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holzDeuts
hes Elektronen-Syn
hrotron DESYNotkestr. 85, D-22603 Hamburg, GermanyAbstra
tOur previous 
al
ulations of the sea- and valen
e-quark mass dependen
e of thepseudos
alar meson masses and de
ay 
onstants is repeated on a 163 � 32 latti
e whi
hallows for a better determination of the quantities in question. The 
on
lusions aresimilar as before on the 164 latti
e [1℄. The two light dynami
al quark 
avours we sim-ulate have masses in the range 14ms < mu;d < 23ms. The sea quark mass dependen
eof f� and m2�=mq is well des
ribed by the next-to-leading order (NLO) Chiral Pertur-bation Theory (ChPT) formulas and 
learly shows the presen
e of 
hiral logarithms.The valen
e quark mass dependen
e requires the presen
e of NNLO 
ontributions inPartially Quen
hed ChPT (PQChPT) { in addition to the NLO terms. The O(a)latti
e artifa
ts in these quantities turn out to be small.1



1 Introdu
tionIn Quantum Chromodynami
s (QCD) { the theory of strong intera
tions { there aretwo very light quarks and one moderately light quark (u; d and s, respe
tively). Thestrong intera
tion dynami
s at low energies 
an be formulated by an e�e
tive 
hiralLagrangian whi
h in
orporates the symmetry 
onstraints following from the sponta-neously broken 
hiral symmetry of the light quarks. In this low energy e�e
tive theorythe intera
tions are des
ribed by a simultaneous expansion in powers of momenta andlight quark masses [2, 3℄. The 
oeÆ
ients of the intera
tion terms in the e�e
tive 
hi-ral Lagrangian { the Gasser-Leutwyler 
onstants { are free parameters whi
h 
an be
onstrained by experimental data and also 
al
ulated from the underlying basi
 QCDLagrangian in the framework of the non-perturbative latti
e regularization.In numeri
al latti
e QCD simulations the quark masses are free parameters. Chang-ing these parameters gives an ex
ellent opportunity to pre
isely determine the Gasser-Leutwyler 
onstants. In fa
t, ChPT based on the 
hiral Lagrangian 
an be extendedby 
hanging the valen
e quark masses in quark propagators independently from thesea quark masses in virtual quark loops. This leads to partially quen
hed 
hiral per-turbation theory (PQChPT) [4℄.The aim of numeri
al simulations in QCD is to rea
h the regime of light quarkmasses where NLO 
hiral perturbation theory gives a good approximation. In previ-ous papers [5, 6, 1℄ our 
ollaboration started a series of simulations with two equal-masslight quarks (qq) with the goal of extra
ting the values of the Gasser-Leutwyler 
on-stants 
onventionally denoted by Lk; (k = 1; 2; : : :). Later on it will be possible toextend these 
al
ulations by also in
luding the s-quark (qq+q).In our previous paper [1℄ we started some larger s
ale simulations on a 164 latti
e atthe gauge 
oupling � = 5:1 whi
h 
orresponds to a latti
e spa
ing of a ' 0:2 fm. Sin
eit be
ame 
lear that interesting results 
an be obtained already at this relatively roughdis
retization s
ale, we de
ided to repeat and extend these simulations on a 163 � 32latti
e whi
h is better suited for extra
ting quantities like the pseudos
alar (\pion")mass (m�) and de
ay 
onstant (f�). Our work pro�ted from the valuable experien
eof previous simulations by other 
ollaborations [7, 8, 9℄.Sin
e the present work is on the same topi
s as ref. [1℄, we shall often only refer toit without repeating its full 
ontent. In general, we use the 
onventions and notationsof [1, 6, 5℄. Nevertheless, we also try to make the present paper easily understandablefor the reader and therefore repeat the main de�nitions and relations. In the nextse
tion we deal with the sea quark mass dependen
e of f� and m� . In se
tion 3 thevalen
e quark mass dependen
e is 
onsidered and the question of the magnitude ofleading latti
e artifa
ts is investigated. Se
tion 4 is a short summary of our experien
ewith the Monte Carlo updating algorithm. The last se
tion 
ontains the summary and2



