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Mixing in the Σ0–Λ0 system is a direct consequence of broken isospin symmetry and is a measure
of both isospin-symmetry breaking as well as general SU(3)-flavour symmetry breaking. In this
work we present a new scheme for calculating the extent of Σ0–Λ0 mixing using simulations in lattice
QCD+QED and perform several extrapolations that compare well with various past determinations.
Our scheme allows us to easily contrast the QCD-only mixing case with the full QCD+QED mixing.

I. INTRODUCTION

Our best theoretical understanding of the classification
and qualities of the low-lying hadron states comes from
the theory of SU(3)-flavour symmetry, first summarized
by the eight-fold way [1]. Since SU(3)-flavour is an ap-
proximate symmetry, broken by non-degeneracy in the
physical properties of the up, down and strange quarks,
it is often only a convenient starting point for precision
determinations of hadron properties.

The neutral Σ and Λ states of the spin-1/2 baryon
octet, as defined by SU(3)-flavour, differ only in isospin
(also denoted T-spin [2]) which is not an exact symmetry
in nature. Consequentially the physical particle states
that correspond to these octet baryons are actually mix-
tures of the idealised isospin-states. They are the only
two states in the baryon octet that have the same quark
content and charge and thus permit mixing under isospin-
breaking. The neutral members of the pseudoscalar me-
son nonet present an analogous system of mixing (see e.g.
[3, 4].

The amount of mixing that occurs in the physical sys-
tem depends on the degree of isospin-symmetry breaking,
as well as further SU(3)-flavour symmetry breaking by
the strange quark, and is driven by both the bare mass
parameters and the differences in the quark charges.

One approach in calculating the Σ0–Λ0 mixing, due to
Dalitz and Von Hippel (denoted DvH [5]), is based on re-
lationships between the electromagnetic mass-splittings
of octet baryons. This was derived by consideration of
an effective Lagrangian density exhibiting SU(3)-flavour
symmetry plus a perturbation which encodes bare quark
mass and QED effects [6], and uses experimental baryon
masses as inputs.

Our approach herein is to use simulations in lattice
QCD+QED to fit a parametrization of the Σ0–Λ0 mix-
ing angle, which we derive by considering the effects of

continuous variations in the quark mass and charge pa-
rameters around an SU(3)-symmetric point, and extrap-
olate to physical values of the quark masses and charges.
We find that the inclusion of QED effects in our deter-
mination gives us a result comparable to that of DvH,
which is the only other determination to explicitly in-
clude electromagnetic effects.

Further, when QED is ignored we show that our new
extrapolation scheme gives good agreement with previ-
ous QCD-only calculations of the mixing, using chiral
perturbation theory (χPT) [7, 8] and lattice QCD (no
QED [9, 10]), and gives a magnitude of about half of that
found by DvH or this work when QED is incorporated.

In Section II we introduce the practical structure for
probing Σ0–Λ0 using lattice QCD+QED and derive a
parametrization for use in extrapolating our lattice re-
sults to the physical point (physical quark masses and
QED-coupling). We give details of the lattice simulation
parameters used in Section III before performing the ex-
trapolation and presenting our results in Section IV, and
we also observe some traits of the mixing in the cases of
QCD-only and QCD+QED and contrast these cases. We
conclude this work in Section V.

II. SIGMA-LAMBDA MIXING ON THE
LATTICE

Hadrons are studied on the lattice by calculation of
correlation functions made from operators which are con-
structed to represent particular hadrons by incorporating
their flavour content, symmetries and quantum numbers.
The canonical way of doing this is to write down the oper-
ators for a particular hadron using the full SU(3)-flavour
symmetry with definite isospin, since we know isospin to
be a very good approximate symmetry in reality.

In this study we wish to explore other SU(2) symme-
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tries in addition to isospin and hence, to begin with, we
do not appeal to the quark flavours up, down and strange,
and instead use placeholders a, b and c.

A. Standard interpolating operators

Following the notation introduced in [9], we employ
standard Euclidean-space interpolating operators for the
SU(3) Σ0 and Λ0 octet baryons with flavour content
a, b, c,

BΣ(abc),α(x) =
1√
2
εlmn

(
blα(x)

[
am(x)>Cγ5c

n(x)
]

+ alα(x)
[
bm(x)>Cγ5c

n(x)
] )
, (1)

and

BΛ(abc),α(x) =
1√
6
εlmn

(
2clα(x)

[
am(x)>Cγ5b

n(x)
]

+ blα(x)
[
am(x)>Cγ5c

n(x)
]

