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AbstratFor large masses, the two heavy neutral Higgs bosons are nearly degenerate inmany 2{Higgs doublet models, and partiularly in supersymmetri models. In suha senario the mixing between the states an be very large if the theory is CP-noninvariant. We analyze the formalism desribing this on�guration, and we pointto some interesting experimental onsequenes.



1 IntrodutionAt least two iso-doublet salar �elds must be introdued in supersymmetri theories toahieve a onsistent formulation of the Higgs setor. Supersymmetri theories are spei�realizations of general senarios whih inlude two doublets in the Higgs setor. Afterthree �elds are absorbed to generate the masses of the eletroweak gauge bosons, �ve�elds are left that give rise to physial partiles. In CP-invariant theories, besides theharged states, two of the three neutral states are CP-even, while the third is CP-odd.In CP-noninvariant theories the three neutral states however mix to form a triplet witheven and odd omponents in the wave{funtions under CP transformations [1℄-[4℄. Asexpeted from general quantum mehanial rules, the mixing an beome very large if thestates are nearly mass-degenerate. This situation is naturally realized in supersymmetritheories in the deoupling limit in whih two of the neutral states are heavy.In this note we analyze H=A mixing in a simple quantum mehanial formalism thatreveals the underlying strutures in a lear and transparent way. H and A represent twoheavy nearly mass{degenerate �elds. After the disussion of the general CP{noninvariant2{Higgs doublet model, we adopt the Minimal Supersymmetri Standard Model, thoughextended to a CP-noninvariant version [MSSM{CP℄, as a well{motivated example for theanalysis.2 Complex Mass MatrixThe most general form of the self-interation of two Higgs doublets in a CP{noninvarianttheory is desribed by the potential [5℄V = m211�y1�1 +m222�y2�2 � [m212�y1�2 + h::℄+12�1(�y1�1)2 + 12�2(�y2�2)2 + �3(�y1�1)(�y2�2) + �4(�y1�2)(�y2�1)+�12�5(�y1�2)2 + [�6(�y1�1) + �7(�y2�2)℄ �y1�2 + h::� (1)where �1;2 denote two omplex Y = 1, SU(2)L iso-doublet salar �elds. The oeÆientsare in general all non{zero. The parameters m212; �5;6;7 an be omplex, inorporating theCP-noninvariant elements in the interations:m212 = m2R12 + im2I12; �5;6;7 = �R5;6;7 + i�I5;6;7 (2)Assuming the salar �elds to develop non-zero vauum expetation values to break theeletroweak symmetries but leaving U(1)EM invariant, the vauum �elds an be de�nedas h�1i = v1p2 � 01 � ; h�2i = v2p2 � 01 � (3)1



Without loss of generality, the two vauum expetation values vi [i = 1; 2℄ an be hosenreal and positive after an appropriate global U(1) phase rotation; the parameters of the(e�etive) potential Eq.(1) are de�ned after this rotation. As usual,v =qv21 + v22 = 1=qp2GF and tan � = v2=v1 (4)with v � 246 GeV. Abbreviations t� = tan �, � = os �, s2� = sin 2� et, will be usedfrom now on.The onditions for minimizing the potential (1) relate the parameters m2ii to the realpart of m212, �k, v and t�:m211 = m2R12 t� � 12v2 ��12� + �345s2� + 3�R6 s�� + �R7 s2�t��m222 = m2R12 t�1� � 12v2 ��1s2� + �3452� + �R6 2�t�1� + 3�R7 s��� (5)with the abbreviation �345 = �3+�4+�R5 , and the imaginary part of m212 to the imaginaryparts of the �5;6;7 parameters:m2I12 = 12v2 ��I5s�� + �I62� + �I7s2�� (6)It will prove onvenient later to exhange the real part of m212 for the auxiliary parameterM2A, or in units of v, m2A =M2A=v2, de�ned by the relationm2R12 = 12v2 �m2As2� + �R5 s2� + �R6 2� + �R7 s2�� (7)This parameter will turn out to be one of the key parameters in the system.In a �rst step the �1;2 system is rotated to the Higgs basis �a;b,�a = os� �1 + sin� �2�b = � sin� �1 + os ��2 (8)whih is built up by the two iso{spinors:�a = � G+1p2 (v +Ha + iG0) � ; �b = � H+1p2 (Hb + iA) � (9)The three �elds G�;0 an be identi�ed as the would-be Goldstone bosons, while H�;Ha;band A give rise to physial Higgs bosons. The harged Higgs massMH� and the real massmatrix M20R of neutral Higgs �elds in the basis of Ha;Hb; A an easily be derived fromthe potential after the rotationsM2H� =M2A + 12 v2�F (10)2