dis
ussion.2 Sea quark mass dependen
eWe performed Monte Carlo simulations with Ns = 2 degenerate sea quarks on a 163 �32latti
e at gauge 
oupling � = 5:1 and four values of the hopping parameter �: �0 =0:176, �1 = 0:1765, �2 = 0:1768 and �3 = 0:177. Three of these points have also beensimulated previously on the 164 latti
e in ref. [1℄. The point at �1 = 0:1768 is new. We
olle
ted 950-1000 gauge 
on�gurations per point whi
h are typi
ally separated by 10update 
y
les 
onsisting out of boson �eld and gauge �eld updates and noisy 
orre
tionsteps. (Some observations about the algorithm will be summarized in se
tion 4.)A 
olle
tion of the values of some basi
 quantities in these simulation points isgiven in table 1: the Sommer s
ale-parameter in latti
e units r0=a, the pion mass inlatti
e units am� , the quark mass parameter Mr = (r0m�)2, the bare PCAC quarkmass Zqamq in
luding the multipli
ative renormalization fa
tor Zq = ZP =ZA, the ratioof the PCAC quark masses �i with respe
t to the referen
e sea quark mass at � = �0and the pion de
ay 
onstant in latti
e units af� divided by the renormalization fa
torZA. (The normalization of the pion de
ay 
onstant is su
h that the physi
al value isf� ' 93MeV.)Table 1: The values of some basi
 quantities in our simulationpoints. Statisti
al errors in last digits are given in parentheses.� �0 �1 �2 �3r0=a 2.229(63) 2.212(44) 2.621(46) 2.528(51)am� 0.6542(10) 0.5793(17) 0.3919(46) 0.3657(24)Mr = (r0m�)2 2.13(12) 1.642(72) 1.055(36) 0.855(34)Zqamq 0.07092(27) 0.05571(30) 0.02566(27) 0.02208(21)�i = mqi=mq0 1.0 0.7856(56) 0.3618(44) 0.3113(31)Z�1A af� 0.2819(15) 0.2590(14) 0.2008(17) 0.1936(16)Comparing table 1 to the 
orresponding one (table 3) in [1℄ one 
an see that thesequantities extra
ted on the 163 � 32 latti
e di�er 
onsiderably from those extra
ted onthe 164 latti
e. The 
hange of r0=a is about 2-5%. The di�eren
e in am� in
reasesfrom 3% at �0 to about 16% at �3 whereas Zqamq di�ers at �0 by 5% and at �3already by about 28%. However, as we shall see later on, 
onsidering ratios of the pionmass-square and of the pion de
ay 
onstant as a fun
tion of the ratios of PCAC quark3



masses (denoted by � for sea quark masses and � for valen
e quark masses) it turnsout that almost all 
hanges between the 164 and 163 � 32 latti
es 
an
el.In table 1 the bare quark mass obtained from the PCAC relation is shown: mq �mPCACq . (For details of its numeri
al determination see se
tion 3.1.1 in ref. [5℄.) An-other possibility to de�ne the quark mass is to take amren � �ren � Zm(�0 � �
r)where �0 = 1=(2�)� 4 is the bare quark mass in the Wilson-fermion a
tion, �
r is its
riti
al value 
orresponding to zero quark mass and ZR is an appropriate multipli
a-tive renormalization fa
tor. The values of �0 
orresponding to �0; :::; �3 are �0(0) =�1:1590909::; �0(1) = �1:1671388::; �0(2) = �1:1719457::; �0(3) = �1:1751412::, re-spe
tively. Comparing the values of Zqamq or �i in table 1 to the values �0(i) one 
ansee that the relation between them is highly non-linear. This implies the same also forthe relation between the (ratios of) mPCACq and mren. The non-linear terms in thisrelation are latti
e artifa
ts whi
h have to vanish in the 
ontinuum limit but they arelarge at our latti
e spa
ings.A 
onsequen
e of the strongly non-linear relation between � and �0 is that thedetermination of �
r (or �
r) has large un
ertainty. In fa
t, with our four pointsonly we 
ould not �nd a 
onvin
ing extrapolation of � to zero. A 
rude quadrati
extrapolation gives �
r = �1:180(4) or �
r = 0:1773(2). The un
ertainty in the 
riti
alpoint implies an un
ertainty in the extrapolation of physi
al quantities, too, whi
h isne
essary in a quark mass independent renormalization s
heme. In 
ase of the latti
espa
ing, whi
h 
an be obtained from the extrapolation of r0=a to the 
riti
al point,table 1 shows that the values of r0=a in
rease between �0 and �2 but between �2and �3 they are within errors 
onstant. Therefore we take this 
onstant value as theextrapolated one: [r0=a℄
r = 2:57(5). This gives, with r0 � 0:5 fm, for the quark massindependent latti
e spa
ing a = 0:195(4) fm.In the ChPT formulas the quark mass 
an be represented by the dimensionlessquantity � � 2B0mqf20 (1)where B0 is a 
onventional parameter with dimension mass and f0 is the value ofthe pion de
ay 
onstant at zero quark mass. (Its normalization here is su
h that thephysi
al value is f0 ' 93MeV.) In what follows we shall identify the quark mass mq in� with the PCAC quark mass mPCACq . A

