e For type B(1,1):

qu1 q1221 —1
O——©O

[(adz1)?z2, (adzi )] = O

e [or type B(2,1)

qi1 912,21 1 423,32 @33
O O

Q

[(adI1)2(adI2)I3, (adl‘l)llfg]c =0

Example 6.21. Let us consider a rank 1 g-diagram and corresponding m-
solution, for a bosonic and fermionic root respectively:

2

q -1
O
2r 1
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The bosonic truncation relation (3;)" = 0, n = ord(g?) holds, according to
iff r > 0.
The fermionic truncation relation (37)? = 0 always holds according to

Example 6.22. Let us consider a rank 2 super Lie g-diagram and corresponding
m-solution:

@ g2 1
oO———0
2r —2rd 1

In the examples we will found such a diagram just if d = 1, 2.

— By the previous example the simple truncation relations hold for » > 0.

We conjecture that in this case the non-simple truncation ([31, 32]" etc.)
also hold for » > 0. But this would either require a reflection theory for
algebra of screenings or a generalization of theorem [3.5

— The bosonic Serre relation [31,...[31,32]...] = 0 (already studied in the
Cartan section), involves d + 1 times the first screening and holds

* for d =1iff 2r ¢ —N.
* for d =2 iff 3r ¢ —N.

So it may fail if the bosonic root «; is both g-Cartan and g¢-truncation
and the truncation relation fails.

— The fermionic Serre relation [32,[32, 31]] = 0 holds

*ford:liﬁ—r+%¢—N.

x for d =2 iﬁ2r,—2r+% ¢ —N.
But 2r € Z is not admissible because ¢2¢ # 1.

Summarizing we have the following possible exceptions:

e for ke Z, kodd,d=1:

-1 -1 -1
Oo——0
k -k 1
o for¢g?=4i,keN,d=2:
R B |

O———oO
144k _
LAk —(144k) 1

o for?=C€Rs, keN, kodd, d=2:

¢ ¢ =1
O———o0
—%k: %k 1



In conclusion:

Corollary 6.23. Apart from the possible exceptions above, the screening oper-
ators algebra is as follows:

e For v’ r"” > 0 all Nichols algebra relations hold (conjecturally also the

non-simple truncation relations).

e Forr',r" <0 all Nichols algebra relations hold except the bosonic trunca-
tion relations.

Conjecturally the algebra of screenings is again the positive part of an
infinite-dimensional Kac-Procesi-DeConcini quantum super group.

e Forr' > 0,7 <0 orr’ < 0,7 > 0 the truncation relations on one side
of the Dynkin diagram of the standard chamber fail, and we conjecturally
get the positive part of an corresponding version of an infinite-dimensional
Kac-Procesi-DeConcini quantum super group.

Regarding the Kac-Procesi-DeConcini version of an arbitrary Nichols alge-
bra, see the concept of a pre-Nichols algebra in [AngI4].

6.5 Examples in rank 2

We now present the cases of table 1 in [Hec05] rising from Lie superalgebras of
rank 2. We will check in every case whether the exceptions of corollary
appear.

In rank 2, there is obviously always just one bosonic sector g'.

In the respective remarks we will express the simple roots in the standard cham-
ber using as in [Kac77] the standard basis ¢; and §;.

Heckenberger row 3

The case row 3 of table 1 in [Hec05], studied in example is realised by the
Lie superalgebra lattice A(1,0). This case is described by the diagrams:

¢ ¢ -1 -1 ¢ -1
O—0 Oo——-0
I 11

with ¢? # +1 and simple roots I : {ay,as}, I1: {a12, —az}. The set of positive
roots is given by {aq, as, a12} with unique associate Cartan matrix and inner
products

2 -1 9 1

A5 = , (aivaj) = 1 ol
-1 2
Therefore the m;; matrix in the standard basis and after reflecting around

ao are given by:

1 2r —-Tr ) 1 —1+T
A e U L A e P A

None of the exceptions of lemma appears; therefore m;; is a realising solu-
tion Vr. This result matches with example
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Remark 6.24. As observed in example if we allow the value ¢> = —1 we
obtain row 2 of table 1 in [Hec05].

Remark 6.25. The simple roots in the standard chamber of A(1,0) can be ex-
pressed by
1 = €1 — €9, agzafzeg—él.

Heckenberger row 5

Row 5 of table 1 in [Hec05| is realised by the Lie superalgebra lattice B(1,1).
This case is described by the diagrams:

@ ¢t -1 -2 ¢t -1
o— O O— 0
I 1T

with ¢? # +1,¢*> € R4 and simple roots I : {ay, s}, IT: {a12, —as}.
The set of positive roots is given by {a1, ag, @12, 112} with unique associate

Cartan matrix:
2 -2

aij =
-1 2

and inner product:
2 =2
(O[i7 O[j) = _9 ol-
Therefore the m;; matrix in the standard basis and after reflecting around
«aq are given by:
2r =2r —2r+1 2r—-1
—2r 1 2r —1 1

None of the exceptions of lemma appears; therefore m;; is a realising solu-
tion Vr.

Remark 6.26. When ¢ € R3, the root o is g-Cartan and g-truncation. When
it is m-truncation we get:

2 —2r 2 _4r 2r—1 2 o — 4

I 3 1T 3 111 3 3
mlj - m” m” -

-2r 1 2r—1 1 2r—3 H—8r

where III: {—aq, @112} comes after reflecting around «;. The root aq12 is never

m-Cartan and it is m-truncation iff r = % But for this value of r, oy is also

m-Cartan and thus this is not a new solution.

Remark 6.27. If we allow ¢ = ¢ the system is the one described in row 4 in
section [5} Also in this case it corresponds to the Lie superalgebra B(1,1).

Remark 6.28. The roots can be expressed by

a1 = €1, agzaf:(51—61.
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6.6 Arbitrary rank

We generalize our study to arbitrary rank cases. In every case we will see under
which assumptions the constructed m;; matrices are realising solutions.

A(m,n)

q q q -1 q q q

The simple roots in the standard chamber are:

Ayee s Of = A1y -+ Omgnt1

with inner product matrix

(ai7 aj) =

We list all the positive roots. We denote by A the set of bosons and by A; the
set of fermions according to the literature [Kac77].

No={ay+...+ap, withl,k< forl k> f}
A1:{Oz1+...+ak, Wlthlﬁfﬁk7 l#k}

We now apply the lemmas of the previous section to determine possible
conditions on r’ and r” such that the m;; matrix defined as in is a realising
solution.

e All the bosons are either in g’ or g”. Then, thanks to lemma [6.11] we
know they are always m-Cartan.

e All the fermions are isotropic and have f = 4+1. Thanks to lemma [6.12
we know that if they are not strong orthogonal to any other root they are
m-truncation.

e We now focus on the case of strong orthogonal fermions. Let us consider
two fermions:

Y1 =0a + .. o with [ < f < kq,
722a12+...+ak2 with 12§f§k2

They are strong orthogonal if I; # I, k1 # ko. In this case we have to

check that mis = (v1,72)g 7" + (71, 72) g 7" + f(m1)f(72) = 0.
We thus compute the inner products in the two bosonic sides. We assume
l1 < ly and k1 < ko, because every other combination works analogously
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and gives the same result.
Wlog we can assume lo =11 + 1 and ke = k1 + 1 and thus

(v1,72) =(auy,72) + (@ +1,72) + -+ (ap,72) + oo+ (T, 72)
=(u,; quy41)g
+(ag 41,5 41) g + (41,00, 42) g
+...
+(O‘fv O‘f—l)g’ + (O‘fv O‘f) + (O‘f7 O‘f—i-l)g”
+...
(ks 0y = Vg + (g iy ) g + (Qky 5 Oy +1) g

The only term that contributes is (ay, ap_1)y + (ay, af) + (ar, pr1)gr
since the previous terms sum up to zero in g’, and the following terms sum
up to zero in g”. Hence we have (y1,72) = —1g — 14/. Asking mj2 to be
zero, means to ask

—1-r=1-7"4+1=0 = M =1

To conclude, the only condition needed for the m;; matrix to be a realising
solution is 7’ + 7" = 1.

