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Abstract. We show that every 4-uniform hypergraph with n vertices and minimum pair
degree at least p5{9` op1qqn2{2 contains a tight Hamiltonian cycle. This degree condition
is asymptotically optimal.

§1. Introduction

We study hypergraph generalisations of Dirac’s theorem for graphs. For hypergraphs
several extensions were considered and Endre Szemerédi has been an integral part and
driving force for these developments. All but the last author already had the pleasure to
collaborate with and learn from Endre, while working on related (and unrelated) problems.

1.1. Background and main result. G.A. Dirac [22] showed that every (finite) graph
G “ pV,Eq on at least 3 vertices with minimum degree δpGq ě |V |{2 contains a Hamiltonian
cycle. This result is clearly best possible, as exemplified by slightly off-balanced complete
bipartite graphs. Several hypergraph extensions were suggested and considered in the
literature. Here we focus on tight Hamiltonian cycles in uniform hypergraphs and we briefly
review the relevant notation.

For an integer k ě 2, a k-uniform hypergraph is a pair pV,Eq, where the vertex set V is
a finite set and the edge set E Ď V pkq “ tU Ď V : |U | “ ku is some collection of k-element
subsets of V . A tight Hamiltonian cycle in a k-uniform hypergraph H “ pV,Eq is given by
a cyclic ordering of V such that every k consecutive vertices (in the cyclic ordering) span a
hyperedge from E. As usual for k “ 2, we recover the notion of finite, simple graphs and
Hamiltonian cycles.
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For k ą 2, large part of the research concerns sufficient minimum degree conditions
in hypergraphs that guarantee the existence of tight Hamiltonian cycles (see, e.g., the
surveys [1111, 1616] and the references therein for a more thorough discussion). For a set of
vertices S Ď V , the degree in H is defined by

dHpSq “
ˇ

ˇte P E : S Ď eu
ˇ

ˇ

and for an integer j with 1 ď j ď k the minimum j-degree is defined by

δjpHq “ mintdHpSq : S P V pjqu .

The minimum 1-degree δ1pHq is often called minimum vertex degree and sometimes (in
particular, in the context of graphs) we may omit the subscript. Moreover, for j “ 2 we
often refer to δ2pHq as the minimum pair degree.

Lower bounds on the minimum j-degree bear more information and restrictions for larger
values of j and, in fact, sufficient minimum pk´ 1q-degree conditions for tight Hamiltonian
cycles were considered first in the literature. This line of research was initiated by Katona
and Kierstead [77]. In joint work with the two senior authors, Endre [1313] established the
following asymptotically optimal result for k-uniform hypergraphs (see also [1212] for an
earlier result for 3-uniform hypergraphs and [1414] for a sharp version of that result).

Theorem 1.1 (R2Sz, 2008). For every integer k ě 3 and α ą 0, there exists an integer n0

such that every k-uniform hypergraph H on n ě n0 vertices with δk´1pHq ě
`1

2 ` α
˘

n

contains a tight Hamiltonian cycle. �

Theorem 1.11.1 can be viewed as an approximate generalisation of Dirac’s theorem from
graphs to hypergraphs and, in fact, the lower bound constructions, that show the optimality
of this result, exhibit a similar bipartite structure.

Given the ‘monotonicity’ of the degree conditions, as a next step it seems natural to
consider an extension of Theorem 1.11.1 with a minimum pk ´ 2q-degree condition. For such
an extension we have to restrict ourselves to k-uniform hypergraphs for k ě 3. Improving
a series of partial results by several authors, for 3-uniform hypergraphs the following
asymptotically optimal result was recently obtained by Endre in collaboration with the
middle four authors [1010].

Theorem 1.2 (R3SSz, 2019). For every α ą 0, there exists an integer n0 such that every
3-uniform hypergraph H on n ě n0 vertices with δ1pHq ě

`5
9 ` α

˘

n2

2 contains a tight
Hamiltonian cycle. �

Again there are lower bound constructions, showing that the number 5{9 in Theorem 1.21.2 is
best possible. In fact, three structurally different examples can be found in [1010, Example 1.2].
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Here we extend Theorem 1.21.2 to 4-uniform hypergraphs with a minimum pair degree
condition and establish the following result.

Theorem 1.3. For every α ą 0 there exists an integer n0 such that every 4-uniform
hypergraph H on n ě n0 vertices with δ2pHq ě

`5
9 ` α

˘

n2

2 contains a tight Hamiltonian
cycle.

Theorem 1.31.3 is also asymptotically best possible as the following examples of Han and
Zhao [55] show:

(a ) For simplicity let n “ |V | be divisible by three and consider a partition X Ÿ Y “ V

with |X| “ 2n{3. Let H be the 4-uniform hypergraph H “ pV,Eq with e P V p4q

being an edge of H if, and only if,

|eXX| ‰ 2 . (1.1)

It is easy to check that H satisfies δ2pHq ě
`5

9 ´ op1q
˘

n2

2 .
Suppose for the sake of contradiction that H contains a tight Hamiltonian cycle C.

Since every vertex of C is contained in precisely four edges of C, we have
ÿ

fPEpCq

|f XX| “ 4 |X| .

Hence, the average intersection of an edge of C with X is 8{3. In particular, there
exist two edges f and f 1 in C such that

|f XX| ď 2 “ t8
3u and |f 1 XX| ě 3 “ r8

3s

and the definition of H implies that f shares at most one vertex with X.
On the other hand, the sizes of the intersections in X of two consecutive edges

in C (in the induced cyclic order) can differ by at most one. Consequently, the lack
of edges in E intersecting X in exactly two vertices makes the occurrence of the
edges f and f 1 in C impossible.

(b ) The same construction with (1.11.1) replaced by |eXX| ‰ 3 yields another hypergraph
exemplifying a matching lower bound for Theorem 1.31.3 by a similar argument.

The type of construction used in (a )(a ) and (b )(b ) above generalises to arbitrary uniformi-
ties k ě 3. In fact, if 3 � k then this gives rise to three structurally different lower bound
constructions and if 3 ffl k then two hypergraphs arise (see [55, Corollary 1.6] for details).
Those examples show that the optimal minimum pk ´ 2q-degree for tight Hamiltonian
cycles in k-uniform hypergraphs on n vertices is at least

`5
9 ´ op1q

˘

n2

2 .
The results discussed so far address special cases of the following more general problem:

Given integers k ą r ě 1, determine the infimal real number αpkqr P r0, 1s with the property
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that every k-uniform hypergraph H “ pV,Eq satisfying the minimum r-degree condition
δrpHq ě

`

αpkqr ` op1q
˘

|V |k´r{pk ´ rq! contains a Hamiltonian cycle. Thus Dirac’s theorem
and Theorem 1.11.1 assert αpkqk´1 “ 1{2 for k ě 2, while the Theorems 1.21.2 and 1.31.3 entail
α
p3q
1 “ α

p4q
2 “ 5{9. These results might indicate that αpkqr might be determined by the

difference d “ k ´ r, which leads to the following question.
Question 1.4. Given a positive integer d, does there exist a constant βd such that αpkqk´d “ βd

holds for every k ě d` 1?
We are not aware of any counterexample and for d “ 1 Theorem 1.11.1 states that β1 “ 1{2.

Moreover, very recently Theorems 1.21.2 and 1.31.3 were extended for arbitrary k ě 5 in [99] and
β2 “ 5{9 was established. The lower bounds on αpkqr obtained by Han and Zhao [55] might
be optimal for all k ą r ě 1. In this case, all numbers βd would exist and the next problem
would be to decide whether β3 “ 5{8.

1.2. Overview and organisation. The proof of Theorem 1.31.3 is based on the absorption
method. This method has been introduced more than a decade ago in [1212] (see also the
survey [1515] of Endre Szemerédi) and since then it has turned out to be a versatile tool for
solving a variety of problems concerning the existence of spanning structures in graphs
and hypergraphs. Proofs based on the absorption method usually decompose the problem
at hand into several more manageable subproblems. In results on Hamiltonian cycles in
hypergraphs such as Theorem 1.31.3 most of the effort is usually directed towards showing a
connecting lemma, an absorbing lemma, and a covering lemma.

The complexity of the first two ingredients has evolved over time. For instance, in the
proof of Theorem 1.11.1 for k “ 3 in [1212], the connecting lemma just said that every pair of
vertices can be connected to any other pair of vertices by means of a relatively short tight
path. An analogous result is not available when proving Theorem 1.21.2 (see [1010]). Instead,
one defines a sufficiently broad class of so-called connectable pairs of vertices and, roughly
speaking, the connecting lemma of [1010] asserts that any such connectable pair can be
reached from any other connectable pair by means of a short tight path. This idea will be
reused below, so we shall define a notion of connectable triples in 4-uniform hypergraphs
of large pair degree and our connecting lemma (Proposition 3.33.3 below) claims that any
two such triples can be connected by means of a short tight path.

As for the absorbing lemma (see Proposition 5.15.1), one needs to establish the existence of
a so-called absorbing path PA capable of absorbing any “small” set of left-over vertices Z.
More precisely, no matter which small set Z of vertices needs attention in the end of
the argument there always is a path with vertex set V pPAq Y Z which starts and ends
with the same vertices as PA itself. Such a path PA is usually constructed by taking
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several small building blocks called absorbers and connecting them by appealing to the
connecting lemma. Proving the existence of suitable absorbers has often been among the
main difficulties in applying the absorption method. Recently, the first two authors, while
studying a related problem, observed that in many cases this problem can be reduced to
a degenerate Turán-type problem [88]. In fact, ignoring for a moment the issue that the
absorbers need to be connectable into a tight path, their existence is a direct consequence
of a classical extremal result of Erdős [33], for the small price that the size of Z needs to
satisfy an additional divisibility assumption (see § 5.15.1 for more details).

Finally, the covering lemma (see Proposition 6.16.1) asserts, in particular, that the minimum
pair degree condition considered in Theorem 1.31.3 ensures the existence of an almost perfect
path cover. Then the connecting lemma allows us to connect the paths from the cover
together with PA. In fact, there even exists a cycle C containing paths from the cover
and the absorbing path PA for which the (small) set Z “ V pHq r V pCq of remaining
vertices satisfies the aforementioned divisibility condition. Now, to complete the proof of
Theorem 1.31.3 one just needs to absorb the vertices outside C into the absorbing path.

As mentioned above, the proof of Theorem 1.31.3 presented here reuses some ideas and
results from [1010] and we collect the relevant material in the next section. Sections 33 – 66
establish the connecting lemma, absorbing lemma, covering lemma, and the so-called
reservoir lemma, which ensures that the short tight paths used for the connections are
always vertex disjoint from the rest. In Section 77 we then present the somewhat standard
proof of Theorem 1.31.3 based on these lemmata.

§2. Preliminaries

2.1. Notation. Besides graphs, we mainly consider 3-uniform and 4-uniform hypergraphs,
and here we briefly recall some relevant definitions. For simplicity, if there is no danger of
confusion we sometimes omit parentheses, braces, and commas and denote edges tx, yu,
tx, y, zu, or tx, y, z, wu in graphs and 3- and 4-uniform hypergraphs by xy, xyz, or xyzw,
respectively.

Walks, paths, and cycles. We shall only consider tight walks, paths, and cycles and for
simplicity we omit the word tight from now on. The length of a walk, a path, or a cycle is
measured by its number of edges.

For 3-uniform hypergraphs a walk W of length ` ě 0 is given by a sequence px1, . . . , x``2q

of vertices such that e P EpW q if and only if e “ xixi`1xi`2 for some i P r`s. The ordered
pairs px1, x2q and px``1, x``2q are the end-pairs ofW and we sayW is a px1, x2q-px``1, x``2q-
walk. This definition of end-pairs is not symmetric and implicitly fixes a direction of W
and sometimes we may refer to px1, x2q and px``1, x``2q as starting pair and ending pair,
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respectively. The vertices x3, . . . , x` are the inner vertices of W and in the context of walks
we count the inner vertices with their multiplicities, i.e., for ` ě 2 a walk of length ` has `´2
inner vertices. We often identify a walk with the sequence of its vertices x1x2 . . . x``2 and
refer to it as a x1x2-x``1x``2-walk.

A walk W is a path if all the vertices x1, . . . , x``2 are distinct and it is a cycle if the
vertices x1, . . . , x` are distinct and x``1 “ x1 and x``2 “ x2.

These definitions extend to 4-uniform hypergraphs in a straightforward way. In this
context a walk of length ` is given by a sequence of `` 3 vertices and the end-triples are
the subsequences of the first and the last three vertices.

Links of vertices and pairs. We recall that the link graph of a vertex v of a 3-uniform
hypergraph H is defined to be the graph Hv with the same vertex set as H and with

EpHvq “ txy : vxy P EpHqu .

Similarly, for a 4-uniform hypergraph H the link Hv of a vertex v is a 3-uniform hypergraph
on the same vertex set with EpHvq “ txyz : vxyz P EpHqu. Moreover, for an unordered
pair of distinct vertices u and v the link of the pair uv is the graph Huv with vertex
set V pHuvq “ V pHq and edge set

EpHuvq “ txy : uvxy P EpHqu .

2.2. Robust subgraphs. Both in the 3-uniform predecessor [1010] of this work and here
the connecting lemma is deduced from certain connectivity properties of 2-uniform link
graphs. In the present subsection we discuss the graph theoretic result we shall require for
this purpose. We begin with the key notion in this regard (cf. [1010, Definition 2.2]).

Definition 2.1. Given β ą 0 and ` P N a graph R is said to be pβ, `q-robust if for any two
distinct vertices x and y of R the number of x-y-paths of length ` is at least β|V pRq|`´1.

The main point is that graphs whose density is larger than 5{9 possess sufficiently dense
robust subgraphs containing more than two thirds of the vertices. The following result
along those lines is a slight strengthening of [1010, Proposition 2.3] and below we shall only
indicate how the arguments in [1010] can be modified so as to yield the present version.

Proposition 2.2. Given α, µ ą 0, there exist β ą 0 and an odd integer ` ě 3 such that
for sufficiently large n, every n-vertex graph G “ pV,Eq with |E| ě

`5
9 ` α

˘

n2

2 contains a
pβ, `q-robust induced subgraph R Ď G satisfying

(i ) |V pRq| ě
`2

3 `
α
2

˘

n,
(ii ) eG

`

V pRq, V r V pRq
˘

ď µn2,
(iii ) and epRq ě

`5
9 `

α
2

˘

n2

2 ´
pn´|V pRq|q2

2 ě
`4

9 `
2
3α

˘

n2

2 .
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Proof. We may assume α ď 4{9, for otherwise there are no n-vertex graphs pV,Eq satisfying
|E| ě

`5
9 ` α

˘

n2

2 and there is nothing to show. The proof of [1010, Lemma 3.2] shows for
every fixed µ1 ď α{72 that every graph G “ pV,Eq on n " 1{µ1 vertices such that
|E| ě

`5
9 ` α

˘

n2

2 has an induced subgraph R satisfying (i )(i ),

eG
`

V pRq, V r V pRq
˘

ă 4µ1n2 , (2.1)

and the first estimate in (iii )(iii ) which, moreover, has a property called µ1-inseparability
(see [1010, Definition 3.1]). For the purposes of [1010] it was enough to apply this fact to
µ1 “ α{72 itself, but here it will be more convenient to set µ1 “ mintµ{4, α{72u, which
causes (2.12.1) to imply (ii )(ii ). The second estimate in (iii )(iii ) is an immediate consequence of (i )(i )
and of α ď 4{9 ă 2{3.

