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Sheaves of Higher Categories and
Presentations of Smooth Field Theories

Severin Bunk

Abstract

We study the extension of higher presheaves on a category € to its free cocompletion C. Here, higher
presheaves take values in co-categories of (oo, n)-categories, for any n € Ny. We first observe that
any pretopology on € induces a pretopology of generalised coverings on €. Our main result is
that the oo-categorical right Kan extension along the Yoneda embedding Y: € — e preserves the
descent property: given a pretopology on C, any higher sheaf on € extends to a higher sheaf on
€ with the induced pretopology. Our proofs are performed using model categorical presentations
of the relevant oco-categories. We then present two applications of the main result in geometry
and topology: first, we prove a descent property for smooth vector bundles on diffeological spaces.
Diffeological spaces form a categorically well-behaved generalisation of manifolds, which includes
many infinite-dimensional spaces. Our second application is to smooth bordism-type field theories
on a manifold. Here, in contrast to TQFTs, diffeomorphism groups do not generally act through
mapping class groups, and the smooth structure of diffeomorphism groups becomes relevant. We
show how incorporating these data allows to construct smooth field theories on a manifold from

generators and relations.
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1 Introduction and main results

1.1 Descent properties and extension of higher sheaves

Local-to-global properties are ubiquitous in topology, geometry, and quantum field theory. The proto-
typical example of a local-to-global, or descent, property is the gluing of local sections of a sheaf: given
a manifold M with an open covering {U; };cs, then global sections of a sheaf F on M are in bijection
with families {f; € F(U;)}ies such that fi|Uij = fj\Uij for all 4,5 € I, with U;; = U; N Uj.

However, sheaves are not sufficient to describe all geometric structures on manifolds. For example,
principal G-bundles, for any Lie group G, do not glue in this sense: they form a sheaf valued in
groupoids rather than a sheaf valued in sets. While the theory of sheaves of groupoids is much richer
than that of sheaves of sets, it is still not sufficient in order to describe generic geometric structures.
For instance, in the works of Schreiber [Sch13|, n-gerbes are described as sections of certain sheaves of
n-groupoids, for any n € N. In order to obtain a unified framework for sheaves of n-groupoids for all
n € N, one passes to sheaves of oco-groupoids. These form an oco-topos H [Lur09] which is presented
by various model categories of simplicial presheaves [Lur09, Sch13]. Here we work with the following
presentation: for a small category €, let Ho, = (Setn)®” be the category of simplicial presheaves on
C, endowed with the projective model structure. Then, H is the underlying co-category of H,

Let Mfd denote the category of smooth manifolds and smooth maps. Our prime example in this
paper is the case € = Cart, where Cart is the full subcategory of Mfd on the cartesian spaces [Sch13|,
i.e. those manifolds diffeomorphic to R™, for any n € Ny. It is an important (well-known) observation
that sheaves of oo-groupoids on Cart allow to describe geometric structures not just on objects of
Cart, but on all manifolds [Sch13]. This is achieved as follows: given a presheaf F' of oo-groupoids on
Cart and a manifold M, one defines the co-groupoid of (derived) sections of F' on M as the mapping
space H (QM,F). Here, M is the presheaf on Cart associated to M, the functor @ is a cofibrant
replacement in H,, and H_(—, —) denotes the Setp-valued hom functor in Hy,. If F' is the higher
presheaf on cartesian spaces which describes G-bundles or n-gerbes, for instance, then the Kan complex
H.(QM, F) is the oco-groupoid of G-bundles or n-gerbes on M, respectively.

In the present paper, we study the above observation systematically. We first note that we could
have used any presheaf on Cart in place of M. More generally, let C be a generlc small category and
let C denote its category of presheaves. For F € fHoo, mapping each X € € to the simplicial set

«(QX, F) defines a simplicial presheaf S?oF on €', we thus obtain a functor

S2:Ho — Hooy,  Fr— H o (Q(—), F) (1.1)

from the projective model category H,, of simplicial presheaves on C to the projective model category
ﬂfCoo of simplicial presheaves on C. (One needs to take some care in order to avoid set-theoretical issues
here — in the main text we achieve this by working with a nested pair of Grothendieck universes — but
in this introduction we swipe such issues under the rug.)

Throughout the paper, we use a particularly nice choice for the cofibrant replacement functor @)
in Hs (as introduced in [Dug01]) and construct homotopy (co)limits in terms of (co)bar construc-
tions [Rield]. For F € H, fibrant, this allows us to identify SQF: P — Setp as the homotopy right
Kan extension of F' along the Yoneda embedding Y°P: C°P — eop (Proposition 3.9). Consequently, on
the underlying oo-categories of H, and ﬂfCoo, the functor SCC;?O is nothing but the oco-categorical right
Kan extension along the Yoneda embedding.



Our main motivation for studying sheaves of higher categories arises from field theory, and in
particular from the study of so-called smooth functorial field theories (FFTs) on a manifold M [BW19,
ST11] (see also Section 1.3). In such an FFT, objects and morphisms in the bordism category carry
smooth maps to M, and one keeps track of smooth variations of these maps; this is achieved by
constructing the bordism category as a presheaf of (higher) categories on Cart. Correspondingly, also
the targets of smooth FFTs should be presheaves of higher categories on Cart. In order to relate smooth
FFTs on M to geometric structures on M, however, one needs to consider targets which satisfy descent.

Therefore, we set up a theory of sheaves of (oo, n)-categories for any n € Ny, similarly to [Bar05,
Sec. 3.2]. We start by considering presheaves valued in an oco-category of (oo, n)-categories. The oo-
category of such presheaves is modelled by the projective model category Hy, ,, of functors CP — €88,,,
where C88,, is the (injective) model category of complete Segal spaces. Analogously, we let U/%oo,n denote

the projective model category of C88,,-valued presheaves on C.

We observe that for any Grothendieck pretopology 7 on € there is an induced Grothendieck pre-
topology 7 on C: its coverings are the 7-local epimorphisms, also called generalised coverings [DHIO4],
which are defined as follows. Let Y: € — € denote the Yoneda embedding of €. A morphism 7: Y — X
in € is a 7-local epimorphism if, for every ¢ € € and every map Y. — X, there exists a covering
{¢i = c}ier in the site (€, 7) such that each composition Y., — Y. — X factors through 7; this is an
abstract way of saying that the morphism 7 has local sections. For instance, the category Cart admits
a pretopology T4eep of differentiably good open coverings (see Example 2.3 for details). A smooth
map 7: M — N between manifolds induces a 7440p-local epimorphism 7: M — N on the associated

presheaves precisely if 7 is a surjective submersion.

Given a Grothendieck pretopology 7 on €, the model category of sheaves of (0o, n)-categories on
the site (C,7) is the C88,-enriched left Bousfield localisation J—flo‘écm of Hoop at the Cech nerves of
coverings in (€, 7). Similarly, we let U/\{(l)%":n denote the €88,,-enriched left Bousfield localisation of UA{OO,”
at the Cech nerves of the 7-local epimorphisms. We extend the functor S9 from (1.1) to a functor

ngo,n: Hoon — UA{oo,n and show:

Theorem 1.2 Let n € Ng, and let € be a U-small category.

(1) For any fibrant objects F € Hoo , the presheaf Sg?o,nff s naturally equivalent to the homotopy right
Kan extension hoRanyor I of I along the Yoneda embedding YP: CP — CP. In particular, Sgom
presents the oo-categorical right Kan extension of presheaves of (00, n)-categories along the Yoneda
embedding on the level of the underlying co-categories.

(2) If (€, 7T) is a Grothendieck site, there is a Quillen adjunction

Trloc ——
ReoQom : }Clo‘éc 1 }Clo‘éc : Sgom.

Thus, if a presheaf F of higher categories on C satisfies T-descent, then Sf;%,n? satisfies T-descent.

This subsumes a result of Nikolaus and Schweigert [NS11|, who proved that presheaves of 2-
groupoids satisfy descent along open coverings of manifolds if and only if they satisfy descent with
respect to surjective submersions. Further, there are results similar in spirit to Theorem 1.2 in [Lurl8,
Prop. 1.1.4.4, Cor. 1.1.4.5]. There, it is shown that the oo-categorical right Kan extension establishes
even an equivalence between the oo-categories of sheaves on a topological space X and sheaves defined
only on elements of a basis for the topology of X. We expect that on the level of oco-categories it
should be possible to find a mutual generalisation of Theorem 1.2 and these results of Lurie’s; this
will be the subject of future work. Here, we work with model categorical presentations throughout



because we aim for our constructions to be directly applicable to problems in field theory, where
explicit models for bordism categories have been constructed as higher Segal spaces in model cate-
gorical language [CS19, SP17|, and where fields are usually written explicitly in terms of simplicial
presheaves [FSS12]. Since all our model categories are simplicial, we readily obtain the corresponding
results on their underlying co-categories.

1.2 Diffeological vector bundles

After proving Theorem 1.2, we present two of its consequences. First, consider the sequence of fully
faithful inclusions

Mfd € Dfg C Cart

of the category of smooth manifolds into the category of diffeological spaces into the category of
presheaves on Cart. Diffeological spaces are a generalisation of manifolds that share many of their ge-
ometric features. In particular, diffeological spaces have an underlying set X and a smooth structure,
defined by specifying which maps ¢ — X from cartesian spaces to X should be called smooth. Diffeo-
logical spaces are useful in describing geometric problems outside the scope of manifolds, such as many
infinite-dimensional geometries, but they also exhibit a better categorical and homotopy-theoretic be-
haviour than manifolds (see, for instance, [BH11, BW18, CW14, Kih19]). The category Dfg carries
a canonical Grothendieck pretopology whose coverings are usually called subductions [1Z13]. A mor-
phism of diffeological spaces is a subduction precisely if its associated morphism of presheaves is a
Tdgop-local epimorphism. Thus, both the sites of manifolds with surjective submersions and the site of
diffeological spaces with subductions form subsites of (@c, Tdgop)-

There exists a notion of vector bundles internal to the category Dfg (see Definition 4.1), which
reproduces smooth vector bundles on manifolds when restricted to the subcategory Mfd C Dfg. How-
ever, a proof that diffeological vector bundles satisfy descent along subductions has so far been missing
in the literature; here we provide such a proof. Diffeological vector bundles form a pseudo-functor
VBunypg, : Difg® — Cat, valued in the 2-category of categories. We first provide a strictification of this
pseudo-functor to a functor VBune, : Dig® — Cat. The latter gives rise to a presheaf N, o VBuneat
of oo-categories on Dfg via Rezk’s classification diagram functor [Rez01]. Finally, we show that
Nyep 0 VBung, is the restriction to Dfg of an object 552071&’ in the image of 552071: .‘Hé%fl — .‘Jffl;cl

loc
co,1?

The desired descent property then follows from the realisation that JF is fibrant in H
Theorem 1.2.

together with

Theorem 1.3 Diffeological vector bundles satisfy descent along subductions.

1.3 Smooth functorial field theories

Our second application is to smooth FFTs on a background manifold M. We are not going to be precise
about what an FFT is, since the main point of the present paper is the development of formalism which
is applicable in much wider contexts; for background on FFTs we refer to [Ati88, Saf]. In its simplest
form, a d-dimensional FFT is a symmetric monoidal functor

Z: Bordy — Vect

from a category of closed, oriented (d—1)-dimensional manifolds and d-dimensional oriented bordisms
to the category of vector spaces. The symmetric monoidal structures are disjoint union and tensor
product, respectively. FFTs of this form are also called topological quantum field theories (TQFTs).



In low dimensions, TQFTs can be studied, and even classified, using presentations of the bordism
category Bord, in terms of generators and relations [Koc04, SP09|. For d = 2, for instance, Bordy is
generated by the circle S' on the level of objects and by cylinder and pair-of-pants bordisms on the level
of morphisms. Since bordisms are taken up to diffeomorphism it follows that (i) there is an action of
Diff  (S!) (orientation-preserving diffeomorphisms) on Z(S') and that (ii) isotopic diffeomorphisms act
by the same automorphism. Thus, the action of Diff ; (S!) on Z(S') is trivial, and one can consistently
set Z(Y) = Z(S') for any oriented 1-manifold Y that is diffeomorphic to S, without specifying such a
diffeomorphism.

Smooth FFTs on a manifold M differ from TQFTs in two key aspects: manifolds and bordisms
additionally carry smooth maps to M, and one keeps track of smooth variations of these maps by
considering smooth families of manifolds and bordisms, parameterised over a category of test spaces.
We refer the reader to [BW19] for a more extensive discussion of smooth FFTs on a manifold.

For concreteness, consider 2-dimensional smooth FFTs test spaces given by objects ¢ € Cart. A
c-parameterised family of closed 1-manifolds with smooth maps to M is a pair (Y,~) consisting of a
closed 1-manifold Y and a smooth map v: ¢ x Y — M. If we restrict ourselves to Y = S', these
pairs are in bijection to the smooth maps from ¢ to the free loop space LM = MS" of M (seen as
diffeological spaces). A smooth FFT on M should assign to each loop a vector space, and for every
c-parameterised family (S!,v) as above the vector space should vary smoothly over c. In other words,
(S',) should be sent to a vector bundle on ¢. Varying ¢ and +, one expects the bundles over ¢ to
describe a smooth (i.e. diffeological) vector bundle E on LM.

A significant complication compared to the TQFTs case arises from the fact that the action of
Diff , (S') on LM is non-trivial: for f € Diff, (S'), the objects (S',7) and (S',~ o f) are different, in
general. Hence, knowing the bundle £ — LM is not sufficient in order to define the value of a smooth
I-dimensional FFT on M on all pairs (Y,~) with Y 22 S! — here, the choice of diffeomorphism Y = S!
matters. An isotopy h: fo — f1 in Diff, (S') gives rise to a bordism j,: (S, 0 fo) — (S',yo f1). If
our FFT Z is superficial (see [BW19, Def. 4.2.3| for details), its value Z(Xj) depends only on fp and
f1, and Z induces a Diff ; (S!)-equivariant structure on the bundle E. Using descent theory for vector
bundles, one can employ this equivariant structure to coherently extend £ — LM to a bundle over all
mapping spaces MY for Y = S'. We expect all smooth FFTs that stem from geometric structures on
M to be superficial, so that this procedure should be broadly applicable.

To treat this coherence problem generally, given an oriented manifold Y we consider the groupoid
My of all oriented manifolds diffeomorphic to Y. This is a Dfg-enriched category, and we let P: MyP —
Dfg be a Dfg-enriched functor. In the above discussion of 2-dimensional FFTs, for instance, we have
PY = MY . We write D(Y) for the diffeological group of orientation-preserving diffeomorphisms of Y;
this acts on P(Y). For F € Ho 5, we define an (0o, n)-category F(P)PY) of D(Y)-equivariant sections
of ¥ on P(Y). On the other hand, we can define an (oo, n)-category F(P)°" of coherent sections of
JF over P. Roughly, these consist of a section Ey; of S§07H3" over P(Y)) for each Yy € My, together
with a l-isomorphism diEy, — djEy, over P(Y;) x D(Yp, Y1), where dj is the projection onto P(Y7),
and where d; is the action of D(Yp,Y7) on P. There is further coherence data for compositions of
diffeomorphisms.

For F € Huo,n projectively fibrant, one can construct coherent sections of F on P from equivariant
sections of F on P(Y) by choosing a diffeomorphism Yy — Y for every Yy € My (Theorem 4.28).
However, in practise choosing infinitely many such diffeomorphisms is not feasible, and the following
result is more useful:



Theorem 1.4 If F € 3%, is fibrant, there exists a span of weak equivalences in C8S,,:

F(P)PY) 2 Z(F,PY) «+=— F(P)".

We construct Z(F, P,Y') explicitly and show that here exists a homotopy inverse to the second
morphism. On the level of complete Segal objects in the oco-category of spaces, this is essentially
unique. In particular, if ngo,nf}‘ has functorial descent, the descent functor provides an inverse as
desired. Any such homotopy inverse induces an equivalence F(P)P(Y) = F(P)e°h  In particular,
this makes precise the coherent transfer of an equivariant bundle over LM to MY, for any Y’ = S!,
from our 2-dimensional example above. In this way, the value of a smooth FFT Z on any object can
be obtained coherently and in an essentially unique way from the value of Z on generating objects.
In [BW19] this has been utilised to construct 2-dimensional open-closed smooth FFTs on a manifold
M from equivariant diffeological bundles on spaces of loops and paths in M. There, the bundles were
obtained via transgression of higher geometric structures on M [Wall6, BW18].