Remark 6.29. This condition matches with the formulation of A(m,n) in terms
of Nichols algebra diagram ([Hec06], Table C, row 2), where ¢y = ¢ and ¢qq» =
g~ '. Indeed, if 7/ + 7" = 1 then

iﬂ'(ai,ai)r' ifr(aj,aj)r” — ei7r2r'ei7r2r” _ eiﬂ'2(’l‘/+’l‘“) — 1’

qg/ qg// =e e

calling a; a root in g’ and «; a root in g”.
Remark 6.30. We can write the simple roots in the standard chamber using as

in [Kac77] the standard basis €1, ..., €mny1,01,. .., 0nt1:
{041161*62, Qg = €2 — €3,..., Oém+1:6m+1*51,
QAm42 = 01— d2,.. ., Amn+1 = On — 5n+1}
B(m,n)
R —1 ¢ gt ¢
o——0— —0— —O0——0

The simple roots in the standard chamber are:
1y Of = Qpy vy Qgen

with inner product matrix

(O‘ivaj) =
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All the positive roots are:

Ao ={a;+ ...+ ag, with [,k < f
o+ ...+ ag, with [,k > f, k#£m+n
o+ ...+ Qmtn, with [ > f

ar+ ...+ 20+ ...+ 20m4n, withli<f k< f
g+ ..o+ 20+ ..+ 20,40, with [k > f}

Ay =A{a+ ...+ aman, with [ < f
ap+ ...+ 20+ ...+ 200man, withli< f<k
aq+...+ap withl<f<k k#m+n}

We now apply the lemmas of the previous section to determine possible
conditions on ' and " such that the m;; matrix defined as in|6.5|is a realising
solution.

e All the bosons which are not of the type vk := a;+. ..+ 20k +. . .+ 2 4n,
with | < f, k < f, are either in g’ or g’. Then, thanks to lemma [6.11] we
know they are always m-Cartan.

e For 7, we need to explicitly ask condition .
The inner product is (Vik, vir) = —2¢ — 447
— Y 1s m-truncation if 2r’ 4+ 47" = 3.
— i is m-Cartan if ' + " = 1.
e All the fermions which are not of the type v; := a; + ... + qpin, are

isotropic and have f = £1. Thanks to lemma [6.12] we then know that if
they are not strong orthogonal to any other root they are m-truncation.

e For ~;, we need to explicitly ask condition .
The inner product is (y;,y) = —1g7.
— ~; is m-truncation holds if 7" = 0.
— 7 is m-Cartan holds if 7' + 7" = 1.

e We now focus on the case of strong orthogonal fermions. Let us consider
the fermions:

{m=ay +...+ amin
Yo =y, oo+ 200, .o 200040
V3 =y + ...+ iyt

The fermions v; and o are strong orthogonal iff 1 # ls;

The fermions 5 and -3 are strong orthogonal iff Iy #£ I3 or ko # k3 + 1;
The fermions v, and 73 are strong orthogonal iff I; # I3;

Two fermions of type 2 are strong orthogonal iff have different I and ks;
Two fermions of type 3 are strong orthogonal iff have different I3 and ks;
Asking the condition m;; = 0 for those cases, we find again the condition
4+ =1.
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In conclusion, the only condition needed for the m;; matrix to be a realising
solution is 7’ + " = 1. If this condition is satisfied the bosons with f = 2 as
well as the non isotropic fermions are m-Cartan. If moreover r’' = " = % then
the bosons with f = 2 are also m-truncation.

Remark 6.31. As in the case of the Lie superalgebras of type A(m,n), the
condition r’ + r” = 1 matches with the formulation of B(m,n) in terms of
Nichols algebra diagram ([Hec06], Table C, row 4), where gy = g and qg» = ¢~ *.

Remark 6.32. We can write the simple roots in the standard chamber using as
in [Kac77] the standard basis €1,...,€p,01,...,0n:

{al :51*527 Q2 :52*537"', Qn :5n*617
Qni1 = €1 = €2, .5 Qmin = €m.}
The bosons with f = 2 will be of the form §; + §;, while the non isotropic

fermions will be §;.

C(n)

\
—_
Q|
(V)
<
<
L)
0
<
o=

The simple roots in the standard chamber are:

af =01,...,0Qn
with inner product matrix
f o0 -1 -
-1 2
(O‘iaO‘j) =
-1
-1 2 =2
L _2 4_
All the positive roots are:
Aoz{al+...+ak7 withl#£1k+#n
ar+ ...+ 20+ ...+ 20p 1+, withl#1k#n
ap+ ...+ ap, with [ #£ 1
200 + ...+ 201 + ap, with [ # 1}

A1:{Oé1+...+04n
a; + ...+ ag, with k& #£ 1
a1+ ..o+ 20, + .+ 2001 + g, with k # n}

We now apply the lemmas of the previous section to determine possible
conditions on 7’ such that the m,; matrix defined as in is a realising solution.
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e Since there is just one bosonic side it is obvious that all the bosons are
m-Cartan.

e All the fermions are isotropic, non strong orthogonal to each other, and
have f = +1. Thanks to lemma [6.12] we then know that they are m-
truncation.

To conclude, the m;; matrix is always a realising solution.

Remark 6.33. We can write the simple roots in the standard chamber using as
in [Kac77] the standard basis €1,d1 ..., 0,—1:

{on=€—01, g =081 —02,..., a1 =0p—2—0pn_1, Qap=20,_1}

D(m,n)

The simple roots in the standard chamber are:
Qlyey Oy = Qfy ooy Qg

with inner product matrix

2 -1
-1
(ai,O‘j): 0
2 -1 -1
-1 2 0
-1 0 2
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All the positive roots are:

Ao ={a;+ ...+ ag, with [,k < f
o+ ...+ o, with [,k > f
ap+ ...+ min—2 + Ungn, with [ > f

ar+ ...+ 20+ ..o+ 20man—2 + Oman—1 + Qmin, Wwithl< f, k< f
o+ ...+ 20+ ...+ 200m4n—2 + Ymgn—1 + Qmtn, with [,k > f
200+ ... 4+ 20, + ...+ 20min—2 + Omin—1 + Qmin, Wwithl< f k< f}

Ali{al+...+ak, withl < f <k
Oél—|—...+0(n+nl_2+04n+m, with [ < f
aj+ .. 20+ o+ 20min—2 + Onpm—1 + Qppm,  with I < f < k}

We now apply the lemmas of the previous section to determine possible con-

ditions on r’ and 7" such that the m;; matrix defined as in is a realising
solution.

e All bosons except the IV or VI type in the list, are either in g’ or g”.
Then, thanks to lemma we know they are always m-Cartan.

e The bosons of type IV have inner product —24 — 44/.

— it is m-truncation if 2r’ 4+ 4r” = 3.

— it is m-Cartan if ' + " = 1.
The bosons of type VI have inner product —44.

— it is m-truncation if 4r" = 3.