and M20R = v20� � ��̂ ��̂p�� �A +m2A ��pm2A 1A (11)to be abbreviated for easier reading and omplemented symmetrially. The notation forthe real parts of the ouplings,� = �14� + �2s4� + 12�345s22� + 2s2�(�R6 2� + �R7 s2�)�̂ = 12s2� ��12� � �2s2� � �3452��� �R6 �3� � �R7 s�s3��A = 2�(�12� � �2s2�) + �345s22� � �R5 + 2�R6 �s3� � 2�R7 s�3��F = �R5 � �4 (12)essentially follows Ref. [5℄, and�p = 12�I52� � 12(�I6 � �I7)s2��̂p = 12�I5s2� + �I62� + �I7s2� [= 2m2I12=v2℄ (13)are introdued for the imaginary parts of the ouplings [6℄.In a CP{invariant theory all ouplings are real and the o�-diagonal elements �p; �̂pvanish. In this ase the neutral mass matrix separates into the standard CP-even 2 � 2part and the standard [stand{alone℄ CP-odd part.� The parameter MA is then identi�edas the mass of the CP-odd Higgs boson A. The 2� 2 submatrix of the Ha and Hb systeman be diagonalized, leading to the two CP-even neutral mass eigenstates h; H; in termsof Ha;Hb: H = os  Ha � sin  Hbh = sin  Ha + os  Hb (14)with  = � � �; the angle � is the onventional CP{even neutral Higgs boson mixingangle in the [�1;�2℄ basis of the CP{invariant 2HDM. The diagonalization of the massmatrix leads to the relation: tan 2 = 2�̂�A �m2A (15)with  2 [0; �℄.However, also in the general CP{noninvariant ase, the �elds ha = h;H;A serve asa useful basis, giving rise to the general �nal form of the real part of the neutral mass�The Goldstone bosons G�;0 (arrying zero mass) deouple from the physial states.3



matrixM2R,M2R = v20BBB� � + (m2A � �A) 2�12 0 ��p  � �̂p s� � (m2A � �A) s2�12 �p s � �̂p m2A 1CCCA (16)whih is hermitian and symmetri by CPT invariane.This hermitian part (16) of the mass matrix is supplemented by the anti-hermitianpart �iM� inorporating the deay matrix. This matrix inludes the widths of thestates ha = h;H;A in the diagonal elements as well as the transition elements within anyombination of pairs. All these elements (M�)ABab are built up by loops of the �elds (AB)in the self-energy matrix hhahbi of the Higgs �elds.In general, the light Higgs boson, the fermions and eletroweak gauge bosons, andin supersymmetri theories, gauginos, higgsinos and salar states may ontribute to theloops in the propagator matrix. In the deoupling limit explored later, the ouplings of theheavy Higgs bosons to gauge bosons and their supersymmetri partners are suppressed.Assuming them to deouple, being signi�antly heavier, for example, than the Higgsstates, we will onsider only loops built up by the light Higgs boson and the top quark asharateristi examples; loops from other (s)partiles ould be treated in the same way ofourse.(i) Light salar Higgs h states:While the Hhh oupling is CP onserving, the Ahh oupling is CP{violating. Expressedin terms of the � parameters in the potential they are given asgHhh=v = �3 ���s2��1 + s�s�2��2�� �345 ���(32� � 2) + s�s�(3s2� � 2)�� 3�R6 �s��s2� + �s�(3s2� � 2)�n� 3�R7 ��s�2� + s��(32� � 2)�gAhh=v = �I5 (s�� � 2s��)+ �I6 �(1 + 22�)s2� � s2�s���+ �I7 �(1 + 2s2�)2� � s2�s��� (17)The trigonometri funtions s� and � an be re{expressed by the sine and osine of� and  after inserting the di�erene � = � � .The imaginary part of the light Higgs loop is given for CP{onserving and CP{violatingtransitions by (M�)hhHH=AA = �h32� g2Hhh=Ahh(M�)hhHA=AH = �h32� gHhhgAhh (18)where �h denotes the veloity of the light Higgs boson h in the deays H=A ! hh [withthe heavy Higgs bosons assumed to be mass{degenerate℄.4