−alα(x)
[
bm(x)>Cγ5c

n(x)
] )
,(2)

where C = γ2γ4, the superscript > denotes a transpose in
Dirac space, l, m and n are colour indices and α a Dirac
index. These interpolating operators are constructed to
create states with definite iso-, U- or V-spin (see [11])
symmetry depending on the choice of Cartan subalgebra
[12] used in constructing the octet representation. The
Σ0 is symmetric in the flavours a and b (which define the
SU(2) subalgebra) whilst the Λ0 is anti-symmetric; this
ensures that the Σ0 and Λ0 states are orthogonal when
the a and b quarks are degenerate. From these operators
we construct the matrix of correlation functions

Cij(t) =
1

Vs
TrDΓunpol

〈∑
~y

∑
~x

Bi(~y, t)B̄j(~x, 0)

〉
,

for 0� t� T/2, i, j = Σ(abc),Λ(abc), (3)

where Γunpol = (1+γ4)/2, Vs is the spatial lattice volume
and T is the full temporal extent of the lattice. The
correlation matrix is Hermitian and its diagonalization
can hence be described by a single parameter which we
call the mixing angle, θΣΛ.

The labeling of the three distinct quark flavours (abc)
in the above agrees with the notation used in previous
works [9], but for the purpose of this work it will some-
times be advantageous to promote these labels to an ex-
plicit functional dependence of the correlation matrix el-
ements on the quark masses and charges:

Cij(t) −→ Cij(t,ma,mb,mc, ea, eb, ec)

or Cij(t, ~mabc, ~eabc), i, j = Σ,Λ, (4)

where ~mabc = (ma,mb,mc) is used for brevity and similar
for the quark electric charges. Note that the ordering of
the labels, or explicit dependencies, is important, since
the Σ0 operator for example has a symmetry in the first
two quark flavours, a and b in this case. In our notation
this is indicated by the ordering of the labels.

B. Extrapolation scheme

When we have degeneracy in the first two (distinct)
quarks (i.e. degenerate masses and charges, and hence
numerically identical propagators), by symmetry the cor-
relation matrix is diagonal. Furthermore if the third
quark is also degenerate (SU(3) symmetry), the correla-
tion matrix is proportional to the identity. In general, the
diagonal elements of the correlation matrix are symmet-
ric under an interchange of the first two quarks, whilst
the off-diagonal elements are anti-symmetric.

For the case of a degeneracy between either the first
and third or second and third quarks (these cases are
simply related by the symmetry of the correlation matrix
under interchange of the first two quarks) we find by
explicit manipulations of the correlation functions that
we are able to write

CΣ(aba′)Σ(aba′) =

(
3CΛ(aa′b)Λ(aa′b) + CΣ(aa′b)Σ(aa′b)

)
4

(5)

CΛ(aba′)Λ(aba′) =

(
3CΣ(aa′b)Σ(aa′b) + CΛ(aa′b)Λ(aa′b)

)
4

(6)

CΣ(aba′)Λ(aba′) =

√
3

4

(
CΛ(aa′b)Λ(aa′b) −
CΣ(aa′b)Σ(aa′b)

)
. (7)

We have primed the second quark label a to indicate
that its flavour is distinct even though it is degenerate
in terms of mass and charge, while the time dependence
is left implicit. All correlation function relations in this
subsection are assumed to be at equal times.

The relations given in equations 5–7 can also be sum-
marised as[
CΣ(aba′)Σ(aba′) CΣ(aba′)Λ(aba′)

CΛ(aba′)Σ(aba′) CΛ(aba′)Λ(aba′)

]
= U [Ci(aa′b)j(aa′b)]U

T ,

(8)

where the matrix U is given by

U =

[
1
2

√
3

2
−
√

3
2

1
2

]
. (9)

These relations can also be reversed to write

CΛ(aa′b)Λ(aa′b) =

(
3CΣ(aba′)Σ(aba′) − CΛ(aba′)Λ(aba′)

)
2

,

(10)

CΣ(aa′b)Σ(aa′b) =

(
3CΛ(aba′)Λ(aba′) − CΣ(aba′)Σ(aba′)

)
2

.

(11)
If for example we associate the degenerate a and a′

quarks with the up (down) quarks, and the b-quark with
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the strange, then equations 5–7 give the U-spin (V-spin)
correlators in terms of the isospin correlators.

