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Abstract

We examine which information on the early cosmological history can be extracted
from the potential measurement by third-generation gravitational-wave observatories of
a stochastic gravitational wave background (SGWB) produced by cosmic strings. We
consider a variety of cosmological scenarios breaking the scale-invariant properties of the
spectrum, such as early long matter or kination eras, short intermediate matter and in-
flation periods inside a radiation era, and their specific signatures on the SGWB. This
requires to go beyond the usually-assumed scaling regime, to take into account the tran-
sient effects during the change of equation of state of the universe. We compute the time
evolution of the string network parameters and thus the loop-production efficiency during
the transient regime, and derive the corresponding shift in the turning-point frequency.
We consider the impact of particle production on the gravitational-wave emission by
loops. We estimate the reach of future interferometers LISA, BBO, DECIGO, ET and
CE and radio telescope SKA to probe the new physics energy scale at which the universe
has experienced changes in its expansion history. We find that a given interferometer
may be sensitive to very different energy scales, depending on the nature and duration
of the non-standard era, and the value of the string tension. It is fascinating that by
exploiting the data from different GW observatories associated with distinct frequency
bands, we may be able to reconstruct the full spectrum and therefore extract the values
of fundamental physics parameters.
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1 Introduction

The Standard Model of particle physics needs to be completed to address observational
facts such as the matter antimatter asymmetry and the dark matter of the universe,
as well as the origin of inflation. These, together with a number of other fundamen-
tal theoretical puzzles associated with e.g. the flavour structure of the matter sector
and the ultra-violet properties of the Higgs scalar field, motivate extensions of the Stan-
dard Model featuring new degrees of freedom and new energy scales. In turn, such new
physics can substantially impact the expansion history in the early universe and leads
to deviations with respect to the standard cosmological model. Any deviations in the
Friedmann equation occurring at temperatures above the MeV remain to date essentially
unconstrained.

In the standard cosmological model, primordial inflation is followed by a long period
of radiation domination until the more recent transitions to matter and then dark energy
domination. Evidence for this picture comes primarily from observations of the Cosmic
Microwave Background (CMB) and the successful predictions of Big-Bang Nucleosyn-
thesis (BBN), which on the other hand, do not allow to test cosmic temperatures above
O(MeV).

An exciting prospect for deciphering the pre-BBN universe history and therefore high
energy physics unaccessible by particle physics experiments, comes from the possible
detection of a stochastic background of gravitational waves (SGWB), originating either
from cosmological phase transitions, from cosmic strings or from inflation [1].

Particularly interesting are cosmic strings (CS), which act as a long-lasting source of
gravitational waves (GW) from the time of their production, presumably very early on,
until today. The resulting frequency spectrum therefore encodes information from the
almost entire cosmic history of our universe, and could possibly reveal precious details
about the high energy particle physics responsible for a modified universe expansion.

There has been a large literature on probes of a non-standard cosmology through
the nearly-scale invariant primordial GW spectrum generated during inflation [2–20].
In contrast, little efforts have been invested to use the scale-invariant GW spectrum
generated by CS [21–26] while there has been intense activity on working out predictions
for the SGWB produced by CS in standard cosmology [27–45].

In this paper, we propose to use the detection of a SGWB from local cosmic strings
to test the existence of alternative stages of cosmological expansion between the end
of inflation and the end of the radiation era. Particularly well-motivated is a stage of
early-matter domination era induced by a heavy cold particle dominating the universe
and decaying before BBN. Another possibility is a stage of kination triggered by the fast
rolling evolution of a scalar field down its potential, e.g. [46, 47] for the pioneering articles.
Finally, supercooled confining phase transitions [48–58] can induce some late short stages
of inflation inside a radiation era. The latter were motivated at the TeV scale but the
properties of the class of scalar potentials naturally inducing a short inflationary era
can be applied to any other scale. We will consider these various possibilities and their
imprints on the GW spectrum from cosmic strings.

The dominant source of GW emission from a cosmic string network comes from loops
which are continuously formed during the network fragmentation. We thus primarily
need to compute the loop-production efficiency during the non-standard transition eras.
This is crucial for a precise prediction of the turning-point frequency as a signature of
the non-standard era. The temperature of the universe at the end of the non-standard
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era can be deduced from the measurement of these turning point frequencies.
The observational prospects for measuring the SGWB from cosmic string networks

at LISA was recently reviewed in [23]. Besides, the effect of particle production on the
loop distribution and thus on the SGWB was recently discussed [59, 60] where it was
however concluded that the expected cutoff is outside the range of current and planned
detectors (see also [61]). Our paper integrates these recent developments and goes beyond
in several directions:

• We go beyond the so-called scaling regime by computing the time evolution of the
string network parameters (long string mean velocity and correlation length) and
thus the loop-production efficiency during modifications of the equation of state of
the universe, see right panel of Fig. 8. Including these transient effects results in
a turning-point frequency smaller by O(20) compared to the prediction from the
scaling regime.1 As a result, the energy scale of the universe associated with the
departure from the standard radiation era that can be probed is correspondingly
larger than the one predicted from scaling networks, see e.g. Fig. 9.

• We investigate a large variety of non-standard cosmologies, in particular models
where a non-standard era can be rather short inside the radiation era, due for
instance to some cold particle temporarily dominating the energy density (short
matter era, see Fig. 12) [62] or some very short stage of inflation (for a couple of
efolds) due to a high-scale supercooled confinement phase transition, see Fig. 16.
Such inflationary stages occurring at scales up to 1014 GeV could be probed, see
Fig. 19. Even 1 or 2 e-folds could lead to observable features, see Fig. 16.

• We also consider longer low-scale inflation models. For instance, an intermediate
inflationary era lasting for O(10) efolds, the SGWB from cosmic strings completely
looses its scale invariant shape and has a peak structure instead, see Fig. 17. A
TeV scale inflation era can lead to a broad peak either in the LISA or BBO band or
even close to the SKA band, depending on the precise value of the string tensions
Gµ, and the number of efolds Ne.

• We include high-frequency cutoff effects from particle production which can limit
observations for small value of the string tension Gµ . 10−15 and high-frequency
cutoff from thermal friction, see Fig. 2 and top left panel of Fig. 4, as well as
low-frequency cutoff from unstable CS networks, see Fig. 21.

• We provide the relations between the observed frequency of a given spectral feature
and the energy scale of the universe for different physical effects, see Fig. 23: i) the
end of a non-standard matter or kination era; ii) the time when particle emission
starts to dominate; iii) the time at which the CS network re-enters the horizon after
an intermediate inflation era.

• We discuss how to read information about the small-scale structure of CS from the
high-frequency tail of the GW spectrum, see App. B.6.

• We discuss the comparison between local and global string networks, see App. F.

1 The turning-point frequency can even be smaller by O(400) if in a far-future, a precision of the
order of 1% can be reached in the measurement of the SGWB, c.f. Eq. (121).
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The plan of the paper is the following. In Sec. 2, we recap the key features of CS
networks, their cosmological evolution, decay channels and the pulsar timing array con-
straints on the string tension. Sec. 3 reviews the computation of the SGWB from Nambu-
Goto CS. We first discuss the underlying assumptions on the small-scale structure and
on the loop distribution and then derive the master formula of the GW frequency spec-
trum. An important discussion concerns the non-trivial frequency-temperature relation
and how it depends on the cosmological scenario. Sec. 4 is devoted to the derivation of
the loop production efficiency beyond the scaling regime, taking into account transient
effects from the change in the equation of state of the universe. We apply this to predict
the SGWB in the standard cosmological model in Sec. 5. We then move to discuss non-
standard cosmological histories, a long-lasting matter or kination era before the radiation
era in Sec. 6, a short intermediate matter era inside the radiation era in Sec. 7, and an
intermediate inflationary era in Sec. 8. We discuss the specific spectral features in each
of these cases and their observability by future instruments. In Sec. 9, we illustrate the
possibilities for the GW spectrum to exhibit different types of peak structures due to
the presence of both a high and a low-frequency cutoff. Sec. 10 summarises proposed
approaches to test different scenarios and the physics reach of each experiment. We con-
clude in Sec. 11. Additional details are moved to appendices, such as non-GW constraints
on the string tension Gµ in App. A, a step-by-step derivation of the GW spectrum as well
as the values of its slopes in App. B, the formulae of the various turning-point frequencies
in App. C, the derivation of the equations which govern the evolution of the long-string
network in the Velocity-dependent One-Scale (VOS) model in App. D, a discussion of the
extensions to the original VOS model in App. E, the prediction of the GW spectrum from
global strings in App. F, the impact of the cosmology on the size of loops at formation
in App. G, and the calculation of the integrated power-law sensitivity curves for each
experiment in App. H.

2 Recap on Cosmic Strings

Cosmic strings have been the subject of numerous studies since the pioneering paper [63],
see [64–66] for reviews.

2.1 String field theory

A topological defect: CS can originate as fundamental or composite objects in string
theory [67–74] or as topological defects from spontaneous symmetry breaking (SSB) when
the vacuum manifoldM has a non-trivial first homotopy group π1(M). Any theory with
spontaneous breaking of a U(1) symmetry has a string solution, since π1(U(1)) = Z.
More complex vacuum manifolds with string solutions can appear in various grand unified
theories [75–78], e.g. SO(10)→ SO(5)× Z2.

The abelian-Higgs model: The standard example of field theories with a string-liked
solution is the Abelian-Higgs (AH) model, a field theory with a complex scalar field φ
charged under a U(1) gauge interaction. Note that the symmetry can also be global.
The resulting strings solutions corresponding to local and global symmetries are called
local and global strings, respectively. CS correspond to lines where the scalar field sits on
the top of its mexican hat potential V (φ) and approaches its vacuum expectation value
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(VEV) at large distance, the Nielsen-Olesen vortex [79]. When following a closed path
around the string, the phase of the complex scalar field returns to its original value after
winding around the mexican hat an integer n number of times. The energy per unit of
length, also known as the string tension reads [65]

µ ≈ 2πη2 n ×

{
1 for local strings,

ln
(mφ
H

)
for global strings,

(1)

with η the scalar field VEV. The Hubble horizon H−1 and the string core width m−1
φ play

the role of IR and UV cut-offs. The logarithmic divergence of the tension of global strings
is due to the existence of a long-range interaction mediated by the massless Goldstone
mode (the complex phase of φ).

2.2 Cosmic-string network formation and evolution

Kibble mechanism: The formation of cosmic strings occurs during a cosmological
phase transition associated with spontaneous symmetry breaking, occurring at a temper-
ature, approximately given by the VEV acquired by the scalar field

Tp ∼ 1011 GeV

(
Gµ

10−15

)1/2

. (2)

CS are randomly distributed and form a network characterized by its correlation length
L, which can be defined as

L ≡
√
µ/ρ∞, (3)

where µ is the string tension, the energy per unit length, and ρ∞ is the energy density of
long strings. More precisely, long strings form infinite random walks [80] which can be
visualized as collections of segments of length L.

Loop chopping: Each time two segments of a long string cross each other, they inter-
commute, with a probability P and form a loop. Loop formation is the main energy-
loss mechanism of the long string network. In numerical simulations [81] and analytical
modelling [82], the probability of inter-commutation has been found to be P = 1 but in
some models it can be lower. This is the case of models with extra-dimensions [68, 83],
strings with junctions [84] or peeling [85], or the case of highly relativistic strings [86].

Scaling regime: Just after the network is formed, the strings may interact strongly
with the thermal plasma such that their motion is damped. When the damping stops,
cosmic strings oscillate and enter the phase of scaling evolution. During this phase, the
network experiences two competing dynamics:

1. Hubble stretching: the correlation length scale stretches due to the cosmic expan-
sion, L ∼ a.

2. Fragmentation of long strings into loops: a loop is formed after each segment cross-
ing. Right after their formation, loops evolve independently of the network and
start to decay through gravitational radiation and/or particle production.

8



It is known since a long time ago [87–91], that out of the two competing dynamics, Hubble
expansion and loop fragmentation, there is an attractor solution, called the scaling regime,
where the correlation length scales as the cosmic time,

L ∼ t. (4)

Note however that in the case of global-string network, it has been claimed that the
scaling property in Eq. (4), is logarithmically violated due to the dependence of the
string tension on the Hubble horizon [92–97]. More recently, an opposite conclusion has
been drawn in [98].

Number of strings: During the scaling regime, the number of strings per Hubble
patch is conserved

ρ∞H
−3

µL
= constant. (5)

Moreover, the energy density of the long-string network, which scales as ρ∞ ∼ µ/t2, has
the same equation-of-state as the main background cosmological fluid ρbkg ∼ a−n,

ρ∞
ρbkg

∼ an

t2
∼ constant, (6)

where we used a = t2/n. Hence, the long-string energy density redshifts as matter during
matter domination and as radiation during radiation domination. The scaling regime
allows cosmic strings not to dominate the energy density of the universe, unlike other
topological defects. The scaling property of a string network has been checked some
fifteen years ago in numerical Nambu-Goto simulations [99–102] and more recently with
larger simulations [103]. During the scaling regime, the loop production function is scale-
free, with a power-law shape, meaning that loops are produced at any size between the
Hubble horizon t and the scale ∼ ΓGµ t, below which the strings have been smoothened
by the gravitational backreaction and there is no further segment crossing.

A scale-invariant SGWB: An essential outcome is the scale-invariance of the Stochas-
tic GW Background generated by loops during the scaling regime [27–43]. We construct
the GW spectrum in Sec. 3.3 and give more details in App. B. Remarkably, the spectrum
generated by loops produced during radiation domination is flat, ∝ f 0, whereas an early
matter domination or an early kination-domination era turns the spectral index from f 0

to respectively f−1/3 or f 1. As recently pointed out by [104], in presence of an early
matter, the slope f−1 predicted by [21, 22], is changed to f−1/3 due to the high-k modes.
We give more details on the impact of high-k modes on the GW spectrum in the presence
of a decreasing slope due to an early matter era, a second period of inflation, particle
production, thermal friction or network formation in App. B.6. Hence, the detection of
the SGWB from CS by LIGO [105], DECIGO, BBO [106], LISA [107], Einstein Tele-
scope [108, 109] or Cosmic Explorer [110] would offer an unique observation window on
the equation of state of the Universe at the time when the CS loops responsible for the
detected GW are formed. In Secs. 6, 7 and 8, we study the possibility for probing partic-
ular non-standard cosmological scenario: long matter/kination era, intermediate matter
and intermediate inflation, respectively.
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2.3 Decay channels of Cosmic Strings

Cosmic strings can decay in several ways, as we discuss below.

GW radiation from long strings: Because of their topological nature, straight
infinitely-long strings are stable against decay. However, small-scale structures of wig-
gly long strings can generate gravitational radiation. Intuitively, a highly wiggly string
can act as a gas of small loops. The GW emission from long strings can be neglected
compared to the GW emission from loops, as loops live much longer than a Hubble time
[33, 65]. Indeed, the GW signal emitted by loops is enhanced by the large number of loops
(continuously produced). Nambu-Goto numerical simulations have shown that the loop
energy density is at least 100 times larger than the long-string energy density [111]. Only
for global strings where loops are short-lived due to efficient Goldstone production, the
GW emission from long strings can give a major contribution to the SGWB [112–115].
In what follows, we only consider the emission from loops.

GW radiation from loops (local strings): In contrast to long strings, loops do not
contain any topological charge and are free to decay into GW. The GW radiation power
is found to be [65]

PGW = ΓGµ2, (7)

where the total GW emission efficiency Γ is determined from Nambu-Goto simulations,
Γ ' 50 [116]. Note that the gravitational power radiated by a loop is independent of its
length. This can be understood from the quadrupole formula P = G/5(Q′′′)2 [29, 117]
where the triple time derivative of the quadrupole, Q′′′ ∝ mass (length)2/(time)3 ∝ µ, is
indeed independent of the length. The resulting GW are emitted at frequencies [64, 118]

f̃ =
2k

l
, k ∈ Z+, (8)

corresponding to the proper modes k of the loop. The tilde is used to distinguished the
frequency emitted at t̃ from the frequency today

f = a(t̃)/a(t0) f̃ . (9)

The frequency dependence of the power spectrum PGW(k) relies on the nature of the
loop small-scale structures [119, 120], e.g. kinks or cusps, c.f. Fig. 1. More precisely, the
spectrum of the gravitational power emitted from one loop reads

P
(k)
GW = Γ(k)Gµ2, with Γ(k) ≡ Γ k−n∑∞

p=1 p
−n , n =


4/3 cusps

5/3 kinks

2 kink-kink collisions

(10)

where the spectral index n = 4/3 when the small-scale structure is dominated by cusps
[29, 37, 121], n = 5/3 for kink domination [37], or n = 2 for kink-kink collision domination
[119, 120]. A discussion on how to read information about the small-scale structure of
CS from the GW spectrum, is given in App. B.6. In particular, we show that the high-
frequency slope of the GW spectrum in the presence of an early matter era, a second
period inflation, particle production or network formation, which is expected to be f−1

from the fundamental, k = 1, GW spectrum alone, is actually given by f 1−n. Immediately
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loop

kink cusp

Figure 1: Cartoon showing the geometry of a kink and a cusp which are singular structures
formed on loops. The arrows denote the tangent vectors of the string segments.

after a loop gets created, at time ti with a length α ti, its length l(t̃) shrinks through
emission of GW with a rate ΓGµ

l(t̃) = αti − ΓGµ(t̃− ti). (11)

Consequently, the string lifetime due to decay into GW is given by

τGW =
α ti
ΓGµ

. (12)

The superposition of the GW emitted from all the loops formed since the creation of the
long-string network generates a Stochastic GW Background. Also, cusp formations can
emit high-frequency, short-lasting GW bursts [36, 37, 119, 120, 122]. If the rate of such
events is lower than their frequency, they might be subtracted from the SGWB.

Goldstone boson radiation (global strings): For global strings, the massless Gold-
stone particle production is the main decay channel. The radiation power has been
estimated [65]

PGold = ΓGold η
2, (13)

where η is the scalar field VEV and ΓGold ≈ 65 [26, 123]. We see that the GW emission
power in Eq. (7) is suppressed by a factor Gµ with respect to the Goldstone emission
power in Eq. (13). Therefore, for global strings, the loops decay into Goldtone bosons
after a few oscillations before having the time to emit much GW [65, 124]. However,
as shown in App. F, the SGWB from global string is detectable for large values of the
string scale, η & 1014 GeV. Other recent studies of GW spectrum from global strings in
standard and non-standard cosmology include [25, 26, 125]. A well-motivated example
of global string is the axion string coming from the breaking of a U(1) Peccei-Quinn
symmetry [123, 126–128]. Ref. [25] shows the detectability of the GW from the axionic
network of QCD axion Dark Matter (DM), after introducing an early-matter era which
dilutes the axion DM abundance and increases the corresponding Peccei-Quinn scale η.

Massive particle radiation: When the string curvature size is larger than the string
thickness, one expects the quantum field nature of the CS, like the possibility to radiate
massive particles, to give negligible effects and one may instead consider the CS as an in-
finitely thin 1-dimensional classical object with tension µ: the Nambu-Goto (NG) string.
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However, due to the presence of small-scale structures on the strings, regions with curva-
ture comparable to the string core size can develop and the Nambu-Goto approximation
breaks down. In that case, massive radiation can be emitted during processes known as
cusp annihilation [129] or kink-kink collisions [59]. We discuss massive particle emission
in more details in Sec. 3.1.

