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1SUSY Parameter Analysis at TeV and Plan
k S
alesB. C. Allana
ha, G. A. Blairb 
, A. Freitasd, S. Kramle f , H.-U. Martyng, G. Polesellof , W. Porodh, andP. M. ZerwasbaLAPTH, Anne
y-le-Vieux, Fran
ebDeuts
hes Elektronen-Syn
hrotron DESY, D-22603 Hamburg, Germany
Royal Holloway University of London, Egham, Surrey. TW20 0EX, UKdFermi National A

elerator Laboratory, P. O. Box 500, Batavia IL 60510, USAeInst. f. Ho
henergiephysik, �Osterr. Akademie d. Wissens
haften, A-1050 Vienna, AustriafCERN, Department of Physi
s, CH-1211 Geneva 23, SwitzerlandgI. Physik. Institut, RWTH Aa
hen, D-52074 Aa
hen, GermanyhIFIC - Instituto de F��si
a Corpus
ular, E-46071 Valen
ia, SpainCoherent analyses at future LHC and LC experiments 
an be used to explore the breaking me
hanism ofsupersymmetry and to re
onstru
t the fundamental theory at high energies, in parti
ular at the grand uni�
ations
ale. This will be exempli�ed for minimal supergravity.1. Physi
s BaseThe roots of standard parti
le physi
s are ex-pe
ted to go as deep as the Plan
k length of10�33 
m where gravity is intimately linked tothe parti
le system. A stable bridge betweenthe ele
troweak energy s
ale of 100 GeV and thevastly di�erent Plan
k s
ale of �PL � 1019 GeV,and the (nearby) grand uni�
ation s
ale �GUT �1016 GeV, is provided by supersymmetry. Meth-ods must therefore be developed whi
h allow tostudy the supersymmetry breaking me
hanismand the physi
s s
enario near the GUT/PL s
ale[1℄.The re
onstru
tion of physi
al stru
tures at en-ergies more than fourteen orders above a

elera-tor energies is a demanding task. LHC [2℄ anda future e+e� linear 
ollider (LC) [3℄ are a per-fe
t tandem for solving su
h a problem: Whilethe 
olored supersymmetri
 parti
les, gluinos andsquarks, 
an be generated with large rates formasses up to 2 to 3 TeV at the LHC, thestrength of e+e� linear 
olliders is the 
om-
prehensive 
overage of the non-
olored parti
les,
harginos/neutralinos and sleptons. If the anal-yses are performed 
oherently, the a

ura
ies inmeasurements of 
as
ade de
ays at LHC and inthreshold produ
tion as well as de
ays of super-symmetri
 parti
les at LC 
omplement ea
h othermutually. A 
omprehensive and pre
ise pi
ture isneeded in order to 
arry out the evolution of thesupersymmetri
 parameters to high s
ales, whi
his driven by perturbative loop e�e
ts involvingthe entire supersymmetri
 parti
le spe
trum.Minimal supergravity [mSUGRA℄ provides uswith a s
enario within whi
h these general ideas
an be quanti�ed. Supersymmetry is broken inmSUGRA in a hidden se
tor and the breaking istransmitted to our eigenworld by gravity [4℄. Theme
hanism suggests, yet does not enfor
e [see e.g.Ref.[5℄℄, the universality of the soft SUSY break-ing parameters { gaugino and s
alar masses, tri-linear 
ouplings { at a s
ale that is generally iden-ti�ed with the uni�
ation s
ale. Alternative s
e-narios have been formulated for left{right sym-metri
 extensions, superstring e�e
tive theories,
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Figure 1. Spe
trum of Higgs, gaugino/higgsinoand sparti
le masses in the mSUGRA s
enarioSPS1a [masses in GeV℄.and for other SUSY breaking me
hanisms.2. Minimal SupergravityThe mSUGRA Snowmass referen
e pointSPS1a is 
hara
terised by the following values [6℄M1=2 = 250 GeV M0 = 100 GeVA0 = �100 GeV sign(�) = +tan � = 10 (1)for the universal gaugino mass M1=2, the s
alarmass M0, the trilinear 
oupling A0, the sign ofthe higgsino parameter �, and tan�, the ratio ofthe va
uum-expe
tation values of the two Higgs�elds. As the modulus of the higgsino param-eter is �xed at the ele
troweak s
ale by requir-ing radiative ele
troweak symmetry breaking, �is �nally given by � = 357:4 GeV. The form ofthe supersymmetri
 mass spe
trum of SPS1a isshown in Fig. 1. In this s
enario the squarks andgluinos 
an be studied very well at the LHC whilethe non-
olored gauginos and sleptons 
an be an-alyzed partly at LHC and in 
omprehensive format an e+e� linear 
ollider operating at a total en-ergy up to 1 TeV with high integrated luminosity
lose to 1 ab�1.At LHC the masses 
an best be obtainedby analyzing edge e�e
ts in the 
as
ade de-