ording to the previous dis
ussion this is anon-trivial 
hoi
e be
ause the latti
e artifa
ts in (ratios of) the quark mass are ratherdi�erent for amPCACq then, for instan
e, for amren.The sea quark mass dependen
e of the ratio of the pion de
ay 
onstant in NLO ofChPT is:RfSS � fSSfRR = 1 + 4(� � 1)�R(NsLR4 + LR5)� Ns�R32�2 � log � +O(�2R) : (2)4



Here fSS is the pion de
ay 
onstant of a pion 
onsisting of two sea quarks with mass�S and fRR is its value at some referen
e quark mass �R. Ns is the number of mass-degenerate sea quarks (a
tually Ns = 2), LRk (k = 4; 5; : : :) are Gasser-Leutwyler
onstants at the s
ale � = f0p�R and the ratio of sea quark masses to the referen
equark mass is � � �S�R : (3)The analogous formula for the pion mass squares is:RnSS � m2SS�m2RR = 1 + 8(� � 1)�R(2NsLR6 + 2LR8 �NsLR4 � LR5)+ �R16�2Ns� log � + O(�2R) : (4)Note that instead of the s
ale dependent 
ombinations (at Ns = 2)LR45 � 2LR4 + LR5 ; LR6845 � 4LR6 + 2LR8 � 2LR4 � LR5 (5)one 
an also use the universal low energy s
ales �3;4 de�ned by [10℄�3 = 4�f0 exp(��6845) ; �6845 = 128�2LR6845 � 12 log �R16�2�4 = 4�f0 exp(�45=4) ; �45 = 128�2LR45 + 2 log �R16�2 : (6)The free parameters in RfSS and RnSS are �R, �RLR45 and �RLR6845. Withthe small number of points we have the linear �t with these parameters gives a good
hi-square but relatively large errors: �2 = 0:8 and�R = 30:8(9:4) ; �RLR45 = 0:1398(86) ; �RLR6845 = �0:0078(22) : (7)This 
orresponds toLR45 = 4:5(1:1) � 10�3 ; �4f0 = 23:3(8:2) ;LR6845 = �2:54(21) � 10�4 ; �3f0 = 7:64(14) : (8)Consistent results with smaller errors 
an be obtained if one takes the value of�R = 35:8(3:3) from the �t of the valen
e quark mass dependen
es (see next se
tion)and performs two linear �ts with the parameters �RLR45 and �RLR6845, respe
tively.The resulting parameters are�RLR45 = 0:1443(15) ; LR45 = 4:03(37) � 10�3 ; �4f0 = 21:4(1:5) ;�RLR6845 = �0:00896(86) ; LR6845 = �2:50(34) � 10�4 ; �3f0 = 8:21(27) (9)5
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fit:  1 + 4(σ-1)χRLR45 - χRσ logσ/16π2Figure 1: Sea quark mass dependen
e of the pion de
ay 
onstant.The straight dashed line 
onne
ts the �rst two points.and the �ts are shown in �gures 1 and 2.As these �gures show, both RfSS and RnSS 
an be well �tted with the NLO ChPTformula. The �t parameters are within the expe
ted range. For instan
e, the valueof �R is rather 
lose to the tree-level estimate �estimateR � Mr=(r0f0)2 ' 40:3. (Herewe used r0f0 ' 0:23.) The presen
e of a 
hiral logarithm whi
h 
auses the 
urvatureis 
learly displayed in �gure 1 where a straight line 
onne
ting the �rst two points isalso shown. In RnSS the measured points are 
onsistent with the presen
e of a 
hirallogarithm but the relative errors are large be
ause all the values in
luding the ChPT�t are very 
lose to 1. This implies that the deviation from the tree-level behaviourm2SS / �S is rather small. The results for the parameters in (9) are 
lose to the onesreported in [1℄: the values for �4=f0 pra
ti
ally 
oin
ide and the value of �3=f0 is onlyslightly higher now.The extrapolated values of RfSS and RnSS at zero quark mass are, respe
tively:Rf0 = 0:4228(60) ; Rn0 = 1:0717(69) : (10)The value of Rf0 togehter with Z�1A af� from table 1 and r0 = 0:5 fm imply for the6