2.4 Constraints on the string tension Gµ from GW emission

The observational signatures of Nambu-Goto cosmic strings are mainly gravitational.
The GW emission can be probed by current and future pulsar timing arrays and GW
interferometers, while the static gravitational field around the string can be probed by
CMB, 21 cm, and lensing observables, see app. A for more details on non-GW probes.
The strongest constraints come from pulsar timing array EPTA, Gµ . 8×10−10 [130], and
NANOGrav, Gµ . 5.3 × 10−11 [131]. Comparison with the theoretical predictions from
the SGWB from cosmic strings leads to Gµ . 2×10−11 [22, 116] or Gµ . 10−10 [120], even
though it can be relaxed to Gµ . 5 × 10−7 [39], after taking into account uncertainties
on the loop size at formation and on the number of emitting modes. Note that it can
also be strengthened by decreasing the inter-commutation probability [41, 132, 133].

By using the EPTA sensitivity curve derived in [134], we obtain the upper bound on
Gµ, one order of magnitude higher, 2×10−10, instead of 2×10−11, c.f. Fig. 4. This bound
becomes ∼ 5×10−11 by using the NANOGrav sensitivity curve derived in [134]. Another
large source of uncertainty is the nature of the GW spectrum generated by a loop, which
depends on the assumption on the loop small-scale structure (e.g. the number of cusps,
kinks and kink-kink collisions per oscillations) [41, 120]. For instance, the EPTA bound
can be strengthened to Gµ . 6.7×10−14 if the loops are very kinky [120]. CS can also emit
highly-energetic and short-lasting GW bursts due to cusp formation [36, 37, 119, 120, 122].
From the non-observation of such events with LIGO/VIRGO [135, 136], one can constrain
Gµ . 4.2×10−10 with the loop distribution function from [137]. However, the constraints
are completely relaxed with the loop distribution function from [111].

3 Gravitational waves from cosmic strings

In the main text of this work, we do not consider the case of global strings where the
presence of a massless Goldstone in the spectrum implies that particle production is the
main energy loss so that GW emission is suppressed [65]. However, we give an overview of
the GW spectrum from global strings in App. F, which can be detectable for string scales
η & 1014 GeV. Other studies of the sensitivity of next generation GW interferometers to
GW from global strings are [25, 26, 125].

There has been a long debate in the community whether local cosmic strings mainly
loose their energy via GW emission or by particle production. We summarise the argu-
ments and clarify the underlying assumptions below.

3.1 Beyond the Nambu-Goto approximation

Quantum field string simulations: Quantum field string (Abelian-Higgs) lattice sim-
ulations run by Hindmarsh et al. [138–140] have shown that decay into massive radiation
is the main energy loss and is sufficient to lead to scaling. Then, loops decay within one
Hubble time into scalar and gauge boson radiation before having the time to emit GW.
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It is suggested that the presence of small-scale structures, kinks and cusps, at the string
core size are responsible for the energy loss into particle production. In these regions of
large string curvature, the Nambu-Goto approximation, which considers CS as infinitely
thin 1-dimensional classical objects, is no longer valid.

However, Abelian-Higgs simulations run by [141–143] have claimed the opposite result,
that energy loss into massive radiation is exponentially suppressed when the loop size is
large compared to the thickness of the string.

Small-scale structure: At formation time, loops are not smooth but made of straight
segments linked by kinks [144]. Kinks are also created in pairs after each string intercom-
mutation, see [145] or Fig. 2.1 in [146]. The presence of straight segments linked by kinks
prevents the formation of cusps. However, backreaction from GW emission smoothens
the shapes, hence allowing for the formation of cusps [144] (see Fig. 1). Because of
the large hierarchy between the gravitational backreaction scale and the cosmological
scale H, the effects of the gravitational backreaction on the loop shape are not easily
tractable numerically. The effects of backreaction from particle emission are shown in
[145]. Nevertheless, it has been proposed since long [147] that the small-scale structures
are smoothened below the gravitational backreaction scale ∼ ΓGµ t,. Particularly, based
on analytical modelling on simple loop models, it has been shown in [148, 149] that due
to gravitational backreaction, kinks get rounded off, become closer to cusps and then
cusps get weakened. In earlier works, the same authors [150, 151] claimed that whether
the smoothening has the time to occur within the loop life time strongly depends on
the initial loop shape. In particular, for a four-straight-segment loop, the farther from
the square shape, the faster the smoothening, whereas for more general loop shapes, the
smoothening may not always occur.

To summarise the last two paragraphs, the efficiency of the energy loss into massive
radiation depends on the nature of the small-scale structure, which can be understood
as a correction to the Nambu-Goto approximation. The precise nature of the small-
scale structure, its connection with the gravitational backreaction scale and the conflict
between Nambu-Goto and Abelian Higgs simulations remain to be explained. Moreover,
the value of the gravitational backreaction scale itself, see Sec. 3.2 is matter of debate.
For our study, we follow the proposal of [60] for investigating how the GW spectrum is
impacted for two benchmark scenarios: when the small-scale structures are dominated by
cusps or when they are dominated by kinks. We give more details in the next paragraph.
In App. B.6, we show that if the high-frequency slope of the fundamental, k = 1, GW
spectrum is f−1, as expected in presence of an early matter era or in presence of an
Heavide cut-off in the loop formation time, then the existence of the high-k modes, turns
it to f−1 → f 1−n, where n, defined in Eq. (10), depends on the small-scale structure.
We can therefore read information about the small-scale structure of CS from the high-
frequency GW spectrum.

Massive radiation emission: In the vicinity of a cusp, the topological charge vanishes
where the string cores overlap. Hence, the corresponding portions of the string can decay
into massive radiation. The length of the overlapping segment has been estimated to be√
r l [129, 152] where r ' µ−1/2 is the string core size and l is the loop length. Hence, the

energy radiated per cusp formation is µ
√
rl, from which we deduce the power emitted
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from a loop

P part
cusp ' Nc

µ3/4

l1/2
, (14)

where Nc is the average number of cusps per oscillation, estimated to be Nc ∼ 2 [144].
Note that the consideration of pseudo-cusps, pieces of string moving at highly relativistic
velocities, might also play a role [153, 154].

Even without the presence of cusps, Abelian-Higgs simulations [59] have shown that
kink-kink collisions produce particles with a power per loop

P part
kink ' Nkk

ε

l
, (15)

where Nkk is the average number of kink-kink collisions per oscillation. Values possibly
as large as Nkk ∼ O(103) have been considered in [120] or even as large as 106 for the
special case of strings with junctions [155], due to kink proliferations [156]. In contrast
to the cusp case, the energy radiated per kink-kink collision, ε, is independent of the loop
size l and we expect ε ∼ µ1/2.

Upon comparing the power of GW emission in Eq. (7) with either Eq. (14) or Eq. (15),
one expects gravitational production to be more efficient than particle production when
loops are larger than [60]

l & lc ≡ βc
µ−1/2

(ΓGµ)2
, (16)

for small-scale structures dominated by cusps, and

l & lk ≡ βk
µ−1/2

ΓGµ
, (17)

for kink-kink collision domination. βc and βk are numbers which depend on the precise
refinement. We assume βc, βk ∼ O(1). Therefore, loops with length smaller than the
critical value in Eq. (16) or Eq. (17) are expected to decay into massive radiation before
they have time to emit GW, which means that they should be subtracted when computing
the SGWB. Equations (16) and (17) are crucial to determine the cutoff frequency, as we
discuss in Sec. 3.4.

The cosmological and astrophysical consequences of the production of massive radi-
ation and the corresponding constraints on CS from different experiments are presented
in Sec. A.4

3.2 Assumptions on the loop distribution

The SGWB resulting from the emission by CS loops strongly relies on the distribution of
loops. In the present section, we introduce the loop-formation efficiency and discuss the
assumptions on the loop-production rate, inspired from Nambu-Goto simulations. The
loop-formation efficiency is computed later, in Sec. 4.

Loop-formation efficiency: The SGWB resulting from the emission by CS loops
strongly relies on the assumption for the distribution of loops which we now discuss.
The equation of motion of a Nambu-Goto string in a expanding universe implies the
following evolution equation for the long string energy density, c.f. Sec. D

dρ∞
dt

= −2H(1 + v̄2)ρ∞ −
dρ∞
dt

∣∣∣∣
loop

, (18)
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where v̄ is the long string mean velocity. The energy loss into loop formation can be
expressed as [65]

dρ∞
dt

∣∣∣∣
loop

≡ µ

∫ ∞
0

lf(l, t)dl ≡ µ

t3
C̃eff , (19)

with f(l, t) the number of loops created per unit of volume, per unit of time t and per
unit of length l and where we introduced the loop-formation efficiency C̃eff . The loop-
formation efficiency C̃eff is related to the notation introduced in [21, 22] by

C̃eff ≡
√

2Ceff . (20)

In Sec. 4, we compute the loop-formation efficiency Ceff as a function of the long string
network parameters v̄ and L, which themselves are solutions of the Velocity-dependent
One-Scale (VOS) equations.

Only loops produced at the horizon size contribute to the SGWB: As pointed
out already a long time ago by [89, 147] and more recently in large Nambu-Goto sim-
ulations [111], the most numerous loops are the ones of the size of the gravitational
backreaction scale

ΓGµ× t, (21)

which acts as a cut-off below which, small-scale structures are smoothened and such that
smaller loops can not be produced below that scale. However, it has been claimed that
only large loops are relevant for GW [36, 111, 157]. In particular, Nambu-Goto numerical
simulations realized by Blanco-Pillado et al. [111] have shown that a fraction Fα ' 10%
of the loops are produced with a length equal to a fraction α ' 10% of the horizon size,
and with a Lorentz boost factor γ '

√
2. The remaining 90% of the energy lost by long

strings goes into highly boosted smaller loops whose contributions to the GW spectrum
are sub-dominant. Under those assumptions, the number of loops, contributing to the
SGWB, produced per unit of time can be computed from the total energy flow into loops
in Eq. (19)

dn

dti
=
Fα

γ µα ti

dρ∞
dt

∣∣∣∣
loop

, (22)

with Fα = 0.1, γ =
√

2 and α = 0.1. In App. G.2, we discuss the possibility to define the
loop-size as a fixed fraction of the correlation length L instead of a fixed fraction of the
horizon size t. Especially, we show that the impact on the GW spectrum is negligible.
The latter can be recast as a function of the loop-formation efficiency C̃eff defined in
Eq. (19)

dn

dti
= Fα

C̃eff(ti)

γ α t4i
. (23)

This is equivalent to choosing the following monochromatic horizon-sized loop-formation
function

f(l, ti) =
C̃eff

α t4i
δ(l − αti). (24)

The assumptions leading to Eq. (23) are the ones we followed for our study and which are
also followed by [21, 22]. Our results strongly depend on these assumptions and would be
dramatically impacted if instead we consider the model discussed in the next paragraph.
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A second population of smaller loops: The previous assumption - that the only
loops relevant for the GW signal are the loops produced at horizon size - which is inspired
from the Nambu-Goto numerical simulations of Blanco-Pillado et al. [111, 158], is in
conflict with the results from Ringeval et al. [120, 137, 159]. In the latter works, the
loop production function is derived analytically starting from the correlator of tangent
vectors on long strings, within the Polchinski-Rocha model [160–163]. In the Polchinski-
Rocha model, which has been tested in Abelian-Higgs simulations [139], the gravitational
back-reaction scale, i.e. the lower cut-off of the loop production function, is computed to
be

Υ(Gµ)1+2χ × t, (25)

with Υ ' 10 and χ ∼ 0.25. Consequently, the gravitational back-reaction scale in the
Polchinski-Rocha model is significantly smaller than the usual gravitational back-reaction
scale, commonly assumed to match the gravitational radiation scale, ΓGµ t. Therefore,
the model of Ringeval et al. predicts the existence of a second population of smaller
loops which enhances the GW spectrum at high frequency by many orders of magnitude
[120]. However, as raised by [164], the model of Ringeval et al. predicts the amount of
long-string energy converted into loops, to be ∼ 200 times larger than the one computed
in the numerical simulations of Blanco-Pillado et al. [111]. These discrepancies between
Polchinski-Rocha analytical modeling and Nambu-Goto numerical simulations remain to
be understood.
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3.3 The gravitational-wave spectrum

For our study, we compute the GW spectrum observed today generated from CS as
follows (see app. B for a derivation)

ΩGW(f) ≡ f

ρc

∣∣∣∣dρGW

df

∣∣∣∣ =
∑
k

Ω
(k)
GW(f), (26)

where

Ω
(k)
GW(f) =

1

ρc
·2k
f
· Fα Γ(k)Gµ2

α(α + ΓGµ)

∫ t0

tosc

dt̃
Ceff(ti)

t4i

[
a(t̃)

a(t0)

]5 [
a(ti)

a(t̃)

]3

Θ(ti−tosc)Θ(ti−
l∗
α

),

(27)
with

Θ ≡ Heaviside function,

µ, G, ρc ≡ string tension, Newton constant, critical density,

a ≡ scale factor of the universe

(we solve the full Friedmann equation for a given energy density content),

k ≡ proper mode number of the loop (effect of high-k modes are discussed in App. B.6.

For technical reasons, in most of our plots, we restrict to 2 × 104 modes),

Γ ≡ gravitational loop-emission efficiency, (Γ ' 50 [158])

Γ(k) ≡ Fourier modes of Γ, dependent on the loop small-scale structures,

(Γ(k) ∝ k−4/3 for cusps, e.g. [37]),

Fα ≡ fraction of loops formed with size α (Fα ' 0.1), c.f. Sec. 3.2,

Ceff ≡ loop-production efficiency, defined in Eq. (34),

(Ceff is a function of the long-string mean velocity v̄ and correlation length ξ,

both computed upon integrating the VOS equations, c.f. Sec. 4)

α ≡ loop length at formation in unit of the cosmic time, (α ' 0.1)

(we consider a monochromatic, horizon-sized loop-formation function, c.f. Sec. 3.2),

t̃ ≡ the time of GW emission,

f ≡ observed frequency today

(related to frequency at emission f̃ through f a(t0) = f̃ a(t̃),

related to loop length l through f̃ = 2k/l,

related to the time of loop production ti through l = αti − ΓGµ(t̃− ti)),
ti ≡ the time of loop production,

(related to observed frequency and emission time t̃ through

ti(f, t̃) =
1

α + ΓGµ

[
2k

f

a(t̃)

a(t0)
+ ΓGµ t̃

])
,

t0 ≡ the time today,

tosc ≡ the time at which the long strings start oscillating, tosc = Max[tfric, tF ],

tF is the time of CS network formation, defined as
√
ρtot(tF ) ≡ µ where ρtot is

the universe total energy density. In presence of friction, at high temperature,

the string motion is damped until the time tfric, computed in app. D.4,

l∗ ≡ lc for cusps and lk for kinks in Eq. (16) and Eq. (17)

(critical length below which the emission of massive radiation

is more efficient than the gravitational emission, c.f. Sec. 3.1).
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A first look at the GW spectrum: Fig. 2 shows the GW spectrum computed with
Eq.(26). The multiple frequency cut-offs visible on the figure, follow from the Heaviside
functions in Eq. (26), which subtract loops formed before network formation, c.f. Eq. (2),
or when thermal friction freezes the network, c.f. App. D.4, or which subtract loops
decaying via massive particle emission from cusps and kinks instead of GW, c.f. Sec. 3.1.
We indicate separately the contributions from the emission occurring before and after
the matter-radiation equality. One can see that loops emitting during the radiation era
contribute to a flat spectrum whereas loops emitting during the matter era lead to a slope
decreasing as f−1/3. Similarly, the high-frequency cut-offs due to particle production,
thermal friction, network formation, but also due to a second period of inflation (discussed
in Sec. 8), give a slope f−1/3. In App. B.6, we show that the presence of high-frequency
modes are responsible for changing the slope f−1, expected from the (k = 1)-spectrum,
to f−1/3.

Impact of the cosmology on the GW spectrum: In a nutshell, the frequency
dependence of the GW spectrum receives two contributions, a red-tilt coming from the
redshift of the GW energy density and a blue-tilt coming from the loop-production rate
∝ t−4

i . On the one hand, the higher the frequency the earlier the GW emission, so the
larger the redshift of the GW energy density and the more suppressed the spectrum. On
the other hand, high frequencies correspond to loops formed earlier, those being more
numerous, this increases the GW amplitude. Interestingly, during radiation-domination
the two contributions exactly cancel such that the spectrum is flat. As explained in
more details in App. B.5, the flatness of the GW spectrum during radiation is intimately
related to the independence of the GW emission power on the loop length. In the same
appendix, we show that a change in the equation of state of the universe impacts the GW
spectrum if it modifies at least one of the two following redshift factors: the redshift of
the number of emitting loops and the redshift of the emitted GW.

For instance, when GW emission occurs during radiation but loop formation occurs
during matter, the loop density redshifts faster. Then, the larger the frequency, the earlier
the loop formation, and the more suppressed the GW spectrum (as f−1 for k = 1 and
as f−1/3 when taking into account high-k modes). Conversely, if loop formation occurs
during kination, the loop density redshift slower and the GW gets enhanced at large
frequency (as f 1).

3.4 The frequency - temperature relation

Relation between frequency of observation and temperature of loop formation:
In app. C, we derive the relation between a detected frequency f and the temperature of
the universe when the loops, mostly responsible for f , are formed

f = (6.7× 10−2 Hz)

(
T

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(T )

g∗(T0)

)1/4

. (28)

We emphasize that Eq. (28) is very different from the relation obtained in the case of GW
generated by a first-order cosmological phase transition. In the latter case, the emitted
frequency corresponds to the Hubble scale at Tp [1]

f = (19× 10−3 mHz)

(
Tp

100 GeV

)(
g∗(Tp)

100

)1/4

. (29)
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Figure 2: GW spectrum from the scaling cosmic-string network evolving in a standard cos-
mology. Contributions from GW emitted during radiation and matter eras are shown with red
and green dashed lines respectively. The high-frequency cut-offs correspond to either the time of
formation of the network, c.f. Eq. (2), the time when friction-dominated dynamics become irrel-
evant, c.f. App. D.4, or the time when gravitational emission dominates over massive particle
production, for either kink or cusp-dominated small-scale structures, c.f. Sec. 3.1. The cut-offs
are described by Heaviside functions in the master formula in Eq. (26). In App. B.6, we show
that the slopes beyond the high-frequency cut-offs are given by f−1/3. Colored regions indicate
the integrated power-law sensitivity of future experiments, as described in app. H.
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In the case of cosmic strings, instead of being set by the Hubble scale at the loop-formation
time ti, the emitted frequency is further suppressed by a factor (ΓGµ)−1/2, which we now
explain. From the scaling law ∝ t−4

i of the loop-production function in Eq.(23), one
can understand that the most numerous population of emitting loops at a given time
t̃ is the population of loops created at the earliest epoch. They are the oldest loops2.
Hence, a loop created at time ti contributes to the SGWB much later, at a time given
by the loop half-lifetime t̃M = α ti/2ΓGµ, c.f. Eq. (12). Therefore, the emitted frequency
is dispensed from the redshift factor a(t̃M)/a(ti) = (t̃M/ti)

1/2 ∼ (ΓGµ)−1/2, and so, is
higher. See app. C and its Fig. 28 for more details.