It remains to show that R is indeed pβ, `q-robust for some constants β and ` that only
depend on α and µ but not on n. As the proof of [1010, Proposition 2.3] shows, this follows
from the µ1-inseparability of R combined with the fact that (i )(i ) and (iii )(iii ) allow us to bound
the density of R from below. In fact, it is enough to let ` be the least odd integer such that

` ą 8
ˆ

1
µ1

˙2

` 1 and to set β “
1
72

ˆ

µ1

2

˙6`

. �

The next result will assist us (indirectly via Lemma 2.102.10) in Section 55 when we wish to
ensure that the end-triples of our absorbers are connectable. Notice that the assumptions
on R are like clause (i )(i ) and the special case µ “ α{4 of clause (ii )(ii ) of Proposition 2.22.2.

Lemma 2.3. Given α ą 0, let G “ pV,Eq and G1 “ pV,E 1q be two graphs on the same
n-element vertex set, each with at least p5{9 ` αqn2{2 edges. Let R be a subgraph of G
induced by a set U “ V pRq Ď V with |U | ě 2n{3 that satisfies eGpU, V r Uq ď αn2{4.
Then

ˇ

ˇtpu, vq P U2 : uv P E X E 1 and dRpvq ą n{3u
ˇ

ˇ ě
3
4αn

2 . (2.2)

Proof. Let Z “ tz P U : dRpzq ą n{3u. We shall show
ˇ

ˇtxy P E X E 1 : x, y P U and tx, yu X Z ‰ ∅u
ˇ

ˇ ě
3
4αn

2 . (2.3)

Since every (unordered) edge xy counted here corresponds to one or two ordered pairs pu, zq
counted on the left side of (2.22.2) (depending on whether only one or both of x, y are in Z),
this will imply the desired estimate (2.22.2). For the proof of (2.32.3) we let η P r2{3, 1s and
τ P r0, 1s be defined by

|U | “ ηn and |Z| “ τn .

We consider two cases depending on the value of τ .
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First Case. We have τ ě 2{3.
Owing to

ˇ

ˇtpx, yq P V 2 : xy P E X E 1u
ˇ

ˇ ě 2 |E| ` 2 |E 1| ´ n2
ě
`1

9 ` 2α
˘

n2

and |V r Z|2 “ p1´ τq2n2 ď n2{9 we have
ˇ

ˇtpx, yq P V 2 : xy P E X E 1 and tx, yu X Z ‰ ∅u
ˇ

ˇ ě 2αn2 .

Recall that Z Ď U . So if tx, yu X Z ‰ ∅, but tx, yu Ę U , then one of the vertices x, y is
in U while the other one is in V r U , whence

ˇ

ˇtpx, yq P V 2 : xy P E , tx, yu X Z ‰ ∅, and tx, yu Ę Uu
ˇ

ˇ ď 2 eGpU, V r Uq ď
α

2n
2 .

Consequently, the number of (unordered) edges xy considered on the left-hand side of (2.32.3)
is at least 1

2p2αn
2 ´ αn2{2q “ 3αn2{4, as desired.

Second Case. We have τ ă 2{3.
Notice that

2 epRq ě 2
`

epGq ´ eGpU, V r Uq ´ eGpV r Uq
˘

ě

´5
9 ` α ´

α

2 ´ p1´ ηq
2
¯

n2 .

Together with p1´ ηqp2{3´ ηq ď 0 this yields

2 epRq ě
´5

9 `
α

2 ´ p1´ ηq
2
` p1´ ηq

´2
3 ´ η

¯¯

n2
“

´2
9 `

α

2 `
η

3

¯

n2 . (2.4)

On the other hand, the definition of Z leads to

2 epRq “
ÿ

zPZ

dRpzq `
ÿ

zPUrZ
dRpzq ď

ÿ

zPZ

dRpzq `
pη ´ τq

3 n2 . (2.5)

Comparing (2.42.4) and (2.52.5) we deduce
ÿ

zPZ

dRpzq ě
´2

9 `
α

2 `
η

3 ´
η ´ τ

3

¯

n2
“

´2
9 `

α

2 `
τ

3

¯

n2 .

By the assumption of the case we have
τ

3n
2
ą
τ 2

2 n
2
ě

ˆ

|Z|

2

˙

and this shows that
ÿ

zPZ

dRpzq ě
´2

9 `
α

2

¯

n2
`

ˆ

|Z|

2

˙

,

which in turn implies
ˇ

ˇtxy P E : x, y P U and tx, yu X Z ‰ ∅u
ˇ

ˇ ě
ÿ

zPZ

dRpzq ´

ˆ

|Z|

2

˙

ě

´2
9 `

α

2

¯

n2 .

Finally, the sieve formula yields
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ˇ

ˇtxy P EXE 1 : x, y P U and tx, yuXZ ‰ ∅u
ˇ

ˇ ě

´4
9`α

¯n2

2 `
´5

9`α
¯n2

2 ´
ˆ

n

2

˙

ě αn2 ,

which is more than what we need for establishing (2.32.3). �

2.3. Connectable pairs and bridges in 3-uniform hypergraphs. In this subsection
we discuss the 3-uniform connecting lemma from [1010] together with some related results.
Roughly speaking, this lemma asserts that in any sufficiently large 3-uniform hyper-
graph H “ pV,Eq with δ1pHq ě p5{9 ` αq|V |2{2 any two pairs of vertices possessing a
special property called connectability can be connected by many short paths. The definition
of our connectability notion presupposes that for every vertex v P V pHq, one has fixed
a robust subgraph of its link graph as obtained by Proposition 2.22.2. We collect these
assumptions in the following setup.

Setup 2.4. Suppose that α P p0, 1{3q, that µ, β ą 0, that ` ě 3 is an odd integer, that
H “ pV,Eq is a sufficiently large 3-uniform hypergraph with δ1pHq ě p5{9 ` αq|V |2{2,
and that for every vertex v P V , Proposition 2.22.2 located a pβ, `q-robust induced subgraph
Rv Ď Hv of its link graph satisfying

(i ) |V pRvq| ě
`2

3 `
α
2

˘

|V |,
(ii ) eHv

`

V pRvq, V r V pRvq
˘

ď µ|V |2,
(iii ) and epRvq ě

`5
9 `

α
2

˘

|V |2

2 ´
p|V |´|V pRvq|q2

2 ě
`4

9 `
2
3α

˘

|V |2

2 .

We remark that for most part of this section condition (ii )(ii ) with µ “ α{4 of this setup
suffices. In fact, the results in [1010] were obtained for this restricted version of the setup
and below we (mostly) recapitulate and apply them in this form. A stronger form, with a
smaller value of µ, of Proposition 2.22.2 (ii )(ii ) will be useful in Lemma 2.102.10 below and for the
construction of the absorbing path in Section 55. The following notion of connectable pairs
is taken from [1010, Definition 2.5].

Definition 2.5. Given Setup 2.42.4 and ζ ą 0, an unordered pair xy of distinct vertices of H
is said to be ζ-connectable if the set

Uxy “ tv P V : xy P EpRvqu

satisfies |Uxy| ě ζ|V |. An ordered pair px, yq is ζ-connectable if its underlying unordered
pair xy is.

We are now ready to state the 3-uniform connecting lemma from [1010, Proposition 2.6].

Proposition 2.6 (Connecting lemma for 3-uniform hypergraphs). Given Setup 2.42.4 (with
µ “ α{4) and ζ ą 0, there exists ϑ “ ϑpα, β, `, ζq ą 0 such that the following holds.
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If pa, bq, px, yq are two disjoint ζ-connectable pairs of vertices of H, then the number of
ab-xy-paths in H with 3`` 1 inner vertices is at least ϑ|V |3``1. �

For later use we also state the following simple fact (see [1010, Fact 4.1]).

Lemma 2.7. Given Setup 2.42.4 (with µ “ α{4) and ζ ą 0, there are at most ζ|V |3 triples
px, y, zq P V 3 such that xy P EpRzq, but xy is not ζ-connectable in H. �

To extend these notions and results to 4-uniform hypergraphs we need a new 3-uniform
concept.

Definition 2.8. Given Setup 2.42.4 and ζ ą 0, a triple px, y, zq P V 3 is called a ζ-bridge
in H if xyz P E and xy and yz are both ζ-connectable in H. We say a path x1x2 . . . xj´1xj

starts (resp. ends) with a ζ-bridge, if x1x2x3 (resp. xj´2xj´1xj) is a ζ-bridge.

It will be useful to estimate the number of bridges in a dense 3-uniform hypergraph.

Lemma 2.9. Given Setup 2.42.4 (with µ “ α{4) and ζ ą 0, the number of triples px, y, zq P V 3

with xyz P E that fail to be a ζ-bridge in H is at most p2{9` α{2` 2ζq|V |3. In particular,
if ζ ă α{4, then there are more than |V |3{3 ζ-bridges in H.

Proof. Starting with A “ tpx, y, zq P V 3 : xyz P Eu we note that the minimum degree
assumption yields |A| ě p5{9` αq|V |3. We consider four exceptional subsets of A, namely

P1 “ tpx, y, zq P A : xy R EpRzqu , Q1 “ tpx, y, zq P Ar P1 : xy is not ζ-connectableu ,

P2 “ tpx, y, zq P A : yz R EpRxqu , Q2 “ tpx, y, zq P Ar P2 : yz is not ζ-connectableu .

Notice that every triple in Ar pP1YQ1YP2YQ2q is a ζ-bridge in H. Lemma 2.72.7 yields the
upper bounds |Q1|, |Q2| ď ζ|V |3. Moreover, the first two clauses of Setup 2.42.4 and α ď 1{3
lead to

|P1| ď
ÿ

zPV

´

2 eHzpV pRzq, V r V pRzqq ` pn´ |V pRzq|q
2
¯

ď

ˆ

α

2 `
´1

3 ´
α

2

¯2
˙

|V |3

ď

´1
9 `

α

4

¯

|V |3 .

The same upper bound applies to |P2|. These upper bounds on |Q1|, |Q2| and |P1|, |P2|

yield the desired upper bound on |P1 YQ1 Y P2 YQ2| for the first part of the lemma.
The second part is a direct consequence, since Ar pP1 YQ1 Y P2 YQ2q is a subset of all

ζ-bridges in H and
ˇ

ˇAr pP1 YQ1 Y P2 YQ2q
ˇ

ˇ ě

´5
9 ` α

¯

|V 3
| ´

´2
9 `

α

2 ` 2ζ
¯

|V 3
| ą

|V |3

3
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as long as ζ ă α{4. �

The next lemma implies that every two 3-uniform hypergraphs H and H 1 on the same
vertex set V with minimum vertex degree p5{9 ` op1qq|V |2{2 have the property that H 1

contains many bridges of H as edges. (For technical reasons it will be convenient to allow
that the vertex sets of H and H 1 differ slightly.) Note that the lower bound on the number
of bridges in Lemma 2.92.9 falls short of implying such an assertion. In fact, the proof of the
following lemma will rely on the structural properties of hypergraphs and bridges.

Lemma 2.10. Given Setup 2.42.4 with µ “ α3

18 for a 3-uniform hypergraph H “ pV,Eq

with |V | “ n, let ζ P p0, α2{9q, and let H 1 “ pV 1, E 1q be a 3-uniform hypergraph with
δ1pH

1q ě p5{9` αqn2{2 and |V4V 1| ď αn{18. Then the number of ζ-bridges px, y, zq P V 3

in H such that xyz P E 1 is at least αn3{2.

Proof. Let H “ pV,Eq and H 1 “ pV 1, E 1q satisfy the assumptions of the lemma. In
particular, for every vertex v P V we fixed a robust subgraph Rv Ď Hv. We consider the
following set of triples

T “
 

px, y, zq P V 3 : xy P EpHzq X EpH
1
zq , x, y P V pRzq , and dRzpxq ą p1

3 ´
α
54qn

(

.

We shall appeal to Lemma 2.32.3 for a lower bound on |T |. For that we have to restrict to
the subhypergraphs and subgraphs induced on W “ V X V 1. We consider

T rW s “
 

px, y, zq P W 3 : xy P EpHzrW sq X EpH
1
zrW sq ,

x, y P V pRzq XW , and dRzrW spxq ą |W |{3
(

.

Note that the bound on the symmetric difference V4V 1 guarantees a minimum vertex
degree of at least p5{9` 8α{9qn2{2 for HrW s and H 1rW s. Moreover, for every z P W we
have

|V pRzq XW | ě
´2

3 `
α

2

¯

n´
α

18n ě
2
3 |W |

and

eHz
`

V pRzq XW,W r V pRzq
˘

ď eHz
`

V pRzq, V r V pRzq
˘

ď µn2
“
α3

18n
2
ď
α

4 |W |
2 .

Consequently, for every z P W we can apply Lemma 2.32.3 to G “ HzrW s, G1 “ H 1
zrW s, and

R “ RzrW s Ď HzrW s and (2.22.2) tells us that
ˇ

ˇT rW s
ˇ

ˇ ě
3
4 ¨

8
9α|W |

3
ě

3
4 ¨

8
9α

´

1´ α

18

¯3
n3
ě

5
8αn

3 .

The definitions of T and T rW s imply T rW s Ď T and, hence, we arrive at

|T | ě
5
8αn

3 . (2.6)
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We shall bound the sizes of the following ‘bad’ subsets of T

S1 “ tpx, y, zq P T : xy is not a ζ-connectable pair in Hu

and S2 “ tpx, y, zq P T : yz is not a ζ-connectable pair in Hu .

By definition of T , every triple px, y, zq P T corresponds to an edge in E X E 1 and by
definition of S1 and S2, every triple in T r pS1 Y S2q is a ζ-bridge in H. Hence in view
of (2.62.6), the conclusion of Lemma 2.102.10 will follow from the estimates

|S1| ď ζn3 and |S2| ď
´

ζ `
α3

18 `
α2

8

¯

n3 (2.7)

combined with α ă 1{3 (cf. Setup 2.42.4) and ζ ă α2{9.
The desired upper bound on the size of S1 is a direct consequence of Lemma 2.72.7. In

fact by definition of T , for every px, y, zq P T we have xy P EpHzq and x, y P V pRzq. Since
Rz Ď Hz is an induced subgraph, it follows that xy P EpRzq and Lemma 2.72.7 applies.

In order to prove the second inequality of (2.72.7) we note that xy P EpHzq is equivalent
to yz P EpHxq and thus we can apply the same argument as above to the subset

S 12 “ tpx, y, zq P S2 : y P V pRxq and z P V pRxqu

and Lemma 2.72.7 tells us S 12 ď ζ|V |3. Next we bound the size of S2 r S 12 by splitting it into
the sets

S22 “ tpx, y, zq P S2 : y R V pRxq and z P V pRxqu and S32 “ tpx, y, zq P S2 : z R V pRxqu .

Summarising the discussion above, we note that the proof of (2.72.7) reduces to showing that
ˇ

ˇS22
ˇ

ˇ ď
α3

18n
3 and

ˇ

ˇS32
ˇ

ˇ ď
α2

8 n
3 . (2.8)

For the bound on |S22 | we appeal for every x P V to part (ii )(ii ) of Setup 2.42.4 for Rx Ď Hx. For
every vertex x P V there are at most µn2 “ α3n2{18 pairs py, zq P pV r V pRxqq ˆ V pRxq

with yz P EpHxq. Since the definition of T Ě S22 ensures xy P EpHzq and, hence, by
symmetry also yz P EpHxq, the desired bound on |S22 | stated in (2.82.8) follows.

For the bound on |S32 | we consider the set of pairs

P “ tpx, zq P V 2 : dRzpxq ą p1
3 ´

α
54qn and z R V pRxqu

and we observe that the definitions of T and S32 yield
ˇ

ˇS32
ˇ

ˇ ď |P | ¨ n .