0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

0 0.2 0.4 0.6 0.8 1

R
n

σ

Sea quark mass dependence of Rn

163x32
β = 5.10
κ = 0.176 - 0.177

χR = 35.8(3.3)
LR6845 = -0.000250(34)
Λ3/f0 = 8.21(27)

fit:  1 + 8(σ-1)χRLR6845 + χRσ logσ/32π2Figure 2: Sea quark mass dependen
e of the pion mass-squareddivided by the quark mass.pion de
ay 
onstant at zero quark mass (f0)Z�1A f0 = 121(5)MeV : (11)This result for Ns = 2 light quarks 
ompares well with the phenomenologi
al valuef0 = 93MeV if, as expe
ted, ZA = O(1).3 Valen
e quark mass dependen
eWe 
onsider for �xed sea quark mass �S the valen
e quark mass dependen
e of f� andm2� as a fun
tion of the quark mass ratio� � �V�S : (12)In our numeri
al data we determined the pseudos
alar mass and de
ay 
onstant in rela-tively wide ranges of the valen
e quark mass ratios, typi
ally 12 � � � 2. At the smallerquark masses (� = �2;3), however, for � < 1 ex
eptional gauge 
on�gurations appearwhi
h blow up the statisti
al errors and 
learly in
uen
e the mean values themselves.7



Therefore, in most 
ases we restri
t our �ts to valen
e quark masses larger than thesea quark mass (� > 1).In the partially quen
hed situation several types of ratios 
an be 
onstru
ted be-
ause the pseudos
alar meson 
an be the bound state of two valen
e quarks (V V ) andalso a valen
e quark and a sea quark (V S). The PQChPT formulas for the ratios ofde
ay 
onstants are:RfV V � fV VfSS = 1 + 4(� � 1)�SLS5 � Ns�S64�2 (1 + �) log 1 + �2+ DfV V �2S(� � 1) +QfV V �2S(� � 1)2 +O(�2S log �; �3S) (13)and RfV S � fV SfSS = 1+ 2(� � 1)�SLS5+ �S64Ns�2 (� � 1� log �)� Ns�S128�2(1 + �) log 1 + �2+ 12DfV V �2S(� � 1) +QfV S�2S(� � 1)2 +O(�2S log �; �3S) : (14)The analogous formulas for the valen
e quark mass dependen
e of the (squared) pseu-dos
alar meson masses are:RnV V � m2V V�m2SS = 1 + 8(� � 1)�S(2LS8 � LS5) + �S16Ns�2 [� � 1 + (2� � 1) log �℄+ DnV V �2S(� � 1) + QnV V �2S(� � 1)2 +O(�2S log �; �3S) (15)and RnV S � 2m2V S(� + 1)m2SS = 1 + 4(� � 1)�S(2LS8 � LS5) + �S16Ns�2 � log �+ 12DnV V �2S(� � 1) +QnV S�2S(� � 1)2+ O(�2S log �; �3S) : (16)In these formulas the Gasser-Leutwyler 
oeÆ
ients LSk (k = 4; 5; : : :) are de�ned at thes
ale f0p�S and, in addition to the NLO terms, also the tree-graph (i.e. 
ounterterm)
ontributions of the NNLO are in
luded. Their general form is taken from ref. [11℄ andis dis
ussed in more detail in se
tion 2.1 of [1℄. The left-out terms of NNLO, whi
h
ome from two-loop integrals, are generi
ally denoted here by O(�2S log �).In addition to the single ratios RfV V ; RfV S ; RnV V and RnV S it is useful to
onsider the so 
alled double ratios whi
h do not depend on any of the NLO 
oeÆ
ients8