1.4 Conventions

Enriched categories If V is a monoidal category and € is a V-enriched category (or V-category), we
denote the V-enriched hom-objects of € by QV(—, —). If V = 8Sety is the category of simplicial sets, and
only then, we will omit the superscript and write C(—, —) = Qse%(—, —). If V is a symmetric monoidal
model category and € is a V-enriched model category (in the sense of [Hov99]), we will equivalently
say that C is a model V-category.

Sizes and universes Throughout, we choose and fix a nested pair of Grothendieck universes U € V.
We assume that U contains the natural numbers. We write Setyy and Setpy for the categories of U-
small sets and U-small simplicial sets, respectively. All indexing sets will be assumed to be U-small.
Whenever we write Set or Setp, we shall mean Sety or Setpy,, respectively.

Let € be a U-small category. Consider the category €= Setgop of Sety-valued presheaves on C.
Observe that € is no longer U-small, since Sety is not U-small. However, since Sety C U € V, it
follows that Sety € V' is V-small. Thus, € is a V-small category.

The Yoneda embedding Y: € — Setgop =C is fully faithful. Likewise, the Yoneda embedding
9: [ Setg"/op is fully faithful; observing that an object of Sety is also an object of Sety,, the standard
proof applies. Further, the Yoneda Lemma holds true for both Y and 9 (again by the usual method of
proof). Finally, observe for any ¢ € € and for any X € @, by the Yoneda Lemma, there are canonical
isomorphisms

U (Ye) = C(Ye, X) 2 X(c) € Setyy C Sety .

Diagrams For J a V-small category and € a V-tractable model category (cf. [Bar05, Barl0]), the
projective and the injective model structures on @7 exist; we denote them by (€7 )proj and (cd Jings
respectively. If J is a Reedy category, we denote the Reedy model structure on €7 by (€9) Reedy-

Enriched left Bousfield localisation Throughout this article we follow the conventions of [Barl0|
to describe enriched left Bousfield localisations. We refer the reader there for details and background
on this formalism. Let us briefly recall that if V is a symmetric monoidal model V-category with a
cofibrant replacement functor @), and if M is a model V-category with a chosen collection of morphisms
A, then



e 2z € Mis A/V-local if it is fibrant in M and for every morphism f: z — y in A the induced morphism
M(Qy, 2) L5 MY (@, 2)

is a weak equivalence in V, and

o feM(x,y) is an A/V-local weak equivalence if for every A/V-local object z € M the morphism

MY (Qy, 2) 5 MY (Qu, 2)

is a weak equivalence in V.

In that case, the enriched left Bousfield localisation L 4,yM, provided it exists, is a model V-category
with a left Quillen V-functor M — L4 yM which is universal among left Quillen V-functors out of M
that send A/V-local weak equivalences to weak equivalences (cf. [Barl0, Def.4.42, Def. 4.45]). Note
that for simplicial model categories, simplicial Bousfield localisation was already described in [Hir03].
In the case of V = Sety we will speak of local objects rather than Setp-local objects, and analogously
for local weak equivalences.
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2 Grothendieck sites and diffeological spaces

In this section we review the notions of a Grothendieck site, of concrete (pre)sheaves, and of diffeological
spaces. We mostly follow [BH11] in our presentation, but we make a connection between the approaches
to diffeological spaces in [IZ13] and [BH11|. As slight variation to the standard conventions, we define
diffeological spaces as concrete sheaves on a site which differs from the usual choice, but this is just for
technical convenience (cf. Remark 2.20).

2.1 Sites and local epimorphisms

We start with the definition of a site, using the notion of Grothendieck pretopologies.

Definition 2.1 ([BH11, Def. 11, 12]) Let C be a U-small category.

(1) A coverage, or Grothendieck pretopology, on € is given by assigning to every object ¢ € € a U-
small set 7(c) of families of morphisms {f;: ¢; — c}ier (with I € Sety ) satisfying the following
properties: for each ¢ € C, the identity 1. is a covering family, and for every morphism g: ¢ — ¢
in C there exists a family {f}: ¢; — c'}jes € 7(c') such that for every j € J we find some i € I
and a commutative diagram

(2) The families in 7(c) are called covering families for c.



(3) A (Grothendieck) site is a category C equipped with a coverage T.

Later we will use the following technical condition:

Definition 2.2 We call a site (C,7) closed if it satisfies the following condition: let {c; — c}ies be
any covering family in (C, 7). Further, for each i € I, let {c; j — ¢;i}jes, be a covering family in (C, ).
Then, there exists a covering family {dy — c}rex such that every morphism dy — c factors through
one of the composites Cij —> C; — C.

Example 2.3 Let Cart be the category of cartesian spaces, i.e. of sub-manifolds of R* that are
diffeomorphic to some R", with smooth maps between these manifolds as morphisms. This category
is small and has finite products. A coverage on Cart is defined by calling a family {¢;: ¢; — c}lier a
covering family if it satisfies

(1) all ¢; are open embeddings (in particular dim(c¢;) = dim(c) for all ¢ € I),

(2) the ¢; cover ¢, i.e. ¢ = [J;es ti(ci), and

(3) every finite intersection t;,(cip) N -+ Ny, (¢, ), With 4o, ..., 4, € I, is a cartesian space.
Coverings {t;: ¢; — c};cr with these properties are called differentiably good open coverings of c. They
induce a coverage 7440, on Cart, which turns (Cart, 7440p) into a site. This site is even closed because
every open cover of ¢ € Cart admits a differentiably good refinement [FSS12, Cor. A.1]. Via the

embedding Cart — Mfd of Cart into the category of all smooth manifolds, any manifold M defines a
presheaf M on Cart, defined by M (c) = Mfd(c, M). <

Example 2.4 Let Op be the U-small category whose objects are open subsets of R™ for any (varying)
n € Ny and whose morphisms are all smooth maps between such open subsets. The category Op has
finite products and carries a coverage whose covering families are the open coverings. The resulting
site is denoted (Op, 7,p); observe that it is closed. <

Suppose that € comes endowed with a Grothendieck coverage 7. Let Y: C — @, c — Y., denote the
Yoneda embedding of C.

Definition 2.5 A morphismm: Y — X in € is a 7-local epimorphism if for every morphism ¢: Y. —
X there erists a covering {f;j: c; — c}jes € 7(c) and morphisms {p;: Ye; — Y }jes with mop; = o f;
forall j € J.

Proposition 2.6 For any site (C,7), the class of T-local epimorphisms is stable under pullback. In

particular, the collection of T-local epimorphisms defines a coverage T on C.

Proof. Consider a pullback diagram
A x X Y — Y

A—7F— X

in @, where 7 is a 7-local epimorphism. We will show that 7’ is a 7-local epimorphism. Let p: Y. — A
be an arbitrary morphism. Since 7 is a 7-local epimorphism, we find a covering {f;: ¢; = c}jcs € 7(c)
and morphisms {¢;: Y., — Y} ;e that are local lifts of g o . Then we have

goyo fj=mo; Vjed.

The universal property of the pullback thus yields uniquely determined morphisms ¢;: Y, = AxaY,
which satisfy 7’ o p; = ¢ for all j € J. Hence, 7’ is a 7-local epimorphism.



A covering family in 7 is of the form {mw: Y — X}, where 7 is a 7-local epimorphism. The coverage
property (Definition 2.1(1)) is then precisely the statement that T-local epimorphisms are stable under
pullback. O

Note that in the Grothendieck site (@, T) every covering family consists of a single morphism. We
list some general properties of 7-local epimorphisms:

Lemma 2.7 Let (C,7) be a site.

(1) Consider morphisms p € @(Y, X), q€ é(Z, Y). If poq is a T-local epimorphism, then so is p.

(2) For any covering family {c; — c}icr, the induced morphism [ [;c; Ye; = Ye is a T-local epimorphism.

(3) T-local epimorphisms are stable under colimits: let J be a U-small category, let D', D: J — C be
diagrams in @, and let w: D" — D be a morphism of diagrams such that each component mj: D;- —
D; is a T-local epimorphism, for any j € J. Then, the induced morphism colimr: colim D' —
colim D is a T-local epimorphism.

(4) The site (C,7) is closed if and only if T-local epimorphisms are stable under composition. In that
case, (é,?) is closed.

Proof. Claims (1) and (2) follow straightforwardly from the definition of 7-local epimorphisms.

To see (3), consider an arbitrary morphism ¢: Y. — colim D. Since the functor é(%c, —): € -
Sety preserves colimits, ¢ must factor through D; for some j € J. Since 7;: D;» — Dj is a 7-local
epimorphism by assumption, there exists a covering family {¢; — c}lier € 7(c) and lifts ¢;: Y., — D;-
of ¢ for each i € I. Composing each ¢; with the cocone morphism D;- — colimD;- yields morphisms
Ye; — colimD’ as desired.

For (4), it readily follows from the closedness of (C,7) that 7-local epimorphisms are stable under
composition. On the other hand, assume that 7-local epimorphisms are stable under composition.
Consider an object ¢ € €, a covering family {f;: ¢; — c}ier, and for each i € I a covering family
{¢ix = ¢i}rek,. By claims (2) and (3), we thus obtain 7-local epimorphisms

I IT Yer — I Ye — Ye-
i€l keK; el

By assumption, their composition is a 7-local epimorphism again, and hence it follows (again using
that C(Y.,—) preserves colimits) that (€, 7) is closed. O

Let (C,7) be a site, and consider a covering U = {¢; — c}ic;. We can form its Cech nerve, which
is the simplicial object in € whose level-n object reads as

Cp =[] Cipin: with Ciyoi, = Yoy X0 X Yo, €C. (2.8)

i0yersin€l e e

Note that Cj,. ;, is an element in € which is not necessarily representable as soon as n # 0. The
simplicial structure morphisms are given by projecting out or doubling the i-th factor, respectively.
Observe that we have C; =Y, for each ¢ € I. Depending on the context we will view the Cech nerve
CU either as a simplicial object ClU, in € or as an augmented simplicial object ClUy — Y. in C.

Definition 2.9 Let (C,7) be a site, and let X € € bea presheaf on C. Then, X is called a sheaf on
(C,7) if for every object c € € and for every covering family {f;: ¢; — c}icr € 7(c) the diagram

X(e) = ¥, X) 4 TTC(Ch ) =2 [T €(Cignr. X)

g€l 10,81 €1



is an equaliser diagram in Set. The category Sh(C, T) of sheaves on (C,7) is the full subcategory ofé
on the sheaves.

Remark 2.10 One can check that this definition of a sheaf is equivalent to [BH11, Def. 14|; the
‘compatible collections of plots of X’ of [BH11] are in canonical bijection with the elements of the
equaliser in Definition 2.9. N

2.2 Concrete sites and diffeological spaces

In this section we focus on a special class of sites and on a special class of sheaves thereon, which
frequently occur in infinite-dimensional geometry, for instance. The material in this section is relevant
only to Section 4 and can otherwise be skipped. Let € be a U-small category with a Grothendieck

coverage 7.

Definition 2.11 (|[BH11, Def. 17]) A site (C,7) is called subcanonical if every representable presheaf
on C is a sheaf.

Let ¢ € € be an arbitrary object. We write Ev, = @(Hc, —): [ Sety for the functor that evaluates
a presheaf on € at ¢. On morphisms ¢ € C(X,Y) the functor Ev. acts as ¢ — ®lc, 1.e. it sends a
natural transformation to its component at the object ¢ € €.

Definition 2.12 (|BH11, Def. 18]) A site (C,7) is concrete if it satisfies the following conditions:
(1) C has a terminal object *.

(2) The functor Ev, = C(x,—): C — Sety is faithful.

(3) (C,7) is subcanonical.

(4) Every covering family {f;: ¢; — clier € 7(c) in € is jointly surjective: we have

U(fz)* (e(*7 Cz)) = e(*’ C) .

1€l
Example 2.13 The site (Cart, 7440p) from Example 2.3 is concrete: first, note that Cart has a terminal
object * = R?. Further, the functor Cart(R?, —): Cart — Sety just forgets the smooth structure on
¢ € Cart; thus, it is faithful. Since smooth maps to a target manifold form a sheaf with respect to
open coverings, (Cart,7440p) is subcanonical. Finally, the fact that covering families in (Cart, 7440p)
are jointly surjective is immediate from the definition of 744,,. Analogously, one checks that the site
(Op, Top) from Example 2.4 is concrete. N

Definition 2.14 ([BH11, Def. 19, Def. 46]) A presheaf X on a concrete site (C,T) is called concrete
if for every object ¢ € C the map

Ev.: X(c) & é(‘jc,X) — Sety (Ye(x), X (%)), P P«

is injective. In this case, we define the subset Plotx (c) := Ev.(X(c)) C Sety (Ye(*), X (x)) of plots of
X over c € C.

Thus, for X € € concrete there is a canonical bijection X (¢) = Plotx(c) for any ¢ € €. This is the
most crucial feature of concrete presheaves X € C: the set of sections of X over any object ¢ € C can
be identified with a subset of the maps of sets Y.(x) — X (x). Therefore, for a concrete presheaf X on
C it makes sense to call Ev,X = X (x) € Sety the underlying set of X.

Lemma 2.15 Let (C,7) be a concrete site.
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(1) Given any concrete presheaf X € @, the assignment ¢ — Plotx (c) is a concrete presheaf on C, and
there is a canonical isomorphism X = Plotx. in e

(2) Let G C € denote the full subcategory on the concrete presheaves. We obtain an auto-equivalence
Plot: G — G It is isomorphic to the identity functor and preserves sheaves. Explicitly, Plot acts
on objects as X — Plotx, and it sends a morphism ¢ € G(X, Y') to the morphism Ploty: Plotx —
Ploty whose component on c € C is given by the composition

Ev;1

B s V(o).

X(¢) 2 Plotx(c) —— Ploty(c)

(3) For any X € €. and any ¢ € C, the set Plotx (c) contains all constant maps Y.(x) — X ().
Proof. Ad (1): Let X € € be concrete, and let f: ¢ — ¢ be a morphism in €. This defines a map
PlOtX(ij PlOtX(C) — PlOtX(Cq, gﬂ* — @Lko(ﬂ* ::(g)o(f)h,

where ¢ € X(c) = @(HC,X ). The functoriality of ¢ — Plotx(c) is evident from this prescription; it

stems from the composition law for natural transformations.

Ad (2): The functoriality of X + Plotx is again evident from the definition of Plot. The canonical
isomorphism X 22 Plot x is induced by Ev,, which is natural again by the composition law for natural
transformations. Since Plotx is isomorphic to a concrete presheaf, it is concrete itself. Thus, Plot is
an endofunctor on @C which is isomorphic to the identity functor; hence, Plot is an auto-equivalence.

If X is even a sheaf, then so is Plotx, since it is isomorphic to a sheaf.

Ad (3): Observe that Y, () = % € Sety. The canonical morphism ¢ — * in € induces the inclusion
X (*) — Plotx(c) as the constant maps Y.(*) — X (x). O

Definition 2.16 ([BH11, Def. 20]) Let (C,7) be a concrete site. The category Dfg(C, 1) of (C,7)-
spaces is the full subcategory of € on the concrete sheaves. We refer to (Cart, 74q0p)-spaces as diffeo-

logical spaces, and we abbreviate Dfg = Dfg(Cart, T440p)-
Corollary 2.17 Let (C,7) be a concrete site, and let X,Y € Dfg(C, 7). There is a canonical bijection

Dfg(C, 7)(X,Y) = {¢: X(x Y (%) | Y oEv,f € Ploty(c) V f € Plotx(c)} .

We thus generalise the definition of diffeological spaces from [IZ13] to arbitrary concrete sites:
Definition 2.18 Let (C,7) be a concrete site. We define a category Dfg'Z(C,7) as follows. Its objects
are pairs (S,Plotg) of a set S € Sety and a functor Plotg: C°P — Sety such that

(1) Plots(c) C Sety(EviYe,S) for all ¢ € C; elements of Plotg(c) for ¢ € € are called plots of
(S, Plotg),

(2) Plotg(c) contains all constant maps Ev.Y. — S, and

(3) Plots is a sheaf on (C,7), where for f € C(c,d) the map Plots(f) is precomposition by Ev,Yy.