(ii) Top{quark states:The Htt and Att ouplings are de�ned by the LagrangianLt = H�t [sH + i5pH ℄ t+A�t [sA + i5pA℄ t (19)whih inludes the CP{onserving ouplings sH ; pA and the CP{violating ouplings pH ; sA.For the top quark loop we �nd(M�)ttHH=AA = 3M2H=A8� �t gttHH=AA(M�)ttHA=AH = 3M2H=A8� �t gttHA=AH (20)in the same notation as before. The transitions inlude inoherent and oherent mixturesof salar and pseudosalar ouplings,gttHH = �2t s2H + p2HgttAA = �2t s2A + p2AgttHA = gttAH = �2t sHsA + pHpA (21)where �t denotes the veloity of the top quarks in the Higgs rest frame.These loops also ontribute to the real part of the mass matrix. They either renor-malize the � parameters of the Higgs potential or they generate suh parameters if notpresent yet at the tree level. In the �rst ase they do not modify the generi form ofthe mass matrix, and the set of renormalized �'s are interpreted as free parameters to bedetermined experimentally. The same proedure also applies to supersymmetri theoriesin whih some of the �'s are generated radiatively by stop loops, introduing CP{violationinto the Higgs setor through bi{ and trilinear{interations in the superpotential, a asedisussed later in detail.Inluding these elements, the �nal omplexmass matrix an be written in the Weisskopf-Wigner form [7℄ M2 =M2R � iM� (22)whih will be diagonalized in the next setion.Deoupling limit. The deoupling limit [5℄ is de�ned by the inequalityM2A � j�ij v2 (23)with j�ij <� O(1) or O(g2; g02), g2 and g02 denoting the eletroweak gauge ouplings. Thelimit is realized in many supersymmetri models, partiularly in SUGRA models with5



M2A � v2. It is well known that in the deoupling limit the heavy states H and A, aswell as H�, are nearly mass degenerate. This feature is ruial for large mixing e�etsbetween the CP{odd and CP{even Higgs bosons, A and H, analyzed in this report.As the trigonometri sin/os funtions of  = � � � approah the following values inthe deoupling limit:  ' �̂=m2A ! 0; s ! 1 (24)up to seond order in 1=m2A, the real part of the omplex mass matrix aquires the simpleform M2R ' v20BB� � 0 ��̂p0 m2A + � � �A �p��̂p �p m2A 1CCA (25)in the leading order � m2A and next{to{leading order � 1. The Hhh and Ahh ouplingsare simpli�ed in the deoupling limit and they an be written in the ondensed form:gHhh=v! �32s2� �2��1 � s2��2 � 2��345�+3 ��3��R6 + s�s3��R7 � ! �3�R7gAhh=v! 32s2��I5+3 �2��I6 + s2��I7� ! +3�I7 (26)In this limit we an set � = s� and s� = ��. The ouplings simplify further formoderately large tan � and they are determined in this range by the oeÆient �7 aloneas demonstrated by the seond olumn.3 Physial Masses and StatesFollowing the steps in the appendix of Ref.[8℄, it is easy to prove mathematially, thatmixing between the light Higgs state and the heavy Higgs states is small, but large be-tween the two nearly mass{degenerate states. Mathematially the mixing e�ets are ofthe order of the o�{diagonal elements in the mass matrix normalized to the di�erene ofthe (omplex) mass{squared eigenvalues. On quite general grounds, this is a straightfor-ward onsequene of the unertainty priniple. We an therefore restrit ourselves to thedisussion of the mass degenerate 2� 2 system of the heavy Higgs bosons H;A, allowingus to redue the alulational e�ort to a minimum.If the mass di�erenes beome small, the mixing of the states is strongly a�eted by thewidths of the states and the omplex Weisskopf{Wigner mass matrixM2 =M2R � iM�must be onsidered in total, not only the real part. This is well known in the literature6