For the bound on P we consider an arbitrary vertex x P V . Since

dRzpxq ď dHzpxq “ dHpx, zq “ dHxpzq
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we are interested in the number of vertices z R V pRxq with dHxpzq ą p1
3 ´

α
54qn. Owing to

part (i )(i ) of Setup 2.42.4 for Rx Ď Hx there are at least

dHxpzq ´
ˇ

ˇV r V pRxq
ˇ

ˇ ą

´1
2 ´

1
54

¯

αn “
26
54αn

edges of EHx
`

V pRxq, V r V pRxq
˘

incident to such a vertex z. Therefore, part (ii )(ii ) of
Setup 2.42.4 implies that for every fixed x there are at most

eHx
`

V pRxq, V r V pRxq
˘

26αn{54 ď
α3n2{18
26αn{54 ď

α2

8 n

choices of z. Consequently, |P | ď α2n2{8 and the bound on |S32 | from (2.82.8) follows. This
concludes the proof of Lemma 2.102.10. �

An interesting feature of Proposition 2.62.6 caused by the proof strategy pursued in [1010] is
that the number of inner vertices in the connections it provides is necessarily congruent
to 1 modulo 3. In §2.42.4 below it will be convenient to employ connections whose numbers
of inner vertices are in other residue classes modulo 3. As the following result shows, such
connections can be accomplished by going “via bridges”.

Corollary 2.11. Given Setup 2.42.4 (with µ “ α{4) and ζ ą 0, there exist three integers
`1, `2, `3 ď 12` with `i ” i pmod 3q for all i P r3s and ϑ “ ϑpα, β, `, ζq ą 0 such that the
following holds.

If pa, bq, px, yq are two disjoint ζ-connectable pairs of vertices of H, then for every i P r3s,
the number of ab-xy-paths in H with `i inner vertices is at least ϑ|V |`i.

Proof. We set

`1 “ 3`` 1 , `2 “ 6`` 5 , `3 “ 9`` 9 , and ϑ “
ϑ3

1
25 ,

where ϑ1 is provided by Proposition 2.62.6. Since ` ě 3, we have `1 ď `2 ď `3 ď 12`. We
already know that `1 has the desired property by Proposition 2.62.6 and we shall verify the
corollary for `2 and `3.

Starting with the argument for `2, we let any two disjoint ζ-connectable pairs pa, bq
and px, yq be given. Notice that if pu, v, wq is a ζ-bridge, abPuv is an ab-uv-path with `1

inner vertices, and vwQxy is a vw-xy-path with `1 inner vertices, then abPuvwQxy is an
ab-xy-walk with `1 ` 3` `1 “ `2 inner vertices.

By Lemma 2.92.9 for sufficiently large |V | there are |V |3{4 possibilities to choose the bridge
pu, v, wq in such a way that ta, b, x, yu X tu, v, wu “ ∅ and for every such choice of the
bridge in the middle, Proposition 2.62.6 delivers ϑ1|V |

`1 possibilities for P as well as ϑ1|V |
`1

possibilities for Q. So altogether the number of ab-xy-walks with `2 inner vertices is at
least ϑ2

1|V |
`2{4. Since at most Op|V |`2´1q of them fail to be paths due to containing the
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same vertex multiple times, this proves that `2 has the desired property for ϑ ă ϑ2
1{5 and

sufficiently large |V |.
For `3 we can repeat the same argument once more and get the same conclusion for the

choice of ϑ “ ϑ3
1{25 above. �

2.4. Path covers in 3-uniform hypergraphs. Preparing the proof of the 4-uniform
covering lemma in Section 66 we shall now prove the following 3-uniform covering principle.

Proposition 2.12. For all α, ξ P p0, 1{3q there is an infinite arithmetic progression
P Ď 3N such that the following holds.

Given Setup 2.42.4 (with µ “ α{4), a collection B Ď V 3 of ξ-bridges in H with |B| ě ξ|V |3,
and M P P , we can cover all but at most ξ|V | `M vertices of H by vertex-disjoint paths
of length M each of which starts and ends with a bridge from B.

Let us remark that while the vertex set V in this statement is assumed to be much larger
than α´1 and ξ´1, the quantification in Proposition 2.122.12 allows to consider M to be a
function of |V |. In the application we have in mind, M will be about Θp

a

|V |q. Before we
come to the proof of Proposition 2.122.12 itself, we would like to give a brief overview. First of
all, in [1010] we proved (somewhat implicitly) a similar result, where M is a constant and |V |
is very large. Moreover, there everything related to B is omitted, but instead of this one
can demand that the end-pairs of the constructed paths should be ζ‹‹-connectable for a
sufficiently small constant ζ‹‹ ! α, ξ (see Lemma 2.142.14 below). The idea here for obtaining
longer paths (say of length

a

|V |) is that in the beginning of the proof we put a small
reservoir set aside, so that in the end we can connect many short paths into a smaller
number of longer ones. To this end we require a somewhat standard reservoir lemma (see
Lemma 2.132.13 and Figure 2.12.1). The length of the longer paths we obtain in this manner
depends linearly on the number of short paths we connect, and hence the possible such
lengths form an arithmetic progression P . Now we still need to ensure that the paths
we construct start and end with bridges from B. This is achieved by putting sufficiently
many such bridges aside that are vertex-disjoint among themselves and to the reservoir.
At the end of the proof we will then be able to connect the selected bridges to our paths
by making further uses of the reservoir.

Lemma 2.13. For all α P p0, 1{3q and ϑ‹, ζ‹‹ ą 0 there exists ϑ‹‹ ą 0 with the following
property.
Given Setup 2.42.4 (with µ “ α{4) and the integers `1, `2, `3 ď 12` provided by Corol-

lary 2.112.11, there is a reservoir set R Ď V with 1
2ϑ

2
‹|V | ď |R| ď ϑ2

‹|V | such that for every
R1 Ď R with |R1| ď ϑ‹‹|R|, every i P r3s, and any two disjoint ζ‹‹-connectable pairs px, yq
and pz, wq, there is a xy-zw-path with `i inner vertices all of which belong to R r R1.
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..
.

X

R

Cλ`1

C2

C1 V

Figure 2.1. Collections of small paths, reservoir R, and some bridges
from B form the set X.

Proof. Without loss of generality we may assume ζ‹‹ ă 1{4. We fix an auxiliary constant η
and choose ϑ‹‹ appropriately to obey the hierarchy ϑ‹‹ ! η ! ϑ‹, ζ‹‹, α. Consider a random
subset R Ď V including every vertex v P V independently with probability 3

4ϑ
2
‹. It follows

from Corollary 2.112.11 along the lines of the proof of [1010, Proposition 2.7] that such a set a.a.s.
has the desired size 1

2ϑ
2
‹|V | ď |R| ď ϑ2

‹|V | and possesses the property that for all disjoint
ζ‹‹-connectable pairs px, yq and pz, wq and all i P r3s, the number of xy-zw-paths with `i
inner vertices all of which belong to R is at least η|R|`i . Fix a reservoir set R Ď V with this
property. Now, if in addition to the pairs px, yq, pz, wq, and to i P r3s, also a set R1 Ď R
with |R1| ď ϑ‹‹|R| is given, we know that at most `i|R1||R|`i´1 ď 12`ϑ‹‹|R|`i ă η|R|`i of
these paths can contain an inner vertex from R1, meaning that the desired path with inner
vertices only from R r R1 exists. �

Lemma 2.14. For all α P p0, 1{3q and ϑ‹ with 0 ! ϑ‹ ! α there is a ζ‹‹ P p0, ϑ‹q such
that for every sufficiently large M P N with M ” 2 pmod 3q the following holds.

Given Setup 2.42.4 (with µ “ α{4), a reservoir set R Ď V as provided by Lemma 2.132.13,
and a set X Ď V r R with |X| ď ϑ‹|V |, one can cover all but at most 2ϑ2

‹|V | vertices
of H ´ pRYXq by disjoint M-vertex paths whose end-pairs are ζ‹‹-connectable.

Proof. This is implicit in [1010, Section 7], where an almost spanning path in H is constructed
that avoids the absorbing path. More precisely, [1010, Lemma 7.1] asserts that for a certain
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set X called V pPAq there, there is a path Q Ď H ´X satisfying

|V pHqr pRYX Y V pQqq| ď ϑ2
‹|V | (2.9)

and two further statements that are immaterial for our present concerns. The only property
of X used in the proof of [1010, Lemma 7.1] is that it consists of no more than ϑ‹|V | vertices
and thus we can repeat the entire proof with an arbitrary such set. In the beginning of
the proof we fixed a sufficiently large M P 3N` 2 and below we will assume, in particular,
that M ě ϑ´2

‹ .
Next we recall that Q is constructed so as to contain many subpaths belonging to the set

P “
 

P Ď H ´ pX YRq : P is an M -vertex path whose end-pairs are ζ‹‹-connectable
(

.

In fact, there is a set C Ď P of mutually vertex-disjoint paths such that Q starts and
ends with a path from P and between any two “consecutive” members of C appearing
in Q there is either at most one vertex or there are only vertices from R (cf. clauses (b)
and (c) in the definition of candidates in the proof of Lemma 7.1 in [1010]). This property
of Q guarantees

ˇ

ˇ

ˇ
V pQqr

`

ď

PPC
V pP q YR

˘

ˇ

ˇ

ˇ
ď
|V |

M
ď ϑ2

‹|V | ,

which combined with (2.92.9) yields
ˇ

ˇ

ˇ
V pHqr

´

RYX Y
ď

PPC
V pP q

¯
ˇ

ˇ

ˇ
ď
ˇ

ˇV pHqr pRYX Y V pQqq
ˇ

ˇ

`

ˇ

ˇ

ˇ
V pQqr

´

ď

PPC
V pP q YR

¯ˇ

ˇ

ˇ
ď 2ϑ2

‹|V | .

In other words, C is the desired collection of paths. �

Proof of Proposition 2.122.12. Given α, ξ P p0, 1{3q we apply Lemma 2.142.14 with α and ϑ‹ ! ξ, α

and obtain ζ‹‹ P p0, ϑ‹q. With this value of ζ‹‹ we appeal to Lemma 2.132.13, thus getting
some ϑ‹‹ ą 0. Next we pick some M " ϑ´1

‹ , ϑ´1
‹‹ with M ” 2 pmod 3q which is so large

that the conclusion of Lemma 2.142.14 holds. Finally we take n0 "M, `, ϑ´1
‹ , ϑ´1

‹‹ so large that
we can apply the Lemmata 2.132.13 and 2.142.14 when |V | ě n0.

We shall prove that the infinite arithmetic progression

P “
 

M 1
P N : M 1

ą n0 and M 1
” 9`` 15 pmod M ` 1` 3`q

(

has the desired property. Since 9``15 andM`1`3` are divisible by 3, so are all members
of P . Now let Setup 2.42.4, a collection B Ď V 3 of ξ-bridges with |B| ě ξ|V |3 as well as
a natural number M 1 P P be given. We are to cover all but at most ξ|V | `M 1 vertices
of H by vertex-disjoint paths consisting of M 1 vertices which start and end with a ξ-bridge
from B. If |V | ď M 1 we can just take the empty collection of paths, so we may assume
|V | ąM 1 ą n0 from now on. Let R Ď V be a reservoir set as obtained from Lemma 2.132.13.
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Consider a maximal sequence b1, . . . , br of ξ-bridges from B such that R and these bridges
are mutually vertex-disjoint. Since the reservoir and the selected bridges together involve
|R| ` 3r vertices, we have 3p|R| ` 3rq|V |2 ě |B| ě ξ|V |3, whence

r ě
ξ|V | ´ 3|R|

9 ě
pξ ´ 3ϑ2

‹q|V |

9 ą ϑ‹|V | .

In particular, we can choose x “ tϑ‹|V |{3u bridges in B that are vertex-disjoint both from
each other and from the reservoir. Define X Ď V to be the set of the 3x vertices occurring
in such a list of ξ-bridges.

By Lemma 2.142.14 there is a collection C of disjoint M -vertex paths in H ´ pX Y Rq
covering all but at most 2ϑ2

‹|V | vertices of V pHq r pX Y Rq which start and end with
ζ‹‹-connectable pairs. Due to M 1 ą n0 "M, ` the natural number k defined by

M 1
“ pM ` 1` 3`qk ` p9`` 15q

satisfies k ě ?n0. Take an arbitrary partition

C “ C1 Ÿ . . . Ÿ Cλ Ÿ Cλ`1

such that |C1| “ . . . “ |Cλ| “ k ą |Cλ`1|. For every j P rλs, we want to connect the k
paths in Cj by means of k ´ 1 connections through the reservoir to a path Pj. For each of
these connections, we want to use 3`` 1 vertices from R, so we will have

vpPjq “ kM ` pk ´ 1qp3`` 1q “M 1
´ p12`` 16q

for every j P rλs. Altogether, these connections require at most

p3`` 1q|C | ď p3`` 1q |V |
M

ď
ϑ‹‹
2 |R|

vertices from the reservoir, so there is no problem in choosing them one by one.
Our strategy to continue is that for every j P rλs we want to connect the ends of the

path Pj to two of the ξ-bridges that have been put aside into the set X. These connections
are to be made through the reservoir and for one of them we want to use 3` ` 1 inner
vertices, while the other one is supposed to use `3 “ 9`` 9 inner vertices. Thereby each
path Pj gets extended to a path Qj with

vpQjq “ vpPjq ` p9`` 9q ` p3`` 1q ` 6 “M 1 .

There are indeed sufficiently many bridges contributing to X for this plan, because

2λ ď 2|V |
k

ď
2|V |
?
n0
ď
ϑ‹|V |

4 ă x .
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In fact, we even have

p12`` 10qλ ď p12`` 10q|V |
k

ď
|V |
3
?
n0
ď
ϑ‹‹|R|

2 ,

which shows that the reservoir stays sufficiently intact while we are constructing the paths
Q1, . . . , Qλ. Finally, the number of vertices that these paths fail to cover is at most

ˇ

ˇ

ˇ
V r

ď

PPC
V pP q

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

ď

PPCλ`1
V pP q

ˇ

ˇ

ˇ
ď |R| ` |X| ` 2ϑ2

‹|V | `M
1

ď p3ϑ2
‹ ` ϑ‹q|V | `M

1
ď ξ|V | `M 1 . �

§3. Connecting lemma

In this section we establish appropriate extensions of Proposition 2.62.6 and Corollary 2.112.11
for 4-uniform hypergraphs (see Proposition 3.33.3 and Corollary 3.53.5 below). In particular,
from now on H is a 4-uniform hypergraph.

3.1. Connectable triples in 4-uniform hypergraphs. Given a 4-uniform hypergraph
H “ pV,Eq with minimum pair degree δ2pHq ě p5{9 ` αq|V |2{2 we observe that the
link Huv of a pair of vertices u, v P V is a graph with edge density at least 5{9 ` α.
Consequently, Proposition 2.22.2 provides the existence of a robust subgraph in every joint
link and we collect this information in the following setup.

Setup 3.1. Suppose that α P p0, 1{3q, β ą 0, that ` ě 3 is an odd integer, that H “ pV,Eq

is a sufficiently large 4-uniform hypergraph with |V | “ n and δ2pHq ě p5{9` αqn2{2, and
that for every tu, vu P V p2q we have fixed a pβ, `q-robust subgraph Ruv Ď Huv of its link
graph given by Proposition 2.22.2 applied with µ “ α3{18.