— it is m-Cartan if ' + 7" = 1.

e All fermions are isotropic and have f = £1. Thanks to lemma [6.12] we
then know that if they are not strong orthogonal to any other root they
are m-truncation.

e There are many possibility for two fermions to be strong orthogonal. Ask-
ing the condition m;; = 0 for those cases, we find again the condition
r+r" =1

In conclusion, the only condition needed for the m;; matrix to be a realising
solution is ' 4+ r”7 = 1. If this condition is satisfied the bosons with f = 2
are m-Cartan. If moreover ' = 7 = 1 then the boson of type IV are also
m-truncation. Instead if v’ = 1, 7/ = % then the boson of type VI are also

4
m-truncation.

Remark 6.34. As in the previous cases the condition r’ + 7" = 1 matches with
the formulation of D(m,n) in terms of Nichols algebra diagram ([Hec06], Table
C, row 10), where gy = ¢ and gg» = ¢~ 1.
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Remark 6.35. We can write the simple roots in the standard chamber using as
in [Kac77] the standard basis €1,. .., €mn,d1,...,0n:

{1 =01 —92,..., ap=10n—€1, Qni1 =¢€1 —€2, ...
- OQmgn—1 = €n—1 — €m, Qmin = €Ep—1+ em}-
The bosons of type IV will be of the form §; + ¢;, while the one of type VI will
be of the form 24;.

Sporadic cases
G(3)

The simple roots in the standard chamber are {a1 = ayf, a9, a3} with inner
product

0 -1 0
(Oti,O[j) =|-1 2 -3
0 -3 6

There is only one bosonic part g’ and the positive roots are:

{011, G2, (3, (12, (23, (223, (123, (¥1223,

12223, (02223, (22233, (¥1222233, 06122233}

The m;; matrix is given by

1 —r 0
mgj =|-r 2r =3r
0 —-3r ©6r

e Since there is just one bosonic side it is obvious that all the bosons satisfy
are m-Cartan.

e All the fermions, except for a923, are isotropic and have f = +1. Thanks
to lemma [6.12| we then know that they are m-truncation.

e The fermion o993 is m-Cartan without further assumptions.
e There are no couples of strong orthogonal fermions.

To conclude the m;; matrix is a realising solution Vr.
This construction realise the Nichols algebra B(q) described row 7 of table 2 in
[Hec05] when g # +1, ¢ ¢ Rs.

For this lower rank case we can also show explicitly all the reflections of the
m;; matrix: reflecting mﬁj around a7 we find the following

1 -1+ 0
mg =|-1+r 1 —3r
0 —3r 6r
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Reflecting it around aj, we find the following

2r —r —2r
-r 1 —1+3r
—2r —1+43r 1

Reflecting it around «j23 we find the following

67 —3r 0
my = | —3r 1 —1+42r
0 —1+2r 1-2r

Remark 6.36. If ¢> € Rg, as is both ¢g-Cartan and ¢-truncation. When it is
m-truncation we find
—1 (2
O
1 —2r

-1 -1
O
—6r 1

Yoy

with ¢ € Rg. This is a solution iff r = %. But for this value of r, az is also

m-Cartan and thus this is not a new solution.

Remark 6.37. The roots can be expressed by

Olliaf:($+€1, Qg = €2 3 — €3 — €2
F(4)
¢ ' ¢ gt ¢ ¢ -1
@ O O O

The simple roots in the standard chamber are {aq, ag, a3, ay = af} with inner
product

4 -2
2 4 =2
(i, 05) = —2 2 -1

-1 0
There is only one bosonic part g’ and the rest of the positive roots are:
{ai12, a3, aszs, ags3, 23, a234, 1233, 2334,
(1234, (112233, (112334, V1223334, (V122334, (V12233344-}

e All bosons except a12933344 are completely in the bosonic sector and thus
are m-Cartan.

e The boson aj3233344 is m-Cartan without further assumptions.

All fermions are isotropic and have f = £1. Thanks to lemma [6.12] we
then know they are m-truncation.

We have two couples of strong orthogonal fermions:

{as4, 122334} {234, 12334}
which give the condition r = %

To conclude, the condition for the m;; matrix to be a realising solution is r = %
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D(Z,]_; a)

The simple roots in the standard chamber are {a1, as = of, as} with inner
product:

2 =2 0
(Cki70[j) = [-2 0 -2
0o -2 2

The positive roots are:

{041, Qg, (3, 12, (23, (123, 041223-}

Reflecting the diagram around one of the root (the system is completely sym-
metric in the three roots), we obtain:

Exception (4) of lemma appears. Imposing that the first and the third
roots are not connected we find the condition 7’ + r”/ 4+ "/ = 2. In this case
these m;; matrices are realising solution.

This corresponds to the condition ¢ - ¢” - ¢ = 1 of case 9 (as well as 10 and
11), rank 3, in table 2 of [Hec05].

7 Rank 2

7.1 Other cases in rank 2: construction

In this section we are going to present the examples of rank = 2 Nichols algebra
which don’t belong to the Cartan and super Lie study of the previous two
sections.

Heckenberger row 6

This case of table 1 in [Hec05] is described by two diagrams:

¢ q? ¢ ¢ (lg? (g
>—0 d—— 3
I 11
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where ¢ € R3 and ¢ # 1,(, (? and with respectively simple roots:

I: {Oél,Oég} II: {—011,04112}.

There is just one associate Cartan matrix:

The set of positive roots is {a1, as, a2, @112} where as and «aq12 are only ¢-
Cartan while the others are only g-truncation.

Proposition 7.1. The following m;; matrices are realising solutions of the
given braiding and its reflections:

2 4
s T 3 —3+r
| m_ | ° ’
ij
4 8
—-r 2r —s+r $-2r
Proof. First we check that condition B is satisfied for a;:

2 2
m = = -
H 1 — Q12 3

and condition A is satisfied for aige and agq2:

2m12
M2 22 = =2r
a21
_ 2myip 1 8
miig,112 = ————— = = — 27.

a112,1 3

We then check that the reflection around a; send one m;;-matrix to the other
as follows:

2 4 Troa
- 3 -3 +7r -1 2 3 T -1 2 ) .
m;; = = =R (mij)
—34+r $-2r 0 1] [-r 2r]]0 1

Remark 7.2. When ¢? € R, the root s is ¢-Cartan and g-truncation.
When it is m-truncation we get:

2 2 _4 4, S _9r r—1
I 3 1T 3 3 111 3
Mij = Mij 4 11 Mij =
T 1 _§+T ?_47“ r—1 1

with IIT: {2, —as}.
The root 12 is never m-truncation and it is m-Cartan iff r = % But for this
value of r, as is also m-Cartan and thus this is not a new solution.
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As we can see in [Hell(] truncation and Serre relations are the only defining
relations. We have the following;:

Proposition 7.3. The truncation relations hold for every r > 0, while the Serre
relations hold for 2r ¢ —N and r # 7143%’ %

Remark 7.4. We could call this case of colour type. It indeed behaves as a
super Lie case except for the fact that msy = %, and not 1. In particular lemma
trivially extends to this case as a classification lemma, with the appropriate
changes.

Heckenberger row 9

This case of table 1 in [Hec05] is described by three diagrams:

-¢¢ ¢ ¢ -¢* ¢ -1 ¢t =
3———3 3————0 O——0
I 11 111

where ¢ € R12 and with respectively simple roots:

I: {041,052} II : {—Oél7 04112} IIT : {0512, —04122}.

The associate Cartan matrices are:

The set of positive roots is {a1, as, 12, a112, @122} Where aqo is only ¢-Cartan
while the others are only ¢-truncation.