from resonane mixing [9℄ and has reently also been reognized for the Higgs setor [10℄.Sine, by CPT invariane, the omplex mass matrix M2 is symmetri, adopting thenotation in Ref. [9℄ for the H=A submatrix, separated in the lower right orner of Eq.(25),M2HA = � M2H � iMH�H �2HA�2HA M2A � iMA�A � (27)the matrix an be diagonalized,M2HiHj = � M2H2 � iMH2�H2 00 M2H3 � iMH3�H3 � (28)through a rotation by a omplex mixing angle:M2HiHj = CM2HAC�1; C = � os � sin �� sin � os � � (29)with X = 12 tan 2� = �2HAM2H �M2A � i [MH�H �MA�A℄ (30)A non{vanishing (omplex) mixing parameter �2HA 6= 0 requires CP{violating transitionsbetween H and A either in the real mass matrix, �p 6= 0, or in the deay mass matrix,�HA 6= 0, [or both℄. When, in the deoupling limit, the masses MH and MA are nearlydegenerate, the widths may be signi�antly di�erent. Though nearly equal for deays totop pairs, only the H hannel may be open for deays to light Higgs boson pairs. As aresult, the mixing phenomena are strongly a�eted by the form of the deay matrixM�.This applies to the modulus as well as the phase of the mixing parameter X = 12 tan 2�.The mixing shifts the Higgs masses and widths in a harateristi pattern [9℄. The twoomplex mass values after and before diagonalization are related by the omplex mixingangle �:�M2H3�iMH3�H3���M2H2�iMH2�H2�=��M2A�iMA�A���M2H�iMH�H�	8<:�p1 + 4X2� 1 (31)As expeted from rotation transformations, whih leave the matrix spur invariant, theomplex eigenvalues split in exatly opposite diretions when the mixing is swithed on.yThe individual shifts of masses and widths an easily be obtained by separating realand imaginary parts in the relations:�M2H2�iMH2�H2���M2H�iMH�H� = ���M2H3�iMH3�H3���M2A�iMA�A�	= ���M2A�iMA�A���M2H�iMH�H�	 � 12 [p1 + 4X2 � 1℄ (32)yAt the very end of the analysis one may order the Higgs states aording to asending masses in CP{noninvariant theories. However, at intermediate steps the notation used here proves more transparent.7