In order to construct an SU(3)-flavour breaking expan-
sion in terms of quark masses and charges, we begin by
supposing that we have three distinct quark flavours with
no electric charge and degenerate mass m0. We then give
the quarks small charges, εQi, proportional to the uds
physical charges, Qi, but scaled by the small parameter
ε (so as to keep their ratios physical). Since the down
and strange quarks are still degenerate (same charge), if
we take the ordering of isospin (uds here, however dus
is also isospin), the first order Taylor expansion in the
quark charge parameter gives

C(~muds,0, ε ~Quds) = C(~muds,0, 0) +
S

2

[
1 0

0 1

]
ε

+
DQED

4

[
−1
√

3√
3 1

]
ε, (12)

where ~muds,0 = (m0,m0,m0) and

S =

(
∂CΣΣ(~mdsu,0, ε ~Qdsu)

∂ε
+
∂CΛΛ(~mdsu,0, ε ~Qdsu)

∂ε

)∣∣∣
ε=0

(13)

DQED =

(
∂CΣΣ(~mdsu,0, ε ~Qdsu)

∂ε
−

∂CΛΛ(~mdsu,0, ε ~Qdsu)

∂ε

)∣∣∣
ε=0

.(14)

This form follows from realizing that with constant and
equal mass parameters for the three quarks, the correla-
tion matrix elements obey the relations in equations 5–7
for all values of ε, and hence the first derivatives of each
isospin element can be written in terms of the diagonal
U-spin elements.

Since the term C(mi,0, 0) is proportional to the iden-
tity and has no effect on the eigenvectors, we make the
definition

C(~muds,0, 0) +
S

2

[
1 0

0 1

]
ε ≡ AI2, (15)

and also absorb a factor of ε into DQED: DQED →
εDQED. We have now, to first order, described the break-
ing of SU(3) symmetry down to SU(2) U-spin symmetry
in the Σ0–Λ0 correlation matrix by introducing electro-
magnetism. Next we seek to break the remaining SU(2)
symmetry by expanding the correlation matrix in powers
of δmi = mi−m0, the deviations in the masses from the
SU(3) symmetric point (QED aside) where all 3 flavours
of quark have mass mi = m0. To do this we make use of
equations 5–7 to notice that, for example

∂Cij(~muds, 0)

∂md

∣∣∣
(~muds,0)

= Uik
∂Ckl(~muds, 0)

∂ms

∣∣∣
(~muds,0)

UTlj ,

(16)

for the matrix U from equation 9. We find that if we
also enforce the constraint that the average quark mass
is held fixed as we move away from the SU(3) symmetric
point [13]

m̄ ≡ 1

3
(mu +md +ms) = m0 (17)

⇒ δmu + δmd + δms = 0 (18)

for δmi = mi − m̄, (19)

then the first order expansion in the masses reduces to
(see Appendix for a more detailed calculation)

C(~muds, ε ~Quds) = AI2 +
DQED

4

[
−1
√

3√
3 1

]
+

DQCD

4

[
−3(δmu + δmd)

√
3(δmu − δmd)√

3(δmu − δmd) 3(δmu + δmd)

]
, (20)

where

DQCD =

(
∂CΣΣ(~muds, 0)

∂ms
− ∂CΛΛ(~muds, 0)

∂ms

)∣∣∣
~muds,0

.

(21)

This first order expression is diagonalized to yield

tan 2θΣΛ,isospin = −
√

3

(
DQCD(δmu − δmd) +DQED

3DQCD(δmu + δmd) +DQED

)
.

(22)
Repeating this process with the starting point of U- and
V-spin correlation matrices gives

tan 2θΣΛ,V-spin =
√

3

(
DQCD(δmu − δms) +DQED

3DQCD(δmu + δms) +DQED

)
,

(23)

tan 2θΣΛ,U-spin =

√
3DQCD(δmd − δms)

3DQCD(δmd + δms) + 4DU-spin
QED

,

(24)
where DU-spin

QED parallels DQED but with derivatives of cor-
relation functions of definite isospin instead of U-spin.

Notice that if we set DQED = 0, the parameter DQCD
cancels and the isospin expression reduces to exactly that
presented in leading-order χPT [8], as well as the leading-
order term presented in our previous work [9] based on a
more group-theoretic approach. It is interesting to note
that the method used in [9] was to diagonalize the octet
mass matrix to find the mixing angle before expanding
the Σ0/Λ0 masses in terms of quark masses, whilst we
have herein expanded the correlation matrix in terms of
quark masses and then diagonalized.
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At this point it is necessary for us to recall that our
parameters Di still carry an implicit time dependence,
and unlike in the QCD-only limit, for full QCD+QED our
mixing angle depends explicitly on these parameters. We
can take the usual route of diagonalizing at large times in
our lattice simulations where the ground state dominates
the signal. As we will see in the results of Section IV, the
time-dependence of the mixing angle appears to be much
weaker than that of the effective masses of the baryons
themselves.