Let us remark that in this situation the vertices u and v are isolated in Huv, for which
reason they cannot belong to the robust subgraph Ruv. Similarly, the vertex v is isolated
in the (3-uniform) link hypergraph Hv. So to make the results of §2.32.3 applicable it turns
out to be more convenient to work with the 3-uniform hypergraph

Hv “ Hv ´ v

obtained from Hv by removing the vertex v. Clearly this hypergraph has n´ 1 vertices and
it satisfies the minimum degree condition δ1pHvq ě p5{9` αqn2{2 ě p5{9` αq|V pHvq|

2{2.
Moreover, Hv together with the family of graphs

 

Ruv : u P V pHvq
(

exemplifies Setup 2.42.4. Thus, whenever Setup 3.13.1, a constant ζ ą 0, and a vertex v P V
are given, we can speak of ζ-connectable pairs in Hv and the notion of a ζ-bridge in Hv is
defined as well.
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We continue with the definition of connectable triples in 4-uniform hypergraphs, which
pivots on bridges in the 3-uniform links of vertices.

Definition 3.2. Given Setup 3.13.1 and ζ ą 0, a triple px, y, zq P V 3 is said to be ζ-connectable
in H if the set

Uxyz “ tv P V : px, y, zq is a ζ-bridge in Hvu

satisfies |Uxyz| ě ζ|V |.

In general, changing the ordering of x, y, and z can affect whether a triple px, y, zq is
ζ-connectable. It is easy to see, however, that reversing the ordering cannot have such an
effect, i.e., pz, y, xq is ζ-connectable if and only if px, y, zq is.

Proposition 3.3 (Connecting lemma). Given Setup 3.13.1 and ζ ą 0, there is ϑ ą 0 such
that if pa, b, cq and px, y, zq are disjoint, ζ-connectable triples in H, then the number of
abc-xyz-paths in H with 8`` 10 inner vertices is at least ϑn8``10.

Proof of Proposition 3.33.3. By monotonicity we may suppose that ζ ă 1
48 . Let ϑ3 denote the

constant obtained by applying Proposition 2.62.6 to α, β, `, and ζ3. We shall prove that

ϑ “
1
2ζ

3``6ϑ2``4
3 (3.1)

has the desired property. To this end we fix two disjoint ζ-connectable triples pa, b, cq
and px, y, zq. Consider the set T of all sequences

pu, áp, áq , ár , wq P V 6``8

with
áp “ pp1, . . . , p3``1q ,

áq “ pq1, q2, q3, q4q , and ár “ pr3``1, . . . , r1q

such that the following six conditions hold:

(1 ) u ‰ w and u P Uabc, w P Uxyz,
(2 ) áq spans a walk of length 3 in the robust subgraph Ruw of the link graph Huw,
(3 ) q1q2 is ζ3-connectable in Hu,
(4 ) q3q4 is ζ3-connectable in Hw,
(5 ) pb, c, áp, q1, q2q spans a 3-uniform path of length 3`` 1 in the link Hu,
(6 ) pq3, q4,

ár , x, yq spans a 3-uniform path of length 3`` 1 in the link Hw.

We establish the following lower bound on the size of set T defined above.

Claim 3.4. We have |T | ě ζ3ϑ2
3n

6``8.

Proof. Our first step is to show that the set

S “ tpu, áq , wq P V 6 : u ‰ w, u P Uabc, w P Uxyz, and áq spans a walk of length 3 in Ruwu
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of all sextuples satisfying (1 )(1 ) and (2 )(2 ) satisfies

|S| ě 1
12ζ

2n6 . (3.2)

In fact, in view of Definition 3.23.2 the ζ-connectability of pa, b, cq and px, y, zq ensures that
there are ζn ¨ pζn´ 1q possibilities to choose the pair pu,wq. Thus for the proof of (3.23.2) it
suffices to show that for every pair pu,wq P Uabc ˆ Uxyz the number of 3-edge walks in Ruw

is at least cn4 for some c ą 1{12. A result of Blakley and Roy [11] (asserting the validity
of Sidorenko’s conjecture for paths) combined with Proposition 2.22.2 (iii )(iii ) entails that the
number of these walks is indeed at least

p2epRuvqq
3

vpRuvq
2 ě

p4n2{9q3

n2 “
43

93n
4
ą
n4

12 .

Thereby (3.23.2) is proved and we proceed by estimating the set

S‹ “ tpu, áq , wq P S : q1q2 is ζ3-connectable in Hu and q3q4 is ζ3-connectable in Hwu

of all sextuples satisfying (1 )(1 ) – (4 )(4 ). By two successive applications of Lemma 2.72.7 we shall
show

|S r S‹| ď 2ζ3n6 . (3.3)

Indeed, for every fixed triple pu, q3, q4q P V
3, Lemma 2.72.7 applied to Hu and ζ3 (in place

of H and ζ) tells us that there are at most ζ3n3 triples pq1, q2, wq with q1q2 P EpRuwq for
which q1q2 fails to be ζ3-connectable in Hu. Similarly, for every fixed triple pq1, q2, wq P V

3,
Lemma 2.72.7 applied to Hw and ζ3 tells us that there are at most ζ3n3 triples pu, q3, q4q

with q3q4 P EpRuwq for which q3q4 fails to be ζ3-connectable in Hw. So altogether we have
|S r S‹| ď 2n3 ¨ ζ3n3, which proves (3.33.3).

As a direct consequence of (3.23.2), (3.33.3), and ζ ă 1
48 we obtain

|S‹| ě
1
12ζ

2n6
´ 2ζ3n6

ě 2ζ3n6 . (3.4)

Now by Proposition 2.62.6 and the definition of S‹, for every sextuple pu, áq , wq there are at
least ϑ3pn´ 1q3``1 sequences áp as demanded by (5 )(5 ) and there is at least the same number
of sequences ár as required by (6 )(6 ). Consequently, we have

|T | ě |S‹|
`

ϑ3pn´ 1q3``1˘2 (3.43.4)
ě ζ3ϑ2

3n
6``8

for sufficiently large n and this concludes the proof of Claim 3.43.4. �

Now consider an auxiliary 3-partite 3-uniform hypergraph A with vertex classes M , U ,
and W , where M “ V 6``6, while U and W are two copies of V . We represent the vertices
in M as sequences

Ýám “ pp1, . . . , p3``1, q1, q2, q3, q4, r3``1, . . . , r1q “ p
áp, áq , árq .
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. . .

. . .

xyz

a b c

r1 r3`´3 r3`´2 r3`´1 r3` r3``1

p1 p2 p3 p4 p5 p3` p3``1

q4

q3

w``2

u``2

q2

q1

w1 w` w``1

u1 u2 u``1

Figure 3.1. Connecting pa, b, cq and px, y, zq.

The edges of A are defined to be the triples tu, Ýám,wu with Ýám P M , u P U , w P W , and
pu, Ýám,wq P T . Thus Claim 3.43.4 implies

epAq “ |T | ě ζ3ϑ2
3n

6``8
“ ζ3ϑ2

3|M ||U ||W | . (3.5)

For every vertex Ýám PM we consider its (ordered) bipartite link graph

AÝÝám “ tpu,wq P U ˆW : Ýámuw P EpAqu .

A standard convexity argument yields

ÿ

ÝÝámPM

|AÝÝám|
``2
ě |M |

ˆ

epAq

|M |

˙``2 (3.53.5)
ě ζ3``6ϑ2``4

3 n8``10 (3.13.1)
“ 2ϑn8``10 . (3.6)

As we will check below, if Ýám PM and pu1, w1q, . . . , pu``2, w``2q P AÝÝám, then

abcu1p1p2p3u2 . . . u``1p3``1q1q2u``2w``2q3q4r3``1w``1r3`r3`´1r3`´2w` . . . w1xyz

is an abc-xyz-walk in H with 8``10 inner vertices (see Figure 3.13.1). By (3.63.6) this argument
produces at least 2ϑn8``10 such walks and, as at most Opn8``9q of them can fail to be
paths, this will conclude the proof of Proposition 3.33.3.

It remains to verify that any four consecutive vertices in the above sequence form an
edge of H. Recall that pui, Ýám,wiq P T for every i P r`` 2s. So (1 )(1 ) implies abcu1 P E and
w1xyz P E, respectively. Since bcp1 . . . p3``1q1q2 is a 3-uniform path in each of the link
hypergraphs Hu1 , . . . , Hu``2 by (5 )(5 ), we have

bcu1p1, cu1p1p2, u1p1p2p3, p1p2p3u2, . . . , p3``1q1q2u``2 P E
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and a similar argument utilising (6 )(6 ) establishes

w``2q3q4r3``1, q3q4r3``1w``1, . . . , r1w1xy P E .

It remains to note, that by (2 )(2 ) we have

q1q2u``2w``2, q2u``2w``2q3, u``2w``2q3q4 P E ,

which completes the proof of Proposition 3.33.3. �

3.2. Other residue classes. The almost spanning cycle to be constructed in Section 77
will be obtained from an almost spanning path cover with the help of the connecting lemma.
The number of inner vertices appearing in the last connection will determine in which
residue class modulo four the number of left-over vertices will lie. As the nature of our
absorbing mechanism requires that the number of left-over vertices should be divisible by
four, it will be useful to strengthen the connecting lemma as follows.

Corollary 3.5. Given Setup 3.13.1 and ζ ą 0, there exist natural numbers `1, `2, `3, `4 ď 50`
with `i ” i pmod 4q for all i P r4s and ϑ “ ϑpα, β, `, ζq ą 0 such that the following holds.

If pa, b, cq, px, y, zq are disjoint ζ-connectable triples of vertices of H, then for every i P r4s
the number of abc-xyz-paths in H with `i inner vertices is at least ϑ|V |`i.

The proof will be established in almost the same way as Corollary 2.112.11, the main
difference being that, instead of bridges, we utilise connectable triples to build connecting
paths whose number of inner vertices is incongruent to 2 modulo 4 (cf. Proposition 3.33.3).
For the proof we first observe that there are many connectable triples in the 4-uniform
hypergraph H “ pV,Eq under consideration.

Lemma 3.6. Given Setup 3.13.1 and ζ P p0, α{4q, the number of ζ-connectable triples in H
is at least p1{3´ 2ζq|V |3.

Proof. Let N be the number of ζ-connectable triples in H “ pV,Eq. We will estimate the
number

Π “
ˇ

ˇtpv, eq : e is a ζ-bridge in Hvu
ˇ

ˇ .

in two different ways. First, Lemma 2.92.9 tells us that for every vertex v P V there are at
least pn´ 1q3{3 different ζ-bridges in Hv, which yields Π ě npn´ 1q3{3 ě p1{3´ ζqn4 for
sufficiently large n. Second, we have

Π ď N ¨ n` n3
¨ ζn ,

since every ζ-connectable triple e participates in at most n pairs pv, eq P Π, while every
triple e that fails to be ζ-connectable can be a ζ-bridge in at most ζn link hypergraphs.
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By comparing our estimates on Π we obtain

N ě p1{3´ ζqn3
´ ζn3

“ p1{3´ 2ζqn3 ,

as promised. �

Proof of Corollary 3.53.5. By monotonicity we may suppose that ζ ă α{4 ă 1{12 and let
ϑ1 ą 0 be given by Proposition 3.33.3. We set

`1 “ 32`` 49 , `2 “ 8`` 10 , `3 “ 16`` 23 , `4 “ 24`` 36 , and ϑ “
ϑ4

1
73 ,

It follows from ` ě 3 that `2 ď `3 ď `4 ď `1 ď 50` and Proposition 3.33.3 directly asserts the
conclusion of Corollary 3.53.5 for i “ 2.

For i “ 3 we use the following argument. Given disjoint ζ-connectable triples pa, b, cq
and px, y, zq Lemma 3.63.6 delivers for sufficiently large n at least n3{6 different ζ-connectable
triples pu, v, wq in H with ta, b, c, x, y, zu X tu, v, wu “ ∅ . For each of them, Proposi-
tion 3.33.3 provides ϑ1n

`2 abc-uvw-paths of the form abcPuvw, where P consists of `2 vertices.
Similarly, there are ϑ1n

`2 uvw-xyz-paths of the form uvwQxyz, where Q consists of `2

vertices as well. Altogether, this yields ϑ2
1n

`3{6 abc-xyz-walks of the form abcPuvwQxyz

Since at most Opn`3´1q of them fail to be a path due to some overlap between P and Q,
the corollary follows for i “ 3.

For i “ 0 and i “ 1 we argue similarly, exploiting `4 “ `2 ` `3 ` 3 and `1 “ `3 ` `3 ` 3,
respectively. �

3.3. Bridges in 4-uniform hypergraphs. We conclude this section with some results
that will be helpful in Section 55. The following is a 4-uniform analogue of Lemma 2.72.7.

Lemma 3.7. Given Setup 3.13.1 and ζ ą 0, there are at most ζ|V |4 quadruples pa, b, c, dq P V 4

such that pa, b, cq is a ζ-bridge in Hd, but pa, b, cq is not ζ-connectable in H.

Proof. It follows from Definition 3.23.2 that for every triple pa, b, cq P V 3 that fails to be
ζ-connectable in H, there are at most ζ|V | choices of d such that pa, b, cq is a ζ-bridge
in Hd. Consequently, there are at most ζ|V |4 quadruples with the properties under
consideration. �

Similarly to the notion of bridges in 3-uniform hypergraphs, which was defined by
containing connectable pairs (cf. Definition 2.82.8), we define 4-uniform bridges in terms of
connectable triples.

Definition 3.8. Given Setup 3.13.1 and ζ ą 0, a quadruple pa, b, c, dq P V 4 is called a ζ-bridge
in H if abcd P E and pa, b, cq and pb, c, dq are both ζ-connectable triples in H.
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It will later become important for us that there are plenty of bridges in H. The argument
in the proof of the following lemma is very similar to that in the proof of Lemma 2.92.9.

Lemma 3.9. Given Setup 3.13.1 and ζ ą 0 there are at least p1{9´ 7ζq|V |4 ζ-bridges in H.

Proof. Let A “ tpa, b, c, dq P V 4 : abcd P Eu be the set of all orderings of the edges of H.
Obviously, the minimum pair degree condition imposed on H implies

|A| ě

ˆ

5
9 ` α

˙

|V |3p|V | ´ 1q ě
ˆ

5
9 ` α ´ ζ

˙

|V |4 .

We consider two exceptional subsets of A, namely

P1 “ tpa, b, c, dq P A : pa, b, cq is not a ζ-bridge in Hdu

and Q1 “ tpa, b, c, dq P Ar P1 : pa, b, cq is not ζ-connectable in Hu .

It follows directly from Lemma 3.73.7, that

|Q1| ď ζ|V |4 .

Moreover, by Lemma 2.92.9 every d P V contributes at most p2{9 ` α{2 ` 2ζqp|V | ´ 1q3

quadruples to P1, which yields the upper bound

|P1| ď
´2

9 `
α

2 ` 2ζ
¯

|V |4 .

By symmetry we obtain the same bounds for the sets

P2 “ tpa, b, c, dq P A : pb, c, dq is not a ζ-bridge in Hau

and Q2 “ tpa, b, c, dq P Ar P2 : pb, c, dq is not ζ-connectable in Hu .

Since every quadruple in Ar pP1YQ1YP2YQ2q is a ζ-bridge in H, the lemma follows. �

§4. Reservoir lemma

The connecting lemma for 4-uniform hypergraphs from Section 33 allows us to connect
paths that start and end with a connectable triple. However, in the process of building
longer paths, we must not interfere with the paths already constructed. For that we put
aside a randomly selected small reservoir of vertices R. Moreover, due to the divisibility
restriction of the absorbing path lemma (see Proposition 5.15.1), we need to guarantee short
connections by paths of lengths in all residue classes modulo four. The existence of such a
reservoir set is given by the following proposition.
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Proposition 4.1 (Reservoir lemma). Given Setup 3.13.1 and constants ζ‹, ζ‹‹ ą 0, let
integers `1, `2, `3, `4 ď 50` and ϑ‹ “ ϑpα, β, `, ζ‹q and ϑ‹‹ “ ϑpα, β, `, ζ‹‹q be provided by
Corollary 3.53.5. Then there exists a subset R Ď V such that

(i ) ϑ2
‹|V |{2 ď |R| ď ϑ2

‹|V |

(ii ) and for all disjoint, ζ‹‹-connectable triples pa, b, cq, px, y, zq in H and every i P r4s,
there are ϑ‹‹|R|`i{2 abc-xyz-paths with `i inner vertices, which all belong to R.