If the mixing parameter is small and real, the gap between the states inreases with thesize of the mixing.The eigenstates of the omplex, non{hermitian matrixM2HA of Eq.(27) are no longerorthogonal, but instead:jH2i = os � jHi + sin � jAi; h eH2j = os � hHj+ sin � hAjjH3i = � sin � jHi + os � jAi; h eH3j = � sin � hHj+ os � hAj (33)Correspondingly, the �nal state F in heavy Higgs formation from the initial state I isgenerated with the transition amplitudezhF jHjIi = Xi=2;3 hF jHii 1s�M2Hi + iMHi�Hi h eH ijIi (34)We illustrate the mixing mehanism in a simple toy model in whih MA = 0:5 TeV,tan � = 5 and all j�ij = 0:4 [i.e. roughly equal to the weak SU(2) gauge oupling squared℄,while a ommon phase � of all the omplex parameters �5;6;7 is varied from 0 through �to 2�.x The salar and pseudosalar ouplings of the top quark are identi�ed with thestandard CP{onserving values sH ' pA = ot �mt=v and pH = sA = 0. The mass of thelight Higgs mass moves in this toy model from Mh = 215 GeV to 161 GeV to 74 GeV asthe phase � is varied from 0 through �=2 to � and, for � = 0, the masses and widths ofthe heavy states are MH2 = MH = 520 GeV, MH3 = MA = 500 GeV, �H = 2:58 GeVand �A = 1:49 GeV.For these parameters, the Argand diagram of the mixing parameter X is presented inFig. 1(a) in whih the ommon CP{violating phase � evolves from 0 to � [for � > � thereetion symmetry <e==mX ! +<e=�=mX at � = � may be used℄; Fig. 1(b) zooms inon the area of small angles. Alternatively, the real and imaginary parts of X are shownexpliitly in Fig. 1() as funtions of the ommon CP{violating phase �.The di�erene of the squared masses M2H �M2A and the real part of the mass mixingparameter �2HA are approximately given byM2H �M2A = (� � �A)v2 � �v2 os�<e(�2HA) = �pv2 � �12� v2 sin� (35)and the imaginary parts by32� [MH�H �MA�A℄ � �t + 9�2v2 os 2�32� =m(�2HA) = 32�MH=A�HA � �92�2v2 sin 2� (36)zSmall o�-resonant transitions of heavy Higgs bosons H and A to the light one h in the deouplinglimit (and to the neutral would-be Goldstone G0) an be negleted to a good approximation.xWith one ommon phase �, the omplex mixing parameter X obeys the relation X(2���) = X�(�),i.e. <e==mX ! +<e=�=mX. As a result, all CP{even quantities are symmetri and all CP{oddquantities anti{symmetri about �, i.e. when swithing from � to 2� � �. Therefore we an restrit thedisussion to the range 0 � � � �. 8
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Figure 1: (a,b) The Argand diagram and () the � dependene of the mixing parameterXin a toy model with the ommon CP{violating phase � evolving from 0 to � for tan� = 5,MA = 0:5 TeV and with all j�ij = 0:4; the upper right{hand side zooms in on small angles.Note that <e==mX(2� � �) = +<e=�=mX(�).for the parameters spei�ed above. Sine the omplex ouplings are parameterized bya phase, os� enters in the real part of the ouplings and thus a�ets the diagonalelements of the mass matrix. The di�erene of the imaginary parts of the diagonalelements is determined by the widths of the H=A deays to top{quark pairs, �t =�12M2H=A(mt=v)2(1 � �2t )�t, modulated by sinusoidal variations from deays to hh. Themodulus of the real part of X rises more rapidly than the imaginary part; jXj reahesunity for a phase � �=3, and the maximumvalue of about 10 a little below � = �=2 whereH and A masses beome equal. The Argand diagram is desribed by a irle to a highdegree of auray; the enter is loated on the positive imaginary axis, and the radius9
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e�etive Higgs potential. Expressed in the general form (1), the e�etive � parametershave been alulated in Ref.[3℄ to two{loop auray; to illustrate the ruial points wereollet the ompat one{loop results of the t=~t ontributions:�1 = g2 + g024 � h4t32�2 j�j4M4S �5 = � h4t32�2 �2A2tM4S�2 = g2 + g024 + 3h4t8�2 �log M2Sm2t + 12Xt� �6 = h4t32�2 j�j2�AtM4S�3 = g2 � g024 + h4t32�2 �3j�j2M2S � j�j2jAtj2M4S � �7 = � h4t32�2 �MS �6AtMS � jAtj2AtM3S ��4 = �g22 + h4t32�2 �3j�j2M2S � j�j2jAtj2M4S � (37)where ht = p2mt(mt)v sin� and Xt = 2jAtj2M2S �1 � jAtj212M2S� (38)Here, mt is the top{quark pole mass related to the running MS mass mt(mt) throughmt(mt) = mt=[1 + 43��s(mt)℄, and MS is the SUSY sale.To demonstrate the omplex H=A mixing in this MSSM{CP model numerially, weadopt a typial set of parameters from Refs.[4, 11℄,MS = 0:5 TeV; jAtj = 1:0 TeV; j�j = 1:0 TeV; �� = 0 ; tan � = 5 (39)while varying the phase �A of the trilinear parameter At.{ We �nd the following massvalues of the light and heavy Higgs masses in the CP{onserving ase with �A = 0:Mh = 129:6 GeV; MH = 500:3 GeV; MA = 500:0 GeV (40)and their widths: �H = 1:2 GeV; �A = 1:5 GeV (41)While the light Higgs boson mass is not altered if CP{violation through the phase�A is turned on, the Argand diagram and the variation of the CP{violating parameterX are presented in Figs. 3(a), (b) and (). [Symmetries in moving from �A to 2� � �Aare idential to the toy model.℄ The mass and width shifts of the heavy neutral Higgsbosons are displayed in Figs.4(a) and (b), respetively. Similar to the toy model in the{Analyses of eletri dipole moments strongly suggest that CP violation in the higgsino setor willbe very small in the MSSM{CP [12℄; therefore we set �� = 0. Note that the �'s in Eq.(37) are atuallya�eted only by one ommon phase whih is the sum of the angles (�A + ��).11