C. Running quark masses

Since we are operating with QED, we must also con-
sider that variation in the input bare quark masses will
no longer result in the same mass differences for quarks
of different charges, due to renormalization. This leads
us to include one further parameter in our fit function,
which comes from taking

δmu+δmd+δms = 0→ 1

Z2/3
δmu+

1

Z−1/3
(δmd+δms) = 0,

(25)
where the Zi factors correct for the running of the masses
due to QED, specifically to account for the resultant dif-
ference in the u and d/s quark propagators from an equal
change in their respective quark mass parameters, anal-
ogous to the Dashen scheme presented in [14].

Upon updating our fit functions and making the defi-
nitions

DQED → Z2/3DQED and Z ≡ Z2/3

Z−1/3
, (26)

we are left with

tan 2θΣΛ,isospin =
√

3

(
(δmu − Zδmd) +DQED/DQCD

3(δmu + Zδmd) +DQED/DQCD

)
,

(27)
and similar for V-spin, whilst for U-spin no extra factor is
needed explicitly, although in keeping with the formalism
a factor Z−1/3 can be thought to have been absorbed by
DU-spin

QED .
In practice, the mixing angle can be determined on

the lattice by numerical diagonalization of the correlation
matrix. By performing calculations at a range of quark
mass parameters and constant electric charge parameters
we are able to fit the parameters DQED/DQCD and Z.
Assuming the functional form of equation 27 we are able
to use these parameters to extrapolate to the physical
point - the details for which will be given in the following
sections.

Finally, considering terms beyond leading order, we
can incorporate some higher order terms by replacing

DQED →
[ ∞∑
n=0

1

(n+ 1)!

(
ε
∂

∂ε

)n]
DQED, (28)

and absorbing all higher-order QED terms (however not
mixed QED-QCD terms) into the existing parameter
without changing our established functional form. This
is possible because we do not wish to vary ε in our extrap-
olation to the physical point, and the correlation matrix
exhibits U-spin symmetry for all values of ε. We can
therefore think of our parametrisation as including all
orders of pure-QED terms automatically, in theory. In
practice however, as will be discussed in Section IV, we
scale our QED parameter linearly to match the physical
electromagnetic coupling and hence negate the inclusion
of these higher-order terms in the present study.

We have found that at second order in the quark
masses two additional parameters must appear in the
correlation matrix expansion, and further parameters for
mixed QCD-QED terms. Given the relatively few num-
ber of lattice ensembles available in the current analysis
we therefore forgo inclusion of higher order QCD terms.

III. LATTICE SCHEME

We extract the Σ0–Λ0 mixing angles from a combina-
tion of 243× 48 and 483× 96, Nf = 1 + 1 + 1, dynamical
QCD+QED lattice simulations around the U-spin sym-
metric point (approximate SU(3)-symmetric point) de-
fined in [14]. The gauge actions used are the tree-level
Symanzik improved SU(3) gauge action and the noncom-
pact U(1) QED gauge action (further details in [14, 15]).
The fermions are described by an O(a)-improved stout
link non-perturbative clover (SLiNC) action [16]. The
couplings used and lattice spacing are

βQCD = 5.5, βQED = 0.8, a−1/GeV = 2.91(3), (29)

which gives a QED coupling αQED ' 0.1, roughly 10×
larger than the physical value.

We presently neglect electromagnetic modifications to
the clover term. This will leave us with corrections
of O(αQEDe

2a), which turn out to be no larger than
the O(a2) corrections from QCD (see [17] for numeri-
cal evidence of this). Adding an electromagnetic clover
term with cem = 1 would leave us with corrections of
O(αQEDe

2g2a) (to this order in αQED ), which is not a
significant improvement, if at all. Furthermore, since the
current manuscript is concerned with isospin-breaking
effects, these discretisation effects will be further sup-
pressed by a power ofmd−mu for QCD effects and e2

u−e2
d

for QED effects.
The lattice ensembles used for this study have been se-

lected to focus on the region near an approximate SU(3)-
flavour symmetry. Given the difference in charges, this
symmetry cannot be exact, and our approach is to tune
the neutral (connected) pseudoscalar mesons to be de-
generate (see [14]). Starting from this point, the approx-
imate symmetry is further broken along a trajectory that
leaves no residual invariant (or approximate invariant)
SU(2) subgroup. In particular, we introduce a break-
ing mu − ms, while holding fixed both md and the av-
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Lattice Ensembles
volume κu, κd, κs (sea) κu, κd, κs (valence) θΣΛ,isospin Muū (MeV)
243 × 48 0.124362 0.121713 0.121713 0.124362 0.121713 0.121713 -30◦ (theory) 442(9)
243 × 48 0.124374 0.121713 0.121701 0.124374 0.121713 0.121701 -21.8(1.1)◦ 423(9)