Proposition 7.5. The following m;; matrices are realising solutions of the
given braiding and its reflections:

2 _ T 2 _3 1 _1
3 2 3 4 6 4
_ 11 11T
iy 7 2 Mg 3 R
“12 3 -3 1 -3 1
Proof. First we check that condition B is satisfied for all the roots:
2 2
m = = —
H 1-— a2 3
2 2
m = = —
2 1-— ag1 3
2
M2 = T 1
—a112,1
2
Mz =7 = 1
— 122,12

and condition A is satisfied for the root as:

_2m_q2212 1
mi2i2 = —— " = ;-
a12,112 6
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We then check that the reflections send one m;j-matrix to the other as follows:

M2 37 r 171 2 7
11 3 -2 3 Taz| (712 Rl( 1)
K -3 1 0 1 L 2 0 1 K
L 4 . L J L 12 3
L 17 I 1Trz _3
mHI = 6 ! = ! ! s * ! 0 :R122 OR2(mI)
17 9
-1 1] (1 -1 [-3 1] [1 -1

Corollary 7.6. By formula for rank 2, we have that the central charge of

the system is ¢ = —126.

Proposition 7.7. Truncation and Serre relations always hold, by lemma[5.

We conclude this case with a picture illustrating how the set of simple roots
behave under reflections. We write I, II, III, to indicate to which diagram do

the simple roots in each case belong.

{a1,a2}!

y %}
{—a1,a112}" {a122,—az}"
R112l J{RIZZ
{a12,—a12}™ {—a122,a12}™

signm %

{a112,—a2}'

Heckenberger row 10

This case of table 1 in [Hec05] is described by three diagrams:

¢ ¢ ¢ ¢ to-1 ¢ ¢ -1
o——2>b >——O ———3
1 II 111

where ¢ € Rg and with respectively simple roots:
I : {al,ag} II : {7(12, a122} III : {0412, 7@122}.

The associate Cartan matrices are:

2 =2 2 =2 2 -4
Im_ I _

-2 2 -1 2 -1 2

The set of positive roots is {aq, as, 12, 112, @122, 11122} Where a; and a2 are

only ¢g-Cartan while the others are only g-truncation.
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Proposition 7.8. The following m;; matrices are realising solutions of the
given braiding and its reflections:

5 _95 2 7
9 9 3 9

I _ I _ I _
m;; = m;; = m;; =

7 2
-7 1 -2

|
X1 \V]

1
9

_3
9

win

Proof. We check that the roots {as, a112, @122, 11122} satisfy condition B,
while the root a; and aqo satisfy condition A.
We check that the reflections send one m;;-matrix to the other. O

Corollary 7.9. By formula for rank 2, we have that the central charge of
the system is —%

Proposition 7.10. Truncation and Serre relations always hold, by lemma[3.4

Heckenberger row 12

This case of table 1 in [Hec05] is described by three diagrams:

¢ ¢ ¢t ¢ ¢t ¢ —¢ -1
O———0O O———=0O Oo———0O
I 11 11T

where ( € Rg and with respectively simple roots:

I:{ay, s} IT: {~a1, a2} II: {a112, —1112}-
There is just one associate Cartan matrix:

2 =3
aij =
-1 2

The set of positive roots is {Oél,OéQ, 12,112, (X1112, 0411122} where (%) and 112
are only g-Cartan while the others are only ¢-truncation.

Proposition 7.11. The following m;; matrices are realising solutions of the
given braiding and its reflections:

1 1
1| m_ | 1 _

5 3
-5 1 -3 1

_7 _3
8 8

I~

_7
8 4

Proof. We check that the roots {1, a12, @1112, 211122} satisfy condition B,
while the root as and a9 satisfy condition A.
We check that the reflections send one m;;-matrix to the other. O

Corollary 7.12. By formula for rank 2, we have that the central charge of

‘. _ 874
the system is —=.

Proposition 7.13. Truncation and Serre relations always hold, by lemma[3.4)
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Heckenberger row 13

This case of table 1 in [Hec05] is described by four diagrams:

S it S A S el g S S B G o e
Oo——>O Oo——=O O——=O O——O
I II III v

where ( € Ro4 and with respectively simple roots:
I : {CkhO[Q} II . {—Oél, a1112} III . {—CVQ, Ck122} IV . {Ollg, —Ck122}..

The associate Cartan matrices are:

2 =3 2 =3 2 =2 2 =5

I _ I _ I _ v _
a;j; = aj; = a;; = ij =

-2 2 -1 2 -1 2 -1 2

The set of positive roots is {1, a2, a12, @112, 122, 1112, A11122, 1111222} Where
a2 and a112 are the only ¢g-Cartan roots while the others are only g-truncation.

Proposition 7.14. The following m;; matrices are realising solutions of the
given braiding and its reflections:

M1 — 137 1 _23
2 24 2 24
ml = mil =
J J
_13 2 —23 23
L 24 3 24 12
M1 _ 197 1 _5
1T __ 24 v _ 2
my; = my; =
_19 2 -5 L
L 24 3 24 12

Proof. We check that the roots a2 and 112 satisfy condition A, while the
rest condition B.
We check that the reflections send one m;;-matrix to the other. O

Corollary 7.15. By formula for rank 2, we have that the central charge of

. 7826
the system is —*55=.

Proposition 7.16. Truncation and Serre relations always hold, by lemma[3.4

Heckenberger row 14

This case of table 1 in [Hec05] is described by two diagrams:

¢ ¢ (2 ¢
O———0O OoO——0O
I II

where ¢ € Ry and with respectively simple roots:

I: {al,ag} II : {0[127 —Ckz}.
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The associate Cartan matrices are:

The set of positive roots is {a1, a2, a12, 0112, 1112, X1111222, X11122, Q11111222 }
where a7, 12,112 and aji122 are only g-Cartan while the others are only ¢-
truncation.

Proposition 7.17. The following m;; matrices are realising solutions of the
giwen braiding and its reflections:

3 2
- 1 -2 1

Proof. We check that the roots oy, a2, @112 and aq1129 satisfy condition A,
while the others satisfy condition B.
We check that the reflections send one m;;-matrix to the other. O

Corollary 7.18. By formula for rank 2, we have that the central charge of
the system is —364.

Proposition 7.19. Truncation and Serre relations always hold, by lemma[3.4)

Heckenberger row 17

This case of table 1 in [Hec05] is described by two diagrams:

¢ = —1 (¢ 1
O——0 O——0
I I

where ¢ € R7 and with respectively simple roots:
I:{oq, a0} II: {aq2, —as}.

The associate Cartan matrices are:

The set of positive roots is

{ah o, (12, X112, X1112, X11122, X1111222, X111112222, X111111122222;

(11111222, ®¥1111111122222; 011111112222}

where {al, 12,1112, (11122, 1111222, 0411111222} are only q—Cartan while the oth-
ers are only g-truncation.
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Proposition 7.20. The following m;; matrices are realising solutions of the
given braiding and its reflections:

6  _39 2 _5
14 14 14 14
ml = mil =
J ij
-9 1 _5 1
14 14

P?”OOf. We check that the roots {041, x12,(X112, 11122, ®1111222, 0511111222} satisfy
condition A7 while the others satisfy condition B.
We check that the reflections send one m;;-matrix to the other. O

Corollary 7.21. By formula for rank 2, we have that the central charge of
the system is —962.

Proposition 7.22. Truncation and Serre relations always hold, by lemma[3.4).

7.2 Classification: rank 2
In this section we are going to prove the following

Theorem 7.23. For all finite dimensional diagonal Nichols algebras of rank =
2, all my; matrices which are realising solutions of the given braiding are the

ones constructed in sections [, [0 or[71]

In order to prove it, we are going to go through table 1 in [Hec05], see
which roots are g-truncation, g-Cartan and compute for every diagram the cor-
responding m;;. We will see that for every case, the m;; match with one of
the constructed in the previous sections, and that there are no other possible
solutions.