The detection of a non-standard cosmology: During a change of cosmology, e.g a
change from a matter to a radiation-dominated era, the long-string network evolves from
one scaling regime to the other. The response of the network to the change of cosmology
is quantified by the VOS equations, which are presented in Sec. 4. As a result of the
transient evolution towards the new scaling regime, the turning-point frequency Eq. (121)
associated to the change of cosmology is lower in VOS than in the scaling network. The
detection of a turning-point in a GW spectrum from CS by a future interferometer would
be a smoking-gun signal for non-standard cosmology. Particularly, in Fig. 23, we show
that LISA can probe a non-standard era ending around the QCD scale, ET/CE can probe
a non-standard era ending around the TeV scale whereas DECIGO/BBO can probe the
intermediate range. We show particular examples of long-lasting era in Sec. 6. We focus
on the particular case of a short matter era in Sec. 7 and a short inflation era in Sec. 8,
respectively. In the latter case, the turning-point frequency is even further decreased due
to the string stretching which we explain in the next paragraph.

The detection of a non-standard cosmology (intermediate-inflation case): If
the universe undergoes a period of inflation lasting Ne e-folds, the correlation length of
the network is stretched outside the horizon. After inflation, the network achieves a
long transient regime lasting ∼ Ne other e-folds until the correlation length re-enters the
horizon. Hence, the turning-point frequency in the GW spectrum, c.f. Eq. (54), receives
a expNe suppression compared to Eq. (28) due to the duration of the transient. We give
more details in Sec. 8.

Cut-off frequency from particle production: As discussed in the Sec. 3.1, particle
production is the main decay channel of loops shorter than

l∗ = βm
µ−1/2

(ΓGµ)m
, (30)

where m = 1 or 2 for loops kink-dominated or cusp-dominated, respectively, and βm ∼
O(1). The corresponding characteristic temperature above which loops, decaying prefer-

2Note that they are also the smallest loops, with a length given by the gravitational radiation scale
ΓGµ t.
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entially into particles, are produced, is

T∗ ' β−1/2
m Γm/2

√
α (Gµ)(2m+1)/4 Mpl '


(0.2 EeV)

√
α

0.1

√
1

βc

(
Gµ

10−15

)3/4

for kinks,

(1 GeV)

√
α

0.1

√
1

βk

(
Gµ

10−15

)5/4

for cusps.

(31)
We have used l∗ = α ti, H = 1/(2ti) and ρrad = 3M 2

plH
2. Upon using the frequency-

temperature correspondence in Eq. (28), we get the cut-off frequencies due to particle
production

f∗ '


(1 GHz)

√
1

βc

(
Gµ

10−15

)1/4

for kinks,

(31 Hz)

√
1

βk

(
Gµ

10−15

)3/4

for cusps.

(32)

and which we show in most of our plots with dotted red and purple lines. Particularly,
in Fig. 23, we see that particle production in the cusp-dominated case would start sup-
pressing the GW signal in the ET/CE windows for string tension lower than Gµ . 10−15.
However, in the kink-dominated case, the spectrum is only impacted at frequencies much
higher than the interferometer windows. In App. B.6, we show that the slope of the GW
spectrum beyond the high-frequency cut-off f∗ is given by f−1/3.

3.5 The astrophysical foreground

Crucial for our analysis is the assumption that the stochastic GW foreground of astro-
physical origin can be substracted.

LIGO/VIRGO has already observed three binary black hole (BH-BH) merging events
[165–167] during the first 4-month observing run O1 in 2015, and seven additional BH-
BH [168–171] as well as one binary neutron star (NS-NS) [172] merging events during
the second 9-month observing run O2 in 2017. And more events might still be discovered
in the O2 data [173]. According to the estimation of the NS merging rate following
the detection of the first (and unique up to now) NS-NS merger event GW170817, NS-
NS stochatisc background may be detectable after a 20-month observing run with the
expected LIGO/VIRGO design sensistivity in 2022+ and in the most optimistic scenario,
it might be detectable after 18-month of the third observing run O3 who began in April,
1st, 2019 [174]. Hence, one might worry about the possibility to distinguish the GW
SGWB sourced by CS from the one generated by the astrophysical foreground. However,
in the BBO and ET/CE windows, the NS and BH foreground might be substracted
with respective reached sensibilities ΩGW ' 10−15 [175] and ΩGW ' 10−13 [176]. In
the LISA window, the binary white dwarf (WD-WD) foreground dominates over the
NS-NS and BH-BH foregrounds [177–179]. The WD-WD galactic foreground, one order
of magnitude higher than the WD-WD extragalactic [180], might be substracted with
reached sensibility ΩGW ' 10−13 at LISA [181, 182]. Hence, in the optimistic case where
the foreground can be removed and the latter sensibility are reached one might be able
to distinguished the signal sourced by CS from the one generated by the astrophysical
foreground. Furthermore, the GW spectrum generated by the astrophysical foreground
increased with frequency as f 2/3 [183], which is different from the GW spectrum generated
by CS during radiation (flat), matter f−1/3, inflation f−1/3 or kination f 1.
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4 The Velocity-dependent One-Scale model

The master formula (26) crucially depends on the loop-production efficiency encoded
in Ceff . In this section, we discuss its derivation within the framework of the Velocity-
dependent One-Scale (VOS) model.

4.1 The loop-production efficiency

In a correlation volume L3, a segment of length L must travel a distance L before en-
countering another segment. L is the correlation length of the long-string network. The
collision rate, per unit of volume, is v̄

L
· 1
L3 ∼ v̄

L4 where v̄ is the long-string mean velocity.
At each collision forming a loop, the network looses a loop energy µL = ρ∞ L

3. Hence,
the loop-production energy rate can be written as [87]

dρ∞
dt

∣∣∣∣
loop

= c̃ v̄
ρ∞
L
, (33)

where one can compute c̃ = 0.23 ± 0.04 from Nambu-Goto simulations in expanding
universe [184]. c̃ is the only free parameter of the VOS model. Hence, the loop-formation
efficiency, defined in Eq. (19), can be expressed as a function of the long-string parameters,
v̄ and ξ ≡ L/t,

C̃eff ≡
√

2Ceff(t) =
c̃ v̄(t)

ξ3(t)
. (34)

In app. E, we discuss how our results are changed when considering a recent extension of
the VOS model with more free parameters, fitted on Abelian-Higgs field theory numerical
simulations [185], and taking into account the emission of massive radiation. Basically,
the loop-formation efficiency Ceff is only decreased by a factor ∼ 2. In the following, we
derive v̄ and ξ as solutions of the VOS equations.

4.2 The VOS equations

The VOS equations describe the evolution of a network of long strings in term of the
mean velocity v̄ and the correlation length ξ = L/t [184, 186–188]. The latter is defined
through the long string energy density ρ∞ ≡ µ/L2. Starting from the equations of motion
of the Nambu-Goto string in a FRW universe, we can derive the so-called VOS equations
(see app. D for a derivation)

dL

dt
= HL (1 + v̄2) +

1

2
c̃ v̄, (35)

dv̄

dt
= (1− v̄2)

[
k(v̄)

L
− 2Hv̄

]
, (36)

where

k(v̄) =
2
√

2

π
(1− v̄2)(1 + 2

√
2v̄3)

1− 8v̄6

1 + 8v̄6
, (37)

is the so-called momentum parameter and is a measure of the deviation from the straight
string, for which k(v̄) = 1 [188]. The first VOS equation describes the evolution of the
long string correlation length under the effect of Hubble expansion and loop chopping.
The second VOS equation is nothing more than a relativistic generalization of Newton’s
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law where the string is accelerated by its curvature 1/L but is damped by the Hubble
expansion after a typical length H−1.

Numerical simulations [99–103] have shown that a network of long strings is first
subject to a transient regime before reaching a scaling regime, in which the long string
mean velocity v̄ is constant and the correlation length grows linearly with the Hubble
horizon L = ξ t. The values of the quantities v̄ and ξ depend on the cosmological
background, namely the equation of state of the universe. Hence, when passing from
a cosmological era 1 to era 2, the network accomplishes a transient evolution from the
scaling regime 1 to the scaling regime 2. We use the VOS equations to compute the time
evolution of v̄ and ξ during the change of cosmology and then compute their impact on
the CS SGWB.

4.3 Scaling regime solution and beyond

Scaling solution vs VOS solution: Fig. 3 shows the evolutions of ξ, v̄, and Ceff, from
solving the VOS equations in Eq. (35) with three equations of state, matter, radiation
and kination. Regardless of the initial-condition choice, the network approaches a scaling
solution where all parameters become constant. The energy scale of the universe has
to decrease by some 4 orders of magnitude before reaching the scaling regime after the
network formation. For a cosmological background evolving as a ∝ t2/n with n ≥ 2, the
scaling regime solution is

ξ = constant and v̄ = constant, (38)

with

with ξ =
n

2

√
k(v̄)[k(v̄) + c̃]

2(n− 2)
and v̄ =

√
n

2

k(v̄)

[k(v̄) + c̃]

(
1− 2

n

)
. (39)

In order to fix the notation used in our plots, we define

• (Instantaneous) scaling network: The loop-formation efficiency Ceff , defined in
Eq. (34), is taken at its steady state value, given by Eq. (39). In particular for
matter, radiation and kination domination, one has

Ceff ' 0.39, 5.4, 29.6 for n = 3, 4, 6. (40)

During a change of era 1 → 2, Ceff is assumed to change instantaneously from
the scaling regime of era 1 to the scaling regime of era 2. This is the assumption
adopted in [21, 22].

• VOS network: The loop-formation efficiency Ceff , defined in Eq. (34), is computed
upon integrating the VOS equations in Eq. (35). During a change of cosmology,
the long-string network experiences a transient regime.

Beyond the scaling regime in standard cosmology: In Fig. 4 and Fig. 5, we
compare the GW spectra and the Ceff evolution, obtained with a scaling and VOS network.
They are quite similar. The main difference arises from the change in relativistic degrees
of freedom near the QCD confining temperature and from the matter-radiation transition.
In contrast, predictions differ significantly when considering non-standard cosmology.
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Figure 3: Cosmic-string network evolving in the one-component universe with energy density
ρ ∼ a−n where n = 3, 4 and 6 correspond to matter, radiation and kination, respectively.
The long-string-network mean velocity v̄, the correlation length ξ and the corresponding loop-
production efficiency Ceff reach the scale-invariant solutions after the Hubble expansion rate has
dropped by 2 orders of magnitude, independently of the initial conditions.

Beyond the scaling regime in non-standard cosmology: In Fig. 8, in dashed vs
solid, we compare the loop-production efficiency factor Ceff and the corresponding GW
spectra for a scaling network and for a VOS network. The VOS frequency of the turning
point due to the change of cosmology is shifted to a lower frequency by a factor ∼ 22.5
with respect to the corresponding scaling frequency.3. The shift results from the extra-
time needed by the network to achieve its transient evolution to the new scaling regime.
In the rest of this work, we go beyond the instantaneous scaling approximation used in
[21, 22].

5 Standard cosmology

5.1 The cosmic expansion

The SGWB from CS, c.f. master formula in Eq. (26), depends on the cosmology through
the scale factor a. We compute the later upon integrating the Friedmann equation

H2 =
ρ

3M2
pl

, (41)

for a given energy density ρ. In the standard ΛCDM scenario, the universe is first
dominated by radiation, then a matter era, and finally the cosmological constant so that

3 The turning-point frequency can even be smaller by O(400) if in a far-future, a precision of the
order of 1% can be reached in the measurement of the SGWB, c.f. Eq. (121).
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we can write the energy density as

ρST,0(a) = ρr,0 ∆R(T (a), T0)

(
a

a0

)4

+ ρm,0

(
a

a0

)3

+ ρk,0

(
a

a0

)2

+ ρΛ,0, (42)

where r,m, k and Λ denote radiation, matter, curvature, and the cosmological constant,
respectively. We take ρi = Ωih

2 3M2
plH

2
0 , where H0 = 100 km/s/Mpc, Ωrh

2 ' 4.2× 10−5,
Ωmh

2 ' 0.14, Ωk ' 0, ΩΛh
2 ' 0.31 [189]. The presence of the function

∆R =

(
g∗(T )

g∗(T0)

)(
g∗s(T0)

g∗s(T )

)4/3

, (43)

comes from imposing the conservation of the comoving entropy g∗s T
3 a3, where the evo-

lutions of g∗ and g∗,s are taken from appendix C of [16]. We discuss the possibility of
adding an extra source of energy density in the next sections, long matter/kination in
Sec. 6, intermediate matter in Sec. 7 and intermediate inflation in Sec. 8.

5.2 Gravitational wave spectrum

Fig. 4 shows the dependence of the spectrum on the string tension. The amplitude
decreases with Gµ due to the lower energy stored in the strings. Moreover, at lower Gµ,
the loops decaying slower, the GW are emitted later, implying a lower redshift factor
and a global shift of the spectrum to higher frequencies. The figure also shows how the
change in SM relativistic degrees of freedom introduces a small red-tilt which suppresses
the spectrum by a factor ∆−1

R ∼ 2.5 at high frequencies. We find that the amplitude of
the GW spectrum at large frequency, assuming a standard cosmology, is given by

ΩGWh
2 ' 15π∆R Ωrh

2 Ceff(n = 4)Fα (αGµ/Γ)1/2 , (44)

where Ωrh
2 ' 4.2×10−5 is the present radiation energy density of the universe [189]. We

provide an intuitive derivation based on the quadrupole formula in App. B.5.

5.3 Deviation from the scaling regime

Fig. 5 shows how the loop-formation efficiency Ceff varies during the change of SM rel-
ativistic degrees of freedom and the matter-radiation equality, upon solving the VOS
equations, c.f. Sec. 4. We see the associated corrections to the spectrum in Fig. 4, and
which were already pointed out in [23]. The spectrum is enhanced at low frequencies
because more loops are produced than when assuming that the matter era is reached
instantaneously, c.f. Fig. 5.

5.4 Beyond the Nambu-Goto approximation

Fig. 4 shows the possibility of a cut-off at high frequencies due to particle production,
for two different assumptions regarding the loop small-scale structures: cusps or kinks
domination, c.f. Sec. 3.1. Above these frequencies, loops decays into massive radiation
before they have time to emit GW. For kinky loops, the cut-off is outside any future-
planned observational bands, while for cuspy loops, the cut-off might be in the observed
windows for Gµ . 10−15.
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Figure 4: Left: GW spectra from cosmic strings assuming either the scaling or VOS network,
c.f. Sec. 4.3, evolving in the standard cosmological background. Each line corresponds to string
tension Gµ = 10x, where x is specified by a number on each line. Dotted lines show the spectral
cut-offs expected due to particle production, c.f. Sec. 3.4 and thermal friction, c.f. Sec. D.4,
which depend on the nature of the loop small-scale structures: cusp or kink-dominated. Right:
The zoom-in plot of the left panel shows the effects from the change of SM degrees of freedom
on the scaling and VOS networks.
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Figure 5: Comparison of the loop-production efficiency under the scaling assumption, where the
attractor solution of the VOS equations is assumed to be reached instantaneously, and under the
VOS assumptions, where one integrates the VOS equations. A standard cosmology is assumed.

5.5 Initial network configuration

Fig. 6 shows how the spectrum depends on the choice of initial conditions v̄0, ξ0. As
expected, only the region near the high-frequency cut-off, corresponding to loops created
just after the network formation, is impacted. Such initial values lead to an overproduc-
tion of loops during the initial transient regime and to an enhancement of the spectrum.
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Figure 6: Top: GW spectra assuming a standard cosmology. The network is formed at the
temperature specified by the string tension: TF ∼ mpl

√
Gµ. Initial conditions with a fixed initial

mean velocity v̄0 (left) and a fixed initial correlation length scale ξ0 (right) are applied. The
cut-offs due to particle production, c.f. Sec. 3.4, and thermal friction, c.f. App. D.4, are shown
with purple, red and gray lines. Bottom: The bumps at high frequencies come from the over-
production of loops right after the network formation when ξ/v̄ are taken smaller/larger than
their scaling values.

The impact of ξ0 is stronger than the one of v̄0 because the loop-production efficiency
scales as Ceff ∝ v̄/ξ3. We see that the smaller/larger ξ0/v̄0, the higher the bump.

Note that the frequency of the bump is independent of Gµ. This can be understood
upon plugging the temperature when the network is formed, TF ∼ mpl

√
Gµ into the

(f − T )-correspondence formula in Eq. (28). Also note that at such a high temperature,
the friction of the strings with the plasma might play a major role [190].

The high-frequency bump could be a probe of the nature of the PT in the early
universe, e.g. the initial correlation length, or a probe of the plasma-string interaction.
This could be in principle a motivation for high-frequency GW experiments. However,
the loops which would contribute to such high-frequency GW, might rather decay into
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particles, c.f. solid purple and red line in Fig. 6.
In the next three sections, we will study the impact of different non-standard cos-

mologies on the SGWB from cosmic strings. Each cosmological history not only yields
a distinct value for the scale factor of the universe today, a0, thus a different amount of
redshifting of gravitational waves in Eq. (156), but also a distinct loop-production rate
∝ Ceff/t

4
i due to a different formation time ti and a different loop-production efficiency

Ceff . In Sec. 6, we assume that the radiation era was preceded by a long period of either
matter domination or kination all the way after inflation. In Sec. 7 and Sec. 8, we assume
instead some short eras of either matter domination or inflation, inside the radiation era.

6 Long-lasting matter or kination era

6.1 The non-standard scenario

In this section, we consider the presence of a matter or kination-dominated era which
starts just after the end of inflation, when the total energy density is ρstart = ρinflation,
and ends much later, at ρend, when it becomes supplanted by the standard radiation-
dominated era. At the end of the non-standard era, the temperature of the universe is
T∆. The energy density profile, sketched in Fig. 7, is given by

ρtot(a) =



ρstart

(
astart
a

)n
+ ρlate(a) for ρstart > ρ > ρend,

ρend ∆R(Tend, T )
(
aend
a

)4
+ ρlate(a) for ρ < ρend,

(45)

where ρstart, ρend ≡ the starting and ending energy density of the non-standard cosmology,

ρlate ≡ the standard-cosmology energy density dominating at late times,

e.g. the standard matter density, and cosmological constant.

∆R is given in Eq.(43).

Modified
cosmology

a
aM0

ρtot(a)

ρstart

ρend = ρ∆

aSt.0aK0

radiation

standard

inflation
matter

kin
ation

ρ0

Non-standard cosmo. before rad. era

kin
ation

radiation

Figure 7: Evolution of the energy density assuming a matter (M) and kination (K) era after
inflation and before the radiation era. ‘St’ refers to standard cosmology. We suppose that the

cosmic string network forms at the end of inflation with tension given by Gµ ∼ (ρ
1/4
start/mpl)

2

(for instance the CS network can form through non-thermal dynamical symmetry breaking [191–
198]).
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Figure 8: Left: GW spectra from cosmic strings assuming either the scaling (dashed) or the
VOS network (solid), c.f. Sec. 4.3, evolved in the presence of a non-standard era, either mat-
ter (blue) or kination-dominated (red), before the standard radiation era. The transient VOS
evolution of the long-string network during the change of cosmology shifts the turning-point to-
wards lower frequencies by O(25). The cut-offs due to particle production, c.f. Sec. 3.4, or
thermal friction, c.f. App. D.4, are shown with dotted lines. Right: The evolution of the loop-
production efficiency for each cosmological background shows that the scaling solution is reached
after a transient evolution corresponding to the Hubble rate dropping by on order of magnitude.
The slower the expansion rate a ∝ t2/n, the slower the dilution of the long-string energy density
ρ∞ ∝ a−2 and the higher the needed loop-production efficiency Ceff in order to reach the scaling
regime ρ∞ ∝ t−2.