0.124387 0.121713 0.121689 -19.5(1.2)◦ 423(10)
0.124400 0.121740 0.121649 -6(1)◦ 378(28)

243 × 48 0.124400 0.121713 0.121677 0.124400 0.121713 0.121677 -17.8(7)◦ 405(8)
0.124420 0.121713 0.121657 -16.7(7)◦ 387(8)
0.124430 0.121760 0.121601 -4.8(7)◦ 377(8)

483 × 96 0.124508 0.121821 0.121466 0.124508 0.121821 0.121466 -3.5(4)◦ 284(4)
0.124400 0.121713 0.121677 -18.5(9)◦ 389(5)

TABLE I. Volumes, κ-values used in the generation of the lattice configurations, valence κ-values used in the calculation of the
correlators on their respective backgrounds and the fitted isospin mixing angles. Physical electric charges were associated with
the κ’s for each flavour of quark (although the coupling is non-physical; see Section IV) and we also present the lightest neutral
flavour-singlet meson Muū on each ensemble for reference. The mixing angle result for the first ensemble follows theoretically
from equations 5–7.

erage quark mass. In this way we preserve the physical
mass hierarchy, mu < md < ms. To further improve the
constraint on our expansion parameters we also consider
partially-quenched (PQ) propagators, where the valence
masses are allowed to vary independently of the simu-
lated sea quarks. The simulation parameters used in this
study are listed in Table I.

IV. RESULTS

From the expressions presented in equations 22–24, in
the absence of QED, it is clear that the mixing angle
depends only on the relative quark mass splitting at first
order,

tan 2θΣΛ,isospin,QCD-only =
δmd − δmu√
3(δmu + δmd)

, (30)

provided that the average quark mass m̄ is held constant.
As a consequence, given a set of quark mass parameters,
we can directly predict the QCD-only mixing angle.

In a recent QCD-only lattice study of the Σ0–Λ0 mix-
ing [9], the quark masses at the physical point were de-
termined to be

aδmu = −0.01140(3), aδmd = −0.01067(3), (31)

giving

⇒ θΣΛ,isospin,QCD-only = −0.55(3)◦. (32)

Note that we are using a sign convention that followed
from our choice of ordering for isospin (uds vs. dus) as
well as the ordering of the Σ0 and Λ0 along the diagonal
of the correlation matrix, and differs from that used in
[9].

We also note that using the mass ratios of the latest
FLAG review [18], the QCD-only mixing angle is pre-
dicted to be θΣΛ,isospin,QCD-only = −0.65(3)◦.

In the present work we directly determine the lattice
mixing angle for each of the QCD+QED ensembles listed
in Table I. This is done by calculating all four elements
of the Σ0–Λ0 correlation matrix (equation 3) on an en-
semble, for each site in the time dimension of the lattice,
and numerically diagonalizing the matrix C(t). A con-
stant is fitted to the observed plateau region. We perform
this direct diagonalization in favour of the more typical
generalized eigenvalue problem (GEVP, first introduced
in [19]) as it is more consistent with our extrapolation
formalism, and the advantages of the GEVP are in ex-
tracting eigenvalues of C(t), whilst we are herein only
interested in the eigenvectors.

Upon including QED, the resulting mixing angles are
displayed in Table I. These results are used to fit equa-
tion 27.

It is a feature of our method for determining the mixing
angle that we avoid fitting effective masses and instead fit
the mixing angle directly. As it can be seen in Fig. 1, the
signal quality and ability to resolve the T-, U- and V-spin
signals is much greater for the mixing angle, since it gen-
erally exhibits a much weaker time-dependence than the
effective masses of the baryons themselves. Theoretically,
we have shown that when QED is absent there is no time
dependence in the mixing angle at first order, whilst this
is no longer true for QCD+QED mixing, but as the QCD
contribution to the mixing angle is much larger than the
contribution of QED for most of our mass splittings, the
mixing angle appears roughly time-independent.

We have performed mixing angle calculations at two
additional partially quenched points with the up, down
and strange quark electric-charges set to zero which are
presented in Fig. 2, where we see our first-order predic-
tion of time-independence of the QCD-only mixing angle
(for constant m̄) to be manifest.