Mass \LHC" \LC" \LHC+LC"~��1 179.7 0.55 0.55~��2 382.3 { 3.0 3.0~�01 97.2 4.8 0.05 0.05~�02 180.7 4.7 1.2 0.08~�03 364.7 3-5 3-5~�04 381.9 5.1 3-5 2.23~eR 143.9 4.8 0.05 0.05~eL 207.1 5.0 0.2 0.2~qR 547.6 7-12 { 5-11~qL 570.6 8.7 { 4.9~t1 399.5 2.0 2.0~g 604.0 8.0 { 6.5h0 110.8 0.25 0.05 0.05H0 399.8 1.5 1.5A0 399.4 1.5 1.5H� 407.7 { 1.5 1.5Table 1A

ura
ies for representative mass measurementsat \LHC" and \LC", 
f. Ref. [12℄, and in 
oher-ent \LHC+LC" analyses for the referen
e pointSPS1a [masses in GeV℄.
ay spe
tra. The basi
 starting point is theidenti�
ation of a sequen
e of two-body de
ays:~qL ! ~�02q! ~̀R`q ! ~�01``q. One 
an then mea-sure the kinemati
 edges of the invariant massdistributions among the two leptons and the jetresulting from the above 
hain, and thus an ap-proximately model-independent determination ofthe masses of the involved sparti
les is obtained[7,8℄. The four sparti
le masses [~qL, ~�02, ~̀R and~�01℄ are used subsequently as input for additionalde
ay 
hains like ~g ! ~b1b! ~�02bb, and the shorter
hains ~qR ! q~�01 and ~�04 ! ~̀̀ , whi
h all requirethe knowledge of the sparti
le masses downstreamof the 
as
ades.At LC very pre
ise mass values 
an be ex-tra
ted from de
ay spe
tra and threshold s
ans[9,10℄. The ex
itation 
urves for 
hargino pro-du
tion in S-waves [11℄ rise steeply with the ve-lo
ity of the parti
les near the thresholds andthus are very sensitive to their mass values; thesame is true for mixed-
hiral sele
tron pairs in