6.2 Impact on the spectrum: a turning-point

The resulting GW spectra are shown in Fig. 8 for long-lasting kination and matter eras
starting at Estart = mpl

√
Gµ and ending at Eend = E∆ = 100 GeV with duration

r ≡
(
ρstart
ρend

)1/4

≡
(
Estart

E∆

)
� 1011. (46)

For kination, the slower expansion of the universe means that loops are produced earlier
when the loop-production is more efficient, c.f. Eq. (23), which enhances the spectrum.
For matter domination, we have the opposite behavior and the spectrum is suppressed.

The turning-point frequency: A key observable is the frequency above which the
GW spectrum differs from the one obtained in standard cosmology. This is the so-called
turning-point frequency f∆. It corresponds to the redshifted-frequency emitted by the
loops created during the change of cosmology at the temperature T∆. In the instantaneous
scaling approximation, c.f. dashed line in Fig. 8, the turning-point frequency f∆ is given
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by the (T, f)-correspondence relation

f scaling
∆ = (4.5× 10−2 Hz)

(
T∆

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(T∆)

g∗(T0)

)1/4

. (47)

However, the deviation from the scaling regime during the change of cosmology, c.f.
Sec. 4.3, implies a shift to lower frequencies of the (T, f)-correspondence, by a factor
∼ 22.5, c.f. solid vs dashed lines in Fig. 8. The correct (T, f )-correspondence when
applied to a change of cosmology is

fVOS
∆ = (2× 10−3 Hz)

(
T∆

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(T∆)

g∗(T0)

)1/4

. (48)

We fit the numerical factor in Eq. (48) (but also in Eq. (54)) by imposing4 the non-
standard-cosmology spectrum ΩNS to deviate from the standard-cosmology one ΩST by
10% at the turning-point frequency,∣∣∣∣ΩNS(f∆)− ΩST(f∆)

ΩST(f∆)

∣∣∣∣ ' 10%. (49)

We are conservative here. Choosing 1% instead of 10% would lead to a frequency shift
of the order of O(400), c.f. Eq. (121). Note that our Eq. (48) is numerically very similar
to the one in [21–23] although an instantaneous change of the loop-production efficiency
Ceff at T∆ is assumed in [21–23]. This can be explained if in Ref. [21–23], the criterion in
Eq. (49) is smaller than the percent level.

6.3 Constraints

A long matter/kination era leads to a spectral suppression/enhancement which could lie
within the observational windows of future GW observatories. In Fig. 9, we show the
constraints on an early long-lasting (r & 107) non-standard era ending at the temperature
T∆, for different values of Gµ. We assume that a non-standard era is detectable by a GW
interferometer if the absolute value of the observed spectral index is larger than 0.15.
This corresponds to the spectral-index prescription (Rx 2) discussed in Sec. 10.1. We
see that LISA, BBO/DECIGO and ET/CE can probe non-standard eras ending below
T∆ ' 10 GeV, 1 TeV and 100 TeV, respectively. LIGO can already constrain kination
eras ending after 10 GeV. The temperatures which we can probe are O(25) larger when
assuming a VOS network (c.f. VOS dashed-dotted line in Fig. 9) compared to a scaling
network (c.f. colored regions in Fig. 9), (see Sec. 4.3 for the definitions of scaling and
VOS networks). Particle production starts to limit the observation for Gµ . 10−15.

6.4 A shorter period of kination

Interestingly, a short kination period can generate a bump in the spectrum. We show
this in the left panel of Fig. 10. In fact, the network has no time to reach the scaling
regime. Particularly, on the right panel of Fig. 10, we show how the efficiency of the
loop production grows with the duration of the kination era, without reaching its scaling

4The coefficient in Eq. (48) has been fitted upon considering the matter case ΩNS = Ωmatter. Note
that the turning-point in the kination case is slightly higher frequency by a factor of order 1, c.f. Fig. 8.
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Figure 9: The colored regions show the detectability of a spectral suppression/enhancement, c.f.
spectral-index prescription (Rx 2) in Sec. 10.1, due to an early matter/kination era taking place
before the standard radiation domination, assuming scaling and VOS networks, c.f. Sec. 4.3.
The limitation from particle production, c.f. Sec. 3.4, is considered in purple.

value Ceff = 29.6, c.f. Eq. (40). The bump gets higher for longer kination epoch since the
network gets closer to its scaling solution. However, this high-frequency feature may not
be observable due to the high-frequency cutoff from particle production, c.f. solid purple
and red lines in left panel of Fig. 10
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Figure 10: Left: GW spectrum from the string network evolved in the presence of a short
kination era after inflation. The peak at high frequencies generated by loops created just after
the network formation (see Fig. 6) is enhanced by the effect of the kination era. The cut-offs
due to particle production, c.f. Sec. 3.4, and thermal friction, c.f. App. D.4, are shown with
purple, red and gray lines. Right: The corresponding evolution of the loop-production efficiency
shows that the scaling regime is never reached for short kination eras.

7 Intermediate matter era

7.1 The non-standard scenario

In this section, we consider the existence of an early-intermediate-matter-dominated era,
following an earlier radiation era and preceeding the standard radiation era. The in-
termediate matter-dominated era starts when the matter energy density ρmatter ∝ a−3

takes over the radiation energy density ρradiation ∝ a−4 and ends when the matter content
decays into radiation, c.f. Fig. 11. The energy density profile is illustrated in Fig. 11 and
can be written as

ρtot(a) =




ρstrad(a) + ρlate(a) for ρ > ρstart,

ρstart
(
astart
a

)n
+ ρlate(a) for ρstart > ρ > ρend,

ρend∆R(Tend, T )
(
aend
a

)4
+ ρlate(a) for ρ < ρend.

(50)

where

ρstart, ρend ≡ the starting and ending energy density of the non-standard cosmology,

ρlate ≡ the standard-cosmology energy density dominating at late times,

e.g. the standard matter density, and cosmological constant.

∆R is given in Eq.(43).
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Figure 11: Evolution of the total energy density (left) and the temperature (right) assuming
the presence of an intermediate matter era. Tinj and ainj are the temperature and scale factor
at which the entropy injected by the decay of the matter content into radiation, starts to be
effective, c.f. Fig. 2 in [199]. St: standard; M: matter.

7.2 Impact on the spectrum: a low-pass filter

In the left panel of Fig. 12, we show that an intermediate matter era blue-tilts the
spectral index of the spectrum. Furthermore, at higher frequencies, corresponding to
loops produced during the radiation era preceding the matter era, the spectrum recovers
a flat scaling but is suppressed by the duration r of the matter era

r =
Tstart

T∆

, (51)

where T∆ = Tend. By suppressing the high-frequency part of the spectrum, an early
matter era acts on the CS spectrum as a low-pass filter. The negative spectral index and
the suppression can be understood from Fig. 11. Indeed, the universe, in the presence of
an intermediate matter era, has expanded more than the standard universe. Hence at a
fixed emitted frequency, loops are produced later and so are less numerous, implying less
GW emission. In the right panel of Fig. 12, we show that for short intermediate matter
era, r = 2 or r = 10, the scaling regime in the matter era, which is characterized by
Ceff = 0.39, c.f. Eq. (40), is not reached.

7.3 Constraints

In Fig. 13, we show the constraints on the presence of an early-intermediate-non-standard-
matter-dominated era starting at the temperature r T∆ and ending at the temperature
T∆. Matter eras as short as r = 2 and ending at temperature as large as 100 TeV could be
probed by GW interferometers. We assume that an early-matter era is detectable if the
spectral index is smaller than −0.15, c.f. spectral-index prescription (Rx 2) in Sec. 10. In
a companion paper [62], we provide model-independent constraints on the abundance and
lifetime of an unstable particles giving rise to such a non-standard intermediate matter
era.
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Figure 12: GW spectrum from an intermediate matter era starting at the temperature Tstart

and ending at T∆. Left: The dashed-lines assume that the scaling regime in matter era switches
instantaneously to the scaling regime in radiation era, meaning that Ceff varies discontinuously,
whereas the plain lines incorporate the transient behavior solution of the VOS equations and
shown on the right panel. The cut-offs due to particle production, c.f. Sec. 3.4, are shown with
dotted lines. Right: Time evolution of the loop-production efficiency Ceff after solving the VOS
equations, c.f. Sec. 4.3.

8 Intermediate inflationary era

8.1 The non-standard scenario

Next, we consider the existence of a short inflationary period with a number of e-folds

Ne ≡ log

(
astart
aend

)
, (52)

smaller than Ne � 20 � 60, in order not to alter the predictions from the first inflation
era regarding the CMB power spectrum. On the particle physics side, such a short
inflationary period can be generated by a highly supercooled first-order phase transition.
It was stressed that nearly-conformal scalar potentials naturally lead to such short, with
Ne ∼ 1 − 15, periods of inflation [51, 52, 54]. Those are well-motivated in new strongly
interacting composite sectors arising at the TeV scale, as invoked to address the Higgs
hierarchy problem and were first studied in a holographic approach [48, 49] (see also the
review [200]). As the results on the scaling of the bounce action for tunnelling and on the
dynamics of the phase transitions do essentially not depend on the absolute energy scale,
but only on the shallow shape of the scalar potential describing the phase transition,
those studies can thus be extended to a large class of confining phase transitions arising
at any scale. In this section, we will take this inflationary scale as a free parameter.
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Figure 13: The colored regions show the detectability of the spectral suppression, c.f. spectral-
index prescription (Rx 2) in Sec. 10.1, due to a NS intermediate matter era with duration
r = Tstart/T∆, assuming scaling and VOS networks, c.f. Sec. 4.3. Limitation from particle
production, c.f. Sec. 3.4, is shown in purple.

We define the energy density profile as, c.f. Fig. 14

ρtot(a) =




ρstrad(a) + ρlate(a) for ρ > ρinf,

ρinf = E4
inf for ρ = ρinf,

ρinf∆R(Tend, T )
(
aend
a

)4
+ ρlate(a) for ρ < ρinf,

(53)

where ρinf is the total energy density of the universe during inflation and Einf ≡ ρ
1/4
inf is

the corresponding energy scale. The function ∆R is defined in (43).
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Figure 15: After its formation, before inflation, the network enters the scaling regime with
L ∼ a2 due to loop formation. During the Ne e-folds of inflation, the network correlation length
gets stretched out of the horizon by the rapid expansion and loop formation stops, thus L ∼ a.
After inflation, during radiation, the correlation length starts to re-enter the horizon and scales
again as L ∼ a2.

8.2 The stretching regime and its impact on the spectrum

Fig. 16 shows how the fast expansion during inflation suppresses the GW spectrum for fre-
quencies above a turning-point frequency f∆ which depends on the number of e-folds. The
larger the number of e-folds, the lower f∆. Indeed, during inflation, the loop-production
efficiency Ceff ∝ ξ−3 is severely suppressed, c.f. Fig. 16, by the stretching of the cor-
relation length ξ beyond the Hubble horizon, and loop production freezes [24]. After
the end of inflation, one must wait for the correlation length to re-enter the horizon in
order to reach the scaling regime again. The duration of the transient regime receives
an enhancement factor expNe. As a result, the turning-point frequency f∆ receives a
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network, evolved in the presence of a non-standard intermediate inflation era. Inflation directly
affects the VOS parameters by stretching the strings beyond the horizon. The transition between
the f−1/3 scaling after the turning point, to the f−1 scaling at even larger frequencies, is an
artefact due to total number of modes k being fixed to 2×104, see Fig. 17 for an extrapolation of
the f−1/3 behavior to arbitrary large frequencies and App. B.6 for more details. Bottom: The
loop-production is suppressed and only becomes significant again when the correlation length re-
enters the horizon. Limitations due to particle production, c.f. Sec. 3.4, are shown with dotted
lines.
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suppression factor expNe as derived below:

f∆ = (1.5× 10−4 Hz)

(
Tre

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(Tre)

g∗(T0)

)1/4

, (54)

with Tre the temperature at which the long-string network re-enters the Hubble horizon

Tre '
Einf

(0.1) g
1/4
∗ (Tre) exp(Ne)

, (55)

where (0.1) is the typical correlation length before the stretching starts. Note that the
numerical factor in Eq. (54) comes from the demanded precision of 10% deviation, c.f.
Eq. (49). It can be lower by a factor ∼ 300 if the 1% precision is applied, as shown in
Eq. (122).

Fig. 17 shows how a sufficiently long period of intermediate inflation can lead to
SGWB with peak shapes in the future GW interferometer bands. We emphasize that the
change of the GW spectrum from CS in presence of a non-standard matter-dominated
era, a short inflation, and particle production look similar. Therefore, the question of
how disentangling each effect from one another deserves further studies.

Interestingly, in contrast with the SGWB which is dramatically impacted by an in-
termediate period of inflation, the short-lasting GW burst signals [36, 37, 119, 120, 122]
remain preserved if the correlation length re-enters the horizon at a redshift higher than
∼ 5 × 104 [201]. Indeed, the bursts being generated by the small scale structures, they
have higher frequencies and then are emitted later than the SGWB, c.f. Fig. 2 in [120].

Derivation of the turning-point formula (inflation case): Let us review the
chronology of the network in the presence of an intermediate-inflation period (see fig-
ure 15) in order to derive Eq. (54). In the early radiation era, the network has already
been produced and reached the scaling regime before inflation starts. The correlation
length scale is of order (0.1)t or equivalently

LstartHstart ∼ O(0.1), (56)

where L is the correlation length of strings, and H is the Hubble rate. When inflation
begins, it stretches cosmic strings beyond the horizon with

L ∝ a leading to LH � 1, (57)

within a few e-folds. Later, the late-time energy density takes over inflation, but the
network is still in the stretching regime L ∝ a, i.e.

LH ∝ t(2−n)/n during the era with ρ ∝ an. (58)

For n > 2, the Hubble horizon will eventually catch up with the string length, allowing
them to re-enter, and initiate the loop production. We consider the case where the
universe is radiation-dominated after the inflation period and define the temperature Tre

of the universe when the long-string correlation length L re-enters the horizon

LreHre = 1, (59)
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Figure 17: In the case an intermediate inflationary era lasting for O(10) efolds, the SGWB
from cosmic strings completely looses its scale invariant shape and has instead a peak structure.
A TeV scale inflation era can lead to broad peaks either in the LISA or BBO band or even close
to the SKA band, depending on the value of the string tensions Gµ, and the number of efolds
Ne. At low Gµ � 10−17, the spectrum manifests a peak structure even in standard cosmology
because of the emission of massive particles at large frequencies, c.f. Sec. 3.1. We introduce
other realisations presenting a peak structure in Sec. 9. Here we extrapolate the f−1/3 behavior
to arbitrary large frequencies, which is equivalent to sum over an infinite number of proper
modes k, see App. B.6.

where Lre and Hre are the correlation length and Hubble rate at the re-entering time. We
can use Eq. (58) to evolve the correlation length, starting from the start of inflation up
to the re-entering time

1 = LreHre =

(
tre
tend

)−1/2

LendHend, (60)

=

(
tre
tend

)−1/2 (
aend
astart

)
LstartHstart, (61)

�
(

Tre

Tend

)
eNe(0.1) (62)

We have used t ∝ T−2 during the radiation era and introduced the number Ne of inflation
e-folds. Finally, we obtain the re-entering temperature in terms of the number of e-folds
Ne and the inflationary energy scale Einf as

Tre �
Einf

(0.1) g
1/4
∗ (Tre) exp(Ne)

. (63)
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After plugging Eq. (63) into the VOS turning-point formula Eq. (48), with T∆ = Tre, and
adjusting the numerical factor with the GW spectrum computed numerically, we obtain
the relation in Eq. (54) between the turning-point frequency and the inflation parameters
Ne and Einf .
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and purple dashed lines are limitations from particle production, c.f. Sec. 3.4.
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Figure 19: Constraints on intermediate inflation from CS detection by future GW observatories.
The longer the intermediate inflation, the later the correlation length re-enters the horizon, the
more shifted to lower frequencies the turning-point and the larger the inflation scale which we
can probe. Colored regions correspond to the turning-points with amplitude higher than each
power-law-sensitivity curve, c.f. turning-point prescription (Rx 1) in Sec. 10.1. The bound
EF < Einf, where EF ∼ mpl

√
Gµ is the network-formation energy scale, guarantees that the

CS network forms before the intermediate-inflation starts. Red and purple dashed lines are
limitations from particle production, c.f. Sec. 3.4.
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Figure 20: Prospect constraints on intermediate inflation if a GW interferometer detects a
SGWB from CS with tension Gµ. The freezing of the long-string network due to the stretching
of the correlation length outside the horizon allows to probe large inflationary scale Einf for large
number of efolds Ne. Colored regions correspond to the turning-points with amplitude higher
than each power-law-sensitivity curve, c.f. turning-point prescription (Rx 1) in Sec. 10.1. Red
and purple dashed lines are limitations from particle production, c.f. Sec. 3.4.
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8.3 Constraints

In Figs. 18, 19 and 20, we show the constraints on an intermediate short inflation period
in the planes Einf−Ne, Gµ−Einf, and Gµ−Ne, respectively. We follow the turning-point
prescription (Rx 1) defined in Sec. 10, which constrains a non-standard cosmology by
using the detectability of the turning-point frequency defined by Eq. (54). The longer
the intermediate inflation, the later the correlation length re-enters the horizon, the latter
the long-string network goes back to the scaling regime, the lower the frequency of the
turning-point and the larger the inflationary scale which can be probed. The detection
of a GW spectrum generated by CS by future GW observatories would allow to probe
an inflationary energy scale Einf between 10−2 GeV and 1013 GeV assuming a number of
e-folds Ne . 20.

9 Peaked spectrum

In this section, we point out the possibility for the GW spectrum to exhibit a peak
structure whenever a high and a low frequency cut-offs are close to each other. As
already discussed in the previous sections, a high-frequency cut-off can arise

� either in standard cosmology, mainly from particle production beyond the Nambu-
Goto approximation, c.f. blue dotted line in Fig. 22, whose corresponding cut-
off frequency is computed in Eq. (32), but also possibly from friction or network
formation, c.f. Fig. 2,

� or in non-standard cosmology, in the presence of an intermediate matter era, c.f.
Sec. 7, or inflation era, c.f. Sec. 8. The associated cut-off frequencies are computed
in Eq. (48) and Eq. (63), respectively.

Beyond the high-frequency cut-off, the GW spectrum is suppressed with a slope f−1/3.
In App. B.6, we show that the f−1/3 behavior, instead of f−1 as expected from the
(k = 1)-spectrum, is due to the presence of the high-k modes.

Conversely, there are also phenomena which suppress the GW spectrum at low fre-
quency.

� Simply because such low frequencies have not been emitted yet, c.f. blue line in
Fig. 22 below 0.1 Hz, or Fig. 2 below f . 10−7 Hz. The corresponding low-frequency
cut-off is computed in Sec. 9.1.

� Or the string network is metastable, as discussed in Sec. 9.2

In Sec. 9.3, we show a variety of peak spectra, and compare them to peak spectra gener-
ated by bubble collision in first-order phase transitions.

9.1 Low-energy cut-off of stable string network

The lowest frequency observed today is set by the inverse size of the main population
of loops decaying today. This leads to the distinguished maximum of the standard GW
spectrum around 0.1 Hz of the blue line in Fig. 22 or around 10−7 Hz in Fig. 2. As
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discussed in App. C, loops contributing to the frequency f dominantly decay at t̃M
defined by

2k

f
· a(t̃M)

a(t0)
= ΓGµ× t̃M. (64)

Upon setting t̃M = t0, we deduce the frequency of the low-energy cut-off of any stable
string network

f stable
low =

2

ΓGµt0
' (1.48× 10−7 Hz)

(
50× 10−11

ΓGµ

)
, (65)

where we have numerically adjusted the coefficient to fit with the GW spectrum. This
formula agrees with EPTA/NANOGrav constraints which bound Gµ . 10−10 for f ∼
10−9 − 10−8 Hz.