-10 -5 0 5 10
 Re(X)

-5

0

5

10

15

 I
m

(X
)

(a) Argand Diagram 

-1.0 0.0 1.0
 Re(X)

-1.0

0.0

1.0
(b) Zoomed Argand

0.0 0.2 0.4 0.6 0.8 1.0
φ

A
 [π]

-10

-5

0

5

10

15

 Re(X)
 Im(X)

 (c) Mixing Parameter

 0

3π/2

π/2 π/4

 0π/2

π/4

3π/4

Figure 3: (a,b) The Argand diagram and () the �A dependene of the mixing parameterX in a SUSY model with the CP{violating phase �A evolving from 0 to � for tan � = 5,MA = 0:5 TeV and ouplings as spei�ed in the text; the Argand diagram zoomed in onsmall angles is displayed on the upper right{hand frame. <e==mX(2� � �A) = +<e=�=mX(�A) for angles above �.previous setion, the two{state system in the MSSM{CP shows a very sharp resonant CP{violating mixing, purely imaginary, a little above �A = 3�=4. The mass shift is enhanedby more than an order of magnitude if the CP{violating phase rises to non-zero values,reahing a maximal value of � 5:3 GeV; the width shift moves up [non-uniformly℄ from�0:3 and +0:4 GeV. As a result, the two mass{eigenstates beome learly distinguishable,inorporating signi�ant admixtures of CP{even and CP{odd omponents mutually in thewave{funtions. 12
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Figure 4: (a,b) The dependene of the shifts of masses and widths on the CP-violatingangle �A in the SUSY model with the same parameter set as in Fig.3; the di�ereneswithout mixing are shown by the broken lines.5 Experimental Signatures of CP Mixing(i) A �rst interesting example for studying CP{violating mixing e�ets is provided by{Higgs formation in polarized beams [13, 14, 15℄: ! Hi [i = 2; 3℄ (42)For a spei� �nal state F of the Higgs boson deays, the amplitude of the reation ! Hi ! F is a superposition of H2 and H3 exhanges. For heliities � = �1 of thetwo photons, the amplitude readsMF� = Xi=2;3 hF jHiiDi(s) [Si (s) + i�P i (s)℄ (43)The loop{indued Hi amplitudes are desribed by the salar and pseudosalar formfators, Si (s) and P i (s) where ps is the  energy and the Higgs Hi propagator Di(s) =1=(s �M2Hi + iMHi�Hi). The salar and pseudosalar form fators reeive the dominantontributions from the top (s)quark loops in the deoupling regime for moderate valuesof tan �. They are related to the well{known onventional H=A form fators, SH;A andP H;A, by S2 = os � SH + sin � SA S3 = � sin � SH + os � SAP 2 = os � P H + sin � P A P 3 = � sin � P H + os � P A (44)For the expliit form of the loop funtions SH;A and P H;A see, for example, Ref.[11℄. Toredue tehnialities we will assume from now on that the Higgs{tt ouplings are CP{onserving, i.e. P H and SA = 0. The prodution rates of heavy SUSY Higgs bosons in13