We often refer to the set R given by Proposition 4.14.1 as the reservoir set.

Proof. The existence of such a reservoir set R is established by a standard probabilistic
argument. For that we set

p “
3
4ϑ

2
‹ and C “

´4
3

¯
1

50`

and we consider a random subset R Ď V with elements included independently with
probability p. Observe that |R| is binomially distributed with expectation p|V | and
Chebyshev’s inequality implies that a.a.s.

p

C
|V | ď |R| ď Cp|V | . (4.1)

In particular, our choice of C shows that a.a.s. the set R satisfies part (i )(i ) of Proposition 4.14.1.
For part (ii )(ii ) we recall that for every pair of disjoint, ζ‹‹-connectable triples pa, b, cq,

px, y, zq P V 3, Corollary 3.53.5 guarantees for every i P r4s at least ϑ‹‹|V |`i abc-xyz-paths
with `i inner vertices. Let X “ Xpi, pa, b, cq, px, y, zqq be the random variable counting the
number of such abc-xyz-paths with all `i inner vertices in R. Clearly,

EX ě p`i ¨ ϑ‹‹|V |
`i . (4.2)

Since including or not including a particular vertex into R affects the random variable X
by no more than `i|V |`i´1, the Azuma–Hoeffding inequality (see, e.g., [66, Corollary 2.27])
asserts

P
`

X ď 2
3ϑ‹‹pp|V |q

`i
˘ (4.24.2)
ď P

`

X ď 2
3EX

˘

ď exp
ˆ

´
pEXq2

18 ¨ |V | ¨ p`i|V |`i´1q2

˙

“ exp
`

´ Ωp|V |q
˘

. (4.3)

In view of (4.14.1) and `i ď 50` our choice of C implies that a.a.s.
2
3ϑ‹‹pp|V |q

`i ě
1
2ϑ‹‹|R|

`i . (4.4)

Since there are at most 4|V |6 choices for the triples pa, b, cq, px, y, zq, and for i, the union
bound combined with (4.34.3) and (4.44.4) shows that a.a.s. the set R satisfies part (ii )(ii ) of
Proposition 4.14.1. Consequently, a reservoir set R with all required properties exists. �
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In the proof of Theorem 1.31.3 in Section 77 we will repeatedly connect connectable triples
through the reservoir R provided by Proposition 4.14.1. Whenever such a connection is made
some of the vertices of the reservoir are used and the part of the reservoir that may still be
used for further connections shrinks. Although Ωp|V |q such connections will be needed,
we shall be able to keep an appropriate version of property (ii )(ii ) of the reservoir intact
throughout this process. We prepare for this situation by the following corollary.

Corollary 4.2. Given Setup 3.13.1 and ζ‹, ζ‹‹ ą 0, let integers `1, `2, `3, `4 ď 50` and
ϑ‹ “ ϑpα, β, `, ζ‹q, ϑ‹‹ “ ϑpα, β, `, ζ‹‹q be provided by Corollary 3.53.5. Moreover, let R Ď V

be a reservoir set provided by Proposition 4.14.1. Then for every subset R1 Ď R of size at
most ϑ2

‹ϑ‹‹
400` |V | the following holds.

For all disjoint, ζ‹‹-connectable triples pa, b, cq, px, y, zq in H and every i P r4s, there is
some abc-xyz-path with `i inner vertices, which all belong to R r R1.

Proof. It follows from the lower bound in Proposition 4.14.1 (i )(i ) and the bound on |R1| that

|R1
| ď

ϑ‹‹
200` |R| .

Moreover, every vertex in R1 is an inner vertex in at most `i|R|`i´1 different abc-xyz-
paths in H with all `i inner vertices belonging to R. Consequently, it follows from
Proposition 4.14.1 (ii )(ii ) and `i ď 50` that there are at least

ϑ‹‹
2 |R|

`i ´ |R1
| ¨ `i|R|`i´1

ě
ϑ‹‹
4 |R|

`i

such paths with all inner vertices from R r R1. �

§5. Absorbing path lemma

5.1. Outline and main ideas. In this section we establish the existence of an absorbing
path PA, which at the end of the proof of Theorem 1.31.3 will allow us to ‘absorb’ an arbitrary
(but not too large) set Z of left-over vertices with a size divisible by four.

Proposition 5.1 (Absorbing path lemma). Given Setup 3.13.1, there is some ζ0 “ ζ0pαq ą 0
such that for every ζ‹ P p0, ζ0q and for ϑ‹ “ ϑpα, β, `, ζ‹q provided by Proposition 3.33.3 the
following holds. For every set R Ď V of size at most ϑ2

‹|V |, there exists a path PA Ď H´R
satisfying

(i ) |V pPAq| ď ϑ‹|V |,
(ii ) the end-triples of PA are ζ‹-connectable,
(iii ) and for every subset Z Ď V r V pPAq with |Z| ď 2ϑ2

‹n and |Z| ” 0 pmod 4q, there
exists a path Q Ď H with the same end-triples as PA and V pQq “ V pPAq Y Z.
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The absorbing path PA will be built by connecting many so-called absorbers (see
Definition 5.55.5). Similarly as in [1010], the absorbers used here consist of two parts. Roughly
speaking, the first part allows us to “swap” any given vertex a with a different vertex x,
which then can be absorbed by the second part of the absorber. In other words, we can
move from an arbitrary vertex a, which we may need to absorb, to another vertex x that
enjoys better properties. For the first part this can be easily achieved if a and x share a
3-uniform path with six vertices in their joint link Ha XHx (see Figure 5.15.1). Note that
our degree assumption on H implies that the 3-uniform link of every vertex has density at
least 5{9 ą 1{2 and, hence, the joint link of any two vertices has positive density and the
existence of the 6-vertex paths follows from [33].

a

x

Figure 5.1. Both a and x form a 4-uniform path together with the 3-uniform
path in Ha XHx.

Having replaced x with a we need to ensure that x itself can be absorbed. For that,
in the context of 4-uniform hypergraphs, one usually showed that many vertices x have
the property that their links contain a 3-uniform path on six vertices with the additional
property that its vertices span a 4-uniform path in H. In particular, these six vertices form
a path on its own and can absorb x in the middle, building a 7-vertex path with the same
end-triples (see e.g. [1010], where this strategy was implemented for 3-uniform hypergraphs).

While working on a related problem, the first two authors [88] suggested a different
approach for the second part of the absorber. For that we note that every complete
4-partite 4-uniform hypergraph Kp4q

s,s,s,s contains a path on 4s vertices. However, any four
consecutive vertices in that path are crossing in the Kp4q

s,s,s,s and removing them gives
rise to a copy of Kp4q

s´1,s´1,s´1,s´1, which again contains a spanning path on the remaining
4ps´ 1q vertices. Moreover, if s ě 3 then these paths have the same end-triples. Actually
it suffices already to start with a Kp4q

3,3,3,2 and we will follow that route. Again the existence
of Kp4q

3,3,3,2’s in 4-uniform hypergraphs of positive density follows from [33]. However, due
to the 4-partiteness, with this absorption mechanism we can only absorb four tuples of
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b11 b12 b13 b14 b15 b16 b21 b22 b23 b24 b25 b26 b31 b32 b33 b34 b35 b36 b41 b42 b43 b44 b45 b46

w1 w2 w3

a1

u1

a2

u2

a3

u3

a4

u4

x1 x2 x3 x4

b11 b12 b13 b14 b15 b16 b21 b22 b23 b24 b25 b26 b31 b32 b33 b34 b35 b36 b41 b42 b43 b44 b45 b46

w1 w2 w3u1

a1

u2

a2

u3

a3

u4

a4

x1 x4x2 x3

Figure 5.2. Absorber for pa1, . . . , a4q before and after absorption.

vertices px1, . . . , x4q, which in turn implies that we have to start with four vertices a1, . . . , a4

at the beginning. This is the reason for the divisibility condition on |Z| in part (iii )(iii ) of
Proposition 5.15.1.

As a result for any given pa1, . . . , a4q P V
4 our absorbers will consist of 35 vertices,

which split into five 7-vertex paths (see Figure 5.25.2). Four of the paths are of the form
bi1bi2bi3xibi4bi5bi6 for i P r4s, where bi1bi2bi3bi4bi5bi6 is a 3-uniform path in the joint link
Hai XHxi (cf. first part of the absorber outlined above). The fifth path u1 . . . u4w1w2w3 is
given by the vertices of a Kp4q

2,2,2,1, which together with x1, . . . , x4 span a Kp4q
3,3,3,2. In order to

connect these paths into one absorbing path PA, we shall also require that the end-triples
of these paths are connectable (see Lemmata 5.35.3 and 5.45.4 below).

5.2. Proof of the absorbing path lemma. Roughly speaking, the following lemma
shows that the joint 3-uniform link Ha X Hx of (almost) all pairs of vertices a, x P V
contains Ωp|V |3q connectable triples. Consequently, a result of Erdős [33] implies that the
joint link contains Ωp|V |6q 3-uniform paths on six vertices with connectable end-triples (in
fact all triples will be connectable), which shows the abundant existence of the first part of
our absorbers for every vertex a P V (see Lemma 5.35.3 below).
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Lemma 5.2. Given Setup 3.13.1 and ζ ą 0, there is a set X Ď V of size |X| ď
?
ζn such that

for all a P V and every x P V rX there are at least pα{3´
?
ζq|V |3 triples pb, b1, b2q P V 3

with bb1b2 P EpHaq X EpHxq and pb, b1, b2q being ζ-connectable in H.

Proof. The lemma is trivially true for ζ ě α2{9 and, hence, we may assume ζ ă α2{9.
First, we define the set X. For a vertex v P V let

Bpvq “ tpb, b1, b2q P V 3 : pb, b1, b2q is a ζ-bridge in Hv, but it is not ζ-connectable in Hu

and we note that Lemma 3.73.7 asserts
ÿ

vPV

|Bpvq| ď ζn4 .

We define
X “ tv P V : |Bpvq| ě

a

ζn3
u .

and |X| ď
?
ζn follows.

It is left to show that V rX has the desired property. For that let a P V and x P V rX.
An application of Lemma 2.102.10 with H “ Hx and H 1 “ Ha yields for sufficiently large n at
least

α

2 pn´ 1q3 ą α

3n
3

triples pb, b1, b2q P V 3 such that

bb1b2 P EpHaq X EpHxq and pb, b1, b2q is a ζ-bridge in Hx. (5.1)

Since x R X, we have |Bpxq| ă
?
ζn3 and, therefore, all but at most

?
ζn3 of the triples

pb, b1, b2q satisfying (5.15.1) are ζ-connectable. �

Lemma 5.25.2 combined with a result of Erdős from [33] implies the following.

Lemma 5.3. Given Setup 3.13.1 and ζ P p0, α2{36q, there is some ξ1 “ ξ1pαq ą 0 and a
set X Ď V of size at most

?
ζn such that the following holds.

For all a P V and x P V rX, there are at least ξ1n6 sextuples pb1, . . . , b6q P V
6 such that

(i ) b1b2 . . . b6 is a 3-uniform path in Ha XHx

(ii ) and pb1, b2, b3q, pb4, b5, b6q are ζ-connectable in H.

Proof. Let X be given by Lemma 5.25.2 and fix two vertices a P V and x P V r X. We
consider the auxiliary 3-partite 3-uniform hypergraph B “ pU Ÿ U 1 Ÿ U2, EBq whose
vertex classes are three disjoint copies of V and edges bb1b2 P EB with b P U , b1 P U 1, and
b2 P U2 correspond to ζ-connectable triples pb, b1, b2q of H with bb1b2 P EpHaq X EpHxq.
Lemma 5.25.2 and ζ ă α2{36 tell us that |EB| ě αn3{6 and it follows from [33] that B
contains any complete 3-partite 3-uniform hypergraph of fixed size. In particular, there
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is a copy of Kp3q
2,2,2 in B and by the so-called supersaturation phenomenon (see, e.g., [44])

there are at least 2ξ1n6 such copies for some constant ξ1 “ ξ1pαq. Each such copy of Kp3q
2,2,2

contains a walk b1b2 . . . b6 in Ha XHx satisfying (ii )(ii ) and, consequently, there are at least
2ξ1n6 ´Opn5q ě ξ1n6 paths satisfying (i )(i ) and (ii )(ii ). �

Next we focus on the second part of the absorbers.

Lemma 5.4. There is some ξ2 ą 0 such that for every ζ P p0, 1{126q the following holds.
Given Setup 3.13.1, there are ξ2n11 11-tuples pu1, . . . , u4, x1, . . . , x4, w1, w2, w3q P V

11 so that

(i ) u1 . . . u4x1 . . . x4w1w2w3 and u1 . . . u4w1w2w3 are 4-uniform paths in H
(ii ) and pu1, u2, u3q, pw1, w2, w3q are ζ-connectable triples in H.

The proof of Lemma 5.45.4 is very similar to the proof of Lemma 5.35.3. However, instead of
an auxiliary 3-uniform hypergraph of connectable triples in the shared link of two vertices,
we shall consider a 4-uniform hypergraph of bridges.

Proof. We consider the 4-partite 4-uniform hypergraph B “ pV1 Ÿ V2 Ÿ V3 Ÿ V4, EBq whose
vertex classes are four disjoint copies of V and whose edges v1v2v3v4 P EB with vi P Vi for
i P r4s correspond to ζ-bridges pv1, v2, v3, v4q of H. By Lemma 3.93.9 and our choice of ζ,
there are at least

´1
9 ´ 7ζ

¯

n4
ą
n4

18
ζ-bridges in H and, hence, |EB| ě n4{18 edges. Similar as in the proof of Lemma 5.35.3,
this implies that there are at least 2ξ2n11 copies of the complete 4-partite 4-uniform
hypergraph Kp4q

3,3,3,2 in B for some universal constant ξ2 ą 0. Passing through the vertices
of each such copy of Kp4q

3,3,3,2 (by starting in a vertex in V1 and then passing cyclically
through the other vertex classes) leads to a 4-uniform path u1 . . . u4x1 . . . x4w1w2w3 in B.
In particular, x1 . . . x4 is an edge in B, and owing to the completeness of Kp4q

3,3,3,2 we see
that after removing the vertices x1, . . . , x4, the remaining vertices still form a 4-uniform
path u1 . . . u4w1w2w3 in B.

By definition of B every such path u1 . . . u4x1 . . . x4w1w2w3 corresponds to a walk in H.
Consequently,H contains at least 2ξ2n11´Opn10q ě ξ2n11 11-tuples u1 . . . u4x1 . . . x4w1w2w3

that satisfy part (i )(i ) of Lemma 5.45.4. Moreover, recalling that edges of B correspond to
ζ-bridges in H it follows that pu1, u2, u3q, pw1, w2, w3q are ζ-connectable in H for every
such 11-tuple, i.e., part (ii )(ii ) holds as well. �

Next we define the absorbers, which will be the building blocks of the absorbing path PA
in Proposition 5.15.1.
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Definition 5.5. Given Setup 3.13.1, ζ ą 0, and áa “ pa1, . . . , a4q P V
4, we say that a tuple

p
á

b1, . . . ,
á

b4,
áu, áx, áwq P V 35 with

á

b i “ pbi1, . . . , bi6q for i P r4s , áu “ pu1, . . . , u4q ,
áx “ px1, . . . , x4q , and áw “ pw1, w2, w3q ,

is an áa-absorber in H, if

(a ) all its 35 vertices are distinct and different from those in áa,
(b )

á

b i satisfies properties (i )(i ) and (ii )(ii ) of Lemma 5.35.3 for ai and xi for every i P r4s,
(c ) and páu, áx, áwq satisfies properties (i )(i ) and (ii )(ii ) of Lemma 5.45.4.