In Fig. 3 we show a comparison of the QCD-only and
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Fi t  P a r a m e t e r s

p a r a m e t e r D Q E D / D Q C D Z

c e nt r al v al u e − 3 .8 ( 7 ) × 1 0 − 5 0 .9 6 ( 4 )

T A B L E I I.  T h e b e s t- fi t p a r a m e t e r v al u e s ( χ 2 / D O F = 0 .8 4 )
f r o m t h e fi t of t h e  Q C D + Q E D i s o s pi n  mi xi n g a n gl e s  wi t h
D Q E D s c al e d t o t h e p h y si c al  E M c o u pli n g.  T h e c o r r el a ti o n
c o e ffi ci e nt f o r t h e t w o p a r a m e t e r s i s − 0 .4 5 .

Q C D + Q E D  mi xi n g a n gl e fit-f u n cti o n s ( e q u ati o n s 2 2 – 2 4
wit h D Q E D ≡ 0 f o r  Q C D- o nl y  mi xi n g) f or l atti c e si m u-
l ati o n s  wit h δ m d = 0 , f o r  w hi c h t h e  Q C D- o nl y  mi xi n g
a n gl e f u n cti o n i s c o n st a nt. I n a d diti o n t o t h e r el e v a nt
p oi nt s fr o m  T a bl e I,  w e h a v e i n cl u d e d t h e t w o n e utr al
p arti all y q u e n c h e d di a g o n ali z ati o n s of  Fi g. 2,  w hi c h c a n
b e s e e n t o a gr e e  w ell  wit h t h e t h e or eti c al pr e di cti o n of
Q C D- o nl y  mi xi n g.

It c a n b e s e e n i n  Fi g. 3 a n d fr o m o ur e q u ati o n s 2 2 – 2 4
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FI G. 1.  A n e x a m pl e of t h e  mi xi n g a n gl e f r o m di a g o n ali z a ti o n
a n d c o r r e s p o n di n g e ff e c ti v e  m a s s, i n t hi s c a s e o n t h e l a r g e s t-
v ol u m e l a t ti c e u s e d ( u ni t a r y ).  T h e e ff e c ti v e  m a s s s h o w s t h e
Σ 0 – Σ 0 c o m p o n e nt of t h e c o r r el a ti o n  m a t ri x f o r e a c h S U ( 2 )-
s u b g r o u p  wi t h a sli g ht o ff s e t i n ti m e a p pli e d f o r cl a ri t y.

t h at i n t h e a b s e n c e of  Q E D ( D Q E D → 0 ), t h e di ff er e n c e s
b et w e e n a n y t w o of t h e  mi xi n g a n gl e s i s a c o n st a nt ( m a g-
nit u d e π / 3 or π / 6 ),  w hil st  wit h  Q E D i n st at e d, o nl y t h e
i s o s pi n- V di ff er e n c e r e m ai n s c o n st a nt.  T hi s i s b e c a u s e
t h e i s o s pi n a n d  V- s pi n d o u bl et s h a v e t h e s a m e c o m bi-
n ati o n of c h ar g e s.  A n ot h er f e at ur e of  Fi g. 3 i s t h at a s
w e  m o v e t o t h e l eft, a n d t h e S U( 3)- fl a v o ur s y m m etr y b e-
c o m e s  m or e br o k e n, t h e  mi xi n g a n gl e f or  Q C D + Q E D i s
a s y m pt oti n g t o t h at of  Q C D- o nl y,  w hi c h i s a r e s ult of t h e
b ar e q u ar k  m a s s di ff er e n c e s b e c o mi n g d o mi n a nt i n t h eir
mi xi n g c o ntri b uti o n o v er t h e el e ctri c c h ar g e di ff er e n c e s
( w hi c h d o n ot c h a n g e).