9.2 Low-energy cut-off of metastable string network

So far, we have only been considering a stable CS network. However, there are mech-
anisms which can make the network decay, such as breaking into monopole (M) anti-
monopole (M) pairs [202–205], Hubble-induced mass of flat direction in supersymmetric
theories [206, 207], symmetry restoration in runaway quintessential scenarios [125], or
the formation of domain walls in the case of axionic string network [25, 208–210]. The
decay of the string network can imprint a low-energy cut-off in the GW spectrum at a
frequency much higher that the low-energy cut-off of stable string networks, c.f. Sec. 9.1.

In this work, we focus for illustration on the case of string breaking via nucleation
of monopole-antimonopole pairs. Such a metastable string network can arise from a
two-stage pattern of symmetry breaking [205]

G→ H × U(1)→ H, (66)

in which the first step generates monopoles, while the second one produces CS. If the
overall vacuum manifold G/H is simply connected, the CS (S) are topologically unstable
[202, 211]. They can break under Schwinger production of monopole-antimonopole pairs
(MM̄), hence producing ‘dumbbells’ MSM̄ , namely segments of string with monopoles
attached at the two ends.5 If the monopoles have unconfined flux which propagate outside
the strings, their acceleration under the effect of the string tension up to ultra-relativistic
velocities can lead to emission of ultra-high-energetic gauge radiation, possibly leading
to observable ultra-high-energy cosmic rays [219, 220] or CMB distortion [213]. If the
monopoles do not carry unconfined flux, the only source of energy loss is through GW
emission, whose emitted power is of the same order of magnitude as the one from CS loops
[204] but with a spectrum extending to higher frequencies [203, 205]. More precisely, the
GW power radiated by a straight dumbbell is [204]

PMSM̄
GW ' Γ̃Gµ2, with Γ̃ ≡ 8 ln (γ0) , (67)

5More complex hybrid topological objects, called ZN -string, can be generated from the breaking
pattern G → H × U(1) → H × ZN [212]. They are monopoles connected to N strings and are called
‘cosmic necklaces’ for N = 2 or ‘string web’ for N ≥ 3 [213]. Their evolution is expected to be close
to the scaling regime [212, 214–217] if the energy loss due to the presence of monopoles is not too large
[218].
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where γ0 is the maximal Lorentz factor reached by the monopoles. We follow [205] and
we set Γ̃ ∼ 50. We note the interesting possibility for dumbbells to explain Dark Matter
if their lifetime is larger than the age of the universe [221, 222].

The monopole-anti-monopole pair nucleation rate per unit length is [205]

Γd =
µ

2π
exp(−πκ), (68)

where κ ≡ m2/µ & 1 is the ratio of the monopole mass m to the CS tension µ. As
explained in Sec. 3.2, the main sources of SGWB generated by a stable network are the
loops formed with a length l = α ti where ti is the loop formation time and α ' 0.1. The
breaking rate growing linearly with the string length, the later the loops are formed, the
more likely they break under MM̄ nucleation. More precisely, the loops break when the
age of the universe is equal to their lifetime upon breaking

ti ∼ (Γd × α ti)−1 . (69)

After MM̄ nucleation, the loops become dumbbells MSM̄ which shrinks under GW
emission with power given by Eq. (67), until they totally disappear (or at least have their
length divided by two) after a time

t̃ ' α ti

2Γ̃Gµ
. (70)

Upon plugging the large-loop-breaking time in Eq. (69), in the dumbbell-lifetime under
GW emission in Eq. (70), we obtain the age of the universe after which no loops remain6

and after which GW emission stops

t̃stop ∼

√
1

Γd × Γ̃Gµ
, (71)

which agrees with the estimation in [205]. The frequency fbreak emitted by this popula-
tion of broken large-loops just before they disappear, at t̃stop, corresponds to the lowest
frequency of the GW spectrum, and it obeys, c.f. Eq. (70) and Eq. (116),

2k

fbreak

· a(t̃stop)

a(t0)
= ΓGµ× t̃stop. (72)

For string breaking during a radiation-dominated era, a(t̃stop)

a(t0)
=
(
t̃stop

teq

)1/2 (
t̃eq

t0

)2/3

, and

we get

fbreak ' 2
(

2πzeqG Γ̃3
)−1/4

(Gµ · t0)−1/2 exp(−πκ
4

). (73)

Taking into account the summation of higher frequency modes and the more accurate
cosmological history, we give the numerically-fitted version of the cut-off frequency due
to string breaking through monopole-anti-monopole nucleation

fbreak ' (1.82× 1019 Hz)

(
50

Γ̃

)3/4(
10−11

Gµ

)1/2

exp(−πκ
4

). (74)

where we have used zeq = 3360. The smaller the separation between the monopole mass
and the string tension κ = m2/µ > 1, the faster the string breaking, and the higher the
cut-off frequency fbreak.

6Note that we have only considered broken loops and we have neglected the additional GW emission
coming from the broken long strings of the network.
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9.3 GW spectrum

The GW spectrum from metastable strings can be visualized in blue lines in the left panel
of Fig. 21, with different monopole-mass to string-tension ratios κ ≡ m2/µ, leading to
different low-frequency cut-offs fLow = fbreak. By decreasing κ � 65, we can evade the
current GW constraints from EPTA/NANOGrav on the string tension, but also from the
CMB, such that the current constraint comes from LIGO O2, Gµ � 5× 10−6 [223]. The
latter can also be relaxed if κ � 40 [223]. Hence, Schwinger production of monopole-
anti-monopole pairs constitutes an interesting proposal to revive GUT strings following
the symmetry breaking pattern SO(10) → GSM ×U(1)B−L → GSM [223]. The black lines
represent the GW spectrum from stable strings in the presence of an early long-lasting
matter era, leading to a high-frequency cut-off fHigh = f∆. Eventually, a peaked spectrum
can be generated when

fLow ≥ fHigh. (75)

The higher the ratio fLow/fHigh, the more suppressed the peak amplitude relative to the
spectrum without peak.

In the right plot in Fig. 21, we lower the temperature T∆ at which the matter era
ends, in order to bring the peak spectrum within the GW interferometers windows, and
show in red the case of a short-matter era Tstart/T∆ = 100. A rich variety of spectral
shapes can be obtained by combining different cut-off effects.
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Figure 21: GW spectra from metastable string networks for different ratios of monopole
mass to CS tension κ ≡ m2/µ, leading to different low-frequency cut-offs fbreak (vertical gray
dotted). By decreasing κ, the different GW constraints can be relaxed. Left: Upon introducing
a matter era with high-frequency cut-off f∆ (vertical red dot-dashed), we can get a peak shape
when fbreak � f∆. Right: A rich variety of spectral shapes can be obtained by combining cut-off
from metastability to long-lasting matter era (blue), short-lasting matter era (red) with duration
r = Tstart/T∆ = 100, or particle production (dotted).
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9.4 Comparison of peaked GW spectra of different physical ori-
gins

In Fig. 22, we show three types of peaks, whose precise parameter choices are detailed in
Table 9.4.

I. In black dashed lines, we show GW spectra from metastable string networks, c.f.
Sec. 9.2, in the presence of an early long-lasting matter-dominated era, c.f. Sec. 7,
for two different metastable-to-matter cut-off-frequency ratios. The same high-
frequency cut-off can also be produced from an intermediate inflation era, c.f. Sec. 8.
The slopes are f3/2 and low frequencies and f−1/3 are high frequencies, c.f. App. B.6.

II. In blue lines, we show a GW spectrum from a stable network, which low-frequency
cut-off is discussed in Sec. 9.1. We assume the presence of cusps responsible for par-
ticle production, leading to the high-frequency cut-off in dotted line, c.f. discussion
in Sec. 3.4. The slopes are f 3/2 at low frequencies and f−1/3 are high frequencies,
c.f. App. B.6.

III. In red line, we show a GW spectrum from a first-order phase transition assuming
non-runaway bubble-walls, generated by sound waves [224]. It should be distin-
guishable from the peak spectrum from CS since the peak is thinner and the slopes
are steeper: f 3 at low frequencies and f−4 at high frequencies (f−5/3 for turbulence).
Also, the slopes of a GW spectrum from first-order phase transitions assuming run-
away bubble-walls, generated by scalar gradient, are also steeper than the CS case
[224]: f 3 at low frequencies (or f 1 [225]) and f−1 at high frequencies (or f−1.5 [226]).
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Figure 22: Peaked spectra with same peak frequencies, corresponding to the benchmark scenar-
ios I, II and III, described in the text and in Table 9.4. Here we extrapolate the f−1/3 behavior to
arbitrary large frequencies, which is equivalent to sum over an infinite number of proper modes
k, see App. B.6.
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scenario lower cut-off higher cut-off

I.A. metastable strings with long-lasting matter era:
Gµ = 10−11, T∆ = 200 GeV, κ = 55

fbreak � 3.2 Hz f∆ � 1 Hz

I.B. metastable strings with long-lasting matter era:
Gµ = 10−11, T∆ = 10 GeV, κ = 52.5

fbreak � 23 Hz f∆ � 0.04 Hz

II. stable strings with standard cosmology and
particle production (cusps): Gµ = 10−17, βc = 1

f stable
low � 0.15 Hz fcusp � 2.9 Hz

III. first-order phase transition generated from
acoustic waves in standard cosmology [224]:

Tp = 5 TeV, α = 0.1, β = 103, vw � 1

fpeak � 0.41 Hz

Table 1: Benchmark scenarios I, II and III, described in the text. The corresponding GW
spectra are shown in Fig. 22.
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Figure 23: Left: Straight solid and dashed lines are a collection of VOS and scaling turning
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ing at temperature T∆. The displayed spectra assumes a standard cosmology. Each spectrum
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We show the turning-points, given by Eq. (54), for intermediate inflation lasting for Ne e-folds
and taking place at the energy scale Einf . The dotted lines in the two panels show the cut-off
frequencies due to particle productions, c.f. Sec. 3.4, and thermal friction, c.f. Sec. D.4, for
each value of Gµ.
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10.1 Two prescriptions

We aim at using the would-be detection of a SGWB spectrum generated by CS to con-
strain an early non-standard era. We assume the detection of a SGWB from CS by a
detector (i) with sensitivity Ω

(i)
sens(f)

Ω(i)
sens(f) & ΩGW(f). (76)

The power-law integrated sensitivity (PLS) curves of the different experiments are com-
puted in app. H. We propose two prescriptions for detecting a non-standard era (T∆, r):

• Rx 1 (turning-point prescription): The frequency f∆ of the turning-point where
the standard and non-standard spectra meet must be inside the interferometer
window. GW detected at frequency f∆ have been emitted by loops formed during
the change of cosmology at the temperature T∆. The relation between f∆ and T∆

is given in Eqs. (47), (48) for a non-inflationary non-standard era, or Eq. (54) for
an intermediate inflation era, using the 10% prescription (see Eqs. (121) and (122)
for other cases).

• Rx 2 (spectral-index prescription): The absolute value of the observed spectral
index β, which is defined as ΩGW(f) ∝ fβ, is larger than 0.15.

The second prescription assumes that the non-standard era tilts the spectral index by
more than a benchmark value. We checked that the choice of the precise benchmark
value, e.g. 0.15, has very little impact on the results.

10.2 More details on the turning-point prescription

Turning points of non-inflationary-non-standard-eras, c.f. Eq. (48), are plotted in the
left panel of figure 23, for different values of Gµ and temperatures T∆ at the end of the
non-standard era. We show the shift to lower frequencies by a factor ∼ 22.5 due to the
deviation from the scaling regime during the change of cosmology.

Turning points in the special intermediate-inflation-era scenario, c.f. Eq. (54), are
plotted in the right panel of figure 23, for different inflation scales Einf and e-fold numbers
Ne. Due to the stretching of the correlation length outside the horizon and the necessity
to wait that it re-enters in order to reach the scaling regime, the longer the inflation the
lower the turning-point frequency.

With the solid purple and red lines, we show the expected cut-off frequencies above
which the GW spectrum is expected to be suppressed due to the domination of massive
particle production over gravitational emission, in the benchmark cases where the loop
small-scale structures are dominated either by cusps or kinks. Hereby, we show the
possibility of losing the information about the cosmological evolution when the turning-
points are at higher frequencies than the particle-production cut-off.

In figure 24, we show the detectability of a turning point at frequency f∆, correspond-
ing to a change of cosmology taking place at the temperature T∆, in the plane Gµ− T∆,
f∆−T∆, and Gµ− f∆. We compare the turning-point formula, defined in Eq. (48) in the
VOS regime with the one defined in eq (28) in the scaling regime.

Some of these plots were already presented in [21, 22] (for long matter and kination
era), assuming that the scaling regime holds during the change of cosmology. Our plots
turn out to be similar due to their different choice of precision in the determination of
the turning point frequency, see criterion in Eq. (49).
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Figure 24: Top: Comparison between the detectability of the turning-points in Gµ−T∆ planes
assuming a scaling network (left) with the one assuming the full VOS evolution (right), c.f.
Sec. 4.3, evolved in non-inflationary-non-standard-eras. Gray dotted lines are turning-points
for given frequencies, c.f. Eq. (28) for scaling netwok and Eq. (48) for VOS network. Bottom:
Detectability of turning points in the planes f∆ − T∆ and Gµ − f∆ assuming a VOS network.
Limitations from particle production (see Sec. 3.4) and bounds from EPTA are also included.

10.3 Comparative reach of different observatories at a glance

Our analysis shows the complementarity between distinct experiments to probe different
energy scales and durations of the non-standard era, as well as different string tensions. As
our contour plots in Fig. 9, 13, 18, 19, 20, 24 show, it is not really possible to associate
a given new physics energy scale to a given frequency band of observation. In fact, a given
frequency band can probe different energy scales, depending on the nature and duration
of the non-standard era, and the value of the string tension. Still, we provide some overall
comparison in Fig. 25 of the reach of each experiment on the energy scale of the non-
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Figure 25: Top: Sensitivity to the energy scale E∆ of the universe at the end of any non-
inflationary non-standard era for each future GW interferometer. The connection to E∆ is
given by the observation of the turning-point frequency defined in Eq. (121). The width of the
bands includes varying the string tension for Gµ < 10−10. The dotted, dashed and solid lines
correspond to different observational prescriptions defined in Sec. 10.1. Bottom: Sensitivity to
the energy scale Einf of an intermediate inflationary era for each future GW interferometer as
well as for future radio telescope SKA. The connection to Einf is given by the observation of the
turning-point frequency defined in Eq. (122). The width of the band also includes varying the
number of efolds of inflation Ne up to 20.

standard era. The precise numbers depend on the definition of the observable used to
probe the non-standard physics. For any non-inflationary non-standard era (upper plot),
we use the turning point frequency defined in Eq.(121). It depends sensitively on the
precision of the measurement. A realistic value is ∼ 10%. For comparison, we also show
results for the idealistic case of 1%. These plots include variation of Gµ. In the bottom
plot of Fig. 25, we show the case of an intermediate inflationary era, which depends very
sensitively on the number of efolds, while the turning point frequency does not depend
on the duration of the non-standard era for other non-standard cosmologies. The upper
plot applies to any non-standard era with equation of state ρ ∼ a−n with any n between
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3 and 6, independently of the duration of this non-standard era. Interestingly, radio
telescope SKA can be sensitive to a low-scale inflationary era. Note that the bands in
Fig. 25 are calculated by neglecting particle production, which will affect mostly ET and
CE, c.f. Figs. 24 and 19. The lower bound on T∆ and Einf should be weaker by 1 order
of magnitude for ET and CE if there is a cutoff from particle production.

11 Summary and conclusion

In standard cosmology, the GW spectrum generated by a network of Nambu-Goto cosmic
strings (and mainly due to emission by loops) is nearly scale-invariant. Its potential
observation by third-generation interferometers would be a unique probe of new effects
beyond the standard models of particle physics and cosmology. Such opportunity was
pointed out in [21–24, 26].

Deriving firm conclusions is still premature as theoretical predictions of the GW spec-
trum from CS are subject to a number of large uncertainties. Still, we feel that the
extraordinary potential offered by future GW observatories to probe high energy physics
has not yet been explored, and in a series of papers, we are starting to scrutinise how
much can be learnt, even if only in the far-future, after those planned GW observatories
will have reached their expected long-term sensitivity and the astrophysical foreground
will have been fully understood.

Deviations in the cosmological history with respect to standard cosmology not only
change the redshifting factor of GW but also modify the time of loop formation and the
loop-production efficiency. We presented predictions for the resulting GW spectra under
a number of assumptions which we have comprehensively reviewed.

We extend previous works in several directions, as listed in the introduction.
A particular feature of gravitational waves from cosmic strings is the relation between

the observed frequency and the GW production mechanism. In contrast with short-lasting
cosmological sources of gravitational waves, such as phase transitions, where the frequency
is simply related to the Hubble radius at the time of GW emission, for cosmic strings the
time of the dominant GW emission is much later than the time of loop production, by
a factor ∼ 1/(Gµ), such that the observed frequency is higher due to a smaller redshift.
We stressed that a given interferometer may be sensitive to very different energy scales,
depending on the nature and duration of the non-standard era, and the value of the
string tension. This goes against usual paradigms. For instance, it is customary to talk
about LISA as a window on the EW scale [200, 227]. This does not apply for GW from
cosmic strings, as LISA could either be a window on a non-standard matter era at the
QCD scale or on a 10 TeV inflationary era, meaning that the GW observed in the LISA
band have been emitted by loops that were created at the QCD epoch, or at a 10 TeV
epoch depending on the nature of the new physics responsible for the non-standard era.
Interestingly, the Einstein Telescope and Cosmic Explorer offer a window of observation
on the highest scales, up to 1014 GeV inflationary eras. They can also be windows on
the EW and TeV scales, as will be discussed in more details in [62]. BBO/DECIGO
could probe new physics in an intermediate range. Finally, radio telescope SKA may be
sensitive to a TeV scale inflationary era. The goal of this paper was to stress the very rich
variety of spectral shapes that can be obtained by combining different physical effects. In
particular, we showed how peaked shapes can arise naturally in a large variety of models.

We apply these findings to probe well-motivated particle physics scenarios in [62].

52



Particularly generic are intermediate matter eras triggered by cold heavy particles arising
in UV completions of the Standard Model. In [62], we show on specific models how a
new uncharted particle theory space can be probed from analysis of SGWB from CS.

Finally, one important question will be to work out how to distinguish a stage of
matter or inflationary expansion, which both lead to a suppression of the GW spectrum,
from the cutoff induced by particle production from small loops. Both predict a cutoff
at high frequencies and lead to similar spectra. Interestingly, particle production by
cosmic string networks can be probed through cosmic rays and bring complementary non-
gravitational information on the SGWB. Besides, the complementarity between different
GW instruments will be crucial here as the detection of the low-frequency peak of the
spectrum (due to the transition from the standard radiation to the standard matter era)
can enable to probe the string tension and to break the degeneracy between different
spectral predictions. The possibility to reconstruct the spectral shape of a SGWB was
analysed in [228] using LISA data only. In the case of a SGWB generated by CS, which
can span more than twenty decades in frequency, it will be crucial to use data from
different interferometers (and even from radio telescopes) to probe the full spectrum.
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A Constraints on cosmic strings from BBN, gravita-

tional lensing, CMB and cosmic rays

By confronting our theoretical predictions for the GW spectrum from CS with the sensi-
tivity curves of EPTA [130] and NANOGrav [131] (which we take from [134]), we derived
the respective bounds Gµ . 2 × 10−10 (EPTA) and Gµ . 5 × 10−11 (NANOGrav), as
discussed in Sec. 2.4. For this reason, we only considered in our analysis Gµ values
smaller than 5 × 10−11. In Sec. A.1, we give the constraints on the string tension from
not changing the expansion rate of the universe at BBN. They are much weaker than the
ones from Pulsar Timing Arrays but they can become relevant in presence of kination.