Formally, an áa-absorber is defined to be a septuple. However, since it consists of 35
vertices we may refer to it sometimes as a 35-tuple from V 35. Similarly, in part (c )(c ) we
refer to páu, áx, áwq as an 11-tuple.

We note that if áa “ pa1, . . . , a4q consists of four distinct vertices, then an áa-absorber
can be used to absorb the set ta1, . . . , a4u as follows (see Figure 5.25.2). The 35 vertices of an
áa-absorber p

á

b1, . . . ,
á

b4,
áu, áx, áwq can be partitioned into five 4-uniform paths

bi1bi2bi3xibi4bi5bi6 for i P r4s and u1 . . . u4w1w2w3 ,

in H, each of which starts and ends with a ζ-connectable triple. If all five of these paths
are segments (not necessarily consecutive) of the absorbing path PA, while all a1, a2, a3, a4

are not on PA, then one can replace these five paths by

bi1bi2bi3aibi4bi5bi6 for i P r4s and u1 . . . u4x1 . . . x4w1w2w3 ,

i.e., replace xi with ai in the four “b-paths” and include x1, . . . , x4 in the middle of the
fifth path.

Below we easily deduce from Lemmata 5.35.3 and 5.45.4 that there are Ωpn35q absorbers for
every fixed 4-tuple áa P V 4. This fact will play a key rôle in the proof of the absorbing path
lemma.

Lemma 5.6. Given Setup 3.13.1, there are constants ζ 10 “ ζ 10pαq and ξ “ ξpαq ą 0 such that
for every ζ P p0, ζ 10q and for every áa P V 4 the number of áa-absorbers in H is at least ξn35.

Proof. For a fixed α P p0, 1{3q let ξ1pαq ą 0 and ξ2 ą 0 be provided by Lemmata 5.35.3
and 5.45.4. We set

ζ 10 “ min
!´ ξ2

23

¯2
,
α2

126

)

and ξ “
1
4pξ

1
q
4ξ2

and let ζ P p0, ζ 10q and áa “ pa1, . . . , a4q P V
4 be given. Moreover, let X Ď V be the

exceptional set of vertices of size at most
?
ζn given by Lemma 5.35.3.



32 J. POLCYN, CHR. REIHER, V. RÖDL, A. RUCIŃSKI, M. SCHACHT, AND B. SCHÜLKE

Lemma 5.45.4 yields ξ2n11 distinct páu, áx, áwq P V 11 with áu “ pu1, . . . , u4q, áx “ px1, . . . , x4q,
and áw “ pw1, w2, w3q satisfying properties (i )(i ) and (ii )(ii ) of the lemma. Obviously, at most

11p|X| ` 4qn10
ď 11

a

ζn11
` 44n10

of these 11-tuples share a vertex with X Y ta1, . . . , a4u. Consequently, our choice of ζ 10 ą ζ

guarantees that for sufficiently large n at least ξ2n11{2 of these 11-tuples are disjoint from X

and from áa.
Next, for such a fixed 11-tuple páu, áx, áwq we apply Lemma 5.35.3 for every i P r4s to ai

and xi. Each application yields ξ1n6 sextuples pbi1, . . . , bi6q satisfying properties (i )(i ) and (ii )(ii )
of that lemma. Taking into account that we insist that all the vertices bij for i P r4s and
j P r6s need to be distinct and different from the already fixed vertices of áa, áx, áu, and áw

this gives rise to at least
1
2
`

ξ1n6˘4

such choices of
á

b1, . . . ,
á

b4 for every fixed páu, áx, áwq. Summing over all possible choices
of páu, áx, áwq leads to at least

1
2ξ
2n11

ˆ
1
2
`

ξ1n6˘4
ě ξn35

áa-absorbers in H. �

After these preparations we conclude this section with the somewhat standard proof of
the absorbing path lemma. In the proof we first find a suitable selection of Ωpnq disjoint
35-tuples that contain many áa-absorbers for every áa. In the second and final step we
then utilise the ζ-connectable end-triples to connect these 35-tuples, each consisting of five
disjoint paths of length four, into one absorbing path avoiding the given set R.

Proof of Proposition 5.15.1. For α P p0, 1{3q let ` ě 3 be given by Setup 3.13.1 and let ζ 10 “ ζ 10pαq

and ξ “ ξpαq be given by Lemma 5.65.6. Set

ζ0 “ min
!

ζ 10 ,
ξ

12 ¨ 1400`2

)

,

and for ζ‹ P p0, ζ0q let ϑ‹ along with a sufficiently large 4-uniform hypergraph H “ pV,Eq

and R Ď V of size at most ϑ2
‹n be given. Without loss of generality we can assume that

ϑ‹ ă ζ‹.
Applying Lemma 5.65.6 with ζ‹ yields for every áa P V 4 at least ξn35 áa-absorbers in H.

However, since the absorbing path is required to be disjoint from R, only absorbers disjoint
from R are useful here. Let Apáaq be the set of all áa-absorbers disjoint from R and note

ˇ

ˇApáaq
ˇ

ˇ ě ξn35
´ 35|R|n34

ě
ξ

2n
35 . (5.2)



MINIMUM PAIR DEGREE FOR HAMILTONIAN CYCLES IN 4-UNIFORM HYPERGRAPHS 33

Let A “
Ť

Apáaq Ď pV r Rq35 be the set of all absorbers outside R, where the union runs
over all four tuples áa P V 4.

We set
p “

4ζ0ϑ‹
ξn34

and consider a random collection Ap Ď A, where every absorber from A is included
independently with probability p. Standard applications of Markov’s inequality and of
Chernoff’s inequality show that with positive probability the random set Ap satisfies the
following three properties

ˇ

ˇAp

ˇ

ˇ ď 3 ¨ pn35 , (5.3)
ˇ

ˇtpA,A1q P A2
p : A and A1 share a vertexu

ˇ

ˇ ď 3 ¨ 352p2n69 , (5.4)

and for every áa P V 4 we have
ˇ

ˇAp XApáaq
ˇ

ˇ ě
1
2 ¨ p

ˇ

ˇApáaq
ˇ

ˇ . (5.5)

Consequently, there exists a collection B0 Ď A satisfying (5.35.3)–(5.55.5) with B0 replacing Ap.
We further pass to a maximal subcollection B Ď B0 of mutually disjoint absorbers. The
choices of p and ζ0 combined with (5.25.2) and ϑ‹ ă ζ‹ ă ζ0 allow us to transfer (5.35.3) and (5.55.5)
to the set B as follows

ˇ

ˇB
ˇ

ˇ ď 3 ¨ pn35
“

12ζ0ϑ‹
ξ

n ď
ϑ‹

1400`2n (5.6)

and for every áa P V 4 we have
ˇ

ˇB XApáaq
ˇ

ˇ

(5.45.4)
ě

1
2 ¨ p

ˇ

ˇApáaq
ˇ

ˇ´ 3 ¨ 352p2n69
ě ζ0ϑ‹n´ 3 ¨ 352 16ζ2

0ϑ
2
‹

ξ2 n ě
1
2ϑ

2
‹n . (5.7)

It remains to connect the absorbers from B into a path. Recall that every 35-tuple in B
consists of five 7-vertex paths with ζ‹-connectable end-triples and that all those 5|B| paths
are mutually vertex disjoint. Let P be the collection of all these 7-vertex paths.

Finally we construct the absorbing path by connecting all paths from P. For that we
consider a maximal family of paths P‹ Ď P for which there exists a path P ‹A Ď H ´R,
containing all the paths from P‹, whose end-triples are ζ‹-connectable and such that

|V pP ‹Aq| “ 7 ¨ |P‹
| ` p|P‹

| ´ 1q ¨ p8`` 10q
`ě3
ď 70`|B|

(5.65.6)
ď

ϑ‹
20`n . (5.8)

Clearly, P‹ ‰ ∅ and thus, P ‹A ‰ ∅. Assume for the sake of contradiction that there
is some P P P r P‹ and let px, y, zq be the starting triple of P . Moreover, let pa, b, cq
be the ending triple of P ‹A. Since both triples pa, b, cq and px, y, zq are ζ-connectable,
Proposition 3.33.3 tells us that there are at least ϑ‹n8``10 abc-xyz-paths with 8`` 10 inner
vertices in H. Since (5.85.8) combined with |R| ď ϑ2

‹n yields

ϑ‹n
8``10

´ p8`` 10q
`ˇ

ˇV pP ‹Aq
ˇ

ˇ`
ˇ

ˇR
ˇ

ˇ

˘

n8``9
ą 0 ,
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there is at least one connecting path disjoint to V pP ‹AqYR giving rise to a path P ‹‹A Ď H´R
containing P‹ Y tP u. This contradicts the maximality of P‹ and consequently the desired
path PA containing all paths from P does really exist.

In fact, Property (i )(i ) of Proposition 5.15.1 is a consequence of (5.85.8) and part (ii )(ii ) is also
clear from the definition. For part (iii )(iii ) of Proposition 5.15.1, let Z be a set outside PA of size
at most 2ϑ2

‹n with |Z| ” 0 pmod 4q. It follows from (5.75.7), that one can successively absorb
quadruples of distinct vertices of Z into the path, at least ϑ2

‹n{2 times, always having at
least one unused absorber at hand. �

§6. Path cover lemma

The goal of this section is to establish the following 4-uniform variant of Lemma 2.142.14.

Proposition 6.1 (Path cover lemma for 4-uniform hypergraphs). For every α P p0, 1{4q
there is a constant ϑ0pαq ą 0 such that for every positive ϑ‹ ă ϑ0pαq there are a constant
ζ‹‹ “ ζ‹‹pα, ϑ‹q ą 0 and arbitrarily large natural numbers M with M ” 3 pmod 4q such
that the following holds.

Given Setup 3.13.1 and a set X Ď V with |X| ď 2ϑ‹n we can cover all but at most ϑ2
‹n

vertices of H ´ X by disjoint M-vertex paths that start and end with a ζ‹‹-connectable
triple.

We would like to remark that the constants in this statement can be thought of as
forming a hierarchy α " ϑ‹ " ζ‹‹ " M´1 " n´1. In our intended application, the set X
will be the union of the reservoir and the vertex set of the absorbing path. Moreover, it
will be important that we have the liberty to take M to be substantially larger than the
reciprocal of a further constant ϑ‹‹ obtained by applying the connecting lemma to ζ‹‹.

Proof. Recall that Setup 3.13.1 involves a constant β ą 0 as well as a natural number
` ě 3. We will assume throughout that α, β, `´1 " ϑ‹ " ζ‹‹ without calculating these
dependencies explicitly. Let P Ď 3N be the infinite arithmetic progression which the
3-uniform Proposition 2.122.12 delivers for α{4 and ζ‹‹ here in place of α and ξ there. Now let
M " ζ´1

‹‹ be a sufficiently large natural number with M ” 3 pmod 4q and 3
4pM ` 1q P P .

The number M will play two different rôles and hoping to enhance the visibility of this
fact we set m “M .

Now let a 4-uniform hypergraph H “ pV,Eq on n "M vertices satisfying the minimum
pair degree condition δ2pHq ě

`5
9 ` α

˘

n2

2 as well as a family
 

Ruv : uv P V p2q
(

of robust
subgraphs of its link graphs exemplifying Setup 3.13.1 be given. Set

P “
 

P Ď H ´X : P is an M -vertex path whose end-triples are ζ‹‹-connectable
(
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and consider a maximum collection C Ď P of vertex-disjoint paths. We are to establish
that the set

U “ V r
´

X Y
ď

CPC
V pCq

¯

of uncovered vertices satisfies

|U | ď ϑ2
‹n , (6.1)

so for the rest of the proof we can assume that (6.16.1) is false. Our strategy for obtaining a
contradiction is that we find up to m appropriate paths in C and show that the union of
their vertex sets with U spans at least m` 1 vertex-disjoint paths from P. For a vertex
u P U to have some chances to participate in this rerouting its link hypergraph should be
somewhat “typical” and our next step is to identify a set Ubad Ď U of bad vertices which
we will not use for incrementing C .

Recall that, as discussed between Setup 3.13.1 and Definition 3.23.2, for every u P U the link
hypergraph Hu and the family

 

Ruv : v P V r tuu
(

of pβ, `q-robust graphs realise Setup 2.42.4.
Due to ϑ‹ ! `´1, β, α and our assumption |X| ď 2ϑ‹n it follows that the hypergraph
Hu ´X and the family

Ψ “
 

Ruv ´X : v P V r pX Y tuuq
(

of pβ{2, `q-robust graphs exemplify Setup 2.42.4 with pα{2, β{2, α3{9q here in place of pα, β, µq
there. In particular, we can speak of ζ‹‹-connectable pairs and ζ‹‹-bridges with respect to
the constellation pHu´X,Ψq and in the sequel we shall call them pζ‹‹, Xq-connectable pairs
in Hu ´X and pζ‹‹, Xq-bridges in Hu ´X, respectively. To clarify the relation between
these concepts, we remark that every p2ζ‹‹, Xq-connectable pair of distinct vertices from
Hu ´X is, in particular ζ‹‹-connectable in Hu. Consequently, every p2ζ‹‹, Xq-bridge in
Hu ´X is a ζ‹‹-bridge in Hu. Now the vertices that we will not touch while refuting the
maximality of C are those in the set

Ubad “
 

u P U : the number of p2ζ‹‹, Xq-bridges in Hu ´X which are

ζ‹‹-connectable in H is at most n3
{8
(

.

Claim 6.2. We have |Ubad| ď 8ζ‹‹n.

Proof. Consider the set

Π “
 

pu, eq P Ubad ˆ V
3 : the triple e is a p2ζ‹‹, Xq-bridge in Hu ´X,

but not ζ‹‹-connectable in H
(

.
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Since for u P Ubad every p2ζ‹‹, Xq-bridge in Hu ´X is a ζ‹‹ bridge in Hu, Lemma 3.73.7 tells
us that

|Π| ď ζ‹‹n
4 .

On the other hand, for every u P Ubad the number of p2ζ‹‹, Xq-bridges in Hu ´X is at
least pn´ |X|q3{3 by Lemma 2.92.9 and by the definition of Ubad all but at most n3{8 of them
fail to be ζ‹‹-connectable in H, whence

|Π| ě |Ubad|

ˆ

pn´ |X|q3

3 ´
n3

8

˙

ě
|Ubad|n

3

8 .

Comparing our estimates on |Π| we obtain indeed that |Ubad| ď 8ζ‹‹n. �

Useful societies. Denote the vertex sets of the paths in our maximum collection C

by B1, . . . , B|C | and fix an arbitrary partition

U “ B|C |`1 Ÿ . . . ŸBν ŸB
1

with
|B|C |`1| “ . . . “ |Bν | “M ą |B1| .

The sets belonging to the family

B “ tB1, . . . , Bνu

will be referred to as blocks. The size of their union

B “ B1 ŸB2 Ÿ . . . ŸBν

is bounded from below by

|B| “ n´ |X| ´ |B1| ě p1´ 2ϑ‹qn´M ě p1´ 3ϑ‹qn . (6.2)

By a society we mean a set consisting of m blocks and we shall write S for the collection
of all

`

ν
m

˘

societies.