3Parameter, ideal \LHC+LC" errorsM1 101.66 0.08M2 191.76 0.25M3 584.9 3.9� 357.4 1.3M2L1 3:8191 � 104 82.M2E1 1:8441 � 104 15.M2Q1 29:67 � 104 0:32 � 104M2U1 27:67 � 104 0:86 � 104M2D1 27:45 � 104 0:80 � 104M2H2 �12:78 � 104 0:11 � 104At �497: 9.tan � 10.0 0.4Table 2The extra
ted SUSY Lagrange mass and Higgs pa-rameters at the ele
troweak s
ale in the referen
epoint SPS1a [mass unit GeV℄.e+e� ! ~e+R~e�L and for diagonal pairs in e�e� !~e�R~e�R; ~e�L ~e�L 
ollisions, see Ref.[10℄ whi
h in
ludesalso the e�e
ts of radiative 
orre
tions. Others
alar sfermions, as well as neutralinos, are pro-du
ed generally in P-waves, with a less steepthreshold behaviour proportional to the thirdpower of the velo
ity. Additional information, inparti
ular on the lightest neutralino ~�01, 
an beobtained from the very sharp edges of 2-body de-
ay spe
tra, su
h as ~e�R ! e� ~�01.Typi
al mass parameters and the related mea-surement errors are presented in Table 1: \LHC"from LHC analyses and \LC" from LC analyses.The third 
olumn \LHC+LC" presents the 
orre-sponding errors if the experimental analyses areperformed 
oherently, i.e. the light parti
le spe
-trum, studied at LC with very high pre
ision, isused as input set for the LHC analysis.Mixing parameters must be extra
ted frommeasurements of 
ross se
tions and polarizationasymmetries, in parti
ular from the produ
tionof 
hargino pairs and neutralino pairs [11℄, bothin diagonal or mixed form: e+e� ! ~�+i ~��j [i,j= 1,2℄ and ~�0i ~�0j [i,j = 1,: : :,4℄. The produ
-tion 
ross se
tions for 
harginos are binomials of
os 2�L;R, the mixing angles rotating 
urrent to

mass eigenstates. Using polarized ele
tron andpositron beams, the mixings 
an be determinedin a model-independent way.The fundamental SUSY parameters 
an be de-rived to lowest order in analyti
 form:j�j = MW [� + �[
os 2�R + 
os 2�L℄℄1=2M2 = MW [���(
os 2�R + 
os 2�L)℄1=2jM1j = hPim2~�0i �M22 � �2 � 2M2Zi1=2jM3j = m~gtan � = �1 + �(
os 2�R � 
os 2�L)1��(
os 2�R � 
os 2�L)�1=2 (2)where � = (m2~��2 � m2~��1 )=(4M2W ) and � =(m2~��2 +m2~��1 )=(2M2W ) � 1. The signs of �, M1;3with respe
t to M2 follow from similar relationsand from 
ross se
tions for ~� produ
tion and ~gpro
esses. In pra
ti
e one-loop 
orre
tions to themass relations have been used to improve on thea

ura
y.The mass parameters of the sfermions are di-re
tly related to the physi
al masses if mixing ef-fe
ts are negligible:m2~fL;R = M2L;R +m2f +DL;R (3)with DL = (T3�ef sin2 �W ) 
os 2� m2Z and DR =ef sin2 �W 
os 2� m2Z denoting the D-terms. Thenon-trivial mixing angles in the sfermion se
tor ofthe third generation follow from the sfermion pro-du
tion 
ross se
tions for longitudinally polarizede+/e� beams, whi
h are bilinear in 
os/sin 2� ~f .The mixing angles and the two physi
al sfermionmasses are related to the tri-linear 
ouplings Af ,the higgsino mass parameter � and tan �(
ot �)for down(up) type sfermions by:Af � � tan �(
ot �) = m2~f1 �m2~f22mf sin 2� ~f (4)Af may be determined in the ~f se
tor if � hasbeen measured in the 
hargino se
tor.A

ura
ies expe
ted for the SUSY Lagrangeparameters at the ele
troweak s
ale for the ref-eren
e point SPS1a are shown in Table 2. Theyhave been 
al
ulated by means of SPheno2.2.0[13℄. Theoreti
al errors, exempli�ed in Table 3,