In Sec. A.2 and Sec. A.3, we give bounds from gravitational lensing and CMB observ-
ables. They are also much weaker than the ones from Pulsar Timing Arrays but they have
the strong advantage to be independent of our assumptions for the theoretical prediction
of the GW background. Finally, in Sec. A.4, we discuss the possibility of probing CS
from the massive particle production in the presence of kinks and cusps.
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A.1 GW constraints from BBN

As a sub-component of the total energy density of the universe, the amount of GW can
impact the expansion rate of the universe which is strongly constrained by BBN and
CMB. More precisely, any non-standard energy density can act as an effective number of
neutrino relics

Neff =
8

7

(
ρtot − ργ

ργ

)(
11

4

)4/3

, (77)

which is constrained by CMB measurements [229] to Neff = 2.99+0.34
−0.33 and by BBN predic-

tions [230, 231] to Neff = 2.90+0.22
−0.22 whereas the SM prediction [232–234] is Neff � 3.045.

Using Ωγh
2 � 2.47× 10−5 [189], we obtain the following bound on the GW spectrum

∫ fhigh

fBBN

df

f
h2ΩGW(f) ≤ 5.6× 10−6 ∆Nν , (78)

where fhigh is the frequency today of the first GW produced, fBBN is the frequency today
of the GW produced at BBN, and we set ∆Nν ≤ 0.2. The value of fBBN depends on the
source of GW. For CS, the temperature at BBN, TCMB � 1 MeV, translates via Eq. (120)
to the frequency

fBBN � 8.9× 10−5 Hz

(
0.1× 50× 10−11

αΓGµ

)1/2

. (79)

In Fig. 26, we show the GW spectra which saturate the BBN bound for two different
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Figure 26: Two GW spectra which saturate the BBN bounds, assuming a VOS string network,
c.f. Sec. 4.3, evolving in standard cosmology. The solid line assumes a cut-off due to network
formation whereas the dashed line assumes a cut-off due to particle production from cusps. The
dotted vertical line is the frequency emitted when BBN starts. We compare the BBN bounds to
the bounds from EPTA and LIGO O2.

high-frequency cut-offs. We can see that the lower the cut-off, the higher the upper bound
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on Gµ due to less GW present at the time of BBN. Assuming the presence of the cut-off
due to particle production from cusps, we obtain

BBN: h2ΩGW(f) . 8.9× 10−6. (80)

We expect the BBN bounds to become softer in presence of non-standard matter or
inflation era but tighter in presence of an early kination era. For instance, scenarios
of inflation followed by a stiff equation of state (e.g. quintessential inflation [235]) are
dramatically jeopardized by the BBN bounds [19]. Similarly, in the case of CS, we find
that the maximally allowed string tension is Gµ ' 3.9×10−15, 3.8×10−17, and 2.9×10−20

for long-lasting kination era ending at temperature T∆ = 100 TeV, 1 TeV, and 1 GeV,
respectively.

A.2 Gravitational lensing

The presence of energy confined within the core of CS affects the spacetime around them.
The metric near a CS is locally flat but globally conical [236]. Photons from a distant
celestial object travelling in the vicinity of a CS are subject to gravitational lensing
effects. The corresponding constraint Gµ . 3 × 10−7 has been derived from the search
of gravitational lensing signatures of CS in the high-resolution wide-field astronomical
surveys GOODS [237] and COSMOS [238]. It has been claimed that constraints from
gravitational lensing surveys at radio frequencies like LOFAR and SKA could reach Gµ .
10−9 [239].

A.3 Temperature anisotropies in the CMB

There are two possible effects from CS on temperature fluctuations in the CMB:

1. CS moving through the line-of-sight can induce Doppler shifts on the photons com-
ing from the last scattering surface, known as the Kaiser-Stebbins-Gott effect [240–
242], potentially leaving line-like discontinuities in the CMB.

2. A CS moving in the primordial plasma leaves surdensity perturbations, the so-called
wakes [243], possibly imprinted in the CMB temperature anisotropy. Due to the
stochastic behavior of the Kibble mechanism, these perturbations are decoherent
and give rise to a CMB spectrum without acoustic peaks [244].

Lattice numerical computation of the temperature anisotropy in Abelian-Higgs [245, 246],
Nambu-Goto [244, 247, 248] or global strings [249] have constrained the string tension
to Gµ . few × 10−7 [250]. Constraints of the same magnitude can be found from non-
gaussianities [250–252]. Also, the same signatures as in the CMB can be imprinted in
the 21 cm power spectrum, and an experiment with a collecting area of 104 − 106 km2

might constrain Gµ . 10−10 − 10−12 [253].

A.4 Non-gravitational radiation

As discussed in Sec. 3.1, the presence of small-scale structures on local strings, cusps and
kinks, invalidates the Nambu-Goto approximation and implies the radiation of massive
particles. Therefore, CS have been proposed as a possible mechanism for generating
non-thermal Dark Matter [254–257].
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At a cusp, the string can reach ultrarelativistic velocities. Therefore, CS have been
pointed [258–261] as a possible candidate for the detection of ultra-high energy cosmic
rays [262] above the Greisen-Zatsepin-Kuzmin (GZK) cut-off, around 1020 eV [263–265],
even though the expected flux at earth is generally too small to be detected [266–268].

More precisely, upon introducing a coupling between the SM and the dark U(1)′ from
which the CS result, e.g. a Higgs portal or a kinetic mixing, an effective interaction
between SM particles and the CS arises [269]. In that case, the formation of cusps
and kinks on the string radiate SM particles [270]. The expected gamma-ray flux at
the earth is too low to be observed by Fermi-Lat [271] , also if we assume that all the
massive particles radiated by the CS subsequently decay into gamma-ray [60]. However,
for cusp domination and for large coupling between the SM and U(1)′, the flux of high-
energy neutrino might be measured by the future experiments SKA and LOFAR for
Gµ ∼ [10−14, 10−16] [271]. Also, the distortions in the CMB may be detected by the future
telescope PIXIE for Gµ ∼ [10−12, 10−14] [271]. Finally, depending on the magnitude of
the SM-U(1)′ coupling, the BBN constraints can already exclude values of string tensions
between 10−8 & Gµ & 10−14 [271].

Constraints from particle emission apply on an interval of values for Gµ, and not as
upper bound like for gravitational emission [266]. For longer lifetimes ∝ (ΓGµ)−1, there
are more loops and we expect a larger flux of emitted particles while gravitational emission
grows with Gµ. At small Gµ, loops decay preferentially into particles, c.f. sec. 3.1. In
that case, the expected flux of emitted particles increases with the string tension which
controls the power of the particle emission. Therefore, there exists a value of Gµ for which
the expected flux of emitted particles is maximal. This is the value of Gµ when particle
production is as efficient as gravitational production. For example for loops created at
the recombination time, the value of Gµ maximizing the cosmic ray production is 10−18

[272].

Superconducting Cosmic Strings: an other possibility for generating large particle
production is to couple the CS with electromagnetic charge carriers and to spontaneously
break electromagnetic gauge invariance inside the vortex [273]. Upon moving through
cosmic magnetic fields, Superconducting Cosmic Strings (SCS) are able to develop a
large electric current I. The formation of cusps on SCS is expected to emit bursts of
electromagnetic radiation [274–277], up to very high energies, set by the string tension√
µ ∼ 1013 GeV

√
Gµ/10−15, hence leading to high-energy gamma-rays [278–280]. Hence,

SCS could be an explanation for the observed gamma-ray bursts at high redshifts, which
depart from the predictions from star-formation-history [280]. However, the expected
photon flux at earth is larger in the radio band than in the gamma-ray band [281–283]
(but also mostly generated by kinks instead of cusps [284]). Thus, it has been proposed
that SCS could be an explanation for the Fast-Radio-Burst events [285–287] for string
tensions in the range Gµ ∼ [10−12, 10−14] and string currents I ∼ [10−1, 102] GeV [286].
Electromagnetic emission from SCS lead to CMB distortions [288–290]. A next-generation
telescope like PIXIE [291] would exclude string tensions Gµ ∼ 10−18, for string currents as
low as I ∼ 10−8 GeV [290]. Also, electromagnetic radiation, by increasing the ionization
fraction of neutral hydrogen, can affect the CMB temperature and polarization correlation
functions at large angular scales, leading to the contraint I . 107 GeV [292]. Note that
ionization of neutral hydrogen has been studied in [272] in the case of non-superconducting
strings. Additionally, the radio emission from SCS can increase the depth of the 21 cm
absorption signal, and EDGES data excludes the SCS tension Gµ ∼ 10−13 for string
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currents as low at I ∼ 10 GeV. Finally, emission of boosted charge carriers from SCS
cusps moving in a cosmic magnetic field B, has been studied in [293], and provide a
possible explanation for high-energy neutrino above 1020 eV, for Gµ ∼ [10−14, 10−20].

B Derivation of the GW spectrum from CS

In this appendix we provide the steps leading to Eq. (156).

B.1 From GW emission to detection

The GW energy density spectrum today is defined as

ΩGW(f) =
f

ρc

∣∣∣∣dρGW(f, t0)

df

∣∣∣∣ . (81)

After emission, the GW energy density redshifts as radiation, ρGW ∝ a−4, so the GW
energy density per unit of frequency redshifts as

dρGW(f, t0)

df
=
dρGW(f̃ , t̃)

df̃

(
a(t̃)

a(t0)

)3

(82)

where the frequency at emission f̃ is related to the frequency today f through

f̃ =
a(t0)

a(t̃)
f.

B.2 From loop production to GW emission

After its formation at ti, a loop shrinks through emission of GW with a rate ΓGµ so that
its length evolves as, c.f. Sec. 2.3

l(t) = αti − ΓGµ(t− ti), (83)

where α is the length at formation in units of the horizon size. The resulting GW are
emitted at a frequency f̃ corresponding to one of the proper modes of the loop, i.e.

f̃ =
2k

l
, k ∈ Z+. (84)

The GW energy rate emitted by one loop through the mode k is, c.f. Sec. 2.3

dE
(k)
GW

dt
= Γ(k) Gµ2, with

∑
k

Γ(k) = Γ, (85)

where

Γ(k) =
Γ k−4/3∑∞
p=1 p

−4/3
' Γ k−4/3

3.60
, (86)

which assumes that the GW emission is dominated by cusps. The GW energy density
spectrum resulting from the emission of all the decaying loops until today is

dρGW(f̃ , t̃)

df̃
=

∫ t0

tF

dt̃
dEGW

dt̃

dn(f̃ , t̃)

df̃
, (87)
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where dn(f̃ , t̃)/df̃ is the number density of loops emitting GW at frequency f̃ at time t̃
and t0 is the age of the universe today. Loops start being created at time of CS network
formation tF , after the damped evolution has stopped, c.f. Sec. D.

B.3 The loop production

In Sec. 3.2, we assume the loop-formation rate to be

dn

dti
= (0.1)

Ceff(ti)

α t4i
, (88)

where Ceff(ti) is the loop-formation efficiency. We deduce the loop number density per
unit of frequency

dn(f̃ , t̃)

df̃
=

[
a(ti)

a(t̃)

]3
dn

dti
· dti
dl
· dl
df̃

(89)

=

[
a(ti)

a(t̃)

]3 ∑
k

(0.1)
Ceff(ti)

t4i
· 1

α (α + ΓGµ)
· 2k

f 2

[
a(t̃)

a(to)

]2

. (90)

B.4 The master equation

Finally, we get the GW energy density spectrum

ΩGW(f) =
∑
k

Ω
(k)
GW(f)

=
∑
k

1

ρc

2k

f

Fα Γ(k) Gµ2

α (α + ΓGµ)

∫ t0

tosc

dt̃
Ceff(ti)

t4i

[
a(t̃)

a(t0)

]5 [
a(ti)

a(t̃)

]3

θ(ti − tosc) θ(ti −
l∗
α

).

(91)

The first Heaviside function stands for the time tosc at which long-strings start oscillat-
ing, either just after formation of the long-string network or after that friction becomes
negligible, c.f. Sec. D.4. The second Heaviside function stands for the energy loss into
particle production which is more efficient than GW emission for loops of length smaller
than a characteristic length l∗, which depends on the string small-scale structure, c.f.
sec 3.1. The time ti of formation of the loops, which emit at time t̃ and which give the
detected frequency f , can be determined from Eq. (83) and Eq. (84)

ti(f, t̃) =
1

α + ΓGµ

[
2k

f

a(t̃)

a(t0)
+ ΓGµ t̃

]
. (92)

Note that the contribution coming from the higher modes are related to the contribution
of the first mode by

Ω
(k)
GW(f) = k−4/3 Ω

(1)
GW(f/k). (93)

B.5 The GW spectrum from the quadrupole formula

In standard cosmology: The scaling behavior ΩGW ∝
√
Gµ × f 0, e.g. discussed

along Eq. (44), can be understood qualitatively from the quadrupole formula for the
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power emission of GW [29, 117]

PGW ∼ Nloop
G

5

(
Q
′′′

loop

)2

, (94)

where the triple derivative of the quadrupole of a loop is simply the string tension

Q
′′′

loop ∼ mass× length2/time3 ∼ µ. (95)

During the scaling regime, the number of loops formed at time ti scales as t−3
i . Hence,

the number of loops formed at time ti, evaluated at a later time t̃ is

Nloop ∼
(
t̃

ti

)3(
ti

t̃

)3/2

, (96)

where the second factor accounts for the redshift as a−3 of the loops between ti and t̃
during radiation. Since GW redshift as radiation, their energy density today is

ΩGW ∼ Ωrad
ρGW(t̃)

ρrad(t̃)
∼ Ωrad (Gµ)2

(
t̃

ti

)3/2

, (97)

where we assumed radiation-domination at t̃

ρrad(t̃) ∼ G−1 H̃2 ρrad(t̃)

ρtot(t̃)
∼ G−1 t̃−2, (98)

and where we used that the energy density of GW at t̃ is

ρGW(t̃) ∼
(
PGW t̃

)
/ t̃ 3. (99)

with the GW power PGW defined in Eq. (94). From Eq. (96), one can see that, at a fixed
formation time ti, the later the GW emission, the more numerous the loops. Hence, the
dominant contribution to the SGWB from a given population of loops formed at ti occurs
after one loop-lifetime, c.f. Eq. (12), at

t̃M ∼
α ti
ΓGµ

. (100)

Upon plugging Eq. (100) into Eq. (97), one gets

ΩGW ∝
√
Gµ× f 0. (101)

From Eq. (97), we can see that the GW spectrum during radiation is set by a combina-
tion of the strength of the GW emission from loops, (Gµ)2, and the loop-lifetime t̃M/ti,
c.f. Eq. (100). Both are set by the triple derivative of the loop-quadrupole Q

′′′

loop ∼ µ.
Hence we understand that the flatness in frequency during radiation is closely linked to
the independence of the triple derivative of the loop-quadrupole 7, c.f. Eq. (95), on the
loop length, and therefore on the frequency.

7 In contrast, the GW spectrum generated by domain walls during radiation is not flat since in that
case the triple derivative of the wall-quadrupole depends on the emission time: Q

′′′

DW ∼ σ t̃, where σ is
the wall energy per unit of area. Hence, the energy density fraction in GW before wall annihilation [294]

increases with time ΩDW
GW ∼

(
Gσ t̃

)2
.
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In non-standard cosmology: In presence of non-standard cosmology, possibly being
different during loop formation a(ti) ∝ t

2/n
i and GW emission a(t̃) ∝ t̃2/m, one must

modify how the number of emitting loops, c.f. Eq. (96), and the GW energy density, c.f.
Eq. (98), get redshifted. Namely, Eq. (96) and Eq. (98), here denoted by Std., become

Nloop ∼
(
t̃

ti

)3(
a(ti)

a(t̃)

)3

∝ NStd.
loop

(
ti

t̃

) 6
m
− 3

2

, (102)

and
ρrad(t̃)

ρtot(t̃)
∼
(

a(t̃)

a(tend)

)n−4

∝ t̃
2(4−n)
n , (103)

where tend is the ending time of the non-standard cosmology. The GW spectrum, c.f.
Eq. (97), depends on the combination of the loop- and GW-redshift factors in Eq. (102)
and Eq. (103). Upon plugging the scaling ti ∝ f−2 and t̃M ∝ f−2 (which are themselves
deduced from ti ∝ a(t̃)/f , c.f. Eq. (84), and Eq. (100)), we obtain

ΩGW ∝ f 4(1− 3
m
− 1
n

). (104)

When loop formation at ti occurs during matter/kination but GW emission at t̃M occurs
during radiation, (m, n) = (3, 4)/(6, 4), we find that the GW spectrum scales like f−1/f 1.
In Sec. B.6, we show that the presence of high-frequency modes k � 1 turns the f−1

behavior to f−1/3.

B.6 Impact of the high-frequency proper modes of the loop

The motivation: When computing the GW spectrum from cosmic strings, given by
Eq. (91), we are confronted with an infinite sum over the proper modes k of the loop.
The number of modes before we violate the Nambu-Goto approximation is very large,
as shown in the left panel of Fig. 27. In what follows, we study the impact of the high-
frequency modes on the GW spectrum. From Eq. (84), Eq. (86) and Eq. (91), we can
see that the spectrum for the kth mode is related to the fundamental spectrum k = 1
through Eq. (93), which we rewrite here

Ω
(k)
GW(f) = k−δ Ω

(1)
GW(f/k), (105)

In this study, we fix δ = 4/3 since we assume that the small-scale structure is dominated
by cusps. However, the results of the present section apply to any small-scale structure
described by δ.

Case of a fundamental spectrum with a flat slope: At first, if we assume that the
one-mode spectrum is flat, Ω

(1)
GW(f) ∝ f 0, then the total spectrum is a simple rescaling

of the fundamental spectrum by the Riemann zeta function

ΩGW(f) = ζ (δ) Ω
(1)
GW(f), (106)

where in particular, ζ(4/3) =
∑

k k
−4/3 ' 3.60.
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Figure 27: Left: Maximal mode number kmax beyond which we can not trust the Nambu-Goto
approximation anymore. It occurs when the wavelength of the oscillation, given by α ti/k where
ti is the Hubble horizon when the loop forms, becomes of the order of the loop thickness µ−1/2.
We can see that in the different interferometer windows, kmax is extremely large, often much
larger than the maximal mode number tractable numerically ∼ 106. Right: Decomposition of
a GW spectrum under the contributions coming from the different proper modes of the loop.
We can see that high-k modes are responsible for the change of slope f−1/3 → f−1 between
the physical turning point frequency f∆ and a second, artificial, turning-point fmax, given by
fmax = kmax f∆, c.f. Eq. (113), where kmax is the total number of modes chosen for doing the
computation, here 2 × 104, 105 and 106. Except when explicitly specified, for technical reasons
we fix kmax = 2× 104 modes in all the plots of our study.