Definition 6.3. A society S P S with S “
Ť

S is useful for a vertex u P U r S if

(i ) δ1 pHu rSsq ě
`5

9 `
α
4

˘

pmMq2

2 ,
(ii ) the family of graphs

 

RuxrSs : x P S
(

exemplifies Setup 2.42.4 for HurSs with
pα{4, β{2, α{16q here in place of pα, β, µq there,

(iii ) and there are at least ζ‹‹m3M3 triples in S3 that are ζ‹‹-connectable in H and
ζ‹‹-bridges in HurSs with respect to the robust graphs in

 

RuxrSs : x P S
(

.

We shall argue that if a society S is useful for many vertices in U , then U Y
Ť

S spans
m ` 1 disjoint paths from P, contrary to the maximality of |C |. The following claim
provides a first step in this direction.



MINIMUM PAIR DEGREE FOR HAMILTONIAN CYCLES IN 4-UNIFORM HYPERGRAPHS 37

x

B1 B2 B|C | B|C |`1 Bx Bν B1

. . . . . . . . .

B

U

Figure 6.1. Block partition of V rX for given C .

Claim 6.4. If a society S P S is useful for a vertex u P U and S “
Ť

S, then there exist
m` 1 vertex-disjoint 3-uniform paths in HurSs each of which has 3

4pM ` 1q vertices and
starts and ends with a triple which is ζ‹‹-connectable in H.

Proof. We can apply Proposition 2.122.12 with pα{4, ζ‹‹q here in place of pα, ξq there to the
hypergraph HurSs, the family

 

RuxrSs : x P S
(

of robust graphs, the set

Ξ “
 

e P S3 : e is a ζ‹‹-bridge in HurSs and ζ‹‹-connectable in H
(

of bridges and to 3
4pM ` 1q here in place of M there. This yields a collection W of

vertex-disjoint 3-uniform 3
4pM ` 1q-vertex paths in HurSs with
ˇ

ˇ

ˇ
S r

ď

WPW
V pW q

ˇ

ˇ

ˇ
ď ζ‹‹Mm`M

such that every path in W starts and ends with a triple from Ξ. In particular, the paths
in W start and end with triples which are ζ‹‹-connectable in H. It remains to show
|W | ě m` 1, which follows from the fact that due to M “ m ě 15 we have

|W | ě
p1´ ζ‹‹qMm´M

3
4pM ` 1q

ě

9
10Mm´M

4
5M

“
9
8m´

5
4 ą m. �

To conclude the proof of Proposition 6.16.1 we need another result on useful societies whose
proof we postpone.

Claim 6.5. For every u P U r Ubad there are at least 2
3 |S| useful societies.

Since we assume that (6.16.1) is false, Claim 6.26.2 yields

|U r Ubad| ě pϑ
2
‹ ´ 8ζ‹‹qn ě

ϑ2
‹

2 n .
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By Claim 6.56.5 and double counting there exists a society S which is useful for at least
2
3 |U r Ubad| ě ϑ2

‹n{3 vertices from U . Next, Claim 6.46.4 allows us to choose for every such
vertex u a collection Wu of m`1 paths in HurSs each of which consists of 3

4pM `1q vertices
and starts and ends with a triple that is ζ‹‹-connectable in H. As there are no more than
pMmq! possibilities for Wu, there exist a collection W of 3-uniform paths on S and a set
U 1 Ď U such that Wu “ W for every u P U 1 and

|U 1| ě
ϑ2
‹n

3pMmq! ě
1
4pM ´ 3qpm` 1q ,

where the second inequality uses n " M “ m. Now we augment every path in W

by inserting pM ´ 3q{4 vertices from U 1 in every fourth position (see Figure 6.26.2), thus
obtaining m` 1 mutually disjoint 4-uniform M -vertex paths. As the m` 1 paths obtained
in this way start and end with ζ‹‹-connectable triples, the new paths are in P. Thus, if
we remove from C the paths whose vertex sets belong to the useful society S and add
the newly constructed paths, we obtain a collection of paths contradicting the maximality
of C . This contradiction proves the validity of (6.16.1) and, hence, concludes the proof of
Proposition 6.16.1 based on Claim 6.56.5.

U 1

Figure 6.2. Augmenting a 3
4pM ` 1q-vertex 3-uniform path to an M -vertex

4-uniform path.

Proof of Claim 6.56.5. Fix a vertex u P U rUbad. We shall prove that the probability that
a society S P S chosen uniformly at random fails to be useful for u is exp

`

´Ωpmq
˘

, where
the implicit constant only depends on α, β, `, ϑ‹ and ζ‹‹. So a sufficiently large choice
of M “ m allows us to push this probability below 1{3, as desired.

We will apply Corollary A.3A.3 several times to the partition

V “ B1 Ÿ . . . ŸBν Ÿ pB
1
ŸXq
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or to a partition derived from it by relocating up to three of the blocks B1, . . . , Bν to
the exceptional set. By (6.26.2) we can take η “ 4ϑ‹ in all these applications. It will be
convenient to write Bx for the block containing a vertex x P B.

We begin by estimating the probability of the unfortunate event E1 that the minimum
vertex-degree condition in Definition 6.36.3 (i )(i ) fails for our random society, i.e.,

E1 “

"

S P S : δ1pHurSsq ă

ˆ

5
9 `

α

4

˙

M2m2

2

*

.

Since u is isolated in Hu, this event occurs whenever u P S and we have

PpE1q ď Ppu P Sq

`
ÿ

xPBrtuu

Ppx P SqP

ˆ

eHuxpS rBxq ă

ˆ

5
9 `

α

2

˙

M2pm´ 1q2

2

ˇ

ˇ

ˇ

ˇ

x P S

˙

, (6.3)

where the reason for excluding the set Bx is that conditioned on x P S the random
variable eHuxpS r Bxq is more pleasant to work with than eHuxpSq. For a fixed vertex
x P B r tuu we want to derive an upper bound on the probability summed in (6.36.3) by
applying Corollary A.3A.3 (b )(b ) with k “ 2 to the graph Hux. Our assumption on H yields

epHuxq ě

ˆ

5
9 ` α

˙

n2

2
and given the event x P S, or equivalently Bx P S, the variable eHuxpS rBxq is determined
by a random selection of m´ 1 blocks from B r tBxu. So by Corollary A.3A.3 (b )(b ) with m´ 1
in place of m and ξ “ α{2 we obtain

P

ˆ

eHuxpS rBxq ă

ˆ

5
9 `

α

2

˙

M2pm´ 1q2

2

ˇ

ˇ

ˇ

ˇ

x P S

˙

ď exp
`

´Ωpmq
˘

.

Together with (6.36.3) this yields

PpE1q ď
m

ν
`

´

ÿ

xPBrtuu

Ppx P Sq
¯

exp
`

´Ωpmq
˘

ď
m

ν
`Mm exp

`

´Ωpmq
˘

and for sufficiently large n "M “ m this shows that

PpE1q ď exp
`

´Ωpmq
˘

. (6.4)

Proceeding with the second item in Definition 6.36.3 we let E2 be the bad event that, for
our fixed vertex u P U r Ubad, the family of graphs

 

RuxrSs : x P S
(

fails to exemplify
Setup 2.42.4 for HurSs with pα{4, β{2, α{16q here in place of pα, β, µq there. We analyse E2

by considering for every fixed x P B r tuu the event E12pxq that RuxrSs fails to be pβ{2, `q-
robust and the event E22pxq that one of the estimates required by Setup 2.42.4 fails. Observe
that in the present context these estimates read as follows:

‚ |V pRuxq X S| ě
`2

3 `
α
8

˘

Mm,
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‚ eHux
`

V pRuxq X S, S r V pRuxq
˘

ď 1
16αM

2m2, and

‚ epRuxq ě
`5

9 `
α
8

˘

M2m2

2 ´
p|SrV pRuxq|q2

2 ě
`4

9 `
1
6α

˘

M2m2

2 .

Consider a fixed vertex x P B r tuu. For any two distinct vertices y, z P V pRuxq we
let Pxyz Ď V `´1 be a set of p`´ 1q-tuples encoding the inner vertices of the `-edge paths
in Rux from y to z and we let Pxyz be the event that |Pxyz X S`´1| ď 1

2β|V pRuxq X S|
`´1.

By the law of total probability we have

PpE12pxq | x P Sq ď
ÿ

yzPV pRuxqp2q

Ppy, z P SqPpPxyz | x, y, z P Sq . (6.5)

Let us look at a fixed pair yz P V pRuxq
p2q. Since Rux is pβ, `q-robust, we know that

|Pxyz| ě β|V pRuxq|
`´1 and, therefore, the set

P 1xyz “ Pxyz X
`

V r pBx YBy YBzq
˘`´1

corresponding to those paths in Pxyz that avoid Bx YBy YBz satisfies

|P 1xyz| ě
5
6βp%nq

`´1 ,

where % “ |V pRuxq|{n ą 2{3. For d “
ˇ

ˇtBx, By, Bzu
ˇ

ˇ P r3s we deduce from Corollary A.3A.3 (a )(a )
(by moving Bx, By, and Bz into the exceptional set) that

P
`

|P 1xyz X S
`´1
| ď 2

3βp%Mmq`´1 ˇ
ˇ x, y, z P S

˘

ď P
`

|P 1xyz X S
`´1
| ď 3

4β
`

%Mpm´ dq
˘`´1 ˇ

ˇ x, y, z P S
˘

ď exp
`

´Ωpmq
˘

. (6.6)

Similarly, Corollary A.3A.3 (a )(a ) applied with k “ 1 to the set Λ “ V pRuxqr pBx YBy YBzq

yields

P

ˆ
ˇ

ˇ

ˇ

ˇ

|ΛX S|
Mpm´ dq

´
|Λ|
n

ˇ

ˇ

ˇ

ˇ

ě
1
9`

ˇ

ˇ

ˇ

ˇ

x, y, z P S

˙

ď exp
`

´Ωpmq
˘

.

In particular, the random variable %S “ |V pRuxq X S|{pMmq satisfies

P

ˆ

|%S ´ %| ě
1
8`

ˇ

ˇ

ˇ

ˇ

x, y, z P S

˙

ď exp
`

´Ωpmq
˘

. (6.7)

Now if both of the likely events |P 1xyz X S`´1| ą 2
3βp%Mmq`´1 and |%´ %S| ă 1{p8`q hold,

then %S ą 1{2 and

|P 1xyz X S
`´1|

βpMmq`´1 ą
2
3%

`´1
ą

2
3

ˆ

%S ´
1
8`

˙`´1

ě
2
3%

`´1
S

ˆ

1´ 1
4`

˙`

ě
1
2%

`´1
S . (6.8)

Adding (6.66.6) and (6.76.7) we deduce from (6.86.8) that

P
`

|P 1xyz X S
`´1
| ď 1

2βp%SMmq`´1 ˇ
ˇ x, y, z P S

˘

ď exp
`

´Ωpmq
˘

,
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whence

P
`

Pxyzq ď exp
`

´Ωpmq
˘

.

As this holds for every pair yz P V pRuxq
p2q we conclude from (6.56.5) that

PpE12pxq | x P Sq ď
´

ÿ

yzPV pRuxqp2q

Ppy, z P Sq
¯

exp
`

´Ωpmq
˘

ď

ˆ

Mm

2

˙

exp
`

´Ωpmq
˘

.

Summarising the argument so far, we have proved

P
`

E12pxq
ˇ

ˇ x P S
˘

ď exp
`

´Ωpmq
˘

for every x P B r tuu. Similar but easier considerations based on Corollary A.3A.3 show that

P
`

E22pxq
ˇ

ˇ x P S
˘

ď exp
`

´Ωpmq
˘

holds as well and we leave the details of this derivation to the reader. Returning now to
the event E2 that the family

 

RuxrSs : x P S
(

fails to exemplify Setup 2.42.4 for HurSs with
pα{4, β{2, α{16q here in place of pα, β, µq there we obtain

PpE2q ď Ppu P Sq `
ÿ

xPBrtuu

P
`

E12pxq Y E22pxq
ˇ

ˇ x P S
˘

ď
m

ν
`Mm exp

`

´Ωpmq
˘

,

i.e.,

PpE2q ď exp
`

´Ωpmq
˘

. (6.9)

It remains to analyse the adverse event E3 that the third clause of Definition 6.36.3 fails.
Consider any pair of vertices yz P pB r tuuq2 which is p2ζ‹‹, Xq-connectable in Hu ´X.
Recall that this means that a certain set Uyz Ď V r X of witnesses definable from the
family of robust graphs

 

Ruv ´X : v P V r pX Y tuuq
(

satisfies |Uyz| ě 2ζ‹‹|V rX| and,
hence, |Uyz r pBy YBzq| ě p3{2qζ‹‹|V rX|. Corollary A.3A.3 (a )(a ) applied to V rX, the block
partition with exceptional set B1 Y By Y Bz, and with the constants η “ ζ2

‹‹, ξ “ ζ‹‹{4
shows that

P
`

|pUyz X Sqr pBy YBzq| ď ζ‹‹Mm
ˇ

ˇ y, z P S
˘

ď exp
`

´Ωpmq
˘

.

As this holds for every p2ζ‹‹, Xq-connectable pair yz, it follows in the usual way that

Pp E2 and some p2ζ‹‹, Xq-connectable pair belonging to Sp2q

is not ζ‹‹-connectable in HurSsq ď exp
`

´Ωpmq
˘

,

where the reason for adding the conjunct  E2 is that it makes the notion of connectable
pairs in HurSs meaningful. Due to the definition of bridges in terms of connectable pairs it
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follows that

Pp E2 and some p2ζ‹‹, Xq-bridge belonging to S3

is not a ζ‹‹-bridge in HurSsq ď exp
`

´Ωpmq
˘

. (6.10)

Since u R Ubad the set

Φu “
 

e P V 3 : e is a ζ‹‹-connectable p2ζ‹‹, Xq-bridge
(

has size |Φu| ě n3{8 and a final application of Corollary A.3A.3 (a )(a ) with k “ 3 shows that
this set scales appropriately to S in the sense that

P
`

|Φu X S
3
| ďM3m3

{16
˘

ď exp
`

´Ωpmq
˘

.

Together with (6.106.10) this proves

Pp E2 & E3q ď exp
`

´Ωpmq
˘

and by adding (6.46.4) as well as (6.96.9) we finally obtain

PpS is not useful for uq ď exp
`

´Ωpmq
˘

.

This concludes the proof of Claim 6.56.5 and, hence, the proof of Proposition 6.16.1. �

§7. The proof of the main result

In this section we give the routine derivation of Theorem 1.31.3 from the results in
Sections 33 – 66.

Proof of Theorem 1.31.3. We can assume that α ą 0 is sufficiently small. Now we choose an
appropriate hierarchy of constants

α " β, `´1
" ζ‹ " ϑ‹ " ζ‹‹ " ϑ‹‹ "M´1

" n´1
0 .

We recall that Corollary 3.53.5 yields four natural numbers `1, `2, `3, `4 ď 50`.
Let H “ pV,Eq be a 4-uniform hypergraph on |V | “ n ě n0 vertices satisfying the

minimum pair degree condition δ2pHq ě
`5

9 ` α
˘

n2

2 . We need to construct a Hamiltonian
cycle in H. Appealing to Proposition 2.22.2 with µ “ α3{18 we choose for every pair uv P V p2q

a pβ, `q-robust subgraph Ruv Ď Huv of its link graph. Notice that H and the family of
robust graphs

tRuv : uv P V p2qu

realise Setup 3.13.1. Proposition 4.14.1 allows us to choose a reservoir set R with |R| ď ϑ2
‹n which

by Corollary 4.24.2 has the property that if a subset R1 Ď R with |R1| ď ϑ2
‹‹n has “already

been used”, then for every i P r4s we can still connect any two disjoint ζ‹‹-connectable
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triples by a path through R r R1 having `i inner vertices. Next we apply Proposition 5.15.1
to obtain an (absorbing) path PA Ď H ´R such that

(i ) |V pPAq| ď ϑ‹n,
(ii ) the end-triples of PA are ζ‹-connectable,
(iii ) and for every subset Z Ď V r V pPAq with |Z| ď 2ϑ2

‹n and |Z| ” 0 pmod 4q, there
is a path Q Ď H with the same end-triples as PA and V pQq “ V pPAq Y Z.