A s c a n b e o b s er v e d fr o m  T a bl e I,  w e h a v e d et er mi n e d
t h e  mi xi n g a n gl e o n b ot h 2 4 3 × 4 8 a n d 4 8 3 × 9 6 v ol u m e s.
T h e  mi xi n g a n gl e s o n t h e l ar g er v ol u m e ar e c o n si st e nt
wit h t h e 2 4 3 × 4 8 r e s ult a n d h e n c e  w e d o n ot att e m pt
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FI G. 2.  T hi s fi g u r e s h o w s t h e  T-,  U- a n d  V- s pi n  mi xi n g
a n gl e s f o r t h e t w o  P Q c al c ul a ti o n s  w e p e rf o r m e d  wi t h t h e
c o n s ti t u e nt q u a r k c h a r g e s s e t t o z e r o.  T h e t o p pl o t h a s
( κ u , κd , κs )  = ( 0 .1 2 0 9 2 , 0 .1 2 0 9 , 0 .1 2 0 8 8 ) a n d t h e b o t t o m pl o t
h a s ( κ u , κd , κs ) = ( 0 .1 2 0 9 4 , 0 .1 2 0 9 , 0 .1 2 0 8 6 ) .  T h e  Q C D- o nl y
mi xi n g a n gl e f o r m ul a  w e h a v e d e ri v e d p r e di c t s t h a t t h e  mi x-
i n g a n gl e s b e ti m e-i n d e p e n d e nt a t fi r s t o r d e r  w h e n  Q E D i s
a b s e nt.
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FI G. 3.  T hi s pl o t s h o w s o u r si m ul a ti o n r e s ul t s f o r t h e  mi xi n g a n gl e s a t t h e q u a r k κ v al u e s  wi t h δ m d = 0 . I n t hi s s c e n a ri o
t h e  Q C D- o nl y  mi xi n g a n gl e i s a c o n s t a nt ( d o t t e d li n e s ) a n d  w e c a n s e e t h e  Q E D-i n cl u si v e  mi xi n g a n gl e a s y m p t o ti n g t o t h a t
of o nl y  Q C D a s t h e  T,  U o r  V- s pi n s y m m e t r y b e c o m e s  m o r e b r o k e n b y t h e  m a s s p a r a m e t e r s.  T h e s q u a r e s a r e  mi xi n g r e s ul t s
f r o m  P Q c al c ul a ti o n s p e rf o r m e d  wi t h all c h a r g e s s e t t o z e r o t o a p p r o xi m a t e t h e  Q C D- o nl y s c e n a ri o  w hil s t t h e ci r cl e s a r e  P Q
wi t h p h y si c al c h a r g e s ( u n p h y si c al c o u pli n g; s e e S e c ti o n I I I ) a n d t h e c r o s s e s a r e u ni t a r y.

t o c o r r e ct f or fi nit e v ol u m e e ff e ct s i n t hi s  w or k.  We h a v e
i n v e sti g at e d t h e r e s ult s of e x cl u di n g t h e 4 8 3 × 9 6 r e s ult
fr o m o ur fit s b ut gi v e n t h e s m all n u m b er of t ot al si m u-
l ati o n s, it h a s pr o v e n t o r e d u c e t h e u n c ert ai nt y b y a b o ut
2 5 % t o i n cl u d e it, d e s pit e t h e p o s si bilit y of fi nit e- v ol u m e
di ff er e n c e s.

T o e xtr a p ol at e o ur r e s ult t o t h e p h y si c al p oi nt,  w e u s e
t h e p h y si c al q u ar k  m a s s p ar a m et er s d et er mi n e d i n [ 1 4],

a δ m u = − 0 .0 0 8 3 4( 8) , a δ md = − 0 .0 0 7 7 6( 7) ,

a n d

a δ m u = − 0 .0 0 7 9 1( 4) , a δ md = − 0 .0 0 7 4 0( 4) ,

u si n g 3 2 3 × 6 4 a n d 4 8 3 × 9 6 v ol u m e l atti c e s r e s p e cti v el y.
N o 2 4 3 × 4 8 p h y si c al p oi nt i s a v ail a bl e, h o w e v er o ur  mi x-
i n g a n gl e s s e e m c o n si st e nt b et w e e n 2 4 3 × 4 8 a n d 4 8 3 × 9 6
v ol u m e s  wit hi n u n c ert ai nt y, a n d it i s i nt er e sti n g t o o b-
s er v e t h e v ari ati o n i n t h e r e s ult d u e t o s y st e m ati c dif-

f er e n c e s.  U si n g t h e b e st fit p ar a m et er s di s pl a y e d i n  T a-
bl e II,  w h er e t h e p ar a m et er D Q E D h a s b e e n s c al e d d o w n
b y t h e pr o p orti o n alit y f a ct or α Q E D / α Q E D = 0 .0 7 3 3 8 t h at
r el at e s o ur si m ul at e d  E M c o u pli n g α Q E D t o t h at of t h e
r e al  w orl d, α Q E D ,  w e fi n d

θ Σ Λ ,i s o s pi n|Q C D + Q E D = − 1 .0 0( 3 2) ◦ ,

a n d

θ Σ Λ ,i s o s pi n|Q C D + Q E D = − 0 .9 6( 3 1) ◦ ,

f o r t h e p h y si c al q u ar k  m a s s e s d et er mi n e d o n 3 2 3 × 6 4 a n d
4 8 3 × 9 6 v ol u m e s r e s p e cti v el y.  T h e s e fir st- or d er r e s ult s
c o m p ar e  w ell  wit h t h e  wi d el y u s e d  D v H f or m ul a r e s ult
[ 5, 2 0], − 0 .8 6( 6) ◦ ,  w hi c h al s o i n c or p or at e s  Q E D e ff e ct s
i m pli citl y, i n t h e s e n s e t h at it c a n n ot s e p ar at e  Q C D fr o m
Q E D e ff e ct s o n t h e  mi xi n g a n gl e.