4 ~qR � ~�01 ~lL � ~�01 m[~g � [~b1℄SPheno 2.2.0 450.3 110.0 88.9�LHCexp 10.9 1.6 1.8�th 8.1 0.23 6.8Table 3A sample of observable mass di�eren
es at LHCfor SPS1a and their experimental (�LHCexp ) andpresent theoreti
al (�th) un
ertainties due tovariations of the SUSY s
ale. [All quantities inGeV℄. See also Ref. [14℄.have been estimated by varying the 
hara
teris-ti
 SUSY s
ale between 100 GeV and 1 TeV. Notethat these theoreti
al errors do mat
h the exper-imental LHC errors but they must be redu
ed byan order of magnitude to mat
h the expe
ted a
-
ura
ies at LC.3. Re
onstru
tion of the FundamentalSUSY TheoryThe fundamental mSUGRA parameters [1℄ atthe GUT s
ale are related to the low-energy pa-rameters at the ele
troweak s
ale by supersym-metri
 renormalization group transformations(RG) [15,16℄ whi
h to leading order generate theevolution for:gauge 
ouplings : �i = Zi �U (5)gaugino masses : Mi = ZiM1=2 (6)s
alar masses :M2~| = M20 + 
jM21=2 +P2�=1 
0j��M2� (7)trilinear 
ouplings : Ak = dkA0 + d0kM1=2 (8)The index i runs over the gauge groups i =SU (3), SU (2), U (1). To leading order, the gauge
ouplings, and the gaugino and s
alar mass pa-rameters of soft{supersymmetry breaking dependon the Z transportersZ�1i = 1 + bi�U4� log�MUMZ�2 (9)with b[SU3; SU2; U1℄ = �3; 1; 33=5; the s
alarmass parameters depend also on the Yukawa 
ou-plings ht, hb, h� of the top quark, bottom quarkand � lepton. The 
oeÆ
ients 
j for the slep-ton and squark doublets/singlets, and for the two

Higgs doublets, are linear 
ombinations of theevolution 
oeÆ
ients Z; the 
oeÆ
ients 
0j� areof order unity. The shifts �M2� , depending im-pli
itly on all the other parameters, are nearlyzero for the �rst two families of sfermions butthey 
an be rather large for the third family andfor the Higgs mass parameters. The 
oeÆ
ientsdk of the trilinear 
ouplings Ak [k = t; b; � ℄ de-pend on the 
orresponding Yukawa 
ouplings andthey are approximately unity for the �rst two gen-erations while being O(10�1) and smaller if theYukawa 
ouplings are large; the 
oeÆ
ients d0k,depending on gauge and Yukawa 
ouplings, are oforder unity. Beyond the approximate solutions,the evolution equations have been solved numer-i
ally in the present analysis to two{loop order[16℄ and threshold e�e
ts have been in
orporatedat the low s
ale [17℄. The 2-loop e�e
ts as given inRef. [18℄ have been in
luded for the neutral Higgsbosons and the � parameter.3.1. Gauge Coupling Uni�
ationMeasurements of the gauge 
ouplings at theele
troweak s
ale support very strongly the uni-�
ation of the 
ouplings at a s
ale MU ' 2 �1016 GeV [19℄. The pre
ision, at the per{
entlevel, is surprisingly high after extrapolations overfourteen orders of magnitude in the energy fromthe ele
troweak s
ale to the grand uni�
ations
ale MU . Conversely, the ele
troweak mixingangle has been predi
ted in this approa
h at theper{mille level. The evolution of the gauge 
ou-plings from low energy to the GUT s
ale MU hasbeen 
arried out at two{loop a

ura
y in the DRs
heme. The 
ouplings are evolved toMU using 2-loop RGEs [16℄. The gauge 
ouplings do not meetexa
tly, 
f. Fig. 2 and Tab. 4. The di�eren
es areto be attributed to high-threshold e�e
ts at theuni�
ation s
ale MU and the quantitative evolu-tion implies important 
onstraints on the parti
le
ontent at MU [20℄.3.2. Gaugino and S
alar Mass ParametersIn the bottom-up approa
h the fundamentalsupersymmetri
 theory is re
onstru
ted at thehigh s
ale from the available 
orpus of experimen-tal data without any theoreti
al prejudi
e. Thisapproa
h exploits the experimental information
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Figure 2. (a) Running of the inverse gauge 
ouplings from low to high energies. (b) Expansion of thearea around the uni�
ation point MU de�ned by the meeting point of �1 with �2. The wide error bandsare based on present data, and the spe
trum of supersymmetri
 parti
les from LHC measurements withinmSUGRA. The narrow bands demonstrate the improvement expe
ted by future GigaZ analyses [21℄ andthe measurement of the 
omplete spe
trum at \LHC+LC".(a) 1=Mi [GeV�1℄

Q [GeV℄
(b) M2~j [103 GeV2℄

Q [GeV℄Figure 3. Evolution, from low to high s
ales, (a) of the gaugino mass parameters for \LHC+LC" analyses;(b) of the �rst/se
ond generation sfermion mass parameters and the Higgs mass parameter M2H2 .