Case of a fundamental spectrum with a slope f−1: Now, we consider the case
where the fundamental spectrum has a slope f−1, as expected in thepresence of an early
matter era, c.f. Eq. (104), but also, in the presence of high-frequency cut-offs. The high-
frequency cut-offs in the spectrum are described by Heaviside functions in the master
formula in Eq. (91), of the type Θ (ti − t∆), where t∆ is the cosmic time when loop for-
mation starts, assuming it is suppressed before on. The time t∆ can correspond to either
the time of formation of the network, c.f. Eq. (2), the time when friction-dominated dy-
namics become irrelevant, c.f. App. D.4, the time when gravitational emission dominates
over massive particle production, c.f. Sec. 3.1, or the time when the string correlation
length re-enters the Hubble horizon after a short period of second inflation, c.f. Sec. 8.
The slope of the k = 1 spectrum beyond the cut-off frequency can be read from Eq. (91)
after injecting Eq. (92) and ti = t∆, where we find

Ω
(1)
GW(f) = Ω∆Θ(−f + f∆) + Ω∆

f∆
f

Θ(f − f∆) . (107)

The fundamental spectrum is flat until f∆ and then shows a slope f−1 beyond. The
total spectrum, summed over all the proper modes, can be obtained from Eq. (105) and
Eq. (107)

ΩGW(f) =

k∆∑
k=1

Ω∆

kδ
k
f∆
f

+
kmax∑
k=k∆

Ω∆

kδ
, (108)
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where kmax is the maximal mode, chosen arbitrarily, and k∆ is the critical mode defined
such that modes with k < k∆ have a slope f−1 whereas modes with k > k∆ have a flat
slope. For a given frequency f , the critical mode number k∆ obeys

k∆ '
f

f∆

. (109)

We now evaluate Eq. (108) in the large k∆ limit, while still keeping k∆ < kmax

Ω1�k∆<kmax

GW (f) ' Ω∆
f∆

f
k2−δ

∆ +
1

δ − 1

Ω∆

kδ−1
∆

, (110)

where we have used the asymptotic expansion of the Euler-Maclaurin formula for the
first term and the asymptotic expansion of the Hurwitz zeta function for the second
term. Finally, after injecting Eq. (109), we get

Ω1�k∆<kmax

GW (f) ' δ

δ − 1
Ω∆

(
f∆

f

)δ−1

∝


f−1/3 for cusps (δ = 4/3)

f−2/3 kinks (δ = 5/3)

f−1 kink-kink collisions (δ = 2)

(111)

We conclude that the spectral index beyond a high-frequency turning point f∆ due to an
early matter era, a second inflation era, particle production, thermal friction domination,
or the formation of the network, is modified by the presence of the high-k modes in a
way that depends on the small-scale structure. Particularly, if the small-scale structure
is dominated by cusps, we find a slope −1/3. We comment on the possibility to get
information about the nature of the small-structure from detecting a GW spectrum from
CS with a decreasing slope. The study [104] was the first one to point out the impact of
the high-frequency modes on the value of a decreasing slope.

Impact of fixing the total number of proper modes: For technical reasons we
are unavoidably forced to choose a maximal number of modes kmax. We now study the
dependence of the GW spectrum on the choice of kmax. The evaluation of Eq. (108) for
k∆ > kmax leads to

Ω1�kmax<k∆
GW (f) = ζ (δ − 1) Ω∆

f∆

f
. (112)

Hence, in addition to the initial physical turning point f∆, where the slope changes from
flat to f−1/3, there is a second artificial turning point fmax given by

fmax = kmax f∆, (113)

where the slope changes from f−1/3 to f−1. We show the different behaviors in the right
panel of Fig. 27.

Case of a fundamental spectrum with a slope f+1: As last, we comment on the
case where the fundamental spectrum has a slope f 1, as in the case of an early kination
era, c.f. Eq. (104). Repeating the same steps as in Eq. (108), we obtain

ΩGW(f) = ζ (δ + 1) Ω∆
f

f∆

, (114)

hence the slope of the full spectrum is the same as the slope of the fundamental spectrum.
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C Derivation of the frequency - temperature relation

In this appendix, we compute the correspondence between an observed frequency f and
the temperature T of the universe when the loops responsible for that frequency have
been formed.

loop at production

loop at emission

Hubble horizon

t̃M = α
2ΓGµt∆

at ti

at t̃M

Hubble expansion

Figure 28: Loops produced at time ti contribute to the GW spectrum much later, when they have
accomplished half of their lifetime, at t̃M ' α ti/(2ΓGµ). Hence GW emitted from cosmic-string
loops are exempt from a redshift factor a(t̃M)/a(ti) so have much higher frequency than GW
produced from other sources at the same energy scale.

C.1 In standard cosmology

According to the scaling of the loop-formation rate dn/dti ∝ t−4
i , the main contribution

to the GW emission at time t̃ comes from the loops created at the earliest epoch. Corre-
spondingly, loops created at ti contribute to the spectrum as late as possible, at the main
emission time t̃M. The latest emission time is set by the loop lifetime α ti/ΓGµ, where α
is the loop-length at formation in horizon unit, c.f. Eq. (12). Hence, a loop produced at
time ti mainly contributes to the spectrum, much later c.f. figure 28, at a time

t̃M '
α ti

2ΓGµ
, (115)

where the factor 1/2 is found upon maximizing the loop-formation rate dn/dti ∝ t−4
i and

upon assuming α � ΓGµ. The loop length after half the loop lifetime, in Eq. (115), is
equal to half the length at formation α ti/2, c.f. Eq. (83). Hence the emitted frequency
is set by

α ti '
4

f

a(t̃M)

a(t0)
, (116)

' 4

f

a(t̃M)

a(teq)

a(teq)

a(t0)
(117)

' 4

f

(
t̃M
teq

)1/2(
teq

t0

)2/3

(118)

where we used f a(t0)/a(t̃) = 2k/l and only considered the first Fourier mode k = 1, c.f.
Eq. (8). By merging Eq. (115) and Eq. (118), we obtain the relation between an observed
frequency f and the time ti of loop formation

f '
√

8zeq

αΓGµ

(
teq

ti

)1/2

t−1
0 , (119)
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where the redshift at matter-radiation equality is zeq = ΩC/Ωγ ' 3360, and teq '
51.8 kyrs (from integrating Eq. (41)) and t0 ' 13.8 Gyrs [189]. Finally, using entropy
conservation, we obtain the relation between the frequency f at observation and the
temperature T of the universe when the corresponding loops are formed

f '

√
8

zeqαΓGµ

(
g∗(T )

g∗(T0)

)1/4(
T

T0

)
t−1
0

' (6.7× 10−2 Hz)

(
T

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(T )

g∗(T0)

)1/4

. (120)

C.2 During a change of cosmology

The derivation of (120) does not take into account the time-variation of Ceff . It assumes
that loops are produced and decayed during the scaling regime in the radiation era. An
observable to test the non-standard cosmology is the frequency f∆ of the turning-point
defined as the frequency at which the GW spectrum starts to deviate from the standard-
cosmology behavior and the spectral index changes. We obtain different fitted values for
this turning point frequency depending on the prescription. We quote below different
expressions, depending whether we assume that the spectrum can be measured with a
10% precision, and 1% respectively. We compare the predictions obtained using a scaling
and VOS network:

f∆ ' Hz

(
T∆

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(T∆)

g∗(T0)

)1/4

×


2× 10−3 for VOS, 10%

45× 10−3 for scaling, 10%

0.04× 10−3 for VOS, 1%

15× 10−3 for scaling, 1%

(121)

Therefore, the turning point frequency is lower in VOS than in scaling by a factor ∼ 22.5
if we define the turning-point frequency by an amplitude deviation of 10% with respect to
standard cosmology, and by a factor ∼ 375 for a deviation of 1%. The loops contributing
to this part of the spectrum have been formed at the time of the change of cosmology.
When the cosmology changes, the network achieves a transient evolution in order to reach
the new scaling regime. The long-string network needs extra time to transit from one
scaling regime to the other, hence the shift in the relation between observed frequency
and temperature of loop formation at the turning-point, c.f. Sec. 6.2.

C.3 In the presence of an intermediate inflation period

The above derivation of the relation between the observed frequency and the time of loop
production assumes that cosmic-string loops are constantly being produced throughout
the cosmic history. It does not apply if the network experiences an intermediate era of
inflation. This case is discussed in Sec. 8.2 and the turning-point formulae are, for a given
precision

f∆ ' Hz

(
T∆

GeV

)(
0.1× 50× 10−11

αΓGµ

)1/2(
g∗(T∆)

g∗(T0)

)1/4

×

{
1.5× 10−4 for 10%

5× 10−6 for 1%
(122)
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C.4 Cut-off from particle production

The cutoff frequency due to particle production is given in Sec. 3.4.

D Derivation of the VOS equations

D.1 The Nambu-Goto string in an expanding universe

The Velocity-dependent One-Scale equations (VOS) in Eq. (35), describe the evolution
of a network of long strings in term of the mean velocity v̄ and the correlation length
ξ = L/t, see the original papers [184, 186, 187] or the recent review [188]. The set of
points visited by the Nambu-Goto string during its time evolution form a 2D manifold,
called the world-sheet, described by time-like and space-like coordinates t and σ. The
embedding of the 2D world-sheet in the 4D space-time is described by xµ(t, σ) where
µ = 1, 2, 3, 4. The choice of the word-sheet coordinates being arbitrary, we have two
gauge degrees of freedom which we can fix by imposing ẋ · x′ = 0 and t = τ where τ is
the conformal time of the expanding universe. The dot and prime denote the derivatives
with respect to the time-like and space-like world-sheet coordinates, ẋ ≡ dx/dt and
x′ ≡ dx/dσ. Then, the equations of motion of the Nambu-Goto string in a FRW universe
are [295]

ẍ + 2H(1− ẋ2)ẋ =
1

ε

(
x′

ε

)′
, (123)

ε̇+ 2H ẋ2 ε = 0, (124)

where H ≡ ȧ/a = Ha and ε ≡
√

x′2/(1− ẋ2) is the coordinate energy per unit of length.

D.2 The long-string network

The macroscopic evolution of the long string network can be described by the energy
density

ρ∞ =
E

a3
=

µ

a2(τ)

∫
ε dσ ≡ µ

L2
, (125)

and the root-mean-square averaged velocity

v̄2 ≡ 〈ẋ2〉 =

∫
ẋ2ε dσ∫
ε dσ

, (126)

where we recall that µ is the CS linear mass density.
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D.3 VOS 1: the correlation length

Differentiating Eq. (125) gives the evolution of the energy density in an expanding uni-
verse

dρ∞
dt

=
dρ∞
dτ
· dτ
dt

=
1

a
· dρ∞
dτ

, (127)

=
µ

a

[
d

dτ

(
1

a2

)∫
ε dσ +

1

a2

∫
dε

dτ
dσ

]
, (128)

= −2
µ

a3
H
[∫

ε dσ +

∫
ẋ2ε dσ

]
, (129)

= −2Hρ∞ (1 + v̄2). (130)

Moreover, after each string crossing, the network transfers energy into loops with a rate
given by Eq. (33) and we get

dρ∞
dt

= −2Hρ∞ (1 + v̄2)− c̃ v̄ ρ∞
L
, (131)

which after using Eq. (125), leads to the first VOS equation

VOS 1:
dL

dt
= HL (1 + v̄2) +

1

2
c̃ v̄. (132)

We neglect the back-reaction on long strings from gravitational emission which is sup-
pressed with respect to the loop-chopping loss term by O(Gµ). The case of global strings,
for which however, the back-reaction due to particle production may play a role, is con-
sidered in App. F.2.

D.4 Thermal friction

In addition to the Hubble friction, there can be friction due to the interactions of the
strings with particles of the plasma, leading to the retarding force [190]

F = ρ σ v̄ = β T 3 v̄, (133)

where ρ ∼ T 4 is the plasma energy density and σ ∼ T−1 is the cross-section per unit
of length. The effect of friction is to damp the string motion and to suppress the GW
spectrum [296]. For gauge strings, a well-known realisation of friction is the interaction
of charged particles with the pure gauge fields existing outside the string, the so-called
Aharonov-Bohm effect [297]. In such a case, the friction coefficient β is given by [190]

β = 2π−2ζ(3)
∑
i

gi sin
2(πνi), (134)

with

i ≡ relativistic particle species (mi � T ),

gi ≡ number of relativistic degrees of freedom of i×

{
3/4 (fermion),

1 (boson),

2π νi ≡ ei Φ ≡ phase-shift of the wave-function of particle i when transported on a

close path around the string. ei being its charge under the associated

gauge group and Φ the magnetic field flux along the string.
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The friction term in the first VOS equation, Eq. (132), becomes

2Hv̄2 −→ v̄2

ld
≡ 2Hv̄2 +

v̄2

lf
, (135)

where we introduced a friction length due to particle scattering lf ≡ µ/(σ ρ) = µ/(βT 3)
[186, 187], and the associated effective friction length ld. At large temperature, the large
damping due to the frictional force prevents the CS network to reach the scaling regime
until it becomes sub-dominant when 2H � 1/lf , so after the time

tfric � (2.5× 10−5)

(
106.75

g∗(tfric)

)3/2

β2 (Gµ)−2 tpl, (136)

� (1.4× 10−4)

(
g∗(tF)

106.65

)1/2 (
106.75

g∗(tfric)

)3/2

β2 (Gµ)−1 tF , (137)

where tpl ≡
√
G and where the network formation time tF is the cosmic time when the

energy scale of the universe is equal to the string tension ρ
1/2
tot (tF ) ≡ µ. For friction

coefficient β = 1, the friction becomes negligible at the temperatures T∗ � 4 TeV for
Gµ = 10−17, T∗ � 400 TeV for Gµ = 10−15, T∗ � 40 PeV for Gµ = 10−13, hence
respectively impacting the SGWB only above the frequencies 20 kHz, 200 kHz, 2 MHz,
c.f. Eq. (48), which are outside the GW interferometer windows, c.f. Fig. 4.
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Figure 29: GW spectrum from CS assuming no thermal friction (solid lines), thermal friction
only at the level of the long-string network, i.e. upon including eq. (135) in the VOS equations
(dashed lines) or thermal friction taken at the loop level, i.e. by removing GW emissions anterior
to tfric defined in Eq. (136) (dotted lines). See text for more details. A standard cosmology is
assumed.

In Fig. 29, we show the impact of thermal friction on the GW spectrum from CS in
two different ways.

� Network under friction (dashed lines in Fig. 29) : the thermal friction is only
taken into account at the level of the long-string network. Concretely, by simply
including the friction term in Eq. (135) in the VOS equations. The GW peak at
high frequency is due to the loop over-production by the frozen network, followed
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by a fast relaxation (with a little oscillatory behavior) to the scaling regime once
friction becomes negligible with respect to Hubble expansion. This approach is
insufficient since it assumes that the GW power emitted by loops is still given by
ΓGµ2 with Γ ' 50 and therefore it does not take into account the damping of the
oscillations of the loops under which we expect Γ→ 0.

� GW emission cut-off (dotted lines in Fig. 29) : The damping of the loop oscil-
lations is now taken into account by discarding all GW emissions happening earlier
than tfric in Eq. (136), when thermal friction is larger than Hubble friction. Tech-
nically, the time tosc of first loop oscillations in Eq. (156) is set equal to tfric in
Eq. (136).

In many of our plots, e.g. Fig. 2 or Fig. 4, we show the GW spectrum in presence of
thermal friction with a gray line, computed according to the second prescription above,
entitled ‘GW emission cut-off’. Note that in most cases, the effect of friction manifests
itself at very high frequencies, outside the observability band of planned interferometers.
It could however become relevant if those high frequencies could be probed in future
experiments.

D.5 VOS 2: the mean velocity

Differentiating Eq. (126) gives the evolution of the averaged velocity, which constitutes
the second VOS equation

VOS 2:
dv̄

dt
= (1− v̄2)

[
k(v̄)

L
− v̄

ld

]
, (138)

with

k(v̄) ≡ 〈(1− ẋ2) (ẋ · u)〉
v̄ (1− v̄2)

, (139)

where u is the unit vector aligned with the radius of curvature ∝ d2x/dσ2. k(v̄) indicates
the degree of wiggliness of the string. More precisely, k(v̄) = 1 for a straight string
and k(v̄) . 1 once we add small-scale structures. We use the results from numerical
simulations [184]

k(v̄) =
2
√

2

π
(1− v̄2)(1 + 2

√
2v̄3)

1− 8v̄6

1 + 8v̄6
. (140)

Eq. (138) is a relativistic generalization of Newton’s law where the string is accelerated
by its curvature 1/L but is damped by the Hubble expansion and plasma friction after a
typical length 1/ld. Equation (138) neglects the change in long string velocity v̄ due to
loop formation as proposed in [298].

E Extension of the original VOS model

E.1 VOS model from Nambu-Goto simulations

In our study, we describe the evolution of the long-string network through the VOS
model, defined by the equations in Eq. (35). The only free parameter of the model is the
loop-chopping efficiency c̃, which is computed to be

NG: c̃ = 0.23± 0.04 (141)

from Nambu-Goto network simulations in an expanding universe [184].
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E.2 VOS model from Abelian-Higgs simulations

Abelian-Higgs (AH) field theory simulations in both expanding and flat spacetime suggest
a larger value [143, 299]

AH: c̃ = 0.57± 0.04. (142)

Indeed, in Abelian-Higgs simulations, no loops are produced below the string core size so
the energy loss into loop formation is lower. Consequently, the loop-chopping efficiency
must be increased to maintain scaling.
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Figure 30: Left: GW spectra with different VOS modellings of the long-string network evo-
lution. The VOS models are either based on Nambu-Goto simulations (solid line - c̃ = 0.23)
[184] or abelian-Higgs (AH) field theory simulations (dashed line - c̃ = 0.57) [143, 299], pos-
sibly extended to include particle production [185] (dotted line). Right: The corresponding
loop-production efficiency for each VOS model.

E.3 VOS model from Abelian-Higgs simulations with particle
production

In Abelian-Higgs simulations, the loops produced at the string core scale are non-linear
lumps of field, called “proto-loops”, which decay fast into massive radiation. Therefore,
a recent work [185] extends the VOS model by including a term in Eq. (132) to account
for the emission of massive radiation at the string core scale. The energy-loss function
F (v) is modified as

F (v̄)|original =
c̃v̄

2
⇒ F (v̄)|extended =

c̃v̄ + d[k0 − k(v̄)]r

2
, (143)

and the momentum operator k(v), c.f. Eq. (140), accounting for the amount of small-scale
structures in the string, is modified to

k(v̄) =
2
√
2

π

1− 8v̄6

1 + 8v̄6
⇒ k(v̄)|extended = k0

1− (qv̄2)β

1 + (qv̄2)β
, (144)
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scaling in radiation
dominated universe

NG
c̃ = 0.23

AH
c̃ = 0.57

AH extended
c̃ = 0.31

(d, k0, r, q, β)

v̄ 0.66 0.62 0.59
ξ 0.27 0.57 0.36
Ceff 5.4 1.3 2.8

Table 2: Values of mean velocity v̄, correlation length ξ, and loop-production efficiency Ceff in
radiation scaling regime with different VOS calibrations.

where more free parameters have been introduced. With Abelian-Higgs simulations, one
finds [185]

AH extended: c̃ = 0.31, (145)

as well as d = 0.26, k0 = 1.27, r = 1.66, q = 2.27, and β = 1.54. In Abelian-Higgs
extended, the loop-chopping efficiency, c.f. Eq. (145), is smaller than the one in the
original Abelian-Higgs model, c.f. Eq. (142). Indeed, because of the additional energy
loss through massive-radiation, less energy loss via loop-chopping is needed to maintain
scaling.