suh a senario have been alulated in Ref.[16℄.For linearly polarized photons, the CP{even omponent of the Hi wave{funtions isprojeted out if the polarization vetors are parallel, and the CP{odd omponent if theyare perpendiular. This e�et an be observed in the CP{even asymmetryAlin = �k � �?�k + �? (45)of the total  fusion ross setions for linearly polarized photons. Though not CP{violating sui generis, the asymmetry Alin provides us with a powerful tool neverthelessto probe CP{violating admixtures to the Higgs states sine jAlinj < 1 requires both Siand P i non-zero ouplings. Moreover, CP{violation due to H=A mixing an diretly beprobed via the CP{odd asymmetryk onstruted with irular photon polarization asAhel = �++ � ����++ + ��� (46)The upper panels of Fig.5 show the �A dependene of the asymmetries Alin and Ahelat the pole of H2 and of H3, respetively, for the same parameter set as in Fig.3 and withthe ommon SUSY sale M ~Q3 = M~tR = MS = 0:5 TeV for the soft SUSY breaking topsquark mass parameters.�� By varying the  energy from below MH3 to above MH2 , theasymmetries, Alin (blue solid line) and Ahel (red dashed line), vary from �0:39 to 0:34and from �0:29 to 0:59, respetively, as demonstrated on the lower panel of Fig.5 with�A = 3�=4, a phase value lose to resonant CP{mixing.If the widths are negleted, the asymmetries Alin and Ahel on top of the Hi[i = 2; 3℄resonanes an approximately be written in terms of the form fators:Alin[Hi℄ � jSi j2 � jP i j2jSi j2 + jP i j2 (47)Ahel[Hi℄ � 2=m(Si P �i )jSi j2 + jP i j2 (48)These approximate formulae reprodue the numerial values very aurately. If one furtherneglets not only small orretions due to suh overlap phenomena but also orretionsdue to non-asymptoti Higgs-mass values, the asymmetries on top of the resonanes H2and H3 an simply be expressed by the omplex mixing angle �:kThis asymmetry is also odd under CP~T where the naive time reversal transformation ~T [17℄ reversesthe diretion of all 3{momenta and spins, but does not exhange initial and �nal state. Quantities thatare odd under CP~T an be non{zero only for omplex transition amplitudes with absorptive phases whihan be generated, for example, by loops, and Breit-Wigner propagators.��On quite general grounds, the CP{onserving observables are symmetri under the reetion about�A = �, while the CP{violating observables are anti{symmetri.14
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point, partiularly for Ahel whih is sensitive to the interferene between the H andA form fatorsyy.Detailed experimental simulations would be needed to estimate the auray withwhih the asymmetries an be measured. However, the large magnitude and the rapid,signi�ant variation of the CP{even and CP{odd asymmetries, Alin and Ahel, throughthe resonane region with respet to both the phase �A and the  energy would be avery interesting e�et to observe in any ase.(ii) A seond observable of interest for studying CP{violating mixing e�ets experimen-tally is the polarization of the top quarks in Hi deays produed by  fusion [13, 18℄ orelsewhere: Hi ! t�t [i = 2; 3℄ (51)Even if the H=Att ouplings are CP{onserving, the omplex rotation matrix C may mixthe CP{even H and CP{odd A states leading to the CP{violating heliity amplitude ofthe deay proess Hi ! t�t:ht��t�jHii = Xa=H;ACia(��tsa � ipa) (52)where the t and �t heliities �=2 = �1=2 must be equal and sa; pa are the Htt and Att ou-plings de�ned in Eq.(19). The two orrelations between the transverse t and �t polarizationvetors s?; �s? in the prodution{deay proess  ! Hi ! t�t,Ck = hs? � �s?i and C? = hp̂t � (s? � �s?)i (53)lead to a non{trivial CP{even [CP~T{even℄ azimuthal orrelation and a CP{odd [CP~T{even℄ azimuthal orrelation, respetively, between the two deay planes t ! bW+ and�t! �bW�: 1� d�d�� = 12� "1 � �216 �1 � 2m2W=m2t1 + 2m2W =m2t �2 �Ck os �� + C? sin���# (54)where �� denotes the azimuthal angle between two deay planes [13℄. In terms of the he-liity amplitudes h�; �i for the proess  ! Hi ! t�t, where � = �1 denotes the heliitiesof both photons and � = �1 twie the heliities of both top quarks, the asymmetries aregiven as Ck = � 2<ePh+; �ih�; �i�P (jh+; �ij2 + jh�; �ij2) (55)C? = + 2=mPh+; �ih�; �i�P (jh+; �ij2 + jh�; �ij2) (56)yyWe have heked that indeed the numerial values approah formula (50) for very large Higgs masses.16