To prove this result we will need the following tools:
Proposition 7.24. We consider a diagram
Qi 49ij495i 4jj
Oo——O

where we assume that both {a;, o} are g-truncation, and apply a reflection R!
around the root o

R": o — —qy
aj — o

arriving to a new diagram with simple roots {—c;, a = a; — a;;04}.
We have:
1. if B is m-truncation then
A4 1 1

Cl-ay oag(l—ag—)  ay(l—ag)

mij

(10)

2. if B is m-Cartan then

mij =

(11)
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Proof. Since {a;, o} are only g-truncation, thus m-truncation, we have the

relations

2 2
m;; = .
73 1 — (Ij,j

mi; =
1— aij

1. If B is m-truncation then mgg =

TEr— But for definition of 8 we have:

mgg = Mj; — 2aijmij + a?jmii.
Gathering all the information together we get:

2 2
= — Qaijmij +a

= 2
1-— ag,—q 1-— Qjq

Ul — aij

and from this the final result.

2. This case is completely analogous, with the only difference that g is m-

Cartan and thus mgg = n;z = we will then have:
2mg. _; o 2aij(%)
mgg = =t = g 4t
apg; apg; apg;
2 2
mgg = — 2a;;m;; +aj; ——.
=71 aj; ij1Thij 1= a

The two equations together give the thesis.

Analogously:
Proposition 7.25. We consider a diagram
Qi 9ij95i 955
O——O
where we assume that {c, o} are the first g-Cartan and the latter g-truncation.

We apply a reflection around the q-truncation root o,

J. . o
R aj — —Q;
o — 3

arriving to a new diagram associated to the roots: {8 = a; — aj;a5, —aj}. We
have:

1. if B is m-truncation then

m;; = dij I (12)
1-— aijaji 1— a@),j 1-— iji

2. if B is m-Cartan then

G595 ajiag,—j — 2
m” = .

L—aji ajiaijap,—j —ap,—j — ai
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Heckenberger row 2

We have d = 1 and then 1 = {5 = m. Therefore ¢ # 2 and since a;; = —1
we have the following:

If £ > 4 or £ = 3 then by classification lemma we get a unique solution,
presented in section [5| Heckenberger row 2.

If ¢ = 4 then ¢;; = ¢> = —1 and the roots are both g-Cartan and g-truncation:

e If both are m-Cartan, we find a unique solution, by lemma [5.6] presented
in section [5| Heckenberger row 2, in the limit case ¢ = —1.

e If one of the two is m-truncation, we find a unique solution, presented in
section @ Heckenberger row 3, in the limit case ¢> = —1. This result is a
consequence of lemma |6.15

1 2
2
e If both are only m-truncation we recognize the matrix which
_ %’ 1
is the other Weyl chamber in example

Heckenberger row 3

We have d = 1 and then ¢; = V5 = m. Therefore ¢ # 2 and since a12 = —1
we have the following:

If £ > 4 or £ = 3 then by classification lemma we get a unique solution,
presented in section [6] case Heckenberger row 3.

If £ =4, oy is both ¢g-Cartan and g-truncation.

e If it is m-Cartan, we find again the unique solution presented in section [f]

Heckenberger row 3, in the limit case g2 = —1. This result is a consequence
of lemma [6.15
1 P
e If it is m-truncation we recognize again the matrix which is
Y
2

the other Weyl chamber in example

Heckenberger row 4

We have d = dy = 2 and then ¢; = m, by = m. Moreover £ # 2,4,
because ¢ # %1, and since a1» = —2, a1 = —1 we have the following:

If £ > 8 or £ = 5,7 then by classification lemma we get a unique solution,
presented in section [5| Heckenberger row 4.

If ¢ = 8 then the long root as is both ¢-Cartan and g-truncation, while «; is
only ¢-Cartan.

e If as is m-Cartan, we find again the unique solution presented in section

Heckenberger row 4, by lemma 5.6

e If oy is m-truncation, we find the unique solution presented in section [G]
Heckenberger row 5, in the limit case ¢? = i, by lemma

If £ = 3,6 then the short root a; is both ¢g-Cartan and g¢-truncation, while as is
only ¢-Cartan.
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e If a; is m-Cartan, we find a unique solution, presented in section [5| Heck-
enberger row 4, again thanks to lemma [5.6

e If a is m-truncation, we find a family of solution, presented in section|7.1
Heckenberger row 6, up to rescaling. The uniqueness follows from lemma

as observed in remark [7.4]

Heckenberger row 5

We have d = 1 and then ¢; = m. Moreover ¢ # 2,4, because ¢? # +1, and
since a12 = —2 we have the following:

If £ > 6 or £ =5 then by classification lemma [6.15] we get a unique solution,
presented in section [6] Heckenberger row 5.
If £ = 3,6 then the bosonic root «; is both g-Cartan and ¢-truncation.

e If oy is m-Cartan, we find again the unique solution presented in section
[l Heckenberger row 5, by lemma

2
2 —2r
3
o If o is m-truncation, we recognize the matrix of remark
—2r 1
which is a solution only for r = %
Heckenberger row 6
We have d = 1 and then £y = —£— . Moreover £ # 2, 3,6, because ¢ # 1,¢, (2,

gde(€,2) "
with ( € R3. Since a2 = —1 we have the following:
If £ > 6 or £ = 5 then by classification lemma we get a unique solution,
presented in section Heckenberger row 6 (see remark .

If ¢ = 4 then the root as is both ¢g-Cartan and ¢-truncation.

e If as is m-Cartan, we find again the unique solution presented in section
[7.1] Heckenberger row 6, by lemma

2

e If ay is m-truncation, we recognize the matrix of remark (7.2
which is a solution only for r = %

Heckenberger row 7

We apply formula to the reflection R' and R?, since the simple roots a;

and ao as well as the ones after reflections are only ¢-truncation and thus m-

truncation. From the first reflection we obtain mis = —%, while from the latter
1

miz = —5. Since these results don’t match, it means that there is no possible

formulation of the Nichols Algebra braiding in terms of the m;; matrix.

Remark 7.26. We have ¢-truncation roots oy, o;, with ¢ = ¢, ¢j; = ¢t
both third roots of unity and it is not possible to realise both of them with
mi; = mj; = 2. This is another way to see that this case is not realisable.
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Heckenberger row 8

We apply formula to the reflections R! and R2, since the simple roots o
and as as well as the ones after reflections are only ¢-truncation and thus m-
truncation. From the first reflection we obtain mis = f%, while from the latter
mig = —1—72. Since these results don’t match, it means that there is no possible
formulation of the Nichols Algebra braiding in terms of the m;; matrix.

Heckenberger row 9

We apply formula to the reflection R or R?, since the simple roots o
and as as well as the ones after reflections are only g-truncation and thus m-

truncation. The resulting mi2 shows that this is the m;; appearing in section
This is thus the only possible solution.

Heckenberger row 10

We apply formula to the reflection R?, since the simple root «a; is only
g-Cartan and thus m-Cartan, while ao as well as the ones after reflections are
only g-truncation and thus m-truncation. The resulting mqo shows that this is
the m;; appearing in section This is thus the only possible solution.

Heckenberger row 11

We have d = dy = 3 and then ¢; = m, by = m. Moreover £ # 2,3,4,6

because ¢2 # £1, ¢> € R3. Since a12 = —3 and as; = —1 we have the following:
If¢ >120r £ =5,7,9,10,11 then by classification lemma we get a unique
solution, presented in section [5| Heckenberger row 11.