A morphism (S,Plotg) — (T,Ploty) is a map ¥: S — T such that, for every ¢ € € and every

¢ € Plotg(c), we have ¥ o f € Plotr(c).

Observe that there is a pair of functors

F: Dfg(C,7) — Dfg'?(@,7): G

11



where F(X) = (X(x),Plotx) and G(S,Plotg) = Plotg. These satisfy FoG =1 and Go F = 1 by
Lemma 2.15(2). This proves

Proposition 2.19 For any concrete site (C, ), there is an equivalence Dfg(C,7) = Dfgl?(C, 7).

From now on we drop the distinction between these two categories and just talk about (€, 7)-spaces.

We will pass freely between the description of (€, 7)-spaces via concrete sheaves X and via the pair
(X (%), Plotx).

Remark 2.20 In [IZ13], diffeological spaces are defined as concrete presheaves on (Op, 7p), whereas
here we define them on (Cart, 7440p). However, the two categories are equivalent because the canonical
inclusion of (Cart, 7y4gep) into (Op,7,p) is an inclusion of a dense subsite. For any manifold M, the
presheaf M from Example 2.3 is a diffeological space. N

The relation between Sections 3 and Section 4 relies on the following observation.

Remark 2.21 The category Dfg(C, 1), together with the collection of those 7-local epimorphisms
whose source and target are (C,7)-spaces, form a site which is contained in the site (€,7) as a full
subcategory. The 7-local epimorphisms between (€, 7)-spaces are also called subductions [IZ13)]. <

We now turn to categorical constructions in categories of (€, 7)-spaces, where the description via
plots will be very helpful.

Proposition 2.22 ([BH11, Section 5.3]) Let (C,7) be a concrete site. There exists an adjunction

Dfg: € 1 Dfg(€,7):¢

whose right adjoint is a fully faithful inclusion, i.e. Dfg(C, 1) C Cisa reflective localisation.

Corollary 2.23 ([BH11]) For any concrete site (C,T), the category Dfg(C, T) of C-spaces is cartesian
closed and has all U-small limits and colimits. Limits of diagrams D: J — Dfg(C, 1) can be computed
in C, and colimits of diagrams D:J — Dfg(C,7) can be computed via

colimPB(¢) (D) =~ ng(colim@(b o D)).

Here the superscripts indicate in which category the respective colimit is formed. For later use, we
give an explicit prescription for computing colimits in Dfg(€, 7):

Lemma 2.24 Let (C,7) be a site. The underlying-set functor Ev,: Dfg(C, 1) — Sety, X — X (x), is
part of a triple adjunction Disc 4 Ev, - Indisc. Consequently, Ev, preserves both limits and colimits.

Proof. Let S € Setyy be a set. We define objects Disc(S), Indisc(S) € € by setting

Disc(S)(c) == {p: Ye(*¥) = S| is constant},
Indisc(S)(c) = Sety (Ye(), S) .

It is straightforward to check that these define (€, 7)-spaces.

Given X € Dfg(C, 7), recall the canonical bijection from Corollary 2.17. We find that Plot p;s(s)(c)
is the set of constant maps Y.(*) — S. Thus, any map 1) € Sety (S, X (x)) satisfies that o p: Ye(*) —
X (*) is constant, for every plot ¢ € Plot p;.(s)(c). Hence, 9o is a plot of X by Lemma 2.15(3). The
adjunction Disc - Ev, thus follows from Corollary 2.17. Analogously one shows that Ev, 4 Indisc. O
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Proposition 2.25 Let (C,7) be a closed site (cf. Definition 2.2), and let D: § — Dfg(C, 1) be a
U-small diagram. The colimit of D can be described as follows: its underlying set reads as

Ev, (colim?fg(e’T)D) = colimgetU(Ev* oD).
A plot of colim?fg(e’T)D is a map of sets p: Y.(x) — ColimgetU(Ev* o D) such that there exists a
covering {fi: ¢; — c}icr in (C,7), a map i — j; from I to the objects of J, and a family of maps
{@i: Ye;(x) = D(Ji) (%) Yier such that the diagram

Ye, (%) —————— D(ji)(+)

y ,i(*)J l (2.26)

Ye(¥) ——— ColimgetU (Eveo D)
in Sety commutes for every i € I, and such that @; is a plot of D(j;) for everyi € I.

Proof. Let Z(x) == colim?CtU (Evi o D). For c € €, let Z(c) denote the set of maps ¢: Y.(*) — Z(x)
with the above lifting property. We first show that ¢ — Z(c¢) defines a presheaf on €. Thus, we consider
a morphism f € C(c, ¢); it induces a map fj,: Yo (*) = Ye(*). The morphism Z(f): Z(c) — Z(c) is
given by ¢+ @ o fi.. Hence, we need to show that for any ¢ € Z(c) and f € (¢, ¢), the composition
¢ o fi, again has the lifting property. This follows readily from the factorisation property of covering
families; see Definition 2.1(1).

The presheaf Z is concrete since we have constructed the value Z(c) as a subset of Sety (Y. (*), Z(x))
and since constant maps to Z(x) trivially have the local lifting property.

Next, we show that Z is a sheaf. To that end, suppose that {¢; — c};es is a covering family for ¢
and that we are given morphisms {¢;: Y., — Z}icr such that the diagram

yci X %Cj E— %’ci

Ye
l J@i
Ye; — Z

commutes for every i, j € I. Since evaluation at any object of C is a limit-preserving functor € Sety,
these data induce afamily of maps {Ye, (¥) — Yc(*)}ier and maps {@;.: Ye,(¥) = Z()}ier such that
the diagram

Yo, (%) X Ye; (%) —— Yo, (*)

Ye(x)
l J/‘Pi*

Yo, () —5— Z(%)

in Setyy commutes for every 4,5 € I. Since (C,7) is a concrete site, the family {Y.,(¥) — Ye(*)}ier is
jointly surjective, so that these data determine a unique map ¢: Y.(*) — Z(*) such that all diagrams

Ye; (%) — Ye(*)

m

A

Z(*)



commute. We claim that ¢ € Z(c). First, for each ¢ € I, let {¢;, — c¢i}rer, be a covering family
for ¢; such that there exist lifts ; 1: Yo, = D(jix) of the morphisms ¢;: Yo, — Z as in (2.26). By
the assumption that (€, 7) is closed we can choose a covering family {¢; — c};cr of ¢ such that each
morphism ¢; — ¢ factors through some morphism ¢; , — ¢; — ¢. The compositions ¢; — ¢;  — D(Ji k)
then provide the desired lifts of .

Our next step is to make Z into the vertex of a cocone under the diagram D. Consider the map
tj: D(j)(x) = Z(x) induced by the definition of Z(x) as the colimit in Sety; of the diagram Ev,oD. This
map induces a morphism in Dfg(C, ) by Corollary 2.17. Explicitly, given any plot Y.(x) — D(j)(x),
the composition Y. — Z(x) trivially admits a lifting along a covering family of ¢ to maps to D(j)(x).
Thus, composition by ¢; sends plots of D(j) to plots of Z.

Finally, we need to show that Z is a colimit of the diagram D: J — Dfg(C,7). To see this, let
{1j: D(j) — A};eg be a cocone under D in the category Dfg(C, 7). Evaluating at * € C, we obtain a
cocone ;|,: D(j)(*) — A(*) under the digram Ev,oD in Setyy. By construction, the set Z(*) presents
a colimit of that diagram; hence these data induce a unique map of sets ©: Z(x) — A(x). Recall that
for any pair of objects X, Y € Dfg(€,7) the map Ev.: Dfg(C,7)(X,Y) — Sety (X (x),Y (), ¢ = ¢y
is injective (cf. Corollary 2.17). It follows that if the map v gives rise to a morphism of (€, 7)-spaces,
then that morphism is the unique morphism in Dfg(€, 7) inducing a morphism of cocones under D.

Therefore, we are left to show that ¢: Z(x) — A(x) gives rise to a morphism in Dfg(C, 7). By
Corollary 2.17, that is equivalent to showing that composition by % sends plots of Z to plots of A.
Thus, let ¢: Y. — Z be an arbitrary morphism. As before, by definition of Z, we find a covering
family {fi: ¢; = c}ier and lifts ¢;: Yo, = D(ji) of ¢ along the morphisms f; as in (2.26). We claim
that {1, o;}ier is a compatible family of morphisms Y., — A in €. For i,k € I, consider the diagram

i
/ fi b5
Yes X Yo Yo —2 szt A (2.27)

c A~

in C. The left-hand triangle commutes by definition of the pullback. The two central squares commute
by definition of ;. We do not yet know whether 1 is actually a morphism in e. However, evaluating
the whole diagram at * € €, we obtain a diagram in Sety in which the two right-hand triangles also
commute, since 1 is a morphism of cocones under the diagram Ev, oD in Sety;. Thus, we infer that the
outer hexagon in (2.27) commutes as maps on the underlying sets. Recalling that the map which sends
morphisms in Dfg(C, 7) to maps of underlying sets is injective, it thus follows that the outer hexagon
is commutative already as a diagram in Dfg(C, 1) (i.e. before evaluating at the terminal object).

Consequently, {1, © ¢;}icr is indeed a compatible family of morphisms Y., — A. Thus, as A is a
sheaf, it defines a unique morphism g: Y. — A in Dfg(C, 7). It follows from the construction of o that
Ev.o = 0« = ¥ o p},; hence, composition with ¢ sends plots of Z to plots of A, so that ¢ gives rise to
a morphism in Dfg(C, 7). O

We now specialise to the case (C,7) = (Cart, 7440p). Recall that we refer to (Cart, 7440p)-spaces as
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diffeological spaces and that we write Dfg = Dfg(Cart, 7440p). We will denote the underlying set Y. (x)
of a cartesian space ¢ € Cart again by c.

Lemma 2.28 The embedding v: Dfg — Cart preserves coproducts.

Proof. Let {Xj}rer be a family of diffeological spaces. For ¢ € Cart, a map ¢: ¢ = X = [[,cp Xk is
a plot if there exists an open covering {c; — c}ies and plots {;: ¢; = Xj(; }ier such that the diagram

iﬁ IT xik=x
keK

commutes for every i € I. Let 4,5 € I such that ¢; N¢; # 0 (where we identify ¢; with its image in c¢).
Consider a point z € ¢; N¢;. We have ¢;(2) = ¢(2) = ¢;(2) in X(x). Since X (%) = [[cx Xi(¥), we
infer that k(z) = k(j).

Now consider z,y € c arbitrary. Let x € ¢; and y € c¢;, for some appropriate ¢,j7 € I. Since
¢ is a connected manifold, we find a smooth path ~: [0,1] — ¢ from z to y, which can even be
chosen to be an embedding. (For instance, one chooses a diffeomorphism f: R™ — ¢ and then sets
v(t) = f(tf(y)+(1—t)f(x)).) Since the image of 7 is a compact subset of ¢, there exists a finite subset
{io,...,in} C I satisfying that ig = i, i, = 7, that v([0,1]) C Ui ¢, and that ¢;; N¢;,,, # 0 for all
[ =0,...,n— 1. Using the above argument, it now follows by induction that k(i) = k(j). Hence, all
plots ¢;: ¢; = Xj;) take their values in a single diffeological space X for some k € K. Finally, since
the plots of any diffeological space form a sheaf, it now follows that ¢ itself factors through Xj. O

Remark 2.29 Note that the Lemma 2.28 does not hold if one works over the site (Op, 7,,), as in [IZ13].
The connectedness of the parameter spaces ¢ € Cart is crucial in the proof. N

3 Sheaves of higher categories

In this section we prove Theorem 1.2 in three steps: we first consider (pre-)sheaves of co-groupoids,
then of co-categories, and finally of (0o, n)-categories for n > 2. In each case, we first set up the theory
of sheaves of (0o, n)-categories which we use to prove our results. To a large extent, the idea for how
to define model categories of sheaves of higher categories is already contained in [Bar05, TV05]. We
then show how, given a U-small site (C,7), sheaves of higher categories on (€, 7) induce sheaves of
higher categories on the site (@, 7), where € is the category of Sety-valued presheaves on €, and where
7 is the Grothendieck pretopology of 7-local epimorphisms.

Remark 3.1 It might be interesting to consider the simplicial model category SetAgOp in place of e
and view it as a model site in the sense of [TV05], using the 7-local epimorphisms. However, for our
present applications, and in order to unravel the relevant concepts, it is sufficient to work with €. <«

3.1 Sheaves of oco-groupoids

Let C be a U-small category. Let H := Setp,®” denote the category of V-small simplicial presheaves on
C (recall that Set without a subscript shall always mean Sety ). It is enriched, tensored and cotensored
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over Setp. Further, since € is V-small (it is even U-small), H can be endowed with the projective
model structure, turning H into a model Setp-category. We denote this model category by Hoo.

Definition 3.2 The model structure on Hoo is called the projective model category for presheaves of

oo-groupoids on €. A presheaf of co-groupoids on € is a fibrant object in Hyo.

Proposition 3.3 H, is a left proper, tractable, model Setp-category. If C has finite products, then
Heo is additionally a symmetric monoidal model category.

Proof. The existence and tractability of the projective model structure follow from [Bar10, Thm. 2.14].
H oo is left proper since pushouts and weak equivalences are defined objectwise and cofibrations are (in
particular) objectwise cofibrations. Its simplicial enrichment is a consequence of [Barl0, Prop. 4.50],
and the fact that Hoo is symmetric monoidal follows from [Bar10, Prop. 4.52|, using that the Yoneda
embedding preserves limits and that H, is a simplicial model category. O

Note that [Barl0, Prop. 4.52| gives a more general criterion for when a projective model structure
inherits a symmetric monoidal structure; however, for us the main case of interest will be where ©
admits finite products. Composing the Yoneda embedding Y on the category € with the functor
Co: Set — Setp, we obtain a fully faithful functor

Y: C — Hy .

Projective model categories of simplicial presheaves have an explicit cofibrant replacement functor
@, found by Dugger [Dug01]. Throughout this paper, we will use this functor for cofibrant replacements
in all model categories of simplicial presheaves. The action of () on F' € H,, reads as

(QF), = H Yeo X Clco,€1) X -+ X Cep—1,¢n) X Fr(cn) (3.4)
€05+, €C
This functor has several good properties, some of which we present in Appendix A.

Now, let € be endowed with a Grothendieck pretopology 7. Recall that to any covering U = {¢; —
ctier in (€, 7) gives rise to Cech nerve CU, — Y., as defined in (2.8), which we now view as a morphism

in Hyo.

Definition 3.5 Let (C,7) be a Grothendieck site, and let 7 denote the class of morphisms in Heo
consisting of Cech nerves of coverings in (C,7). The projective model category J—CZOOOC for sheaves of
oo-groupoids on C is the Setp-enriched left Bousfield localisation of Hoo at T,

j—(é‘;c = L%/SetAfHoo .
A sheaf of co-groupoids is a fibrant object in U{f)%c,

The model structure on f}Cé‘zf is also called the local projective model structure. In particular, f}Cé‘zf
is a model Setp-category. The Sety-enriched internal hom in both Hs, and F¢ is given by

5_(F.G) = / (GOFO € Sety
ceCopr

where the argument of the end is given by the internal hom in Seta. In particular, there is a natural
isomorphism H (Y., F') = F(c) for any ¢ € € and any F' € Hx.

An object F in 3% is fibrant if
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(1) F(c) is a Kan complex for every ¢ € €, and
(2) for every covering family U = {¢; < c}ier in (€, 7), the morphism
Fe) — hohm&%(.ﬂoo (Q(CU,), F) ) = honmsm(... I #.(@QCi.in, F) )

neh neA . .
10, in €1

is a weak equivalence in Setp. Here we have used the notation from (2.8) and that @ preserves
colimits (it is a left adjoint).

Proposition 3.6 J{IO%C is a proper, tractable, Setp-model category. If Hoo is symmetric monoidal (as
a model category), then so is 3.

Proof. The first claim follows form [Barl0, Thm. 2.14, Thm 4.56] and the fact that Setp, = Setay is a
proper, tractable model V-category. The second claim is an application of [Bar10, Thm. 4.58]. U

Remark 3.7 If C has finite products, then the conditions of [Bar10, Prop. 4.52] are satisfied, so that
in this case Hoo, and hence also F'¢, are symmetric monoidal model categories. N

Since both € and Set; are V-small categories, the category e= Setgop is a V-small category. Thus,

we may define the category R
H = Setp, ¢ .

