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.ukAbstra
tThe produ
tion of W bosons at large transverse momentum in p�p 
ollisions is studied.The next-to-leading order 
ross se
tion in this region is dominated by threshold soft-gluon
orre
tions. The transverse momentum distribution of the W at the Tevatron is modestlyenhan
ed when next-to-next-to-leading-order soft-gluon 
orre
tions are added, and thedependen
e on the fa
torization and renormalization s
ales is signi�
antly redu
ed.
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1 Introdu
tionW boson hadroprodu
tion is a pro
ess of importan
e in testing the Standard Model and in es-timates of ba
kgrounds to new physi
s, su
h as asso
iated Higgs boson produ
tion at the Teva-tron. In Refs. [1, 2℄ the 
omplete next-to-leading-order (NLO) 
ross se
tion for W hadropro-du
tion at large transverse momentum was �rst 
al
ulated. The NLO 
orre
tions 
ontributean enhan
ement of the di�erential distributions in transverse momentum QT of the W bo-son and 
onsiderably stabilize the dependen
e of the 
ross se
tion on the fa
torization andrenormalization s
ales.W boson produ
tion at the Tevatron re
eives important 
ontributions from the near-thresholdkinemati
al region. The 
al
ulation of hard-s
attering 
ross se
tions near partoni
 thresholdinvolves 
orre
tions from the emission of soft gluons from the partons in the pro
ess. At ea
horder in perturbation theory there are large logarithms arising from in
omplete 
an
ellationsnear partoni
 threshold between graphs with real emission and virtual graphs due to the limitedphase spa
e available for real gluon emission. These threshold 
orre
tions exponentiate as aresult of the fa
torization properties [3, 4, 5, 6℄ of the 
ross se
tion and have been su

essfullyresummed for a large number of pro
esses [7℄.In Ref. [8℄ the resummation of threshold logarithms for W boson hadroprodu
tion at largetransverse momentum was �rst studied, and the expansion of the resummed 
ross se
tion atnext-to-next-to-leading order (NNLO) and next-to-next-to-leading logarithmi
 (NNLL) a

u-ra
y was presented. Following Ref. [9℄, the a

ura
y of the theoreti
al predi
tion was in
reasedin Ref. [10℄ to in
lude next-to-next-to-next-to-leading logarithms (NNNLL) and phenomenolog-i
al studies for W produ
tion at the Tevatron were also presented. We note that the theoreti
aland numeri
al results are similar to those found for dire
t photon produ
tion [11℄.2 Theoreti
al resultsFor the pro
ess hA(PA) + hB(PB) �!W (Q) +X; we 
an write:EQ d�hAhB!W (Q)+Xd3Q = Xf Z dx1 dx2 �fa=hA(x1; �2F ) �fb=hB(x2; �2F )�EQ d�̂fafb!W (Q)+Xd3Q (s; t; u;Q; �F ; �s(�2R)) ;where EQ = Q0, �f=h are the parton distributions, �̂ is the parton-level 
ross se
tion, �F isthe fa
torization s
ale, �R is the renormalization s
ale, and s; t; u are parton-level kinemati
alinvariants. The lowest-order parton level subpro
esses are q(pa) + g(pb) �! W (Q) + q(p
) andq(pa) + �q(pb) �! W (Q) + g(p
). The variable s2 = (pa + pb � Q)2 is de�ned as the invariantmass of the system re
oiling against the W at the parton level. It parametrizes the inelasti
ityof the parton s
attering, being zero for one{parton produ
tion.For the n-th order 
orre
tions in the strong 
oupling �s, the partoni
 
ross se
tion �̂ in
ludesdistributions with respe
t to s2 of the type [lnm(s2=Q2T )=s2℄+, with m � 2n � 1. Leadinglogarithms (LL) are those withm = 2n�1, next{to{leading logarithms (NLL) withm = 2n�2,2