If £ = 12 then the root «y is both ¢-Cartan and g-truncation, while the root ay
is only ¢-Cartan.

e If oy is m-Cartan, we find again the unique solution presented in section
Heckenberger row 11, by lemma 5.6

2r  —3r
o If g is m-truncation, we recognize the matrix of remark
—3r 1

which is a solution only for r = %.

If £ = 8 then the root a; is both ¢g-Cartan and g-truncation, while the root as
is only g-Cartan.

e If oy is m-Cartan, we find again the unique solution presented in section
Heckenberger row 11, by lemma [5.6

i =3
e If a; is m-truncation, we recognize the matrix of remark
—3r  6r

which is a solution only for r = %.
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Heckenberger row 12

We apply formula to the reflections R', since the simple roots o as well as
the ones after reflections are only g-truncation and thus m-truncation, while ay
is only ¢g-Cartan, and thus m-Cartan. The result is miy = f%, which matches
with the one of section [T.1l

Heckenberger row 13

We apply formula to the reflection R' or R?, since the simple roots o
and ao as well as the ones after reflections are only ¢-truncation and thus m-
truncation. The resulting mi2 shows that this is the m;; appearing in section

This is thus the only possible solution.

Heckenberger row 14

We apply formula to the reflections R?, since the simple roots o as well as
the ones after reflections are only g-Cartan and thus m-Cartan, while a5 is only
g-truncation, and thus m-truncation. The result is mis = f%, which matches
with the one of section [.1]

Heckenberger row 15

We apply formula to the reflections R' and to R? since the simple
roots a1 and ag as well as the ones after R! are only g-truncation and thus
m-truncation, while the ones after R? are only ¢-Cartan, and thus m-Cartan.
From the first reflection we obtain mio = —%, while from the latter mis = —%.
Since these results don’t match, it means that there is no possible formulation

of the Nichols Algebra braiding in terms of the m;; matrix.

Heckenberger row 16

The root oy is g-Cartan so we can’t start with the system of simple roots aj,
ag if we want to compare the results of the reflections around them. We then
start with the simple roots a125 and —as which are only g-truncation and thus
m-truncation. After reflection R'??2 we obtain a only g-Cartan, and thus m-
Cartan, simple root. While after reflection R? we obtain a only g-truncation,
and thus m-truncation, simple root. We then apply to R'22 and to
R? obtaining to different results. Hence there is no possible formulation of the
Nichols Algebra braiding in terms of the m;; matrix.

Heckenberger row 17

We apply formula to the reflections R?, since the simple roots ay as well as
the ones after reflections are only g-truncation and thus m-truncation, while ay
is only g-Cartan, and thus m-Cartan. The result is mys = —1—54, which matches

with the one of section [T.1]
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8 Rank 3

We now rise the rank by one and construct all m;;-matrices which realise finite
dimensional diagonal Nichols algebras of rank 3, listed in table 2 of [Hec05].

For Cartan type we will refer to the study of section ] For super Lie type
we will explicitly compute the realising solutions.
For the other cases, we will see that the m;; matrices are completely fixed by
the lower rank: this will imply uniqueness of the solution and make it not just
a construction result but also a classification one.

In particular for these latter cases we will proceed as follows:

e Given a ¢g-diagram in rank 3, we will consider it as two rank 2 g-diagrams
joined in the middle node. We will then associate to both sides the m;;-
matrices realising them, found in the rank 2 study. For these m;;-matrices
to be compatible, some restriction on the parameter of which they depend
will possibly appear.

e We will then reflect the ¢g-diagram on its g-truncation roots and proceed
again as in the first point for the new diagram.
We reflect until we arrive not just to an already found ¢-diagram, but also
when the m;; realisation is repeated (the m;; matrix can be different also
if associated to the same g-diagram).

e We will then have to make sure that all the conditions found on the param-
eters are compatible and acceptable, in order for the rank 3 m;;-matrices
to be realising solutions.

The g-diagrams and the associated realising solutions are listed in table [2| of
the Appendix.
Heckenberger row 1

This case belongs to the Cartan section. In particular it corresponds to the Lie
algebras Az and it is described by the following ¢-diagram with corresponding
m;; solution:

¢ % ¢ q¢? ¢
O O O
2r =2r 2r —2r 2r

Remark 8.1. When ¢? € R the roots are both ¢-Cartan and ¢-truncation and
the ¢-diagram reads

-1 -1 -1 -1 -1
@ O O

We have the following extra solutions:
— When «; is m-truncation and as, a3 are m-Cartan we find

-1 -1 -1 -1 -1
O O O
1 —2r 2r —2r 2r
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which is one chamber of the Lie superalgebra A(2,0) described in Heck-
enberger row 4.

— When a1, as are m-truncation and as is m-Cartan we find

-1 -1 -1 -1 -1
O O
1 7! 1 —-2r 2r
which is a m-solution just for r = % and ' = —1. But for these values of

r,r’ the roots a1, g are also m-Cartan and thus this is not a new solution.

— When as is m-truncation and aq, az are m-Cartan we find

-1 -1 -1 -1 -1
O
2r" —2r'

This is a solution either for v/ = % for which we end up again in the
previous point, or for v = 1 — 7", which gives us one chamber of the Lie
superalgebra A(1,1) described in Heckenberger row 8.

— When a1, as are m-truncation and «» is m-Cartan we find

-1 -1 -1 -1 -1
O O O
1 —2r 2r —2r 1

which is another chamber of the Lie superalgebra A(1,1) described in
Heckenberger row 8.

— When the roots are all m-truncation we find

-1 -1 -1 -1 -1

O O O

T 1 o 1
This is a solution either for r' = —r” — 2 which is again a chamber of the
Lie superalgebra A(1,1), or for v/ =" = —1 for which the roots are also

m-Cartan and thus does not give a new solution.

Heckenberger row 2

This case belongs to the Cartan section. In particular it corresponds to the Lie
algebras Bz and it is described by the following ¢-diagram with corresponding
m,; solution:

@ at ¢ ot ¢
O O o
4dr —4r 4r —4r 2r

Remark 8.2. When ¢? € Ry the roots o, ap are both g-Cartan and ¢-truncation
and the g-diagram reads
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-1 -1 -1 -1 4
O O O

For all the possible combinations of m-truncation and m-Cartan roots, no new
solution is found. In some cases we find the Lie superalgebra B(2,1) described
in Heckenberger row 5.

Remark 8.3. When ¢? € R3 the root a3 is both g-Cartan and ¢-truncation and
the ¢-diagram reads

¢ ¢ ¢
o 3

with ¢ € R3. The case when it is m-truncation is a solution only for r = % for
which the root is also m-Cartan and thus does not give a new solution.
Heckenberger row 3

This case belongs to the Cartan section. In particular it corresponds to the Lie
algebras C'5 and it is described by the following ¢-diagram with corresponding
m,; solution:

¢ ¢ ¢
O O 0
2r =2r 2r —4r 4r

Remark 8.4. If ¢ € R4, o is both ¢-Cartan and g-truncation and the g-diagram
reads

&
2r —=2r 2r —4r

=

The case when it is m-truncation is a solution iff r = i for which it is actually
also m-Cartan. So this is not a new solution.