As € is V-small, H carries a projective model structure [Barl0]. We let fJTCOO denote the category H
endowed with the projective model structure. Recall from Proposition 2.6 that if (€, 7) is a site, then
also (@, 7) is a site. Let (7) denote the collection of Cech nerves of coverings in (@, 7), and define the
Setp-enriched left Bousfield localisation

~

HE = LzysetsHoo (3.8)

Both U/%oo and J/:CZO%C are symmetric monoidal by Proposition 3.3 and Proposition 3.6, since € has all

finite products.

The Yoneda embedding Y: € — € induces a pullback functor
Y H - K

Since both € and € are V-small, and since both H and K have all V-small limits and colimits, the
functor Y* has both a left adjoint Y, and a right adjoint Y,; there is a triple of adjunctions

N J/li\
Setp®”’ ——yr —— Setp ¢

The adjoints can be computed using the usual (co)end formulas for pointwise Kan extensions. In

particular, the expression
GPC0) = [ PO = [ X =g (x )
ceCor ceCor
gives an explicit formula for the right adjoint Y,.

The question we are interested in is whether one of the functors Y or Y, maps sheaves of oo-
groupoids on (€, 7) to sheaves of co-groupoids on (€, 7). That is, we would like to know whether one
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of these functors preserves fibrant objects as a functor F'%¢ — ﬂfCéﬁf Since this indicates that we are
looking for a right Quillen functor between these model categories, we focus our attention on the right
adjoint Y. In general there is no reason that Y, should even preserve projectively fibrant objects as a
functor Hyo — ﬂ?foo. However, if Q: Hy, — Ho is a cofibrant replacement functor, then the functor

S2: Ho — Hoo,  (SLF))(X) = H(QX, F)

does preserve fibrant objects because Ho, is a model Setp-category. Note that here we view X € € as
an object in H, via the canonical inclusion of sets into simplicial sets.

We investigate the functor SY further: let F € Heo and X € e. Using the observation that QX is
a bar construction (Appendix A) we compute

(SLF)(X) = H (QX,F)
= H o (B (,€/x,Y), F)
2 Cery (%, (€)x ), H oo (Y, F))
2 Cseqy (%, (C/x)P, F)

where Csqr, and B> are the cobar and bar constructions in Seta and in Hs, respectively. If F' is
projectively fibrant, then the last expression is a model for the homotopy limit [Riel4],

(S F)(X) = holim® (€ )P 275 P L Sety) .

Now, using the Yoneda Lemma and [Riel4, Ex. 9.2.11] we conclude

Proposition 3.9 If F € H, is fibrant, SYF agrees with the homotopy right Kan extension of F
along the (opposite) Yoneda embedding Y°P: CP «— C°P:

S% F = hoRanyop (F).

In particular, s¢ presents the co-categorical right Kan extension along the Yoneda embedding on the
underlying co-categories of Heo and Heo.

Since € is V-small, C-indexed (co)ends exist in Setp. Therefore, a left adjoint to SY is given by
U U Xeeor
ReZ:H - H,  Re%(G) = / G(X)®QX.

Lemma 3.10 There are canonical natural isomorphisms

—Q ~ ceopP . .
Re2(G) = / Y E)(0) © Q) = QoY (G) = Re2(G).

Proof. We have the following natural isomorphisms:

~ Xeor
(ReZ(G)), = / Gn(X) ® (QX)n

Xeer
:/ Gu(X)® T Yeo X Clcorc1) X -+ X €(en_1, cn) X X(c)

€05+, €C
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1%

Xeeop R —~
/ IT Gn(X) x Yey x Cleo, c1) x -+ x Clen—1,¢n) x C(Ye,, X)

€0,---,cn€C

H 1360 X 6(00761) G(Cn lucN) X G (%Cn)

€0,--,cn€C

ceeor
/ Go(Ye) ® (QY)n

QoY )(@),
= Rego(é)n.

1%

12

1%

The first and second isomorphisms result from the Yoneda Lemma for the category €. The second-to-
last isomorphism is an application of the Yoneda Lemma for C. O

Proposition 3.11 The functors Re% and S give rise to a simplicial Quillen adjunction sitting inside
the following non-commutative diagram

e —4 3,
=

Hoo

Further, there exists a natural isomorphism n: Re% o Q = Q.

Proof. This is a direct application of [Dug01, Prop. 2.3] (see also [Dug, Prop. 3.2.8]); the fact that S
is a right Quillen adjoint follows immediately from the fact that ., is a simplicial model category.
In the present case, n as written down by Dugger turns out to be an isomorphism as a consequence of
the Yoneda Lemma. O

Proposition 3.12 The functors Re% and S have the following properties:

(1) The functor ReS, is homotopical.

(2) Let @: ﬂfCoo — fJTCOO denote Dugger’s cofibrant replacement functor on ﬂfCoo (defined in analogy
with (3.4)). For every fibrant object F' € Ho, there is a natural zig-zag of weak equivalences

F < QF =5 Re® 0 SE(F) <~ Re% 0 Qo0 SE(F).

Proof. By Lemma 3.10, Re& is homotopical if and only if () oY* is so. Since weak equivalences in both
Hs and in U/%oo are defined objectwise, the functor Y*: J/-\COO — Hoo is homotopical. Now claim (1)
follows since @ is homotopical. This implies that the morphism Re% o @ oS¢ (F) — Re% 0 S (F)
is a weak equivalence. For F' € H,, we find that

(Y 0 SE(F))(c) = SE(F)(Ye) = Hoo(QYe, F) -
If F is fibrant, the weak equivalence QY. — Y. induces a weak equivalence

F(C) gﬂoo(ych) L> ﬁoo(QHwF))

since Y. is projectively cofibrant. Hence, there is a natural weak equivalence F' — Y* o Sgo(F ). To
complete the proof, we apply the homotopical functor @ to this morphism. O
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The question now is whether the Quillen adjunction ReoQo — S?o between the projective model
structures also induces a Quillen adjunction between the local projective model structures. This will
be a consequence of the following two statements.

Proposition 3.13 Let V be a symmetric monoidal model V -category. Let M and N be two model
V-categories, and let F' 4 G be a Quillen V-adjunction from M to N. Suppose that A, B are V-sets
of morphisms in M and in N, respectively, such that the V-enriched left Bousfield localisations L 4 pyM
and LpyN exist. If G maps B-local objects to A-local objects, then F' 4 G descends to a Quillen
adjunction between the localised model categories.

Proof. The proof is a straightforward adaptation of [Hir03, Prop. 3.1.6, Prop. 3.3.18] to Barwick’s
formalism of enriched left Bousfield localisation. First, the Quillen V-adjunction N & Lp,yN implies
that

F:M 1 LB/VNIG

is a Quillen V-adjunction. By the universal property of enriched left Bousfield localisations [Barl0,
Def. 4.42] we are thus left to check that the functor F': M — Lp yvN maps every cofibrant approx-
imation to an element of A to a weak equivalence in Lp/yN, ie. to a B /V-local weak equivalence
in N. By the enriched adjointness F' 4 G, however, this is equivalent to checking that the functor
G: Lp/yN — M maps B/V-local objects to A/V-local objects. O

Theorem 3.14 ([DHI04, Cor. A.3]) Let C be a U-small category endowed with a Grothendieck
coverage T, and let w:' Y — X be a 7-local epimorphism in €. We denote its Cech nerve by Cr. The
augmentation map

. Cnr = X

from the Cech nerve of m to X is a weak equivalence in J.

The proof of Theorem 3.14 is rather technical; it requires a “wrestling match with the small object
argument” ([DHIO4| at the beginning of Subsection A.12). We refer the reader to that reference for
details.

Remark 3.15 In [DHIO4|, Theorem 3.14 is proven for the Cech localisation of the injective model
structure H* on H. However, it also holds true in H,,: observe that the Quillen equivalence L :
Hoo S H' : R induces a Quillen equivalence L : U{é%c S Jiloc . R between the Cech localisations.
Given a Cech nerve 7l®: Cr — X, it follows that also Q(r!*: Q(7) — QX is a weak equivalence in
FH?, since there exists a natural weak equivalence () — 1 and since H* and H, have the same weak
equivalences. Thus, Q(TI’M) = L(Q(T{'M)) is a weak equivalence, and since L reflects weak equivalences
between cofibrant objects (it is a left Quillen equivalence) and since @ is weakly equivalent to the
identity functor, it follows that 7l*l is also a weak equivalence in fJ-Cf)‘;C. N

Proposition 3.16 The functor 59 Floe — ﬂfCé‘Zf preserves local objects.

Proof. Let m: Y — X be a 7-local epimorphism in é, and let F' € fJ-Cf)‘;C be fibrant. We have a
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commutative diagram

S2(F)(X) = Hoo(QX, F) —— & 3¢ (Q(Cr), F)
l” 17)
holim®®s ((SEF)(Cma)) = ¥, <hgg%ipm9fé‘;cQ(é7rn), F)

Since 3¢ is a Bousfield localisation of 3, the natural weak equivalence q: Q — 1in H, is a natural
weak equivalence in J—CZO%C as well. Thus, the morphism Qml*: Q(Cm) — QX is a weak equivalence
in HZ® by Theorem 3.14. Since F is fibrant in H2° and since H° is a simplicial model category, it
follows that the top morphism in diagram (3.17) is a weak equivalence in Setp.

Consider the diagram A°® — H.., n +— (C7),, where (C7), is seen as a simplicially constant
presheaf. By Proposition A.3, there exists a canonical weak equivalence f from the homotopy colimit
of this diagram to Q(C7). The right vertical morphism is obtained by applying the right Quillen
functor H_ (—, F) to f. Since both source and target of f are cofibrant (we model the homotopy
colimit using the bar construction [Riel4|), the resulting morphism is a weak equivalence.

The bottom horizontal isomorphism merely stems from the fact that the functor H_ (—, F') trans-
lates the bar construction in H., into a cobar construction in Setyp and the fact that that both diagrams
under the homotopy (co)limit are pointwise (co)fibrant, respectively. O

Combining Proposition 3.13 and Proposition 3.16, we obtain

Theorem 3.18 The Quillen adjunction Re%, : J/-\COO 2 Heo : 5SS induces a Quillen adjunction

ReS : Floc 1 gloc . 59

3.2 Sheaves of co-categories

In this section we extend our results from Section 3.1 to sheaves of (0o, 1)-categories.

Model structures and the sheaf condition

Let sSetp = Fun(A°P, Setp) denote the category V-small bisimplicial sets. We will also refer to it as
the category of simplicial spaces. There is a canonical embedding

Co: Setp < Fun(A°P, Sety) , (ceK)n =K V[n|eA.

We will sometimes use this functor implicitly when there is no danger of confusion. The inclusion c,
is left adjoint to the evaluation functor

EV[O} : S"un(A"p, Se‘%) — Sety, Xe— Xp.

We let
YL A — Fun(A°P, Set) — Fun(A°P, Sety)
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denote the composition of the Yoneda embedding of A with the inclusion co: Set < Setp. The category
s8ety is cartesian closed [Rez01], with products taken objectwise, and mapping objects

(X,,Ys) — Yo (Yo*e), = sSeta(Xe x Ypy, Vo) - (3.19)

The adjunction cs  Ev|o) induces a simplicial enrichment (i.e. a two-variable adjunction [Hov99, Riel4])
on sSetp from its cartesian closed structure. For any k,n € Ny and Y, € sSetp there are canonical
natural isomorphisms

ssetﬁ(%] X oA, Y,) 2 Setp(AF, V) 2 Vi

For a simplicial set K € Setp and n € Ny this yields a natural isomorphism
sSety (Y X caK,Y) =2 Seta (K, Vy,) . (3.20)

Remark 3.21 In the following we will work with the injective model structure on bisimplicial sets;
that is, as a model category, we set sSetp = (Setﬁmop)in‘j. Note that this model structure coincides with
the Reedy model structure [Hir03]. The reason for our choice of the injective model structure over the
projective model structure is that we need a cartesian closed model category for co-categories. This is
desirable for purely conceptual reasons already — for instance, in order to form functor oco-categories
simply by taking an enriched internal hom-object — but we will actually need cartesian closure in order
for Theorem 3.18 to extend to (pre)sheaves of co-categories. So far it appears to be unknown whether
the projective model structure on sSety localises to a cartesian closed model category of complete Segal
spaces. For the injective case, cartesian closure has been shown already in [Rez01]. N

We let €88 denote the category of (V-small) bisimplicial sets endowed with the model structure for
complete Segal spaces. It is constructed as a left Bousfield localisation of the injective model structure
s8etp on bisimplicial sets, i.e. €88 = LgsSety for some class S of morphisms of bisimplicial sets. We do
not need the explicit definition of S here; we refer the reader to [Rez01] for details. The fibrant objects
in C8§ are called complete Segal spaces, or co-categories. They are those diagrams X,: AP — Setp
satisfying that
(1) the simplicial space X, € sSety is Reedy fibrant,

(2) the Segal maps

~ h h
X, 5 Xy X X Xy
Xo Xo

are weak equivalences in Setp (in the Kan-Quillen model structure), and

(3) the degeneracy sg induces a weak equivalence
S0 - XO ;> Xweq s

where Xy,eq C X7 is the subspace generated by the weakly invertible morphisms [Rez01].

Proposition 3.22 [Rez01, Bar05, Barl0| The model category CS8S is left proper, tractable, simplicial,
and cartesian closed.

Definition 3.23 Let C be a small category. The projective model category for presheaves of co-
categories on C is
Hoop = ffun((‘?"p, (‘388)

proj

A presheaf of oo-categories on C is a fibrant object in Hu 1.
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Proposition 3.24 The category Huo 1 is a left proper, tractable C88-model category. If C has finite
products, then Ho 1 1s symmetric monoidal.

Proof. Tractability follows from [Barl0, Thm. 2.14]. The enrichment over €88 is an application
of [Barl0, Prop. 4.50]. Left properness follows since pushouts are computed objectwise, weak equiva-
lences are defined objectwise, and cofibrations are (in particular) objectwise cofibrations. Hence, the
condition for left properness of H 1 reduces to the condition of left properness of C88. Finally, if C
has finite products, then H 1 is symmetric monoidal by [Barl0, Prop. 4.52|. O

Recall that for any V-small category J there are Quillen adjunctions

*

Seta, T (Seta”™),,p; T (Seta”™),,

where c: J — x is the collapse functor to the terminal category. If J has a terminal object, c, is given
by evaluation at that object. Thus, in the case of J = A, we obtain a Quillen adjunction

Co op
Setp - * s8etp = (Se’%A )Reedy
Vo]

This induces a simplicial Quillen adjunction
Co: Hoo L 3 Hoop : Evig

on presheaf categories. We obtain similar Quillen adjunctions by applying the same argument to the

CoP)

diagram categories Setn©) and €88(¢™). This leads to a commutative diagram

¢
Setp y _ * Hoo

Cx
C.‘/W\EV[O] C.‘/W\EV[O]

S —
Cx

of Quillen adjunctions, in which the left-facing and the downwards-facing arrows are the left adjoints.
The functors € are given by (¢X)(c) = X for all ¢ € C; if € has a terminal object * € €, then their
right adjoints are given by ¢, = Ev,, the evaluation functor at x € €. We readily deduce:

Lemma 3.25 The following statements hold true:

(1) Every projectively cofibrant presheaf of co-groupoids F' gives rise to a projectively cofibrant presheaf
of co-categories ceF' on C.
(2) In particular, ce. and ¢K are cofibrant in Huo 1, for every c € € and every K € Sety.

(3) The functor ce: Hoo — Hoo 1 s homotopical, i.e. it preserves weak equivalences.

To avoid heavy notation, we denote the composition of the Yoneda embedding of € with any of the
canonical embeddings Set — Set, or additionally Setp < sSetp again by Y; this yields a functor

Y: € = Hooy -

Further, we will often leave the functor ce implicit. In particular, if (€, 7) is a site, we can use co to
promote the Cech nerve Cly — Y, of any covering family U = {¢; — c}ier in (C,7) to a morphism in
Hoo,1- We still refer to this morphism as the Cech nerve of the covering U.
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Definition 3.26 Let (C,7) be a Grothendieck site, and let 7 denote the class of morphisms in Ho 1
consisting of Cech nerves of coverings in (C,7). The projective model category for sheaves of oo-
categories on € is the C8S§-enriched left Bousfield localisation of Hao1 at 7T,

F) = Ls jessHoo,1 -
A sheaf of oo-categories on (C,7) is a fibrant object in ?Cé%fl.