with the sum running over the two photon heliities.The upper panels of Fig.6 show the �A dependene of the CP{even and CP{oddasymmetries, Ck and C?, at the pole of H2 and of H3, respetively, for the same parameterset as in Fig.5. If the invariant t�t energy is varied throughout the resonane region, theorrelators Ck (blue solid line) and C? (red dashed line) vary harateristially from �0:43to �0:27 [non{uniformly℄ and from 0:84 to �0:94, respetively, as shown on the lowerpanel of Fig.6.
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mixing angle � as:Ck[H2℄ ' j os �j2�2t � j sin �j2j os �j2�2t + j sin �j2 Ck[H3℄ ' �j os �j2 � j sin �j2�2tj os �j2 + j sin �j2�2t (57)C?[H2℄ ' 2<e(os � sin ��)�tj os �j2�2t + j sin �j2 C?[H3℄ ' � 2<e(os � sin ��)�tj os �j2 + j sin �j2�2t (58)These approximate formulae provide a nie qualitative understanding of the numerialvalues. In the asymptoti kinemati limit �t ! 1 of the top-quark speed, the orrelatorsredue to the simple expressions:Ck[H2℄ ' �Ck[H3℄ ' j os �j2 � j sin �j2j os �j2 + j sin �j2 (59)C?[H2℄ ' �C?[H3℄ ' 2<e(os � sin ��)j os �j2 + j sin �j2 (60)i.e. they are both opposite in sign. However, we note that the square of the top{quarkspeed �2t � 0:5 near the Higgs resonanes so that the orretions due to non{asymptotiHiggs masses are signi�ant, in partiular, for the asymmetry Ck in the present example.Though not easy to observe, the gross e�ets, at least, in Fig.6 should ertainly beaessible experimentally.6 CONCLUSIONSExiting mixing e�ets an our in the Higgs setor of two{Higgs doublet models, no-tabene in supersymmetri models, if CP{noninvariant interations are swithed on. In thedeoupling regime these e�ets an beome very large, leading to interesting experimentalonsequenes. We have analyzed suh senarios in quite a general quantum mehaniallanguage that provides us with a lear and transparent understanding of the phenomenain the general 2{doublet model. Moreover, the e�ets are illustrated in the Minimal Su-persymmetri Standard Model extended by CP violating interations [MSSM{CP℄. Higgsformation in  ollisions proves partiularly interesting for observing suh e�ets. How-ever, exiting experimental e�ets are also predited in suh senarios for t�t �nal{stateanalyses in deays of the heavy Higgs bosons at LHC and in the e+e� mode of linearolliders.AknowledgementsWe are grateful to Grahame Blair for valuable omments on the manusript. The workis supported in part by the European Commission 5-th Framework Contrat HPRN-CT-2000-00149. SYC was supported in part by a Korea Researh Foundation Grant18
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