Heckenberger row 4

Row 4 of table 2 in [Hec05] corresponds to the Lie superalgebra A(2,0).
The simple roots in the standard chamber are {aq = ay, a2, @3}. We then have
just a bosonic part g’. The inner products is given by:

0 -1 0
(Oéi, Oéj) = -1 2 —1
0o -1 2
and therefore:
-1 q¢?% ¢ ¢ ¢
O O O
1 —2r 2r —2r 2r

Reflecting around «; we find the following

B N
O O O
1-242r1 —2r 2r

Reflecting around the second root we find a symmetric result.
The roots satisfy condition Vr and therefore this m;; is a realising solution.
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Heckenberger row 5

Row 5 of table 2 in [Hec05] corresponds to the Lie superalgebra B(2,1).
The simple roots in the standard chamber are {aq = a, a2, @3}. We then have
just a bosonic part g’. The inner products is given by:

0 -2 0
(i) =[-2 4 =2
0o -2 2
and therefore:
B e
O O O
1 —4r 4r —4r 2r

Reflecting around oy we find the following

1 ¢ —1 gt @
O O O
1-24+4r1 —4r 2r

and after another reflection around the second root we find the following

at -1 ¢ —q?

O O
—4r 1-2+4r1-2r

LSO

The roots satisfy condition Vr and therefore this m;; is a realising solu-
tion.

Remark 8.5. If ¢ € R4 then the root as is both ¢g-Cartan and g-truncation.
This case has been already studied in details in Heckenberger row 2 remark [8.2]

Remark 8.6. If ¢ € R3 then the root as is both ¢g-Cartan and g-truncation.
When it is m-truncation we get:

-1 ¢ ¢ ¢ ¢
(@, O Q
1 —4r 4r —4r %

This is a solution iff » = % But for this value of r, ag is also m-Cartan and
thus this is not a new solution.

Heckenberger row 6

Row 6 of table 2 in [Hec05] corresponds to the Lie superalgebra C(3).
The simple roots in the standard chamber are {a; = oy, 0, az}. We then have
just a bosonic part g’. The inner products is given by:

0 -1 0
(Oéz',Oéj) = — —1 2 —2
0o -2 4

and therefore:
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1 q2 @ ¢t ¢
(@, O O
1 —2r 2r —4r A4r
Reflecting around «; we find the following
-1 ¢ -1 ¢* ¢
O O O
1-24+2r1 —4r A4r

Reflecting around a2 we find the following

The roots satisfy condition Vr and therefore this m;; is a realising solu-
tion.

Remark 8.7. If ¢> € R4, oz is both ¢-Cartan and g-truncation. When it is
m-~truncation we find

-1
—4r

—i
—2r

O L
%D()s.
e ®) L

This is a solution iff r = %. But for this value of r, as is also m-Cartan and
thus this is not a new solution.

Remark 8.8. The simple roots in the standard chamber can be expressed ac-
cording to [Kac77] by

Oélzaf:€17($1, 042:(51752 013:252.

Heckenberger row 7
Row 7 of table 2 in [Hec05] corresponds to the Lie superalgebra G(3) and it has
been already explicitly treated as sporadic case of super Lie type in section
Heckenberger row 8

Row 8 of table 2 in [Hec05] corresponds to the Lie superalgebra A(1,1).
The simple roots in the standard chamber are {a1, as = ay, asz}. We then
have two bosonic parts g’ and g”. The inner products is given by:

2 -1 0
(ai,aj) = -1 0 -1
0 -1 2

and therefore:

57



Reflecting around as we find the following

-1 ¢ -1 q2% -1
O I o)
1242124271

Other reflections give different m;; matrices as shown in table 2 However,
exception (4) of lemma already appears. Indeed to the latter diagram is
associated the following:

1 14+ =147 4"
micj = 1+ 1 147"
—14+r" 4" 14" 1

We then have to ask m{; = 0, i.e. 7/ +7” = 1. In this case these m;; matrices
are realising solution.

Remark 8.9. The simple roots in the standard chamber can be expressed ac-
cording to [KacTT] by

a)p =€ —€, Qp=ap =€ —0], az=0 —0,

with vectors ¢; generating g’ and §; generating g”.

Heckenberger row 9-10-11

Rows 9,10,11 of table 2 in [Hec05] correspond to the Lie superalgebra D(2,1; «)
and it has been already explicitly treated as sporadic case of super Lie type in
section

Heckenberger row 12

The first diagram is a composition of the diagrams of rank 2: #2 with ¢ = —¢~!
and #6 with ¢ = —¢ ™1, with ¢ € R3.

|
3
AN

|
o~

|
O
AN

|
o~
O

o
ﬁ\
\
Do
ﬁ\
I

For them to be joint in the middle circle we find ' = r"” =: r.
The only g-truncation root is the third. Reflecting on it we find the same
diagram and as matching condition 2r = % —2r,le. r= % But ¢ = €™ € Rg.
So this case is not realisable.

58



Heckenberger row 13

This case has two sub cases: ( € R3 and ( € R¢ and diagram:
¢ ¢ ¢?
O O O

0 —o' 2
2r’" —4r" 1

1. Suppose ¢ € R3. The first diagram is a composition of the diagrams of
rank 2: #2 with ¢ = ( and #5 with ¢ = . For them to be joint in the
middle circle we find ' =" =: r.

The only g-truncation root is the third. Reflecting on it we find a diagram
composition of #4 with ¢ = —(~! and #5 with ¢ = (. As matching
condition we find r = —2r+1, i.e. r = % which is an acceptable condition.

This case is thus realisable by the unique solution with parameter r = %

2. Suppose ( € Rg. We proceed analogously, but after reflecting around
the third root we find a diagram which is composition of #6 with ¢ = ¢
and #5 with ¢ = (. The condition now is r = % which is an acceptable
condition.

This case is thus realisable by the unique solution with parameter r = %.

Heckenberger row 14
This case is not realisable, since one of the diagrams contains diagram #7 of
rank 2 which is on turn not realisable.

Heckenberger row 15

The first diagram is a composition of the diagrams of rank 2: #3 with ¢ = (
and #5 with ¢ = (, where ( € R3.
-1 ¢t ¢ ¢ -1
O O O
1 27" 27/
2r' —4y" 1

For them to be joint in the middle circle we find ' = r"” =: r.
After the reflections around R'™ o R! we find the condition r = % which is
acceptable and gives a unique realisable solution.

Heckenberger row 16

The first diagram is a composition of the diagrams of rank 2: #3 with ¢ = ¢
and #6 with ¢ = —(, where ( € Rs.

-1 ¢ ¢ =t ¢
O O O
1 —2¢" 2o/

2
3

=2r" 2r"

For them to be joint in the middle circle we find 7/ = 1.

After reflecting on the second root we find the condition r”" = %.

This case is thus realisable by the unique solution with parameters r’ = % and
" 5

=3
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Heckenberger row 17
This case is not realisable, since one of the diagrams contains diagram #7 of
rank 2 which is on turn not realisable.
Heckenberger row 18
The first diagram is a composition of the diagrams of rank 2: #2 with ¢ = (
and #6 with ¢ = ¢, with ( € Ro.
¢ ¢to¢octe?
O O O
2r" =27 2r'
2r" =2 2
3

For them to be joint in the middle circle we find ' = r"” =: r.
The only g¢-truncation root is the third. Reflecting on it we find the same
8

diagram and as matching condition r = —% +2r,ie. r=g.

This case is thus realisable by the unique solution with parameter r = %.

9 Rank >14

The construction of all m;;-matrices, which realise finite dimensional diagonal
Nichols algebras of rank > 4 can be obtained directly from rank 3. Namely,
for a given g-diagram one has to combine in a coherent way the m;; for some
overlapping subdiagrams. It is indeed enough to know rank 3 because the effect
of a reflection R* on a pair of roots oy, o; and g;5, m;; only depends on the
rank 3 subdiagram o, o, oy.

10 Tables: realising lattices of Nichols algebras
in rank 2 and 3

We now list from [Hec05] all finite-dimensional diagonal Nichols algebras in rank
2 and 3 in terms of their ¢-diagrams, and below each of them we display the
corresponding realising lattice in terms of m;;-diagrams, such that ¢;; = i
and the reflection compatibility [5] holds.