LSk . The PQChPT formulas for the double ratios are:RRf � f2V SfV V fSS = 1+ �S32Ns�2 (� � 1� log �)+ Qfd�2S(� � 1)2 +O(�2S log �; �3S) (17)and RRn � 4�m4V S(� + 1)2m2V Vm2SS = 1� �S16Ns�2 (� � 1� log �)+ Qnd�2S(� � 1)2 +O(�2S log �; �3S) : (18)In the PQChPT formulas (13)-(18) there are altogether 11 parameters. Three ofthem appear at NLO, namely with Ns = 2�R ; �RLR5 ; �RLR85 � �R(2LR8 � LR5) (19)and the rest in NNLO:�2RDfV V;nV V ; �2RQfV V;fV S;fd;nV V;nV S;nd : (20)At the smallest quark mass �ts with the NLO formulas are reasonable but for the largerquark masses the NNLO 
ontributions are required unless the �ts are restri
ted to asmall range around � = 1.An a

eptable global �t with 11 parameters 
an be a
hieved if the valen
e quarkmass dependen
e at all four sea quark masses is simultaneously 
onsidered. In this 
aseone has to 
hoose a referen
e sea quark mass �R and take into a

ount the relationbetween the NLO parameters LSk = LRk � 
k log �S�R (21)where the relevant 
onstants are:
5 = 1128�2 ; 
85 � 2
8 � 
5 = � 1128�2 : (22)Fitting all six valen
e quark mass dependen
es (RfV V , RfV S , RRf , RnV V , RnV S ,RRn) there are reasonably good 11 parameter (linear) �ts with �2 ' 200 ' no. ofdegrees of freedom. A typi
al set of the resulting �t parameters is shown in table 2.Comparing table 2 to the 
orresponding one (table 4) in ref. [1℄ one 
an see thatmost values are within statisti
al errors the same. This is also true for the NLOparameters de�ned at the s
ale 4�f0, whi
h are now�5 � 128�2LR5 + log �R16�2 = 2:06(42) ;�85 � 2�8 � �5 � 128�2LR85 � log �R16�2 = 0:583(45) : (23)9



Table 2: Values of best �t parameters for the valen
e quark massdependen
e. Quantities dire
tly used in the �tting pro
edure are inboldfa
e. �R 35:8(3:3)�RLR5 0:1003(76) LR5 2:80(39) � 10�3�RLR85 �0:0256(12) LR85 �0:714(65) � 10�3�2RDfV V �0:109(42) DfV V �8:5(4:4) � 10�5�2RQfV V �0:014(29) QfV V �1:1(2:3) � 10�5�2RQfV S �0:0177(94) QfV S �1:39(81) � 10�5�2RQfd �0:0180(31) Qfd �1:41(13) � 10�5�2RDnV V �0:134(21) DnV V �10:46(93) � 10�5�2RQnV V �0:087(13) QnV V �6:77(30) � 10�5�2RQnV S �0:0394(44) QnV S �3:07(24) � 10�5�2RQnd 0:0077(48) Qnd 0:60(26) � 10�5The value of �5 is pra
ti
ally the same as in table 5 of [1℄ whereas �85 is slightly smallernow.The tree-graph NNLO 
ontributions play an important rôle in the global �ts of thevalen
e quark dependen
es, espe
ially at the two larger sea quark mass (� = �0 and� = �1). At the two smaller sea quark masses NNLO is substantially less important.This is illustrated in �gure 4 where the 11 parameter �t for RfV V is shown togetherwith the NLO 
ontributions alone.3.1 O(a) termsThe �ts above have been performed with the 
ontinuum formulas { without O(a) orany other latti
e artifa
ts. The �ts are reasonably good and the resulting parametersare quite similar to those obtained in ref. [1℄ where the O(a) terms have been takeninto a