An object F € f}Cf)‘zfl is fibrant precisely if
(1) it is objectwise a complete Segal space and

(2) for every covering family U = {¢; — c}ier in (€, 7), the morphism
F(e) — holimf (- [ B (QCu..i ) )
10yeesin €1

is an equivalence in C88. Here, @ is the cofibrant replacement functor in H,, as used in Section 3.1.
It produces a simplicial presheaf, which is then viewed as a presheaf of bisimplicial sets via the
functor c,.

Proposition 3.27 .‘J-ff)%fl is a proper, tractable C88-model category. If Hoo 1 is symmetric monoidal,
then so is ﬂ{f}%fl.

Proof. This follows form Proposition 3.24, together with [Barl0, Thm 4.46, Prop. 4.58|. O

The €88-enriched internal hom in both H, 1 and .‘Hé%fl is given by

ﬂgfi(?,S):/ ()" eess,
ceCopr

where the exponential is taken in C88. In particular, there is a natural isomorphism ﬂﬁfﬁ (Ye, F) 2 F(e)
for any c € C and any F € Huo 1.

Lemma 3.28 LetJ be a V-small category, and let D: J — C88 be a projectively fibrant diagram. Then,
the homotopy limit of D can be computed levelwise. That is, there exist canonical natural isomorphisms
(holim§®* (D)), =2 holimj**(D,,) ,

where for i € J the space Dyi = (Di),, € Setp is the n-th simplicial level of Di € sSety.

Proof. Since D is objectwise fibrant, a model for the homotopy limit of D is given by the two-sided
cobar construction C'(x,J, D) € €S8 [Riel4, Cor. 5.1.3]. Let G: J — Setp and F': J — €88 be functors.
The cosimplicial cobar construction is the cosimplicial object in sSet, whose n-th level reads as

CGIF) = ] Wi = [ @iy)ee@020toiyexinin) g ssety
i€(NJ)n 10,y in €J
where NJ € Setp denotes the nerve of J. The cobar construction C(G,d, F) is the totalisation
C(G,4,F) = / (C™(G,3,F))=>".
neA

For a simplicial category D, we will sometimes write Cp for the cobar construction in D if the ambient
category is not clear from context.
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For any n € Ny, there are canonical natural isomorphisms of simplicial sets

(hO}]imeSS (D))n = (CsSotA(*y 37 D))n
= SsetA (yﬁz}’ CsSetA(*a ga D))
= / sSetp (1‘3@]7 (CfSetA(*v J, D))C.Ak)
ke

= / SSGtA ('jf% &® C.Aka CfSCtA(*a 37 D))
ken

= / SetA(Ak, fSetA(*vgvD)”)
k

€A

~ [ Set/A<Ak, 11 (Dz‘k)n>

= i€(NJ)

= / (Cgetﬂ(ﬂ%&Dn))Ak
ken

— CSetA(*y 37 Dn)
— ho%imsetA(Dn) :

In the fifth setp we have made use of the formula (3.20). The first identity is, as said above, an
application of [Riel4, Cor. 5.1.3]. The last identity also relies on this result, together with the fact
that D being objectwise fibrant in €88 implies that the functor

Dy, = €88(Yp,), D) : § — Seta
is objectwise fibrant as well. O

Lemma 3.29 Let M be a model Setp-category and J a V-small category. For any objectwise fibrant
diagram D: § — M, the object C(*,d, D) is fibrant in M. In particular, for any diagram D: § — M,
the object C(x,d, R™ o D) is fibrant in M, where R™ is a functorial fibrant replacement in M.

Proof. This follows from combining (the duals of) [Riel4, Lem. 5.2.1] and |[Riel4, Thm. 5.2.3]. O

Consequently, we have that for every projectively fibrant diagram D: J — €8S the homotopy limit

holimSSS(D) = C(x,d,D) is a complete Segal space itself.

Now consider a presheaf F of co-categories in the sense of Definition 3.26. Observe that composing
F with the evaluation of its first simplicial direction on [n] € A gives to a simplicial presheaf F,, € Hoo,
with F,(c) == (F(c)),, for all ¢ € € and n € Ny.

Theorem 3.30 Let (C,7) be a site, and let F be a presheaf of co-categories on C; that is, F is a fibrant
object in Hoo1. Then, the following are equivalent:

(1) F is a sheaf of co-categories.

(2) Fn is a sheaf of co-groupoids for every n € Ny.

(8) Fo and F1 are sheaves of co-groupoids.

Proof. (1) = (2): If F is a sheaf of co-categories on C, then for every ¢ € € the bisimplicial set F(c) is
a complete Segal space, and for every covering {c¢; — c}ier in (€, 7) the morphism

n:&"(c)—>holim288<--- [T 25QCi..0.5) )

10, in €1
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is an equivalence of complete Segal spaces (cf. Lemma 3.29). Since both sides are fibrant objects in the
left Bousfield localisation €88 = Lg(sSet,), this is equivalent to n being a weak equivalence in sSetp,
L.e. it is a levelwise weak equivalence. Lemma 3.28 together with Equations (3.19) and (3.20) imply
that, if 3 € Hu 1 is fibrant, there are canonical isomorphisms, natural in F and k € Ny,

<h01im288< H _20881 Cig...in: F) ))k

00yeeeyin €1

= ot (- [ (@S5(QC 0. P), )

i07~~~7in61

= holin™ ([ 2a(@Cig.in Fi) -+ ) -

10, in €1

Combining this with Lemma 3.28 we obtain that, if F € U{fg’:l is fibrant, the map

s Frlc) — (hohmess< T #5QCk ., 5) ))k

10, in €1

o~ holimie%(‘” H H (QCiy.ins F) >
i07~~~7in€I
is a weak equivalence in Setp for every k € Ny. Hence, each level Fy is a sheaf of co-groupoids.

The implication (2) = (3) is obvious.

(3) = (1): If F is projectively fibrant, then 7 is a morphism between complete Segal spaces.
Assuming further that both 7y and n; are weak equivalences in Sety, it follows from the Segal condition
that ny is an equivalence for every k € Ny. Again using the fact that weak equivalences in €88 between
fibrant objects are precisely the levelwise weak equivalences of simplicial spaces, this implies that 7 is
a weak equivalence in €88, and hence that F is a sheaf of co-categories. O

Transfer to the large site of €

We now extend Theorem 3.18 to (oo, 1)-categories. To that end, observe that for each U-small site
(€,7) the site (€,7) is V-small, so that the projective model structure Ho, 1 = (€88 ),y exists.

Consider the functor

S Hooq — Hoony  (SLF)(X) = HES (X, ).

00,1 "

Proposition 3.31 There exists a Quillen adjunction

Re®

00,1

. A — .
t Hoot L Hoon 1 524

Proof. The left adjoint Re 1 Is given by
ceCoP

R ceeop R
Re?ql(g) = / 9(yc) ® ceQYe = / (y*g)(c) ® ce@Ye .

The adjointness is proven entirely in parallel to the proof of Proposition 3.11. The fact that SC?OJ is
right Quillen follows from the properties of the functor c, (it is left Quillen) and the fact that Ho 1 is
a C88-model category (Lemma 3.24). O
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In parallel to (3.8), we let (7) denote the set of Cech nerves in fHoo 1 of coverings in (G’ 7) and set
f}cloc1 = L(T)/essf}foo 1

Theorem 3.32 The Quillen adjunction Re 1 SQ 1 induces a Quillen adjunction
. — .
Re?o,l : g{looo(fl Lt j'fé%c,l : 530,1

Proof. We aim to apply Proposition 3.13 to S . Hence, we need to check that S , sends 7 /C88-local
objects to (T )/GSS local objects. Let I € U{locl be a fibrant object, and let 7: Y — X be a 7-local
epimorphism in €. We denote its Cech nerve by Cme — X. We have to show that the morphism

T (S21F)(X) — holim§®S ((SE ,F)(C'ma))

is a weak equivalence in €88. Since J is a fibrant object in H 1, and since Sfo’l: Hooq — U/\{oo,l is
right Quillen, it follows that 7* is a morphism between complete Segal spaces. Consequently, 7* is a
weak equivalence in €88 if and only if it is a levelwise weak equivalence of simplicial objects in Setp.

FXecCandne Ny we compute
((S219)(X)), = (HE (X, 9)),,
= [ 857 (c(QX(0), 5(0),
[ et 1 x <0(@X (), 5(0)

S /@(QX(C),%(C))

~H_(QX,F,)
= 59T, (X).

Therefore, using Lemma 3.28, the n-th level of the morphism 7* fits into a commutative square

((52.,9)(X)),, — 2 (nolim§® ((52,,9)(C.))

(S2F,)(X) — holim$*® ((S25,,)(Cr.))

n

If F is fibrant in H'¢,, then by Theorem 3.30 the simplicial presheaves F,, are sheaves of co-groupoids

00,1

for each n € Ny, i.e. they are fibrant objects in fJ-Cf)‘;C. Thus, a direct application of Theorem 3.18

implies that (m,)*, and hence also (7*),,, is a weak equivalence in Set, for every n € Ny. O

3.3 Sheaves of (0o, n)-categories
We proceed to consider n-fold simplicial spaces, i.e. objects of

AOP X7

s"8etp = (Setp)
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For fixed n € N, we use the notation ([ko], ..., [kn_1]) = k € A™. The category s"Set, is simplicial,
with simplicial mapping space

s"Setp(X,Y) = /

SetA(XE, YE) .
kean

Further, it is cartesian closed, with internal hom given by

Seta (Y2" (1) x X7

(YX)E = s"SetA(B%n x X,Y) = /
lear

Here, Y2": A™ — Sety is the Yoneda embedding of A", composed with the embedding Set < Seta. Via
the monoidal adjunctions

Co : s"flSetA 1 7 s"Sety : EV[O] ,

where (ceX)io.,. kn1 = Xki,. ko1, the category s"Setp is enriched, tensored, and cotensored over
skSety for any 0 < k < n.

Theorem 3.33 [Bar05, Scholium 2.3.18] We set €S8y := Setp and C88; := CS8S. Forn > 2 there exist
cartesian closed, left proper, tractable model categories that are defined iteratively via

€88, = L, ((C885™ )in;s) -

n—1

Fibrant objects in C88,, are called complete n-uple Segal spaces, or (0o, n)-categories. The set of
morphisms S, is the image of S,,_1 under c,, for n > 2; we refer to [Bar05| for details.

Remark 3.34 We divert slightly from Barwick’s construction of €88,, here, in that we use the injective
model structure on C88A” rather than the Reedy model structure. The resulting model structure
is Quillen equivalent to Barwick’s, since in both models the Quillen equivalent Reedy and injective
model structures are localised at the same morphisms of n-fold simplicial sets. However, for us it will
be convenient to work with a model category for n-uple complete Segal spaces in which every object
is cofibrant, which is built into our definition. <

We record the following straightforward fact:

Lemma 3.35 For any n € Ny there exist symmetric monoidal Quillen adjunctions

Ce o 1
eSS, TLH (€884 —>i CSS i1 -
Vio

This implies that we can consider €88,, as a model C88-category for any 0 < k < n.
Lemma 3.36 Letn € N, let J be a V-small category, and let D:J — C88,, be a projectively fibrant
diagram, i.e. Di is an n-uple complete Segal space for every i € J.
(1) The homotopy limit of D can be computed levelwise: for each k € Ny, there exist canonical natural
isomorphisms
(holim§3$* (D)), 2 holimy**"~* (Dy),
where for i € J the object Dyi = (Di)y is the k-th simplicial level of Di € s(s"'8ety).
(2) The homotopy limit of D can be computed objectwise when viewing the diagram as a functor

D: J x A" — Setp. That is, for any k € A™ there is an isomorphism

(holimgss” (D))z = holim?CtA(DE) ,

which is natural in k € A",
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Proof. In order to prove part (1), we proceed as in the proof of Lemma 3.28: let Y": A — s"Setp
denote the functor defined via

(9 )to,...n = B[], [K]) -
Since D is objectwise fibrant, the homotopy limit is modelled by the cobar construction Cgnge, (*,d, D)
in the simplicial category s"Set,. Using the identification s"Setp = (s" '8etp)2””, we compute its value
on the object [m] € A: there are canonical natural isomorphisms

(holimgss" (D))m = (Cnsety (%, D))m
= %288,1,1 ( [ Cs"SetA(*a d, D))

[m]’

2 g o9
ken

/ SnsetAsnilsetA( [T;n] & Aka Cf”SetA(*’ 37 D))
ken

1

1%

1

/ s"18ety” O (AF, OF(x, 3, D))
ken

n—1 5" 18ety Ak .
/kEAS Setp ( , H (Dzk)m>

1€(NJ)k
Ak
[, oo

1€(NJ)k
= s”flsetA(*a d, Dm)

= holimg'ss'“1 (Dp,) -

12

In the last step we have again used that injective fibrant diagrams are in particular object-wise fibrant.
In particular, since D: J — €88, is objectwise fibrant, it follows that, for every [m] € A and each i € §,
the object (Di),, € €88,,_1 is again fibrant. That is, for every [m] € A, the diagram D,,: J — C88,,_1
is again objectwise fibrant, so that the cobar construction in the second-to-last line indeed models the
homotopy limit.

Part (2) follows by iterating part (1) to reduce to the case n = 1 and then applying Lemma 3.28. [

Definition 3.37 Let C be a small category.

(1) The projective model category for presheaves of (oo, n)-categories on C is
Hoo,n = Fun(C?, €88,,)proj -

A fibrant object in Hoo p, is called a presheaf of (oo, n)-categories on €.

(2) Let (C,7) be a Grothendieck site, and let T denote the class of morphisms in Hoo consisting of
Cech nerves of coverings in (C,T), promoted to morphisms in Huo p, via iterated applications of
Co: C88,,—1 — C88,,. The projective model category for sheaves of (0o, n)-categories on (C,7) is
the enriched left Bousfield localisation

loc .__
j_Coo,n = Li’/(ﬂ’SSanoo,n .

A fibrant object in ?Cé‘;cn is called a sheaf of (co,n)-categories on (C, 7).

Proposition 3.38 Let C be a U-small category. Then Hu p is a left proper, tractable C88,-model
category. Further, if € is endowed with a Grothendieck pretopology T, then H'C is a ©8S,-model

oo,n
category, and it is symmetric monoidal if Hog @5 s0.

29



Proof. The statement about H , is a consequence of [Barl0O, Prop. 4.50]. For Kloe  the claim

oo,n?
follows from [Barl0, Prop. 4.47|. The statement about symmetric monoidal structures is an application
of [Bar10, Thm. 4.58]. O

Analogously to Sections 3.1 and 3.2, H 5, is symmetric monoidal whenever C has finite products.

Lemma 3.39 The following statements hold true:

(1) Every projectively cofibrant presheaf of (0o,n — 1)-categories F gives rise to a projectively cofibrant
presheaf of (0o, n)-categories ceF on C.

(2) In particular, each Y. and each CK is cofibrant in Hu 5, for every ¢ € € and every K € €88y, for
any k € Ng, where CK is the constant sheaf with value K.

Proof. This is an immediate consequence of Lemma 3.35 and the definition of projective model struc-
tures. U

Proposition 3.40 The functor ce induces a left Quillen functor c,: ?Cé%fl — ?Cé%fl+l.