The numbers of the rows are Heckenberger’s numbering, but sometimes we
subdivide the cases, e.g. 2/, 2”. Note that we display the Nichols algebras
associated to quantum groups as Heckenberger, in contrast to the notation used
for quantum groups and used in section [5} [6] which means that there is an
additional 2 factor in the g-exponent missing.



Table 1: Realisation of finite dimensional diagonal Nichols algebras of rank 2.

row | Braiding Conditions
-1 -1 -1
O——O
o r -r.r One solution according to Ag (see 2").
-1 -1 -1 -1 -1 -1
o——o0 5O
rol Lo=2+7r1 One solution according to A(1,0) (see 3).
¢ a' ¢
Oo——0O
2" T -rr q# +1 Cartan, A,
—1
q q -1 -1 q -1
O — O O 5
3 r T 1 =2Ard q#=+1 Super Lie, A(1,0)
7 -1 -1
Oo——0
, oo . One solution according to Bs (see 4').
4 1€ Ry
9 -1 -1 7 -1 -1
P o T rfi2t2r0
Tl —rdle2Aar 1 One solution according to B(1,1) (see 5).
¢ ¢!
4 —2r 2r CeRr One solution according to By (see 4”).
3
¢ ¢ ¢ o< -
C2> 2r 20 20 819 80
2 - r 2 —3+2rs_9p
3 3 3 s 7 One solution according to 6.
¢ 9 ¢
" r —2r 2r
4 q# *1, ¢ € R3, R4 | Cartan, Bo
¢ q¢? -1 —¢' ¢ -1
¥ 2 $ 1 < 242
5 A ¢# £l g¢ Ry Super Lie, B(1,1)
¢ ' ¢ ¢ ¢le gt
O O O O
2 =T T 2 _38 +7r § —r )
6 3 3 3 3 <¢R37q7é1,<,<
S = T S S
7 O @ O (eRs No solution
N S S G B G G |
O O O O O O
_CS C 1 _4-3 _C—l_l
8 O O O O CE€Ro No solution




¢ ¢ ¢ ¢ ¢ -1 ¢t ¢
@; O O O O——0O
2 7 2 % _3 1 I 1
9 3 6 3 3 2 6 2 CE€Rp
¢ ¢ ¢ ¢t a0 ¢ ¢ -1
O O O O O——O
5 _10 2 7o_14 I _41
10 9 9 3 3 9 9 9 CERQ
g ¢° ¢
O———O
1| v I 9 q ¢ Rs, q# £1 Cartan, G4
¢ ¢ o¢cto¢ ¢t a1 ¢ ¢
O—0O O——O
I _7 1 I _5 I _3
12 2 4 4 2 4 4 4 CERS
gt e oo
I _138 2 T _23 2
2 12 3 2 12 12
N Y S
2 19 1 1 5 1
13 3 12 12 12 CERm
¢ ¢ -1 7P
O——O O——O
P 6 T 4
uls 51 S C(E€Rs
¢ P -1 =P
O O O O
_C72 CS -1 _472_ -3 -1 )
15 O O O ¢ € Rag No solution
¢ —¢3 ¢ B3¢t ¢
O O O O
¢ = -1 ¢ ¢
16| O O O CE€Ris No solution
¢ —(? -1 —¢? ¢ -1
? s 9 9 5 O
17 14 -7 1 14 7 1 C€R7




Table 2: Realisation of finite dimensional diagonal Nichols algebras of rank 3.

row | Braiding Conditions
-1 -1 -1 -1 -1
oo o b One solution according to Asz (see 1”).
v -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
C1> -r T —r 9 C1> 1 —r 9
—2+r One solution according to A(2,0) (see 4).
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
O O O O
T 1 —24r2-7 1 ,_o9 1 —r I
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1
<1> r T r <1> 1O 2 1
- - —r
—24r —24r One solution according to A(1,1) (see 8).
¢ ' g ¢' ¢
1” oo oo 7 q#+1 Cartan, As
-1 -1 =1 -1 34
, 2r =2r 2r —2r 7 ) One solution according to Bs (see 2”).
2 i€ Ry
-1 -1 -1 -1 4 -1 -1 -1 -1 34
O O O
I —2r 2r 20 T 1 _949,1 =20 T
-1 -1 -1 -1
Zro=2r 1-242r —r+l One solution according to B(2,1) (see 5).
¢ a? ¢ q* ¢
1 2r —=2r 2r —2r T q # +1, . :
2 LRy Cartan, Bg
¢ ¢' ¢ ¢* ¢
9
3 roor 7o 2 q# +1 Cartan, C3
-1q¢" ¢ ¢' ¢ -1 4 -1q¢' g
<1> -r T —r P 1 I -r &
4 —2+r q#+1 Super Lie, A(2,0)
-1 q?% ¢ q¢% ¢ -1 2 -14q° ¢
O O O
I =2r 2r —2r T 1 9491 =20 T
¢ ¢ -1 ¢ —q¢!
2r =2r 1-242r —r+1 q # +1, .
5 1Ry Super Lie, B(2,1)
-1q¢' q¢ ¢ ¢
1 —-r T =2r 2r
-1 ¢ -14q?° ¢
1 2471 —-2r 2r
6 q# +1 Super Lie, C(3)




-1 -3 3
-1¢° ¢ ¢° g
— T _ ‘
1 r 3r 3r /3
-1 ¢ -1 q¢*% ¢
1 2471 =3r 3r
¢ ¢® -1 ¢ —q!
7 3r —=3r 1-2+42r 1-7r ‘{]é%ls’ Super Lie, G(3)
¢ ¢' -1 ¢ ¢' -1 4 -1 q"' -1
O O @ O
r—r 1-24r2-r 1 ,_o 1 —-r 1
-1 q¢' ¢ ¢' -1 -1 q¢ ¢! q¢ -1
I —r 7 —r 1 1O 2—r Ol
8 “2+r “2+r q# +1 Super Lie, A(1,1)
q/ (q/)—l 1 (q//)—l q//
O——O0—O
oy 1 -~
q - q
O—O—O ! 1 "
o o " ,q 1, .
9,10,11 | " ' ! " " q//q// ! ///5‘é " | Super Lie, D(2, La ), ¢/ 47" +1" =2
q¢-q -qg° =1
¢ =t —¢ ¢
12 (E€eRs No solution.
U T e S G
O———O——O O——O———O
Y _2 2 _1 1 2 _z I _2 I
13/ 3 3 3 3 3 3 3 3 CERs ”‘:é
C ¢t ¢t ¢t
O——O——O O———O——O
2 2 2 _4 1 2 2 2 _4 1
6 6 6 6 6 6 3 3
¢ ¢t
O——O——O
T 2 _4 ]
13" 3 3 3 3 Ce RG r ,é
-1 —¢-¢C'—¢ ¢ -—1-¢C'-1 ¢ ¢
O
,C*l - -1 7<71 <71
14 (E€Rs No solution.




5 ¢t ¢ ¢ —Ol
1 -2 2 _4 1
-1 ¢ -1 ¢ -1
@ O
1 _% 1 _% 1
61 ¢Ct—=¢t¢tt
T 2 7 2 ¢
3 3 3 CG Rs|r= %
S ¢t ¢ ¢! —OC
1 _2 2 _5 5
3 3 3 3
oL ¢ -t =<
1 4 1 _5 g
3 3 3
¢ -1 —-1-¢*t— ¢ —
7 5 8 Y 5 5 5 %
3 3 3 3 3 3 : _5
3 3 CE Rs|r= B

oL

ol

oL

¢ € R3 | No solution.

o350

CERy | T=

foloo
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