As the set X “ R Y V pPAq satisfies |X| ď pϑ‹ ` ϑ2
‹qn ď 2ϑ‹n, Proposition 6.16.1 yields a

collection C of M -vertex paths starting and ending with ζ‹‹-connectable triples such that
the set

J “ V r
´

V pPAq YRY
ď

PPC
V pP q

¯

of uncovered vertices satisfies |J | ď ϑ2
‹n.

Now we want to form an almost spanning cycle in H by connecting the paths in C

and PA through the reservoir. For each of the first |C | of these connections we want use `1

vertices from the reservoir, which altogether requires

`1|C | ď
50`n
M

ď ϑ2
‹‹n

vertices from the reservoir. In other words, there arises no problem if we choose these
connections one by one, thus creating a path T possessing |C |p`1 `Mq ` |V pPAq| vertices.
Moreover, the set V pT q X R of used vertices is so small that we can still make a last
connection to close the desired cycle. For this last connection we use `i inner vertices,
where i P r4s is determined in such a way that i ” n ´ |V pT q| pmod 4q. In this manner,
we obtain a cycle C containing the absorbing path PA such that the set Z “ V r V pCq of
left-over vertices satisfies

|Z| ” n´ |V pCq| ” n´ |V pT q| ´ `i ” i´ `i ” 0 pmod 4q

as well as

|Z| “ |Z r R| ` |Z XR| ď |J | ` |R| ď 2ϑ2
‹n .

So by property (iii )(iii ) of the absorbing path we can absorb Z into PA, thus arriving at the
desired Hamiltonian cycle. Thereby Theorem 1.31.3 is proved. �

§Appendix A. Weighted Janson Inequality

In the proof of Claim 6.56.5 we use a probabilistic concentration result that follows from
the following weighted variant of Janson’s inequality.
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Lemma A.1 (Weighted Janson Inequality). For a nonempty set V and p P r0, 1s let Vp
be the binomial subset of V including every element of V independently and uniformly at
random with probability p. Let w : ℘pV q ÝÑ Rě0 be a weight function and let

X “
ÿ

AP℘pV q

wpAq1AĎVp

be the random variable giving the total weight of ℘pVpq. Setting

∆ “
ÿ

A,BP℘pV q
AXB‰∅

wpAqwpBqPpAYB Ď Vpq

we have
P
`

X ď EX ´ t
˘

ď exp
ˆ

´
t2

2∆

˙

for every t P r0,EXs.

It is straightforward to check that Janson’s original proof (see e.g. [66]) extends to this
weighted setting but for the sake of completeness we give the details.

Proof. Let Ψ: Rě0 ÝÑ Rą0 be the function s ÞÝÑ Ere´sXs. Clearly, Ψ is differentiable
with the derivative

´Ψ1
psq “ ErXe´sXs “

ÿ

AĎV

wpAqPpA Ď VpqEre´sX | A Ď Vps . (A.1)

For every A Ď V we split X “ YA ` ZA, where

YA “
ÿ

AXB‰∅
wpBq1BĎVp and ZA “

ÿ

AXB“∅
wpBq1BĎVp .

Now the FKG inequality yields

Ere´sX | A Ď Vps ě Ere´sYA | A Ď Vps ¨ Ere´sZA | A Ď Vps ,

where in view of the independence of A Ď Vp and ZA the second factor is at least Ψpsq.
Applying the trivial estimate e´x ě 1´ x to the first factor we obtain

Ere´sX | A Ď Vps ě Er1´ sYA | A Ď Vps ¨Ψpsq

for every A Ď V and by plugging this into (A.1A.1) we arrive at

´
Ψ1psq

Ψpsq ě
ÿ

AĎV

wpAqPpA Ď VpqEr1´ sYA | A Ď Vps

“
ÿ

AĎV

wpAqPpA Ď Vpq ´ s
ÿ

AXB‰∅
wpAqwpBqPpAYB Ď Vpq

“ EX ´ s∆ .



MINIMUM PAIR DEGREE FOR HAMILTONIAN CYCLES IN 4-UNIFORM HYPERGRAPHS 45

Integrating over s and taking Ψp0q “ 1 into account we conclude

log
`

Ψpuq
˘

“

ż u

0

Ψ1psq

Ψpsq ds ď
ż u

0

`

s∆´ EX
˘

ds “ u2∆
2 ´ uEX

for every u P Rě0. Finally, Markov’s inequality implies

P
`

X ď EX ´ t
˘

“ P
`

e´uX ě eupt´EXq
˘

ď exp
`

upEX ´ tq
˘

Ere´uXs

ď exp
`

upEX ´ tq ` u2∆{2´ uEX
˘

“ exppu2∆{2´ tuq

for every u P Rě0 and the optimal choice u “ t
∆ discloses

P
`

X ď EX ´ t
˘

ď exp
ˆ

´
t2

2∆

˙

. �

For bounded weight functions we deduce the following version.

Corollary A.2. Suppose that |V | ě m ě k ě 1, where V is a finite set and k is an
integer. For p “ m{|V | let Vp Ď V be the binomial subset of V including every element
independently and uniformly at random with probability p. If w : V pkq ÝÑ r0, 1s denotes a
bounded weight function, then the random variable X “

ř

APV pkq wpAq1AĎVp satisfies

P
`

|X ´ EX| ě ξmk
˘

ď 3 exp
ˆ

´
ξ2m

12k2

˙

for every ξ P p0, 1q.

Proof. In order to make Lemma A.1A.1 applicable we set wpAq “ 0 for every A P ℘pV qr V pkq.
Now for t “ ξmk we obtain

P
`

X ď EX ´ ξmk
˘

ď exp
ˆ

´
ξ2m2k

2∆

˙

, (A.2)

where

∆ “
ÿ

A,BPV pkq

AXB‰∅

wpAqwpBqPpAYB Ď Vpq ď
ÿ

A,BPV pkq

AXB‰∅

p|AYB| .

Since for every i P rks there are at most |V |2k´i pairs pA,Bq P V pkqˆV pkq with the property
|AYB| “ 2k ´ i, we are thus lead to the upper bound

∆ ď

k
ÿ

i“1
|V |2k´ip2k´i

ď km2k´1 .

Therefore (A.2A.2) implies

P
`

X ď EX ´ ξmk
˘

ď exp
ˆ

´
ξ2m

2k

˙

(A.3)
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and to conclude the argument it suffices to prove

P
`

X ě EX ` ξmk
˘

ď 2 exp
ˆ

´
ξ2m

12k2

˙

. (A.4)

To this end we apply (A.3A.3) to the weight function pwpAq “ 1´ wpAq and to ξ{2 instead
of ξ, thus learning that the random variable

Y “
ÿ

APV pkq

`

1´ wpAq
˘

1AĎVp “

ˆ

|Vp|

k

˙

´X

satisfies

P
`

Y ď EY ´ 1
2ξm

k
˘

ď exp
ˆ

´
ξ2m

8k

˙

.

Rewriting this in terms of X and taking into account that the expected value of
`

|Vp|
k

˘

is pk
`

|V |
k

˘

we obtain

P

ˆ

X ě EX `

ˆ

|Vp|

k

˙

´ pk
ˆ

|V |

k

˙

`
ξ

2m
k

˙

ď exp
ˆ

´
ξ2m

8k

˙

. (A.5)

As we shall prove below, the number

m`
“ m

ˆ

1` ξ

2k

˙

satisfies
ˆ

m`

k

˙

ď pk
ˆ

|V |

k

˙

`
ξ

2m
k . (A.6)

Assuming this estimate for a moment, we conclude from (A.5A.5) that

P
`

X ě EX ` ξmk and |Vp| ď m`
˘

ď P

ˆ

X ě EX `

ˆ

m`

k

˙

´ pk
ˆ

|V |

k

˙

`
ξ

2m
k and |Vp| ď m`

˙

ď exp
ˆ

´
ξ2m

8k

˙

.

Together with Chernoff’s inequality this yields

P
`

X ě EX ` ξmk
˘

ď Pp|Vp| ą m`
q ` P

`

X ě EX ` ξmk and |Vp| ď m`
˘

ď 2 exp
ˆ

´
ξ2m

12k2

˙

,

which concludes the proof of (A.4A.4) and, hence, of Corollary A.2A.2.
Now it remains to deal with (A.6A.6). Since p “ m{|V | ď 1 we have pp|V | ´ jq ě m´ j for

every j P r0, k ´ 1s and multiplying these estimates we infer pk
`

|V |
k

˘

ě
`

m
k

˘

. Thus it suffices
to prove

ˆ

m`

k

˙

´

ˆ

m

k

˙

ď
ξ

2m
k . (A.7)
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Applying the mean value theorem to the increasing function x ÞÝÑ
`

x
k

˘

we obtain
ˆ

m`

k

˙

´

ˆ

m

k

˙

ď
pm` ´mqpm`qk´1

pk ´ 1q! ,

so (A.7A.7) is a consequence of
ˆ

1` ξ

2k

˙k´1

ď k! ,

which is clear for k “ 1 and which for k ě 2 follows from
ˆ

1` ξ

2k

˙k´1

ď epk´1q{2k
ď
?

e ď 2 . �

The following consequence of this result is utilised multiple times in Section 66.

Corollary A.3. Let m ě k and M be positive integers, and let η P
`

0, 1
2k

˘

. Suppose that V
is a finite set and that

V “ B1 Ÿ . . . ŸBν Ÿ Z

is a partition with |B1| “ . . . “ |Bν | “ M ă η|V |, |Z| ă η|V |, and ν ě m. Let
S Ď tB1, . . . , Bνu be an m-element subset chosen uniformly at random and set S “

Ť

S.

(a ) If Q Ď V k has size |Q| “ d|V |k, then

P
`
ˇ

ˇ|QX Sk| ´ dpMmqk
ˇ

ˇ ě ξpMmqk
˘

ď 12
?
m exp

ˆ

´
ξ2m

48k2k`2

˙

holds for every real ξ with maxp8k2η, 16k2{mq ă ξ ă 1.
(b ) Similarly, if G denotes a k-uniform hypergraph with vertex set V and d|V |k{k!

edges, then

P
`
ˇ

ˇeGpSq ´ dpMmqk{k!
ˇ

ˇ ě ξpMmqk{k!
˘

ď 12
?
m exp

ˆ

´
ξ2m

48k2k`2

˙

holds for every ξ with maxp8k2η, 16k2{mq ă ξ ă 1.

Proof. Notice that (a )(a ) implies (b )(b ). Indeed given a k-uniform hypergraph G we apply (a )(a )
to the ordered version of its set of edges defined by

Q “
 

px1, . . . , xkq P V
k : tx1, . . . , xku P EpGq

(

and we obtain (b )(b ) immediately.
So it remains to verify (a )(a ). Intending to invoke Corollary A.2A.2 we move from the

hypergeometric distribution involved in choosing the set S to a binomial distribution,
where we include every block Bi independently from the other ones with probability
p “ m{ν. For this transition we introduce the following notation.
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Write B “ tB1, . . . , Bνu for the set of blocks and consider the event

X “
!

S Ď B : the set S “
ď

S satisfies
ˇ

ˇ|QX Sk| ´ dpMmqk
ˇ

ˇ ě ξpMmqk
)

.

Let Sm Ď B be an m-element set chosen uniformly at random and let Sp Ď B be a
binomial subset containing every block independently and uniformly at random with
probability p “ m{ν. Pittel’s inequality (see, e.g., [66, eq. (1.6)]) informs us that – without
any assumptions on the event X Ď ℘pBq – we have

P pSm P Xq ď 3
?
m P pSp P Xq ,

so it suffices to show

P pSp P Xq ď 4 exp
ˆ

´
ξ2m

48k2k`2

˙

. (A.8)

We will exploit that most k-tuples in Q are crossing in the sense that their entries belong
to k distinct blocks. More precisely, if Q˝ Ď Q denotes the set of theses crossing k-tuples,
we contend that

ˆ

d´
ξ

4

˙

pMνqk ď |Q˝| ď

ˆ

d`
ξ

4

˙

pMνqk . (A.9)

To justify the lower bound we remark that at most k|Z||V |k´1 members of Q can have
an entry in Z and at most k2M |V |k´1 members of Q can have two entries from the same
block, whence

|Q˝| ě |Q| ´ k|Z||V |
k´1

´ k2M |V |k´1
ě pd´ kη ´ k2ηq|V |k ě

ˆ

d´
ξ

4

˙

pMνqk .

For the upper bound we exploit

pMνqk “ |V r Z|k ě p1´ ηqk|V |k ě p1´ kηq|V |k ,

which yields

|Q˝| ď |Q| “ d|V |k ď

ˆ

d`
ξ

4

˙

p1´ kηq|V |k ď
ˆ

d`
ξ

4

˙

pMνqk .

Thereby (A.9A.9) is proved. Now we decompose

|Q˝| “
ÿ

tip1q,...,ipkquPrνspkq
W

`

ip1q, . . . , ipkq
˘

,

where for every k-element set tip1q, . . . , ipkqu P rνspkq the number of k-tuples in Q˝ with
one entry from each of the blocks Bip1q, . . . , Bipkq is denoted by W

`

ip1q, . . . , ipkq
˘

. These
numbers are bounded by

0 ď W
`

ip1q, . . . , ipkq
˘

ď k!Mk .
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Bearing in mind that Corollary A.2A.2 requires normalised weights, we set

w
`

ip1q, . . . , ipkq
˘

“
W

`

ip1q, . . . , ipkq
˘

k!Mk

for every k-set tip1q, . . . , ipkqu P rνspkq. As a consequence of (A.9A.9), the expectation of the
random variable

X “
ÿ

APrνspkq

wpAq1AĎrνsp “
|Skp XQ˝|

k!Mk
,

where Sp “
Ť

Sp, is

EX “
|Q˝|p

k

k!Mk
“
pd˘ ξ{4qmk

k! .

Therefore, Corollary A.2A.2 applied to ξ{p2k!q here in place of ξ there yields

P
`
ˇ

ˇ|Skp XQ˝| ´ dpMmqk
ˇ

ˇ ě p3{4qξpMmqk
˘

ď 3 exp
ˆ

´
ξ2m

48k2k`2

˙

.

So to conclude the proof of (A.8A.8) is certainly suffices to show

P
`
ˇ

ˇSkp X pQrQ˝q
ˇ

ˇ ě p1{4qξpMmqk
˘

ď exp
´

´
m

48k2

¯

.

Now Chernoff’s inequality yields

P
`

|Sp| ą p1` 1{kqm
˘

ď exp
´

´
m

48k2

¯

and for this reason it suffices to prove the deterministic statement that for every A Ď B

with |A | ď mp1` 1{kq the set A “
Ť

A satisfies

|Ak X pQrQ˝q| ă p1{4qξpMmqk .

Since the k-tuples counted on the left side contain two entries from the same block, we
have indeed

|Ak X pQrQ˝q| ď k2M |A|k´1
ď p1` 1{kqk´1k2MpMmqk´1

ă p4k2
{mqpMmqk ă pξ{4qpMmqk ,

where the last inequality uses our assumed lower bound on ξ. �
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