ount in the (PQ)ChPT Lagrangian a

ording to ref. [12℄. It has been observedalready in [1℄ that the parameter in the 
hiral Lagrangian 
hara
terizing the magnitudeof O(a) e�e
ts � � 2W0a
SWf20 (24)is rather small 
ompared to the quark mass parameter � in (1). Fitting the ratio�S � �S=�S separately for the individual sea quark mass values we obtained in
reasingvalues for in
reasing sea quark masses: 0:02 � �S � 0:07.The parameter � should be independent of the quark mass be
ause the quark massesare the other expansion parameters in the 
hiral Lagrangian. This means that a quark10
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Figure 3: The linear �t for RfV V for di�erent sea quark masses.The NLO 
ontributions alone are shown by dashed lines.mass dependent �S in
orporates some higher order e�e
ts proportional to some power ofamq. (For instan
e, a linearly in
rasing value of �S 
orresponds to �S / (amq)2.) Sin
ethe observed values of � are small anyway it is interesting to 
onsider the behaviour ofthe 
hi-square as a fun
tion of � if the linear �ts are performed for �xed � . Be
ause ofthe presen
e of another new parameter des
ribing O(a) e�e
ts in the 
hiral Lagrangian,the linear �t has 12 parameters for � 6= 0 (instead of 11 for � = 0). As it is shown by�gure 4, the �2 of the �t has a minimum near � = � = 0 and be
omes extremely largealready at j�j ' 0:1 where the absolute value of � is 10% of the value of the referen
equark mass parameter �R.Another way to investigate the importan
e of O(a) e�e
ts in our data is to 
onsider11
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ombination of double ratios:RRn+ 2RRf � 3 = (Qnd + 2Qfd)�2S(� � 1)2 +O(�2S log �; �3S) : (25)As this formula shows, this 
ombination vanishes in next-to-leading order and onlyNNLO and higher orders 
ontribute to it. On the latti
e there 
ould also be O(a)
ontributions whi
h 
an be parametrized asRRn+ 2RRf � 3 = 16�LS4W6 (� � 1)2�(� + 1) � � (� � 1)2�S�(� + 1)+ � [2(1� �2) + log � + 3�2 log �℄32�2�(� + 1) + � (� � 1� � log �)32�2�+ O(�2; �2) : (26)Here only the linear pie
e of the �S = �=�S-dependen
e is kept be
ause �S is small.LS4W6 � LS4 � WS6 is a new parameter appearing in the O(a) terms of the 
hiralLagrangian [12℄. 12



The linear �ts with �2SQn2f � �2S(Qnd + 2Qfd) in (25) and with � in (26), respe
-tively, are shown in 
ase of the smallest sea quark mass (� = �3) by �gure 5. Asthis �gure shows, the NNLO �t with �2SQn2f is better (�2 = 1:3) than the one withthe leading O(a) term proportional to � (�2 = 7:2). For simpli
ity, the parameters�S = 11:7 and LS4W6 = 0:001 are �xed in this latter 
ase but taking other values doesnot 
hange the qualitative pi
ture.
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Figure 5: Comparing the NNLO �t (full line) with the leadingO(a) �t (dashed line) for (RRn + 2RRf � 3) at � = �3.At the larger sea quark mass values the �ts with the leading O(a) terms behavesimilarly to �gure 5. This supports the fa
t that the O(a) terms are not important inour numeri
al data. As shown by �gure 4, good �ts 
an only be obtained at rathersmall values of � = �=�. In 
ontrast, the NNLO 
ontributions are very importantespe
ially at our larger sea quark masses.4 Studies of the updating algorithmThe numeri
al simulations have been performed by the two-step multi-boson (TSMB)algorithm [13℄. This dynami
al fermion update algorithm is based on the multi-boson13