Proof. We know that there is a Quillen adjunction ce : Hog; &= Hoo 141 - Evs where the evaluation
takes place in the first simplicial argument. Since weak equivalences between fibrant objects in €8S,
are nothing but levelwise weak equivalences, and since homotopy limits in €88,, can be computed
levelwise (Lemma 3.36), it follows that Eviy sends local objects to local objects. Then, the claim
follows from Proposition 3.13. U

We now extend Theorem 3.32 to (0o, n)-categories. To that end, observe that €is V-small category,
so that the projective model structure Hoo 1 = (GSSGOp)pmj exists. Consider the functor

S i Hoom — Hoomy  (SL,I)X) = HES(c,QX, F).

n

Proposition 3.41 On J € Hy ,, fibrant, the functor SoQom agrees with the homotopy right Kan exten-
sion of F: C°P — C88,, along the Yoneda embedding,

SE ,F = hoRanyes (7).
Proof. Analogous to Proposition 3.9. O

Proposition 3.42 There exists a Quillen adjunction

ReZn: Hoo L Hoom: S

Proof. Analogous to the proof of Proposition 3.31. O

We let (7) denote the image in UA{OO,” of the Cech nerves of T-local epimorphisms in U/%oo under the
functor c,. Then, we define the model category for sheaves of (oo, n)-categories on C as

~

H = Lizy/ess, Hoom -

Theorem 3.43 Let (C,7) be a site. For any n € N, the Quillen adjunction ReoQom - ngo,n induces a
Quillen adjunction

Q . qrloc —— loc . Q@
ReQ,, : Hlee, —I 3o, SL.
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Proof. Our goal is to apply Proposition 3.13 to S?om. Hence, we need to check that Sgo,n sends 7/C88,,-
local objects to (7)/€88,,-local objects. Let F € ?Cé%cn be a fibrant object, and let 7: Y — X be a
T-local epimorphism in €. We have to show that the morphism

7 (89 ,F)(X) — holim>" ((SL ,,F)(C.))

is a weak equivalence in C88,. Since JF is fibrant, 7#* is a morphism between fibrant objects in
C88,, (cf. Lemma 3.29). Consequently, by the construction of €8S, as a left Bousfield localisation
of (GSSn_l)gA;;, it follows that 7* is a weak equivalence if and only if it is a levelwise weak equivalence
of simplicial objects in €88,,_1. However, since injectively fibrant objects are projectively fibrant, the
levels 7} of 7* as a morphism of simplicial objects are again maps between fibrant objects (this time in
C88,,—1). Iterating this argument, we see that 7* is a weak equivalence in €88, if and only if each of

its n-fold simplicial components Thoo.. k., A€ weak equivalences in Setp. Now the proof is completed

-1

entirely in parallel to that of Theorem 3.32. O

4 Two applications

We provide two applications of the theory developed in Section 3. First, we prove that diffeological
vector bundles satisfy descent along subductions, i.e. along 744.,-local epimorphisms between diffeolog-
ical spaces. Then we show a result that allows to construct smooth FFTs on a manifold M from their
values on generators of the bordism category. For motivation and background, we refer the reader to
Sections 1.2 and 1.3. Throughout this section we work over the site (Cart, 7440p) from Example 2.3.

4.1 Diffeological vector bundles descend along subductions

Recall the notion of a diffeological space (cf. Definition 2.16); in our conventions, these are built from
U-small sets.
Definition 4.1 Let X € Dfg be a diffeological space.

(1) A (complex rank-k) vector bundle on X is a pair (E,m) of a diffeological space E and a morphism
m: B — X in Dfg with the structure of a C-vector space on each fibre Ej, = 7 ({z}), satisfying
the following condition: for each plot @: ¢ — X there exists an isomorphism of diffeological spaces

P:exCh —cx FE
X

such that pr, o ® = pr, and such that for every x € c the restriction ®,: Cck — E|y(z) is linear.
(2) Let (E,m) and (E',7") be vector bundles on X. A morphism (E,n) — (E',7’) is a morphism
U € Dfg(E, E') with ' o W = 7 and such that ¥,: E|, — E(x is a linear map for every x € X.

This defines a category VBunpg(X) of diffeological vector bundles on X.

Example 4.2 If M is a smooth manifold, which we view as a diffeological space, then the category
VBunpg(X) is canonically equivalent to the ordinary category of vector bundles on M. N

Any morphism f € Dfg(X’, X) gives rise to a pullback functor

5 VBunpge (X) — VBunopg (X', E,m)— (X' x E,7'),
g g s
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where 7’ is the pullback of 7 along f. As for vector bundles on manifolds, this defines a pseudo-functor
VBunpg, : Dfg®® — Cat (equivalently, there is a cartesian fibration VBunpg — Dfg). Here, Cat is the
2-category of V-small categories.

We define a strict presheaf VBungg%’ of categories on Cart as follows: for ¢ € Cart, the category
VBuniY (c) has objects (¢,n), where n € Ny, and a morphism (c,n) — (¢,m) is a smooth function
Y: ¢ — Mat(mxn,C) from c to the vector space of complex m-by-n matrices; to make clear that 1 is
defined over ¢ we also write (¢, 1)) instead of just 1. A smooth map f: ¢ — ¢ acts via

VB (¢) — VB (), (en) = (din),  (e,8) = (o f).

Let Hoo,1 denote the model category for presheaves of co-categories on the site (Cart, Tdgop) (as in
Definition 3.23). Further, let N,.;: Cat — sSetp denote Rezk’s classifying diagram functor [Rez01].
Explicitly, if D~ denotes the maximal subgroupoid of a category D, we have

(NrelD)n = N((D[n})w) :

That is, the elements of the set Ny (D), are commutative diagrams in D of the form

dO,m — dl,m o ” dn,m
do dy > dn
doo dy o > dno

)

Definition 4.3 We define the following two presheaves of co-categories:
VBun'™ = N, o VBung;;’ € Hoo and VBun = S?OJ (VBuan) € fJTCOO,l )

Proposition 4.4 Both VBun™ and VBun are fibrant objects in U{fg’:l and in o respectively.

00,17

Proof. We only need to show that VBun™" ¢ ?Cé‘;fl is fibrant. The statement that VBun is a fibrant
object in .‘J?ff)?l will then follow from Theorem 3.32.

Note that VBun™ is fibrant in Hoo,1, since for each ¢ € Cart, the bisimplicial set VBun™ (¢c) =
Nrel(VBunggz’(c)) is the classification diagram of an ordinary category; hence, it is a complete Segal
space by [Rez01, Prop. 6.1]. We are thus left to show that, in the notation introduced in (2.8), the
canonical morphism

w: VBun' (¢) — holim§®® < e H VBun™ (Cyy i) - > =: holim§®® (VBuntriV(C'U.))

10, in €1

is a weak equivalence in €88 for each differentiably good open covering U = {¢; — c}ier. We recall
from Lemma 3.28 that the homotopy limit may be computed level-wise. Furthermore, by Theorem 3.30
it suffices to check that the morphisms 1y and u; are weak equivalences in Setp. That is, we need to
check whether the simplicial presheaves VBun{™ and VBun{"" are fibrant in /2.
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triv

The simplicial presheaf VBunf" assigns to ¢ € Cart the nerve VBuni™(c) = N(VBunZ'™(c)) of
the maximal subgroupoid of VBun{lY (c). Concretely, VBun{™(c) has objects (c,n) with n € Ny and
morphisms
J\/[fd(c, GL(n,(C)) , n=m,

0, n#m.

The homotopy limit holimietA(VBungriv(C’L{.)) is the nerve of the groupoid whose objects are the

VBungriV(c) ((c, n), (c, m)) = {

GL(n, C)-valued Cech 1-cocycles on ¢, subordinate to the covering U, for any n € Ny, and whose
morphisms are the GL(n, C)-valued Cech 1-coboundaries subordinate to ¢/. The morphism

ug: VBunf™ (c) — holim3™ (VBun§™ (Cl, )

is induced via the nerve from the functor wuy that sends the object (¢,m) to the cocycle given by
gij = 1, € GL(n,C), for 4,5 € I and n € Ny, and that sends the morphism ¥: (¢,n) — (¢,n) to the
coboundary h; = 1.,, for i € I. The functor ug is an equivalence: it is fully faithful since GL(n,C)
is a sheaf on (Cart, 7qgep) (see Example 2.3 and Remark 2.20). It is essentially surjective since the
Cech cohomology group H'(¢,GL(n,C)) is trivial for all n € Ny (since ¢ = RF for some k € Ny).
Consequently, the morphism ug = Nug is a weak equivalence of simplicial sets.

We turn to uy: the simplicial set VBuntfiV(c) is the nerve of a groupoid whose objects are morphisms
(c,): (¢;n) — (c,m) in VBun@ (c), where ¢: ¢ — Mat(mxn, C) is a smooth map. Let (c, ), (¢, 1)
be objects with (c,vq): (¢,n04) — (¢,n1,4) for a = 0,1. Morphisms (c¢,¢9) — (c,11) are given by
triples (¢, go, g1) such that

(¢;m0,1) SN (c,m1,1)

%1\(07‘90) (0791)1\%

(¢,m0,0) ) (e,n1,0)

is a commutative diagram in VBunf.y (c) whose vertical morphisms are isomorphisms. In particular,

we have that ng o = n4,1 for a =0, 1.

The homotopy limit holimiCtA(VBunﬁriV(éZ/{.)) is the nerve of the following groupoid: its objects
are triples (g, ¢',9), where g = (gi;) (vesp. g’ = (gi;)) is a GL(n, C)-valued (resp. GL(n',C)-valued) 1-
cocycle on ¢, subordinate to U. Further, 1) = (1);) is a collection of smooth maps ;: ¢; — Mat(n'xn, C)
such that

gii=vi95 Vi jel. (4.5)
In particular, (c,g) and (c,¢') are vertices in holimie%(VBunBriV(CU.)). A morphism (g,¢',v) —
(3, ,1) consists of a pair (h,R’) of morphisms (¢, h): (¢,g) — (¢,§) and (¢,h'): (¢,g') = (¢,§) in
holimietA (VBunf™v(Cl, ), satisfying the additional condition that

Poap; = ih;  Viel.

The morphism u; is the nerve of the functor u; which sends an object (¢, ) to the object (1, 1,7, 1)
and a morphism (¢, go, g1) to (go, g1). The functor wy is fully faithful, again because GL(n, C) is a sheaf
on (Cart, 7440p). Moreover, u; is essentially surjective: let (g, ¢’,1) be an object in the groupoid whose
nerve is holimiCtA(VBunﬁriV(éZ/{.)). Since H'(¢,GL(n,C)) = 0 for all n € Ny, we find coboundaries
h = (h;) and b/ = (h}) that establish equivalences g ~ 1,, and ¢’ ~ 1,,. These provide an isomorphism
(hyh'): (9,9 ,%) — (L, Ly, 1b), where tb; = Rlab;h; ! for all i € I. The condition (4.5) on the object
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(1,,1,,, zﬁ) now reads as zﬁﬂcij
the fact that Mat(n’xn,C) is a sheaf on (Cart, 7440,). Consequently, u; = Nuj is a weak equivalence
in Sets. This completes the proof that VBun™V is fibrant in ?Cé‘;cn O

= T;jlcl-j for all i, 7 € I. The essential surjectivity of uj thus follows from

Proposition 4.6 There is a strict presheaf of categories VBune, : Dig®? — Cat on the category of
diffeological spaces such that
VBun = N,.o; 0 VBune,; .

Proof. We construct VBune,; explicitly: recall the explicit formula
VBun(X) = (S, VBun)(X) = HES (QX, VBun"™) .
At level zero we thus have
VBung(X) = HES (QX, VBun"™) = H, (QX, VBuni™) .

A vertex of the simplicial set VBung(X) is therefore a morphism QX — VBunf™ = N(VBuni¥™)
of simplicial presheaves on Cart. In explicit terms, such a morphism consists of the following data:
for every plot ¢: ¢ = X we have an object of VBung;tV(c), which we denote by (¢, n(p)). For every
morphism f: ¢g — ¢; in Cart, and every plot ¢ € X (c;) with assigned object (¢,n1(p)), we have an
isomorphism

hyt (po fino(po f)) — f*(p.mlp))

in VBuni¥(co). Observe that this is just a smooth map hy:co — GL(ng,C). Finally, for every
composable sequence (fy: cg — c1, f1: ¢ — ¢2) in Cart and for every ¢ € X(cg) with assigned objects
(¢, n2()), (o fi,m(po f)), and (o fio fo,no(po fio fo)), as well as assigned morphisms hy,, hy,,
and hy o5, we have the relation
fohg by = hyof, -

Furthermore, if f = 1., then hy = 1,,(,,). We denote the data of a vertex of VBung(X) by (n, h), where
n assigns to each plot p: ¢ — X the number n(p), and where h assigns to each morphism f: ¢’ — ¢
of plots of X the map hy.

A 1-simplex in VBung(X) with initial vertex denoted (ng, hg) and final vertex denoted (ny,h;) is
given by specifying, for each plot ¢: ¢ — X, a smooth map g,: ¢ = GL(ng,C) such that, for every
morphism f: g — 1 of plots of X, we have that

[900 -hp =hys- gy, - (4.7)

All higher simplices in VBung(X) are degenerate. In fact, VBung(X) is the nerve of a groupoid (which
is uniquely determined by the 0- and 1-simplices described above); we write

VBung(X) = N (VBung, (X)) .

The notation VBung,, (X) suggests that this groupoid is in fact the maximal subgroupoid of a category.
This is indeed the case: a vertex in VBun; (X)) is given by a pair (n;, h;), ¢ = 0, 1, of vertices of VBung(X)
and an assignment of a smooth map g,: ¢ = Mat(n;xng,C) to each plot ¢: ¢ = X of X, such that
g satisfies the condition (4.7). A 1l-simplex in VBun;(X) from gg to g1 is an assignment of a pair of
smooth maps (kyy, k,, ): ¢ = GL(no(p), C) x GL(n1(p),C) to each plot ¢: ¢ — X such that

k:a ©go,p = g1, © ky
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holds true for every plot ¢ of X. Further, k and k' each satisfy an analogue of condition (4.7) with
respect to go and ¢, respectively. All higher simplices of VBun; (X) are degenerate. In fact, VBun(X)
is the classification diagram of a category,

VBun(X) = Nyer (VBuney (X)) .

Then, VBune,; is turned into a (strict) functor Dfg®® — Cat by letting a morphism F' € Dfg(Y, X) act
on objects as (n, h) — (F*n, F*h), where (F*n)(¢) = n(p o F) and (F*h)s = hy, and on morphisms
as g — F*g, with (F*¢)y = grog. O

Theorem 4.8 There is an objectwise equivalence
A: VBuney, — VBunpg,

of (non-strict) presheaves of categories on Dfg.

The proof of Theorem 4.8 is somewhat lengthy; we provide it in Appendix B.

Corollary 4.9 For any diffeological space X, there is a weak equivalence of complete Segal spaces
Ny A: VBun(X) — Nye) VBunpg (X) .

Recall that Dfg with the 744p-local epimorphisms between diffeological spaces forms a site (Re-
mark 2.21). Its covering families each consist of a single 7440,-local epimorphism.

Corollary 4.10 The presheaf of categories VBunpg, on Dig satisfies descent with respect to 7440,-local
epimorphisms.

Proof. We have already shown in Proposition 4.4 that VBun is fibrant in J/:flo%fl Thus, for any 7440,-local
epimorphism 7: Y — X in Dfg the canonical morphism

VBun(X) — holim§®® (VBun(Cr,))

is a weak equivalence, where C'my denotes the Cech nerve of . The homotopy limit on the right-hand
side is precisely the result of applying the classification diagram functor N,.; to the descent category
of VBune,; with respect to m. The fact that N, reflects weak equivalences [Rez01, Thm. 3.7] now
implies that the presheaf of categories VBune,; satisfies descent with respect to w. We finally observe
that a weak equivalence of presheaves of categories also induces an equivalence of descent categories.
Then, the two-out-of-three property of weak equivalences implies that VBunpg, satisfies descent with
respect to 7. U

4.2 Descent and coherence for smooth functorial field theories

Let Y be an oriented manifold, let Mfd®" denote the groupoid of oriented manifolds and orientation-
preserving diffeomorphisms, and let My be the connected component of Y in Mfd®". For X, X’ € Mfd*",
we let D(X, X’) denote the diffeological space of diffeomorphisms from X to X’. Concretely, a map
@: ¢ — D(X,X’) is a plot if and only if its adjoint map ¢': ¢ x X — X’ is a smooth map of manifolds.
This establishes both Mfd®" and My as categories enriched in diffeological spaces; the Dfg-enriched
mapping spaces are Mgfg(Yo, Y1) = D(Yp, Y1). We also use the shorthand notation D(Y') := D(Y,Y).
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Remark 4.11 One could replace the category Dfg by the category Cart throughout this subsection
without changing any of the results. The reason that we work with the more special choice of Dfg
rather than Cart is that it allows to use diffeological vector bundles as discussed in Section 4.1 in this
context. This is desirable in field theory constructions — see for instance [BW19]. <

Recall that Dfg is cartesian closed [BH11|, so that it is in particular enriched, tensored, and
cotensored over Dfg itself. Consider Dfg-enriched functors

P:MP — Dfg,  G: My — Difg,

as well as the functors G", with G*(X) := (G(X))". Setting G°(X) := x gives rise to an augmented
simplicial object o
G ¢ ((‘Za‘c(J\/[y,ﬂfg))A+ ,

where A, is the simplex category A with an initial object [—1] adjoined to it.