6 Present/"LHC" GigaZ/"LHC+LC"MU (2:36� 0:06) � 1016GeV (2:360� 0:016) � 1016GeV��1U 24:19� 0:10 24:19� 0:05��13 � ��1U 0:97� 0:45 0:95� 0:12Table 4Expe
ted errors on MU and �U for the mSUGRA referen
e point SPS1a, derived for the present levelof experimental a

ura
y and 
ompared with expe
tations from GigaZ [21℄. Also shown is the di�eren
ebetween ��13 and ��1U at the uni�
ation point MU .to the maximum extent possible and re
e
ts anundistorted pi
ture of our understanding of thebasi
 theory. Su
h a program 
an only be 
arriedout in 
oherent \LHC+LC" analyses while theseparate information from either ma
hine provesinsuÆ
ient. The results for the evolution of themass parameters from the ele
troweak s
ale to theGUT s
ale MU are shown in Fig. 3.On the left of Fig. 3 the evolution is presentedfor the gaugino parametersM�1i . It 
learly is un-der ex
ellent 
ontrol for the model-independentre
onstru
tion of the parameters and the testof universality in the SU (3) � SU (2) � U (1)group spa
e. In the same way the evolution ofthe s
alar mass parameters 
an be studied, pre-sented in Figs. 3b for the �rst/se
ond generation.While the slepton parameters 
an be determinedvery a

urately, the a

ura
y deteriorates for thesquark parameters and the Higgs parameterM2H2 .4. SummaryIn supersymmetri
 theories stable extrapola-tions 
an be performed from the ele
troweak s
aleto the grand uni�
ation s
ale, 
lose to the Plan
ks
ale. This feature has been demonstrated 
om-pellingly in the evolution of the three gauge 
ou-plings and of the soft supersymmetry breakingparameters, whi
h approa
h universal values atthe GUT s
ale in minimal supergravity. The 
o-herent \LHC+LC" analyses in whi
h the mea-surements of SUSY parti
le properties at LHCand LC mutually improve ea
h other, result ina 
omprehensive and detailed pi
ture of the su-persymmetri
 parti
le system. In parti
ular, thegaugino se
tor and the non-
olored s
alar se
torare under ex
ellent 
ontrol.

Parameter, ideal Experimental errorMU 2:36 � 1016 2:2 � 1014��1U 24.19 0.05M 12 250. 0.2M0 100. 0.2A0 -100. 14� 357.4 0.4tan � 10. 0.4Table 5Comparison of the ideal parameters withthe experimental expe
tations in the 
ombined\LHC+LC" analyses for the parti
ular mSUGRAreferen
e point adopted in this report [units inGeV℄.This point 
an be highlighted by performing aglobal mSUGRA �t of the universal parameters,
.f. Tab. 5. A

ura
ies at the level of per-
entto per-mille 
an be rea
hed, allowing us to re-
onstru
t the stru
ture of nature at s
ales wheregravity is linked with parti
le physi
s.Though minimal supergravity has been 
hosenas a spe
i�
 example, the method 
an equallywell be applied in other s
enarios, su
h as left-right symmetri
 theories and superstring theories.The analyses o�er the ex
iting opportunity to de-termine intermediate s
ales in left-right symmet-ri
 theories and to measure e�e
tive string-theoryparameters near the Plan
k s
ale.REFERENCES1. G. A. Blair, W. Porod and P. M. Zerwas,Phys. Rev. D63 (2001) 017703 and Eur.
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