In figure 30, we compare the GW spectra in the different VOS models. The difference
in amplitude comes from the difference in the number of loops, set by Ceff . The larger the
loop-chopping efficiency c̃, the smaller the loop-formation efficiency Ceff . This counter-
intuitive result can be better understood by looking at table. 2. A larger loop-chopping
efficiency c̃ implies a larger loop formation rate only during the transient regime. In the
scaling regime, a larger loop-chopping efficiency c̃ implies a more depleted long-string
network and then a larger correlation length ξ. Hence, the long-string network is more
sparse and so the rate of loop formation via string crossing is lower.

F GW spectrum from global strings

The main distinction with loops from global strings is that they are short-lived whereas
loops from local strings are long-lived. This results in different GW spectra in both
frequency and amplitude as we discuss in detail below.

F.1 The presence of a massless mode

For global string, the absence of gauge field implies the existence of a massless Goldstone
mode, with logarithmically-divergent gradient energy, hence leading to the tension µg,
c.f. Eq. (1)

µg ≡ µl ln

(
H−1

δ

)
' µl ln (η t) , with µl ≡ 2πη2, (146)

where η is the scalar field VEV, µl is the tension of the would-be local string (when
the gauge coupling is switched on) and δ ∼ η−1 is the string thickness. Goldstones are
efficiently produced by loop dynamics with the power

PGold = ΓGold η
2, (147)
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where ΓGold ≈ 65 [26, 123], causing loops to decay with a rate

dlg
dt

=
dE

dt

dl

dE
≡ κ ≡ ΓGold

2π ln (η t)
. (148)

Therefore, the string length evolving upon both GW and Goldstone bosons emission reads

lg(t) = αti − ΓGµg(t− ti)− κ(t− ti). (149)

F.2 Evolution of the global network

The Velocity-One-Scale equations, presented in App. D,

dL

dt
= HL (1 + v̄2) + F (v̄)|global , (150)

dv̄

dt
= (1− v̄2)

[
k(v̄)

L
− v̄

ld

]
, (151)

are modified to include the additional energy-loss due to Goldstone production. Namely,
the energy-loss coefficient F (v̄), c.f. Eq. (143), becomes

F (v̄)|local =
c̃v̄ + d[k0 − k(v̄)]r

2
⇒ F (v̄)|global = F (v̄)|local +

s v6

2 ln (η t)
, (152)

where the constant s controlling the efficiency of the Goldstone production, is inferred
from lattice simulations [300], to be s ' 70 [97]. However, the momentum operator k(v)
in Eq. (151), is unchanged with respect to the local case

k(v̄) = k0
1− (qv̄2)β

1 + (qv̄2)β
. (153)

with k0 = 1.37, q = 2.3, β = 1.5, c̃ = 0.34, d = 0.22, r = 1.8 [185]. Here through
Eq. (152) and Eq. (153), we follow [301] and consider the extended VOS model based
on Abelian-Higgs simulations, proposed in [185] and already discussed in app. E.3, in
which we have simply added the backreaction of Goldstone production on long strings in
Eq. (152). We have checked that we can neglect the thermal friction due to the contact
interaction of the particles in the plasma with the string, c.f. Eq. (135) for which the
interaction cross-section is given by the Everett formula in [65].

In order to later compute the GW spectrum, we defined the loop-formation efficiency,
analog of the local case in Eq. (34)

Cg
eff = c̃ v̄/ξ3, (154)

with v̄ and ξ ≡ L/t obeying the VOS equations in Eq. (150) and Eq. (151). Due to the
logarithmic dependence of the string tension on the cosmic time, the scaling regime is
slightly violated. Consequently, the loop-formation efficiency plotted in right panel of
Fig. 32, never reaches a constant value. Hence, in this study we model the network based
on VOS evolution, rather than using the scaling solutions. Only for enormous value of
ln (η t) corresponding to cosmic times much larger than the age of the Universe today, we
find that the solutions to the modified VOS equations in Eq. (150) and Eq. (151) reach
a scaling regime Ceff = 0.46, 2.24, 6.70 for matter-, radiation-, and kination-dominated
universe, respectively. By comparing to the values found in [26], our results agree only
for the radiation case. Note that the dependence of the string network parameters v̄ and
ξ ≡ L/t on the logarithmically-time-dependent string tension arises only through the
term of Goldstone production energy loss in Eq. (152).
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F.3 The GW spectrum

Finally, the GW spectrum generated by loops of global strings is given by a similar
expression as for the local case, c.f. the mattress equation in Eq. (26),

Ωg
GW(f) ≡ f

ρc

∣∣∣∣dρg
GW

df

∣∣∣∣ =
∑
k

Ω
(k), g
GW (f), (155)

where

Ω
(k), g
GW (f) =

1

ρc
· 2k
f
·
Fα Γ(k)Gµ2

g

α(α + ΓGµg + κ)

∫ t0

tF

dt̃
Cg

eff(tgi )

(tgi )
4

[
a(t̃)

a(t0)

]5 [
a(tgi )

a(t̃)

]3

Θ(tgi −tF ). (156)

We have checked that we can safely neglect massive radiation. The loop formation time
tgi is related to the emission time t̃ after using lg(t̃) = 0 in Eq. (149)

tgi =
ΓGµg + κ

α + ΓGµg + κ
t̃. (157)

We plot the GW spectrum from local strings in Fig. 31 and compare to the spectrum
computed in [26]. With respect to [26], we find a lower value for Ceff during the late
matter-dominated universe (0.46 instead of 1.32) which implies a smaller spectral bump,
while the radiation contributions are considerably the same. Moreover, the shapes of the
spectra are different. An explanation could be the summation over the high-frequency
modes (up to k = 2 × 104 in our case) which smoothens the spectrum. The spectrum
from [26] resembles to the first-mode of our spectrum.

The constraints on the inflation scale, 6×1013 GeV, from the non-detection of the fun-
damental B-mode polarization patterns in the CMB [302, 303], implies the upper bound
Treh . 5 × 1016 GeV on the reheating temperature, assuming instantaneous reheating.
Hence, assuming that the network is generated from a thermal phase transition, we are
invited to impose η . 5×1016. However, a stronger restriction arises because of the CMB
constraint on strings tensions

Gµg|CMB = 2π

(
η

mpl

)2

log(η tCMB) . 10−7 → η . 1.4× 1015, (158)

where we use tCMB ' 374 kyr. Hence, we restrict to η . 1015 GeV as in [26].

F.4 Global versus local strings

The local spectrum is recovered upon setting ln (η t) = 1, κ = 0 and s = 0 in Eq. (146),
Eq. (149) and Eq. (152). Because of the faster decay, in the global case, the main emission
time t̃gM is shorter than its local counterpart t̃ l

M, c.f. Eq. (115),

t̃gM '
α + ΓGµg + κ

ΓGµg + κ

ti
2
, (159)

∼ ΓGµl

α
t̃ l
M, (160)

where in the last line, we have assumed κ� α, t̃ l
M. Therefore, the frequency f of a GW

emitted by a loop produced at the temperature T , is lowered compared to the local case
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Figure 31: GW spectrum from global cosmic strings assuming VOS network formed at energy
scale η, evolved in the standard cosmology. The shape of the GW spectrum computed in [26]
resembles the first mode k = 1 of our spectrum.

computed in Eq. (120), by a factor

f
∣∣∣
global

� (4.7× 10−6 Hz)

(
T

GeV

)(
0.1

α

)(
g∗(Ti)

g∗(T0)

)1/4

, (161)

∼
(
ΓGµl

α

)1/2

f
∣∣∣
local

. (162)

In contrast to the local case, the frequency is independent of the string scale and we
explain its origin at the end of the section. We can rewrite the GW spectrum in Eq. (155)
as

Ωg
GW(f) � 1

ρc
· 2
f
·

Fα ΓGµ2
g

α(α + ΓGµg + κ)
· Cg

eff · t−5/2
0 · (t̃gM)

1+ 5
2
− 3

2 · t−4+ 3
2

i . (163)

Then, from Eq. (159) and α tgi � 4 a(t̃gM)/a(t0)f
−1 in Eq. (116), one obtains

t̃gM � 1

t0

4

α2

(
1

f

)2 (
α + ΓGµg + κ

ΓGµg + κ

)2

,

tgi �
1

t0

8

α2

(
1

f

)2 (
α + ΓGµg + κ

ΓGµg + κ

)
.

From comparing the global GW spectrum Ωg
GW to the local GW spectrum Ωl

GW =
Ωg

GW(ln (η t) = 1, κ = 0, s = 0), one obtains

Ωg
GW

Ωl
GW

∼ α

κ

(
ΓGµl

α

)3/2 (
µg

µl

)2
Cg

eff

C l
eff

, (164)

where we have assumed κ 
 α, ΓGµg. Upon using Eq. (44) and Eq. (164), we get8

8Upon restoring the dependence on the different parameters appearing in Eq. (163), we obtain

Ωg
GW � 25∆R Ωrh

2 Cg
eff(n = 4)Fα

Γ

ΓGold
log3

(
η t̃gM

) η4

M4
pl

, (165)
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Ωl
GW � Ωrh

2 η

Mpl

, and Ωg
GW � Ωrh

2 log3
(
η t̃gM

) η4

M4
pl

, (166)

where Ωrh
2 � 4.2× 10−5 is the present radiation energy density of the universe [189].

As shown in Fig. 31, in consequence of the strong dependence of the GW amplitude
on the string scale η, only global networks above η � 5 × 1014 GeV can be detected by
LISA or CE whereas EPTA or BBO/DECIGO can probe η � 1014 GeV. Also note the
logarithmic spectral tilt of the GW spectrum due to the logarithmic dependence of the
global string tension on the cosmic time.

In summary, GW spectra from local and global strings manifest differences in fre-
quency, Eq. (162), and amplitude, Eq. (166), because local loops are long-lived whereas
global loops are short-lived. In the local case, the dominant GW emission at t̃lM ∼ tli/Gµl

occurs much after the loop formation time tli, after one loop lifetime. However, the emit-
ted frequency is fixed by (tli)

−1. Hence, as discussed in Sec. 3.4, the observed frequency
is exempted from a redshift factor given by

√
Gµl. In the global case, the loops are short-

lived and the time of dominant GW emission coincides with the time of loop formation.
Hence, the emitted frequency redshifts more and the spectrum is shifted to the left. The
GW spectrum is also reduced by the redshift factor (Gµ)3/2.
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Figure 32: Left: GW spectrum from the global cosmic strings assuming VOS network, evolving
in the presence of a non-standard era, either long-lasting matter (dotted), intermediate matter
(dot-dashed), or kination (dashed), ending at the temperature T∆ = 100 GeV or 100 TeV. The
turning-point frequency is independent of the string tension. Right: The evolution of the loop-
production efficiency for each cosmological background never reaches a plateau, in contrast to
local strings in which case the scaling regime is an attactor solution, c.f. right panel of Fig. 8.
Indeed, for global strings the scaling behavior is logarithmically violated due to the inclusion of
energy loss through Goldstone production in the VOS equations, c.f. Sec. F.2.

F.5 As a probe of non-standard cosmology

The impact of non-standard cosmology on the GW spectra of global strings is shown in
Fig. 32. The frequency of the turning point corresponding to a change of cosmology at a

which can be compared with its local equivalent in Eq. (44).
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temperature T∆ is given by Eq. (161). We report here a numerically-fitted version

f glob
∆ � Hz

(
T

GeV

)(
0.1

α

)(
g∗(T )

g∗(T0)

)1/4

×

{
8.9× 10−7 for 10%

7.0× 10−8 for 1%
, (167)

where the detection criterion is defined as in Eq. (49). In contrast to local strings, the
turning-point is independent of the string tension.

We now consider the reach of global strings for probing a non-standard cosmology.
Fig. 33 shows the detectability of the turning-points by future GW experiments. Due
to the string-scale independence, the global-string detectability collapses onto a line.
Because of the shift of the spectrum to lower frequencies by a factor ∼

√
Gµ ∼ η/Mpl,

c.f. Eq. (162), GW from global string networks can probe earlier non-standard-cosmology
and larger energy scales with respect to GW from local strings.

G Impact of the cosmology on the loop size at for-

mation

G.1 Loop size as a fraction of the Hubble horizon

In this section, we discuss the validity of defining the loop-size at formation, li, as a
constant fraction α of the Hubble horizon size ti

Terminology I : li = α ti. (168)
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Nambu-Goto simulations [111] suggest α ' 0.1. In this first prescription, we neglect the
effects of a change of cosmology on α. The advantage of the second prescription presented
in Sec. G.2 is to account analytically for these effects.

The time derivative of the length of the loop at its formation is simply

dl

dt
= α + ΓGµ, (169)

which leads to the GW spectrum in Eq. (26). Outside the redshift factors, in this first
prescription the loop-production efficiency Ceff is the only parameter depending on the
cosmology in the GW spectrum formula.

G.2 Loop size as a fraction of long-string correlation length

Loops being formed by inter-commutation of long strings, the appropriate length scale
setting their size at formation should be the correlation length L of the long-string net-
work, and not the Hubble horizon size ti. Therefore, the loop-size at formation li in
Eq. (168) should be replaced by the more natural definition, pointed out first in [304]

Terminology II : li ≡ αL Li = αL ξ ti, (170)

where αL is the new constant loop-size parameter. The two definitions of the loop-size
parameter in Eq. (168) and Eq. (170) are related through

α = αL ξ. (171)

We assume that αL is a constant independent of the equation of state of the universe [23].
We set its value to αL = 0.37 in order to match α = 0.1 during radiation-domination.
Therefore, the dependence of li on the change of cosmology is directly tied to ξ.

The GW spectrum formula, c.f. Eq. (91), which depends on the time derivative of
the loop length at the production, c.f. Eq. (89)

dl

dt
= αL

d

dt
(ξt) + ΓGµ, (172)

becomes

Ω
(k)
GW(f) =

1

ρc

2k

f
(0.1) Γ(k)Gµ2

∫ t0

tosc

dt̃
c̃v̄(ti)

γαL

[
1

ξ(ti)ti

]4
[

1

αL
d
dt

(ξt) + ΓGµ

]

×
[
a(t̃)

a(t0)

]5 [
a(ti)

a(t̃)

]3

Θ(ti − tosc)Θ(ti −
l∗
α

), (173)

where ti is the root solution of

l(t) = αLξ(ti)ti − ΓGµ(t− ti). (174)
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Figure 34: Comparisons of GW spectra obtained from terminology I and II assuming (top-
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spectrum is rather mild.

terminology I
αI

terminology II
αII = αLξ

ΩGW,II

ΩGW,I
=
√

αII

αI

radiation 0.1 (0.37)(0.27) 1
matter 0.1 (0.37)(0.63) 1.53

kination 0.1 (0.37)(0.15) 0.75

Table 3: Values of loop-size parameter αI, αII ≡ ξt assuming radiation-, matter-, and kination-
scaling and ratios between their corresponding GW spectra. Note that the intermediate inflation-
ary scenario provides similar results to that of the matter case. The characteristic length scale ξ
is constant during the scaling regime, which makes the comparison between the two terminologies
possible.

G.3 Impact on the GW spectrum

In Fig. 34, we compare the impact of the two prescriptions for the loop-size at formation,
defined in Eq. (168) and Eq. (170), on the GW spectrum. We show GW spectra assuming
intermediate or long-lasting non-standard era, or standard cosmology with various initial
conditions of the cosmic-string network. The impact of the loop-size at formation on the
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spectrum mainly comes from the behavior ΩGW ∝
√
α, c.f. Eq. (44). Since the actual

long-string correlation scale ξ is longer/shorter in matter-/kination-dominated universe
respectively, terminology II leads to an enhancement/suppression of the spectrum. Table
3 displays values of α and expected ratios of amplitudes from two terminologies, for
different equations of state. Because of the technical difficulties in applying terminology
II and of the rather small impact of the spectrum, we restrict to terminology I throughout
this work, as used in Sec. 3.2.

H Sensitivity curves of GW detectors

H.1 The signal-to-noise ratio

The total output of a detector is given by the GW signal plus the noise, h(t)+n(t) where
the level of noise n(t) is measured by its noise spectral density Sn(f) [1].

〈ñ∗(f)ñ(f ′)〉 ≡ δ(f − f ′)Sn(f). (175)

We define the detector sensitivity Ωsens(f) as the magnitude of the SGWB energy density
which would mimick the noise spectral density Sn(f)

Ωsens(f) =
2π2

3H2
0

f 3 Sn(f). (176)

The capability of an interferometer to detect a SGWB of energy density ΩGW(f) after
an observation time T is measured by the signal-to-noise ratio (SNR) [305]

SNR =

√
T

∫ fmax

fmin

df

[
ΩGW(f)

Ωsens(f)

]2

. (177)

H.2 The power-law integrated sensitivity curve

Assuming a power law spectrum

ΩGW(f) = Ωβ

(
f

fref

)β
, (178)

with spectral index β, amplitude Ωβ and reference frequency fref , we deduce from Eq. (177)
the amplitude Ωβ needed to reach a given SNR after a given observation time T

Ωβ =
SNR√
T

∫ fmax

fmin

df

[
h2

h2Ωsens(f)

(
f

fref

)β]2
−1/2

, (179)

which upon re-injecting into Eq. (178) gives

h2ΩGW(f) = fβ
SNR√
T

(∫ fmax

fmin

df

[
fβ

h2Ωsens(f)

]2
)−1/2

. (180)
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For a given pair (SNR, T ), one obtains a series in β of power-law integrated curves.
One defines the power-law integrated sensitivity curve ΩPI(f) as the envelope of those
functions [306]

ΩPI(f) ≡ max
β

fβ SNR√
T

(∫ fmax

fmin

df

[
fβ

h2Ωsens(f)

]2
)−1/2

 . (181)

Any SGWB signal ΩGW(f) which lies above ΩPI(f) would gives a signal to noise ratio
> SNR after an observation time T .

H.3 Results

For the purpose of our study, we computed the power-law integrated sensitivity curve
ΩPI(f), starting from the noise spectral density in [108] for ET, [110] for CE and [106] for
BBO/DECIGO. For pulsar timing arrays EPTA, NANOGrav and SKA, we directly took
the sensitivity curves from [134]. The signal-to-noise ratio can be improved by using cross-
correlation between multiple detectors, e.g. LIGO-Hanford, LIGO-Livingston, VIRGO
but also KAGRA which may join the network at the end of run O3, which began on
the 1st of April 2019, or LIGO-India which may be operational for run O5 [307]. We
computed the SNR for LIGO from the expression [306]

SNR =

[
2T

∫ fmax

fmin

df
Γ2(f)S2

h(f)

S1
n(f)S2

n(f)

]1/2

, (182)

where S1
n and S2

n are the noise spectral densities of the detectors in Hanford and in
Livingston for the runs O2, O4 or O5 and Γ(f) is the overlap function between the two
LIGO detectors which we took from [308]. The GW power spectral density Sh(f) is
related to the GW energy density through

Sh(f) =
3H2

0

2π2

ΩGW(f)

f 3
. (183)

We fixed the signal-to-noise ratio SNR = 10 and the observational time T = 268 days
for LIGO O2, 1 year for LIGO O4 and O5, and 10 years for other sensitivity curves.

As this paper was completed, Ref. [309] appeared, where the sensitivity curves may
differ from us by a factor of order 1.
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