Example 4.12 In the context of smooth field theories on a manifold M, the relevant choice of P is
M) which assigns to Y’ € My the diffeological mapping space MY . N

This setup allows us to form, for each n € Ny, the enriched two-sided simplicial bar construc-
tion [Riel4, Section 9.1|, which produces a simplicial object

Bo(G", M?, P) € Dfg®™).
Explicitly, we have

Bi(G"MP,P) =[]  P(Yo) x D(Y1,Yp) x -+ x D(Vg, Y1) x G"(Va) .
Yo,...., Y €My

We now consider the explicit case of G = D(Y, —): My — Dfg, so that we have

By(D(Y,—)", M, P) = J] P(¥o) x D(Y,Yp)".
YQGMY

Define morphisms ®,, as the composition

P(Yy) x D(Y, Yo)™! — 5 P(Yy) x D(Y, Yp) x D(Y, Yo)"

|
|
o, | llexl
|
3

P(Y)x D(Y,Y)" ¢————<— P(Yp) x D(Y, Yp)* x D(Y, ¥p)"

where A denotes the diagonal morphism, and where Ev: P(Yy) x D(Y,Yy) — P(Y) is defined via
the tensor adjunction: it is the adjoint of the morphism Py,y: D(Y,Yy) = M‘;P’ng(YO,Y) —
%ng(PYo, PY’). The morphism § acts as

(fvflv"')fn) — (f_lfbfl_lf?v"'7fn__11fn)‘

Let BD(Y) € My denote the full Dfg-enriched subcategory on the object Y. We call the simplicial
object
(P(Y)//D(Y)), = Bu(+BD(Y), P) € Dig*")

the action groupoid of the D(Y')-action via Ev on P(Y') € Dfg.
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Lemma 4.13 For every n € Ny, the morphism
®,,: Bo(D(Y, —)", M, P) — (P(Y)//D(Y)),.

is an augmentation of the simplicial object B, (D(Y, —)"H,M;p,P) in Dig.
Proof. This follows directly from the compatibility of Ev with compositions. O

We further define morphisms
Uy Bk(D(K _)7M(;/pvp) — Bk(*am(;})yp) s

which arise from the augmentation D(Y, —)® — D(Y, =)0 = x.

Proposition 4.14 Let k € Np.
(1) The morphism

Wy, By(D(Y, —), M, P) — By, (x, M2, P)
is an augmentation of the simplicial object By, (D(Y,—)**1, M¥, P) in Dfg.

(2) The morphz’sm W is a subduction, and the stmplicial object By, (D(Y7 —)e J\/[;p, P) s 1somorphic
the Cech nerve of V.

Proof. Part (1) is immediate from the construction of Wy. For part (2), we only need to observe that
W, is a coproduct of projections onto a factor in a product and use Lemmas 2.7 and 2.28. O

Remark 4.15 Recall from Proposition 2.22 that there is a fully faithful right adjoint ¢: Dfg — (‘fia?t,
which we will be using implicitly. Under the functor ¢, the Cech nerve of ¥, in Dfg agrees with the
Cech nerve of +(¥y,) in Cart. q

For k,l € Ny, we introduce the short-hand notation
Cohy,(Y, P) := By (D(Y, =)+, M, P) € Cart.

Corollary 4.16 We obtain a bisimplicial object in Dfg (and hence in ém?t) which is augmented in

each direction,
Coh(Y, P) —2*— (P(Y)//D(Y)),
J\IJ. (4.17)
Ba (%, M?, P)

and where the vertical simplicial objects are the Cech nerves of the subductions Wy,.
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Explicitly, diagram (4.17) reads as

: dh : :
[T PO%) <D, Y) xD(Y, )2 = [[ P(%)x D(Y,Y)* — P(Y) x D(Y)

- Yo,Y1EMy YoeMy
il a
dnr

[l PO%) xD(¥1,Yy) x DY, 17) P— [T P(Y) x D(Y,vg) —>— P
-

Yo,Y1EMy YoeMy
)

I[I P00 xDM,Y) T Povo
Yo, Y1eEMy YoeMy

Applying ¢ to diagram (4.17), we obtain a bisimplicial object in Cart with augmentations in each
direction, which we will denote by the same symbols as in (4.17). Observe that by Lemma 2.28 ¢
commutes with coproducts.

Proposition 4.18 The morphisms ®o and V4 have the following properties:

(1) Each ®,, induces a weak equivalence in Heoo:
®,,: Coh, (Y, P) — co(P(Y)//D(Y)), .
(2) Each Yy, is a Tygop-local epimorphism. Consequently, it induces a weak equivalence in Floe.
W0 Cohy, oY, P) — co By (, M, P) .
Proof. Ad (1): We claim that the augmented simplicial object
Coha. (Y, P) = Bo(D(Y, =)™, M, P) —2 P(Y) x D(Y)"
in Ho, admits extra degeneracies. To see this, we define maps of diffeological spaces

s_y-1: PY) x DY) — [ P(Yo) x D(Y,Yp)"*',
YoeMy

(Vs 1o fu) — (v 1y fr, oo fn)

where the image lies in the summand labelled by Y € My . For k € Ny, we set
soes [ P(Y) x D(Y1,Yp) x ... x D(Y, Yee1) x D(Y, ¥3)"H!
Yo,...,Yr €My
— 1T P(Yy) x D(Y1, Yy) X ... X D(Yiq1, Vi) x D(Y, Yipq)" 1,
Y(),...,Yk+1EMY
(77907' .. 7gk—17f07 .. 7fn) — (77907 ey Jk—1, 1Y7f07' .. 7fn)7
where the image lies in the component of the coproduct labelled by (Yp,..., Yy, Y). These are indeed

morphisms of diffeological spaces, and their images under the forgetful functor ¢: Dfg — Cart yield the
desired extra degeneracies.

Ad (2): This follows from Proposition 4.14 together with Theorem 3.14. O
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Proposition 4.19 With the above notation, the following statements hold true:

(1) We have a weak equivalence in Hoo:

Q diag(®): Q o diag (Coh(Y, P)) — Q(P(Y)//D(Y)) .
(2) We have a weak equivalence in F'°:

Q diag(¥): Q o diag (Coh(Y, P)) — Q(B(x,M}*, P)) .

Proof. By Proposition 4.18, the morphism ®: Coh(Y, P) — co(P(Y)//D(Y)) is a levelwise weak equiv-
alence of simplicial objects in Ho,. Since the functor diag = |—|: sSetp — Set, is homotopical (it is left
Quillen and all objects in sSety are cofibrant), diag(®) is a weak equivalence in Ho,. This implies (1),
since @ is homotopical.

For claim (2), we observe that we have a commutative diagram

. hocolim Q¥ . K o
hocolim”t> h(Y, P hocolim™>=Q (B P p
ocolim Q(Coh(Y, P)y) = ocolim Q(B(*,M¥, P)y)

Q o diag (Coh(Y, P)) Goding (D) Q(B(*, M7P, P))

The top morphism is a local weak equivalence by Proposition 4.18, and the vertical morphisms are
projective weak equivalence by Proposition A.3. It follows that the bottom morphism is a local weak
equivalence. O

Definition 4.20 Let n € Ng, and let F € Hoo -

(1) We define (00, n)-categories
F(P)PY) = Cess, (+, 8, (52 ,F) (P(Y)//D(Y))) ,
F(P) ) = HES (QUP(Y) /DY), T)

red =—=00,n
and we call F(P)PY) the (0o, n)-category of equivariant sections of F over P(Y).
(2) We define (00, n)-categories
?(P)wh = CC’SSn (*’ b, (Sgo,n?) (B'(*’ M(;/pv P)))
F(P)req = HCr (Q(Ba(x, M5, P)), )

and we call F(P)®" the (0o, n)-category of coherent sections of F over P.

Note that F(P)PY) and F(P)" are models for the homotopy limits

F(P)PY) = holim™ (52 ,5)((P(Y) /D)),

F(P)*" = holim®™® (2, F) (By(x, M7, P)) .

We chose to use these specific models for their good computational properties.
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Theorem 4.21 For any n € Ny and for any fibrant F € ?Cé%cn there is a canonical zig-zag of weak

equivalences between fibrant objects in CS8S,,

DY co
F(P)RY) F(P)eeh
N ~
/ (Qdiag(®))*  (Qdiag(V))” \ (4.22)
W /
F(P)PY) ﬁggﬁy (Q o diag (Coh(Y, P)), F) F(P)coh

Proof. Let G € Hy be any object. Then, since H 5, is a €88,-model category, the functor
A= €88y, (k] = HE(QG). )

is objectwise fibrant. Hence, its homotopy limit is modelled by the cobar construction in €8S§,,. Since
J is fibrant in Hs 5, the functor ﬁﬁf%(—,?): Hoon — €88y, is left Quillen. Further, recall from
Lemma 3.35 that the functor ce: U{fg’:l — U{fg’:l 41 18 left Quillen for every [ € No. Hence, using the
cobar and bar constructions to model homotopy (co)limits, there exists a canonical isomorphism

holim®$~ F) =2 H_ . (hocolim”t= F).
I?elin —oo,n(Q(Gk)v ) —oo,n( OISgAlm Q(Gk)v )

By Proposition A.3 there exists a canonical weak equivalence hocolimi{gZQ(Gk) — Qdiag(G). Since
homotopy colimits are cofibrant (when computed using (co)bar constructions, following [Riel4]), this
is a weak equivalence between cofibrant objects in H,. It hence induces a weak equivalence

HES(Q o diag(G),F) — HESn (hogoiim%“Q(Gk), F).
’ ’ €

The cases G = P(Y)//D(Y) and G = Be(%, M3/, P) yield the first and the last weak equivalence in
diagram (4.22).
The second and the third weak equivalence are direct consequences of Proposition 4.19. U
We can improve on this result by establishing a more direct relation between equivariant and

coherent sections:

Theorem 4.23 For any n € Ny and for any fibrant F € U{locn there is a canonical zig-zag of weak

m?
equivalences between fibrant objects in C8S,,,

F(P)PY) Ly Z(F,PY) «2— F(P)~h (4.24)

~

Proof. For the sake of legibility, we write Coh := Coh(Y, P) in this proof. We set
Z(F,PY) = Cess, <*,A, Cess,, (*, B, (Sgo,n’f)(COh.,.))) -

First, we define ¥* and show that it is an equivalence. Since for each k € Ny the morphism Wy, is
the Cech nerve of a Tdgop-local epimorphism, we can apply Theorem 3.43 (respectively Theorems 3.32
or 3.18) to it. Thus, for each k € Ny we obtain a weak equivalence

(S . F) (Br(x, M, P)) = Cess,, (x, 4, (SL,,F)(Cohy)) -

Since the cobar construction preserves weak equivalences between projectively fibrant diagrams [Riel4],
this yields the left-hand weak equivalence in (4.24).
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We move on to the right-hand weak equivalence: we can commute the two cobar constructions in
Z(F,P,Y) and use the definition of Sf;%,n to obtain an isomorphism

Z(F,P.Y) = Css, (%, b, Cass,, (8, 757 (Q(Coh,0), F)) )
= Cass,, (., 95 (B (+,,Q(Cohs b)), 5) ),

where the inner cobar construction in the first line and the bar construction in the second line refer
to the first (horizontal) simplicial degree of Coh. Observe that the functor @ is always applied to the
levels Cohy,;, seen as simplicially constant objects in H,. Fix some [ € Ny and consider the simplicial
object Cohg;: AP — Ho,. The bar construction B¥(x, A, QCoh, ;) is (a model for) the homotopy
colimit of this simplicial diagram. Using Lemma A.2 and the fact that Coh,; has an augmentation
and extra degeneracies (Proposition 4.18, [Riel4, Cor. 4.5.2|), we obtain projective weak equivalences

B¥% (%, 5, QCoh, ;) = hocolim**Cohy,
keaop

~ h 1 Setp h
_>Q(c»—> ggzolgn Co k,l(C))

— Q(c — Coh_y,(c))
= Q((P(Y)//D(Y))) -
This induces a weak equivalence

Z(?7 Pv Y) = C@SSH <*7 A)ﬂgos,srf (Bg{oo(*7 A) Q(COho,o))7 iT))
= Cess, (%, 0,185 (Q((P(Y)/D(Y))a), 5))

= Cass, (8, (5L, ) (P(V)/D(Y)).) )
= F(P)P),
which proves the claim. O

Remark 4.25 The weak equivalence ®* in (4.24) arises from weak equivalences in H,, i.e. from
projective weak equivalences of simplicial presheaves. The fact that U* is a weak equivalence relies on
the fact that F is Cech local and that U, is levelwise a Tagop-local weak equivalence. N

Remark 4.26 The morphisms in diagram (4.24) are weak equivalences between cofibrant-fibrant
objects (all objects in €8S,, are cofibrant, Remark 3.34). Hence, as €8§,, is in particular a simplicial
model category, each of these weak equivalences admits a contractible space of homotopy inverses.
Y)
F(P)c°", unique up to contractible choice. This establishes an equivalence (unique up to contractible

Choosing a homotopy inverse ¥, for the morphism W* hence specifies a weak equivalence F (P)D(

choices) of the (0o, n)-categories of D(Y')-equivariant sections of F over P(Y') (cf. Definition 4.20) and

coherent sections of F on P. <

Remark 4.27 If F is the sheaf of diffeological vector bundles from Section 4.1 the insights from
Theorem 4.23 and Remark 4.26 were used in [BW19] in order to obtain a coherent vector bundle on P,
where Y = S' and P = M) for some manifold M, from the equivariant structure of the transgression
line bundle of a bundle gerbe with connection. Moreover, this procedure was also applied to bundles
over certain spaces of paths in M, and the coherent vector bundles thus obtained were subsequently
assembled into a smooth open-closed FFT on M. In this sense, that smooth FFT was built from its
values on generating objects by means of the equivalence of equivariant and coherent sections of a
sheaf of higher categories as explored here. N
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We point out that there is another way of establishing an equivalence between the (oo, n)-categories
F(P)PY) and F(P)": we can view the truncations to simplicial levels zero and one of P(Y)//D(Y)
and of B(x, My’, P) as strict presheaves of groupoids on Cart. Let us denote these by Gr(P(Y')//D(Y))
and Gr(B(x, My’, P)), respectively. Observe that

P(Y)/D(Y)=NoGr(P(Y)/D(Y)) and B(x,M",P)=NoGr(B(x,M?,P)),

and that there is a canonical inclusion ¢: Gr(P(Y)//D(Y)) < Gr(B(x,M’, P)). Any choice of a
family of diffeomorphisms {fy,: Yo — Y}yyem, determines a morphism p: Gr(B(x, My, P)) —
Gr(P(Y)//D(Y)), for which there exist 2-isomorphisms (i.e. natural isomorphisms, coherent over Cart)
por=1and n: top — 1 of presheaves of groupoids over Cart. In particular, N7 determines a simplicial
homotopy Nn: B(x, My, P)®@ Al — B(x, M{’, P) between the identity and N(po:) in Hoo. This, in
turn, shows that both ¢ and p are homotopy equivalences, weakly inverse to each other. Consequently,
we obtain a pair of projective weak equivalences

QL
QPY)DY)) === Q(B(G?.P).
This proves
Theorem 4.28 Let F € Hyop projectively fibrant. With v and p defines as above, we obtain weakly
mverse weak equivalences

(Qu)~
DY) (2 co
?(P)re(d ) (Q—;)*> ?(P)TBZ .