representation of the fermion determinant [14℄ and in its present form it in
orporatesseveral modern ideas of fermioni
 updating: the global 
orre
tion step in the update[15℄, the �nal reweighting 
orre
tion [16℄ and the determinant breakup [17℄.Our error analysis is based on measuring the auto
orrelations of the quatities inquestion [18, 19℄ therefore we 
an estimate the 
omputation 
ost based on the integratedauto
orrelations �int. In our previous papers [5, 20, 21℄ we proposed an approximateformula for the 
ost C�int ' F (amq)�2 
 (27)where amq is the quark mass in latti
e units and 
 the number of latti
e points. Theoverall fa
tor F depends on the quantity under investigation. If we 
ount the 
ostin terms of the number of 
oating point operations ne
essary to perform an updatesequen
e with length �int then the present simulations on 163 � 32 latti
e are 
onsistentwith Fplaquette ' 7 � 106 ; Fm� ' 106 ; Ff� < 4 � 105 : (28)In 
ase of f� we only have an upper limit on �int be
ause the gauge 
on�gurations storedfor the measurements were statisti
ally independent. These numbers are somewhatsmaller than our previous estimates in [5, 20, 21℄ whi
h is due to a better tuning ofalgorithmi
 parameters. In parti
ular, these simulations were done with a determinantbreakup Nb = 4 whi
h means that the fermion determinant of the two degenerate
avours (Nf = 2) were reprodu
ed by 4
 (Nf = 12) 
avours. Another important pointis the frequent 
all of the global heatbath update of the multi-boson �elds whi
h everytime gives a statisti
ally independent boson 
on�guration.If we take the plaquette expe
tation value as the worst 
ase, then at the presentquark masses and latti
e spa
ing this 
ost estimate is similar to previous estimates(see, for instan
e, the formula of A. Ukawa [22℄) but 
onsidering the more interesting
ases of m� or f� there is a substantial improvement by an order of magnitude ormore. In addition, towards large volumes, smaller quark masses and/or smaller latti
espa
ings the s
aling of the 
ost estimate in (27) is better: for �xed latti
e spa
ing the
ost in
reases as m�2q 
 and de
reasing the latti
e spa
ing and keeping the physi
alparameters �xed the 
ost behaves as a�6. This has to be 
ompared to the estimatedbehaviour in [22℄ m�3q 
5=4 and a�7, respe
tively.5 SummaryThe quark mass dependen
e of the pseudos
alar mass and de
ay 
onstant in our nu-meri
al data 
an be well �tted with the 
ontinuum (PQ)ChPT formulas. It has beenalready observed on the 164 latti
e in ref. [1℄ that the O(a) latti
e artifa
ts at ourgauge 
oupling � = 5:1, 
orresponding to a latti
e spa
ing a ' 0:2 fm, are small and14



one 
an obtain reasonable �ts by omitting them. This 
on
lusion is strengthened bythe new 163 �32 data and therefore here we based our estimates of the 
hiral Lagrangianparameters on �ts with the 
ontinuum formulas.The use of the ratios of the PCAC quark mass as the variable in 
omparing thesimulation data to 
hiral perturbation theory is essential. Taking other quark massde�nitions, for instan
e �ren � Zm(�0 � �
r), would be the sour
e of large latti
eartifa
ts at our latti
e spa
ing.The sea quark mass dependen
e of f� andm2�=mq 
an be well des
ribed in our quarkmass range 0:855 � Mr � 2:13, whi
h roughly 
orresponds to 14ms � mq � 23ms, bythe NLO ChPT formulas. The obtained estimates of the relevant Gasser-Leutwyler
onstants are, a

ording to se
tion 2:�3f0 = 8:21(27) ; �4f0 = 21:4(1:5) : (29)The fun
tional dependen
e of the ratio of f� as a fun
tion of the ratio of quark masses
learly shows the presen
e of 
hiral logarithms (see �gure 1). This observation is inagreement with the results in a re
ent paper of the UKQCD Collaboration [23℄ whi
h
ame out during writing up this paper.In the valen
e quark mass dependen
e of the same quantities, in addition to theNLO terms, the higher order NNLO 
ontributions appear to be important { espe
iallyat our two larger sea quark masses. But, as shown by �gure 4, the importan
e of theNNLO terms is 
onsiderably redu
ed at the two lighter sea quark masses. Our bestestimates for the relevant Gasser-Leutwyler 
onstants at the s
ale 4�f0 are, a

ordingto (23): �5 = 2:06(42) ; 2�8 � �5 = 0:583(45) : (30)The errors quoted in (29) and (30) are only the statisti
al ones. In order to de
reasethe systemati
 errors simulations at still smaller sea quark masses would be useful.Sin
e our latti
e volume is relatively large (L ' 3 fm), �nite volume e�e
ts 
an beexpe
ted to be small (see [24, 25℄). For the moment we have no dire
t handle onthe magnitude of the remaining non-zero latti
e spa
ing e�e
ts. These should bedetermined by performing simulations at smaller latti
e spa
ings.A
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