W hil st a dir e ct c o n fir m ati o n of t h e v ali dit y of t h e
a s s u m e d li n e ar-i n- α Q E D s c ali n g of t h e  Q E D p ar a m et er
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has not yet been performed, it was shown in [16] that
1/κcq, 1/κ̄q and the bare quark mass at the symmetric
point, 1/2κ̄q − 1/2κcq, all displayed linear behaviour with
scaling of the quark charge squared.

We note that our renormalization parameter Z is con-
sistent with that presented in [14] of 0.93 using the
Dashen scheme, which is defined by the running of con-
nected neutral psuedoscalar meson masses. As was found
in [9], the magnitude of the NLO QCD term was roughly
one third that of the LO QCD term, and hence we
approximate the contributions from higher order QCD
terms as a systematic uncertainty of 20%. The effects of
higher-order QED terms remains to be investigated.

V. CONCLUSION

In this work we have used the symmetry properties
of the pure baryon-octet wavefunctions (and hence, in-
terpolating operators) to simplify an expansion in QCD
and QED parameters about the SU(3)-symmetric point,
and consequently derived a scheme for extrapolating the
Σ0–Λ0 mixing angle to the physical point along a path
where the average quark mass is held constant.

We have observed that our extrapolation scheme ac-
commodates past determinations of the mixing angle
in the cases of both QCD-only mixing and physical
QCD+QED mixing, and offers new insight into the in-
terplay between QCD and QED effects on the mixing.
We find that the QED contribution to the mixing angle
at first order is of comparable magnitude to that of the
quark mass differences and acts to effectively double the

mixing.
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Appendix:

We present here a more detailed derivation of the QCD
term in equation 20 and note that the QED term is de-
rived in an analogous manner. The starting point is the
Taylor expansion in quark masses about the nominated
SU(3)-symmetric point, mi = m̄. In the following we will
ignore the correlation matrix dependence on the electric
charges of the quarks, since they are identically set to
zero throughout. We find, dropping O(δm2) terms,

Cij(~muds) ' Cij(~muds,0) +

(
∂Cij(~muds)

∂mu

∣∣∣
~muds,0

)
δmu +

(
∂Cij(~muds)

∂md

∣∣∣
~muds,0

)
δmd +

(
∂Cij(~muds)

∂ms

∣∣∣
~muds,0

)
δms

= Cij(~muds,0) +

(
UTik

∂Ckl(~muds)

∂ms

∣∣∣
~muds,0

Ulj

)
δmu +

(
Uik

∂Ckl(~muds)

∂ms

∣∣∣
~muds,0

UTlj

)
δmd +

(
∂Cij(~muds)

∂ms

∣∣∣
~muds,0

)
δms,

or written as a matrix equation,

[
CΣΣ(~muds,0) + 3

4
∂CΛΛ(~muds)

∂ms

∣∣∣
~muds,0

(δmu + δmd) + ∂CΣΣ(~muds)
∂ms

∣∣∣
~muds,0

(
1
4δmu + 1

4δmd + δms

)
√

3
4

(
∂CΣΣ(~muds)

∂ms
− ∂CΛΛ(~muds)

∂ms

) ∣∣∣
~muds,0

(δmu − δmd)
· · ·

· · ·

√
3

4

(
∂CΣΣ(~muds)

∂ms
− ∂CΛΛ(~muds)

∂ms

) ∣∣∣
~muds,0

(δmu − δmd)

CΣΣ(~muds,0) + 3
4
∂CΣΣ(~muds)

∂ms

∣∣∣
~muds,0

(δmu + δmd) + ∂CΛΛ(~muds)
∂ms

∣∣∣
~muds,0

(
1
4δmu + 1

4δmd + δms

)],
and this, upon making the constant-m̄ substitution δms = −δmu − δmd, reduces to
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C(~muds) ' C(~muds,0) +
1

4

[
−3(δmu + δmd)

√
3(δmu − δmd)√

3(δmu − δmd) 3(δmu + δmd)

](
∂CΣΣ(~muds)

∂ms
− ∂CΛΛ(~muds)

∂ms

) ∣∣∣
~muds,0

,

and we can now see the connection to equation 20, with
the term in parentheses being the previously defined
DQCD. The above expression can be directly diagonal-
ized to yield the QCD-only mixing formula familiar from

χPT (for constant-m̄) and the matching first order term
presented in [9]. Furthermore we can make the connec-
tion to our previous work that for the expansion parame-
ter A2 in [9], at large times we must haveDQCD(t) = 2A2.
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