Remark 4.29 Observe that Theorem 4.28 has greater scope than Theorem 4.23, because it does not
require Cech fibrancy of F. However, if there is a good choice of inverse W, as described in Remark 4.26
then Theorem 4.23 is more useful in applications, since it builds the coherence data on the output of
U, 0®* very explicitly. Furthermore, ¥, 0®* is a morphism between the (oo, n)-categories of equivariant

and coherent sections of F as one would like to describe them in practise, whereas in Theorem 4.28

one needs to first choose inverses for the weak equivalence F (P):?e(dy) = F(P)PY) | before one arrives

at a weak equivalence F(P)PY) = F(p)eoh, <

A Cofibrant replacement and homotopy colimits in J

Here we collect some technical results concerning Dugger’s cofibrant replacement functor @ from (3.4).
First, we observe that we can write () by means of the two-sided simplicial bar construction as follows:

Lemma A.1 Let C be any V-small category, and let Y denote its Yoneda embedding.

(1) There is a canonical natural isomorphism
QF = B(F,CY).
(2) For any presheaf X € @ there is a canonical 1somorphism
Q(ceX) = B(*,€/X,Y) = hocolimg Y -

Proof. We compute

ken°P k
e, - ([ mrenest) = [ Garew), o= Gmew),

n
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and we have

(Bu(F,€,Y)), = ( IT  Yeo x Clcoic1) x -+ x €len—1,n) X F(cn)>

€05, €C

= JI Ye x Cleo,c1) x -+ x Clent,cn) X Frlen)

C0y-.,Cn€C
= (QF)n .

The second claim follows readily from claim (1), the fact that the functor Y: € — H, takes values
in cofibrant objects of H,, and the expression of the homotopy colimit in terms of the two-sided
simplicial bar construction [Riel4, Cor. 5.1.3]. O

Lemma A.2 Let J be a V-small category, and let D: J — Hyo be a functor.
(1) There is a canonical isomorphism, natural in D,

hocolimg{OO (D) = Q(c— hocolim?C%Ech) ,

where Ev.: Hoo — Setp, X +— X(c) is the evaluation functor at c € C.

(2) There is a canonical natural weak equivalence
hocolimg{oo (QoD) = Qc— hocolimget”lEch) .

Proof. Following [Riel4, Cor. 5.1.3|, we write the homotopy colimit using the bar construction and the
cofibrant replacement functor Q; then the statement is a consequence of the following commutation of
colimits in Hoo:
s He
(hocohmg (D)),
= (B)>~(%,3,QoD))
= H 3o, 1) X -+ X J(jn—-1,7n) % (Q 0 D(jo)),,

J0y--,Jn €3
= JI 3Go,d1) x -+ x (n-1.n) x ( T Yeo x Clcosc1) x -+ x €len—1,¢n) X D(jo)n(cn)>
J0see0sJn €o,...,cn€C
&~ H Yeo X Clep,c1) X -+ X Cen—1,¢n)
coy-.-,Cn €C
«(TT DUolnlen) x 3Giosgt) % -+ % 3n-1,Jn))
0seeerjn €3
= H Yeo X Cleo,c1) X -+ X Cen-1,¢n) ®B§ftﬂ(*,3,Evan)
€Q,---,Cn €C

=Q(cr— hocolimge%(EVCD)) .

In the last step we have used that every object in Sety is cofibrant, so that the bar construction correctly
models the homotopy colimit. The second claim follows from the fact that hocolim is homotopical and
that there exists a natural weak equivalence q: Q — 1. O

Proposition A.3 Given a simplicial object Fo: AP — Hoo, there is a natural weak equivalence

hocolim™> Q(F},) — Q diag(F).
kenop
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Proof. This follows by a combination of Proposition A.2(2) and the Bousfield-Kan map for simplicial
spaces [Hir03, Section 18.7]. O

B Proof of Theorem 4.8

Definition of the functor A: We start by describing the functor A on objects: consider the category
Cart/X, whose objects are plots ¢ € X (c) for any ¢ € Cart and whose morphisms (¢ € X () — (¢’ €
X (c)) are smooth maps f: ¢ — ¢ such that f*¢’ = ¢. Given an object (n,h) € VBune,;(X) we define
a functor Dy, »y: Cart/X — Dfg, which acts as

(cp:c—)X)b—>c><(C"(‘p),
(fro—=¢)— ((fhg): exC"— d xC").

We then set

DA
£ = colim™® Do

and denote the canonical morphism D, p)(¢) — E by t,. Observe that Cart /X is a U-small category,
since Cart is U-small. The object X € Dfg is a cocone under Dy, 1), which is established by the
morphism of diagrams

7Dy = X, Fpt Dinylp) =cx € 25 e 55 X
We let m: E — X denote the unique morphism induced on the colimit, and we set
A(n,h) = (E,7).
Lemma 2.24 implies that on the level of underlying sets we have

DA ~ DA n

B (g™ Do) = g™ @ Do) = 11 ex )/~

where ~ is the equivalence relation generated by setting (¢, y,v) ~ (¢',y/,v’) if there exists a morphism
f: @ — ¢ in Cart/X such that hy(p,y,v) = (¢',y,v"). Here, we use the convention (¢,y,v) € X(c) x
¢ x C*%), The morphism 7 sends an equivalence class [, y,v] to ¢(y). Since the morphisms h act via
linear isomorphisms of vector spaces, the fibre of 7 carries a canonical C-vector space structure.

A(n,h) = (E, ) is a diffeological vector bundle on X: To see this, let ¥ € X(d) be a plot of X
over d € Cart. Consider the morphism of diffeological spaces

By dx C" — D) 258 dxx B (B.1)
Note that ®,, is linear on the fibres. We need to show that it is an isomorphism. For z € X (x) and

¢ € Cart, let ¢, : pt — X (*) denote the constant plot of X with value x. Every element (y, [¢, z,v]) €
(d x x E)(x) has a unique representative of the form

(y7 [()0727@]) = (y7 [¢7y7w]) :
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This is established by the pairs (z, h;) and (y, hy) (from the data of (n, h)) associated to the morphism
2 Cy(y) = p and y: Cy(y) = ¢ in Cart/X, i.e. to the commutative diagram

S

Cyp(y)=Cp(z) —> X

pt
z ®
c
in Dfg. The representative is well-defined by the composition properties of the pairs (f, k) in the data
of E. We now define a map of sets

Uy (dxx E)(x) — dx C", (y,[q/J,y,w]) — (y,w).

We readily see that the map Wy, thus defined is an inverse for ®, as maps of sets. It remains to prove
that W, is a morphism of diffeological spaces; that is, we need to show that for any plot ¢: ¢ — dx x E,
the composition Wy 0 0: ¢ — ¢ x C" is a plot. Now, a plot g: ¢ = d X x E is equivalently a pair of a
smooth map g4: ¢ — d and a plot pg: ¢ — F such that }op; = mopg. By Proposition 2.25 there exists
a covering {f;: ¢; = clies of ¢ together with morphisms {o;: ¢; — Dy, ) (%) }ier in Dfg such that
opo fi =ty 00; foralli € I. Note that v;: d; — X are plots of X. Using that D, 5 () = d; x C", we
can further decompose g; into pairs of smooth maps 0; 4,: ¢; — d; and g; ¢ : ¢; — C". By construction,

we thus obtain a commutative diagram
¢ —2— dxy D0y (i)
fz‘/ J/IXW%
¢c ——F > dxx FE
in Dfg for every ¢ € I. Observe that this implies that

o T@f\

7]“1*) C

d;

commutes as well, for each 7 € I. Using the notation hy for morphisms as in the proof of Proposition 4.6,
we compute the action of the composition Wy, 0po0 f; = ¥, 0 (1x Lp;) 00t ¢ — dx C"ony; € ¢ as

yi — Wy (0a o fi(yi), (i, 0id,(Yi)s 0icn(yi)])

= \I/w (Qz [wz O 0id;s Yis h_i’ 4 © vi,cn (yz)])
- qldi (QZ ) [ © Qq° f27 Yi, _i, d; © gi,cn (yz)])
= Wy (0i(ys), [, 0a© fi(yi), hogos, © hgjdi 0 0;,cn (y3)])

= (0i(Yi); hogor: © b, © 0icn(yi)) -

Both components of this map are smooth. Thus, each composition (¥ o g) o f; is smooth. Since,
by construction, these maps agree on intersections c;;, it follows that W, 0 o: ¢ — d x C" is smooth.
Therefore, Wy, is a morphism of diffeological spaces, and (E,7) is a diffeological vector bundle on X.
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A on morphisms: Let g: (ng, hg) — (n1,h1) be a morphism in VBune, (X). By the relation (4.7),

g gives rise to a morphism of diagrams Dy: D, 4y) — D(ny n,), and hence induces a morphism

D,: colim®®D — colim %D
g Cart/X (n0,h0) Cart/X (n1,ha)

of diffeological spaces. By construction, this map is a map of diffeological spaces over X. Since for any
plot ¢: ¢ — X the map g, induces a morphism of vector bundles ¢ x C"® — ¢ x C"!, the map D, is
linear on each fibre. Therefore, D, is indeed a morphism of diffeological vector bundles on X. This
completes the construction of the functor A.

A is fully faithful: For (ng, ho), (n1,h1) € VBuney(X), we write E; = colimgrgt/XD(Whi), where
i =0, 1. Recall from (B.1) that for each plot ¢: ¢ — X we have constructed canonical trivialisations

@fi:cx(C"iW) i)CXXEZ'.

Thus, given a morphism §: Ey — E; in VBunpg(X) and a plot ¢: ¢ = X, we obtain a morphism

E
q)()
ex Cmol@) % s o xv Ey

ggoi JlxXﬁ

¢ x Cm(®) ——— cxXx By
(@) "

which is linear on fibres; hence, é; corresponds to a smooth map 5@: ¢ — Mat(nyxng,C). Observe
that for any morphism f: @9 — 1 in Cart/X the diagram

E;

ni(eo) _*%0
Cco X Cmi — Co XX Ei

lel lexl

c1 X Cni(wl) *)E' C1 XX Ei
2
»1

commutes (in this case, no(¢1) = ng(¢o)). This implies that & satisfies condition (4.7), and hence that
it is a morphism &: (ng, hg) — (n1, h1) in VBuney (X).
The map

(—): VBun@fg(X)(Eo, E()) — VBuneat(X)((noa h0)7 (n17 hl)) ) € = g

is injective: consider all constant plots x: pt — X, for x € X(x). The set {gx}weX(*) uniquely
determines the value of £ at every point x € X (x); hence it fully determines the morphism &.

Furthermore, if g: (ng,hg) — (n1,h1) is a morphism in VBune, (X), then, again by construction
of @, from the cocone data, we have that

(=)o Al9)), = 9

for all plots ¢: ¢ — X. Hence, the map g — A(g) is a right inverse for (—). It follows that (—) is a
bijection, and hence that A is fully faithful.

A is essentially surjective: Let mp: F' — X be a diffeological vector bundle on X. For each plot

p: ¢ — X choose a trivialisation
Z,iexC¥) = exx F. (B.2)
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Given a morphism f: pg — 1 in VBune, (X ), the universal property and the pasting law for pullbacks
determine a canonical isomorphism ¢y x x F' = ¢g X, (¢1 X x F'). This allows us to define an isomorphism

= o~
co x CM0) 20 s g xx F ——— ¢g X¢, (€1 Xx F)

!
!

hyi f25
<

Co X Cn(‘pl) Co X¢y (01 X (Cn((pl))

oY

The map hy is linear on fibres and hence determines a unique smooth map hy: cg — GL(n(¢o),C).
Since the morphisms labelled ‘2’ in the above diagram are chosen as canonical isomorphisms between

different representatives for the same limits, the collection of morphisms hy assembles into an object
(n,h) € VBune,(X).

o

We claim that there is an isomorphism A(n,h) — F in VBunpg(X). By a convenient abuse of
notation, we denote this isomorphism by =. We set

E[QD, Y, U] ‘=Pprpo Eip(yv U) )

where =, was chosen in (B.2), and where prp: ¢ xx F' — F' is the projection to F. This defines a
map =: A(n,h) — F, which is linear on fibres. We need to show that it is smooth. Consider a plot
0:c— colimegD(mh) = A(n, h). By Proposition 2.25, there exist a covering {f;: ¢; < c}ier of ¢ and
lifts 0;: ¢; = D(y,p)(1i) for some plots 9);: d; — X. Consider the diagram

¢; —— Dy (%)

prpoZy,
f zl L%‘l

c—F— colimegD(n’h) — F

The left-hand square commutes by definition of g;, and the right-hand triangle commutes by construc-
tion of Z and of (n,h). Thus, the map = o g is locally given by plots prp o 2y, o g;. By the sheaf
property of diffeological spaces, = o g is a plot of F itself.

Finally, we need to prove that = is an isomorphism. As a map, it has an inverse, which is given by
= . Df; =1
=': F — colim €D (1) C— [w,y,:w (v, C)] ,

where ¢: d — X is some plot and y € d is any point such that ¥(y) = 7mp(¢). It remains to show
that 2’ is a morphism of diffeological spaces. To that end, let (: d — F be a plot. This induces a plot
Y =mpo(:d— X. Now, given any y € d, we can write

= o (ly) = [1,5,5, (0, CW)] =ty 02, (0, C(y) = 1y 0 B 0 (La x O)(y)-
Thus, the composition Z/ OE factors through a plot of D, 5y(¢), so that =’ is a plot by Proposition 2.25.

A is a morphism of presheaves of categories: Finally, we need to show that A is compatible with
pullbacks of vector bundles along morphisms F': X — Y in Dfg. Let (n,h) € VBuney(Y). As a
diffeological space, we have

F*(A(n,h)) = F* (g;)rlti/rgl/ngD(n,h)) =X xy (g;lti}?,ngD(nvh)) =X xy A(n,h).
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We have to compare this to

A(F*(n, h)) = gﬁki}?(ﬂfg (Dp+nny) -

To that end, we consider the map
Er: A(F*(n, h)) — F* (A(n, h)) , [p, z,v] — (gp(z), [F o, z,v]) ,

where ¢: ¢ — X is a plot, z € ¢ is some point, and where v € C™(¥) is a vector. We also define a map
Ep: F* (A(n, h)) — A(F*(n, h)) , (m, [F(:E),pt,w]) — [z, pt,w],

where z € X (%) is any point in the underlying set of X, w € CMF(®)) is a vector, and where we denote
a constant plot pt — X by its value in X (x). We readily see that Zp and Z are mutually inverse
maps, fibrewise linear, compatible with morphisms in VBune,;, and that the diagram

G*F*(A(n, h)) —————— (FG)*(A(n, h))

G*(Ap+(nn)) —=5 " Acrrrmn) = Aray(mn)

commutes for every morphism G € Dfg(W, X). It thus remains to show that both Zf and Z/ are
morphisms of diffeological spaces.

We start with Zp: let o: ¢ — A(F*(n,h)) be a plot. Let {f;: ¢; < clier, ¥i: di — X, and
0i: ¢i = Dpe(np) (i) be lifting data for ¢ as before. Then, we have a commutative diagram

(ioprg, )Xy (La;xcn)
%

¢; ————— Dppy(¥7) X Xy (Dpy(F o))

fi Lwil llx Xy (LFoyp;)

» X xy A(n, h)

C 0 > AF*(n,h) =5

which shows that the map Zg o g is smooth (the A(n, h)-valued component factors through D, 4
locally).

For Z/, consider a plot p: ¢ = X xy A(n,h). It decomposes into a plot px: ¢ — X and a plot
oa: ¢ — Ap,py such that mo a4 = F o px, where 7: A, ) — Y is the vector bundle projection. As
before, for the plot g4 there exists a covering {f;: ¢; < c}ier, plots ¢: d; = Y, and lifts p4,;: ¢; —
D ) (i) such that vy, 0 04 = 04 © f; for each ¢ € I. Using the morphisms h, 4> 1t s in fact always
possible to choose d; = ¢; and p4;: ¢; = ¢; X C™(%i) to be a section, i.e. to satisfy pr., 0 0;4 = 1,
Observe that then ¢; = F o ox o f; factors through F. We obtain a commutative diagram

(exofi)xoa,i Pre, xcn
¢ — s X xy (D(npy (i) ————— Dmny(ox o fi)

f; 1><L¢i‘/ lL(QXOfi)

c T X xy A(n,h) = A(F*(n,h))

This shows that Z/ o ¢ is a plot of A(F*(n,h)) by Proposition 2.25, which completes the proof.
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