next{to{next{to{leading logarithms (NNLL) with m = 2n � 3, and next{to{next{to{next{to{leading logarithms (NNNLL) with m = 2n � 4.The NLO soft and virtual, and the NNLO soft{gluon 
orre
tions are presented in the MSs
heme as given in Ref. [10℄. Here we show the formulae for the qg �! Wq subpro
ess. Theq�q �!Wg subpro
ess is 
al
ulated in a similar way [10℄.The NLO soft and virtual 
orre
tions for qg! Wq areEQd�̂(1)qg!Wqd3Q = FBqg!Wq�s(�2R)� (
qg3 " ln(s2=Q2T )s2 #+ + 
qg2 � 1s2�+ + 
qg1 Æ(s2)) ;where FBqg!Wq is the Born term. The LL [ln(s2=Q2T )=s2℄+ term and the NLL [1=s2℄+ term arethe soft gluon 
orre
tions. The Æ(s2) term gives the virtual 
orre
tions. In the dis
ussion below\NLO-NLL" denotes when, at NLO, all the LL and NLL soft{gluon terms, and also the s
ale-dependent terms in Æ(s2), are in
luded. The NLO 
oeÆ
ients, 
qg1 ; 
qg2 and 
qg3 , 
an be found inRef. [10℄.Using the 
onventions in Ref. [10℄, the NNLO soft and virtual 
orre
tions areEQd�̂(2)qg!Wqd3Q = FBqg!Wq�2s(�2R)�2 �̂0(2)qg!Wqwith �̂0(2)qg!Wq = 12(
qg3 )2 " ln3(s2=Q2T )s2 #+ + "32
qg3 
qg2 � �04 
qg3 + CF �08 # " ln2(s2=Q2T )s2 #++ (
qg3 
qg1 + (
qg2 )2 � �2 (
qg3 )2 � �02 T qg2 + �04 
qg3 ln �2Rs !+ (CF + CA)K+ CF "�K2 + �04 ln Q2Ts !#� 316�0CF) " ln(s2=Q2T )s2 #++ (
qg2 
qg1 � �2 
qg2 
qg3 + �3 (
qg3 )2 � �02 T qg1 + �04 
qg2 ln �2Rs !+ G(2)qg+ (CF + CA) "�08 ln2  �2Fs !� K2 ln �2Fs !# �CF K ln �uQ2T !� CAK ln �tQ2T !+ CF "�08 ln2  Q2Ts !� K2 ln Q2Ts !#� 316�0CF ln Q2Ts !) � 1s2 �++ nR�; (2)qg +R(2)qg o Æ(s2) ;where the de�nitions of the fun
tions entering this expression 
an be found in Ref. [10℄. Thesoft 
orre
tions are the LL [ln3(s2=Q2T )=s2℄+ term, the NLL [ln2(s2=Q2T )=s2℄+ term, the NNLL[ln(s2=Q2T )=s2℄+ term, and the NNNLL [1=s2℄+ term. In G(2)qg , in the NNNLL term, two-looppro
ess-dependent 
ontributions are not in
luded, but, from related studies (dire
t photonprodu
tion [11℄, top hadroprodu
tion [12℄) they are expe
ted to give a small 
ontribution.\NNLO-NNLL" will indi
ate in
lusion of the LL, NLL, and NNLL terms at NNLO. \NNLO-NNNLL" in
ludes the NNNLL terms as well. The termR�; (2)qg Æ(s2) denotes the s
ale-dependentvirtual 
orre
tions whi
h are given expli
itly in Ref. [10℄. R(2)qg Æ(s2) are the s
ale-independentvirtual 
orre
tions whi
h are 
urrently unknown.3



3 Numeri
al resultsThe MRST2002 approximate NNLO parton densities [13℄ are used in the evaluation of thenumeri
al results. At the left hand side of Fig. 1 we plot the transverse momentumdistribution,d�=dQ2T , for W hadroprodu
tion at the Tevatron Run I with pS = 1:8 TeV in the high-QTregion setting � = QT , where � � �F = �R. We plot Born, exa
t NLO [1, 2℄, NNLO{NNLL, andNNLO{NNNLL results. The NLO 
orre
tions provide a signi�
ant enhan
ement of the Born
ross se
tion. The NNLO{NNLL 
orre
tions provide a further modest enhan
ement of the QTdistribution. The more a

urate NNNLL 
ontributions are negative for
ing the NNLO{NNNLL
ross se
tion to lie between the NLO and NNLO{NNLL results.At the right hand side of Fig. 1 the s
ale dependen
e of the di�erential 
ross se
tion forQT = 80 GeV is shown. We plot the di�erential 
ross se
tion versus �=QT over two ordersof magnitude: 0:1 < �=QT < 10. We note the good stabilization of the 
ross se
tion whenthe NLO 
orre
tions are in
luded, and the further improvement when the NNLO-NNNLL
orre
tions (whi
h in
lude all the soft and virtual NNLO s
ale terms) are added. The NNLO-NNNLL result approa
hes the s
ale independen
e expe
ted of a truly physi
al 
ross se
tion.In Fig. 2 we show results at the Tevatron Run II with pS = 1:96 TeV. On the left weplot the Born, NLO, and NNLO-NNNLL 
ross se
tions for two 
hoi
es of s
ale, � = QT=2 and2QT . We see that while the Born result varies a lot between the two s
ales, the NLO resultis more stable, and the NNLO-NNNLL is so stable that the two 
urves are indistinguishable.Note that all � = QT=2 
urves lie on top of ea
h other. This is all as expe
ted from the rightplot in Fig. 1. On the right-hand side of Fig. 2 are shown the K-fa
tors, i.e. the ratios of
ross se
tions at various orders and a

ura
ies to the Born 
ross se
tion, all with � = QT .The NLO/NLO-NLL 
urve also shows that the NLO-NLL result is a very good approximationto the full NLO result, i.e. the soft{gluon 
orre
tions dominate the NLO 
ross se
tion. Thedi�eren
e between NLO and NLO-NLL is only 2% for QT > 90 GeV and less than 10% forlower QT down to 30 GeV. The fa
t that the soft{gluon 
orre
tions dominate the NLO 
rossse
tion is a major justi�
ation for studying the NNLO soft gluon 
orre
tions to this pro
ess.4 Con
lusionsThe NNLO soft{gluon 
orre
tions for W hadroprodu
tion at large transverse momentum in p�p
ollisions at the Tevatron Run I and II have been presented. The NLO soft{gluon 
orre
tionsdominate the NLO di�erential 
ross se
tion in this region, while the NNLO soft{gluon 
orre
-tions provide modest enhan
ements and further de
rease the fa
torization and renormalizations
ale dependen
e of the transverse momentum distributions.A
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Figure 1: d�=dQ2T for W produ
tion at the Tevatron with pS = 1:8 TeV as a fun
tion of (left)QT with � = QT , and (right) �=QT with QT = 80 GeV.
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