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DESY 04-040 ISSN 0418-9833hep-ph/0405232May 2004Two-loop eletroweak orretion of O(GFM 2t ) to theHiggs-boson deay into photonsFrank Fugel, Bernd A. Kniehl, Matthias SteinhauserII. Institut f�ur Theoretishe Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstratWe ompute the dominant two-loop eletroweak orretion, of O(GFM2t ), tothe partial width of the deay of an intermediate-mass Higgs boson into a pair ofphotons. We use the asymptoti-expansion tehnique in order to extrat the leadingdependene on the top-quark mass plus four expansion terms that desribe thedependene on the W - and Higgs-boson masses. This orretion redues the Bornresult by approximately 2.5%. As a by-produt of our analysis, we also reover theO(GFM2t ) orretion to the partial width of the Higgs-boson deay to two gluonjets.PACS numbers: 12.15.Ji, 12.15.Lk, 14.80.Bn
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1 IntrodutionAmong the main tasks of the urrent experiments at the Fermilab Tevatron and thefuture experiments at the CERN Large Hadron Collider (LHC) is the searh for the Higgsboson, whih is the only missing partile in the standard model (SM). The eletroweakpreision data mainly olleted at CERN LEP and SLAC SLC in ombination with thediret top-quark mass measurement at the Tevatron favour a light Higgs boson with massMH = 113+62�42 GeV with an upper bound of about 237 GeV at the 95% on�dene level [1℄.The allowed mass range is ompatible with the so-alled intermediate mass range, de�nedby MW �MH � 2MW . In this mass range, the deay into two photons represents one ofthe most useful detetion modes at hadron olliders.Sine there is no diret oupling of the Higgs boson to photons, the proess H ! is loop-indued. In the limit of vanishing bottom-quark mass, one distinguishes atlowest order the ontributions from virtual top quarks and W bosons, where, in ovariantgauge, the latter are aompanied by harged Goldstone bosons (�) and Faddeev-Popovghosts (u). Some sample Feynman diagrams are depited in Fig. 1. The orrespondingontributions have been evaluated for the �rst time in Ref. [2℄ (for reviews, see alsoRef. [3℄). QCD orretions, whih only a�et the top-quark diagrams are known at thetwo- [4℄ and three-loop [5℄ orders. Reently, also the two-loop eletroweak orretionindued by light-fermion loops has been evaluated [6℄. In this paper, we ompute the two-loop eletroweak orretion that is enhaned by GFM2t . For this purpose, we onsiderthe (formal) hierarhy M2t � (2MW )2 � M2H and apply the method of asymptotiexpansion [7℄, whih allows us to also evaluate four expansion terms in the ratio �W =M2H=(2MW )2 aside from the leading term in M2t .Due to eletromagneti gauge invariane, the amputated transition-matrix element ofH !  possesses the strutureT �� = (q1�q2 g�� � q�1q�2 )A; (1)where � and � are the Lorentz indies of the external photons with four-momenta q1 andq2, respetively. Thus, the deay rate of the Higgs boson into two photons is given by�(H ! ) = M3H64� jAj2: (2)The form fator A is evaluated in perturbation theory asA = A(0)t +A(0)W +A(1)tW + � � � ; (3)where A(0)t and A(0)W denote the one-loop ontributions indued by virtual top quarksand W bosons, respetively,A(1)tW stands for the two-loop eletroweak orretion involvingvirtual top quarks, and the ellipsis represents the residual one- and two-loop ontributionsas well as all ontributions involving more than two loops.In the pratial alulation, it is onvenient to projet out the salar amplitudes thatmultiply the basi Lorentz tensors g�� , q�1q�2 , and q�1q�2 . The orresponding projetors2



H tt t H �� � H u�u� u� H WW WH �� W H  �� H  WW H � WFigure 1: Sample Feynman diagrams ontributing in leading order to the proessH ! .an be obtained by in turn ontrating T �� with these Lorentz tensors and solving theresulting system of linear equations. We separately projet out the oeÆients of thetensors q1�q2 g�� and q�1q�2 , and thus have a strong hek on our alulation. Furthermore,we adopt a general R� gauge in our alulation and verify that the gauge parameter dropsout in the �nal result. For simpliity, the element Vtb of the Cabibbo-Kobayashi-Maskawaquark mixing matrix is set to unity, so that the quarks of the third fermion generationdeouple from those of the �rst two, whih they atually do to very good approximation[8℄.Our paper is organized as follows. In Setion 2, we illustrate the usefulness of theasymptoti-expansion tehnique by redoing the one-loop alulation. In Setion 3, wedisuss the two-loop alulation. Setion 4 ontains the disussion of the numerial results.We onlude with a summary in Setion 5.2 One-loop results and ounterterm ontributionThe appliation of the asymptoti-expansion tehnique to the one-loop diagrams, some ofwhih are shown in Fig. 1, leads to a naive Taylor expansion in the external momenta q1and q2. Nevertheless, we use already here a ompletely automated set-up, whih onsists inthe suessive use of the omputer programs QGRAF [9℄, q2e [10℄, exp [11℄, and MATAD [12℄.First, QGRAF is used to generate the Feynman diagrams. Its output is then rewritten byq2e to be understandable by exp. In the two-loop ase, the latter performs the asymptotiexpansion and generates the relevant subdiagrams aording to the rules of the so-alledhard-mass proedure [7℄. Form [13℄ �les are generated, whih an be read by MATAD [12℄,whih performs the very alulation of the diagrams.The analyti expression for the Born result an be found in Refs. [2, 14℄. For om-pleteness, we list it here in losed form and as an expansion for (2MW )2 � M2H , whih3



we reprodue. One hasA(0)t = ÂNQ2t � 1�t �1 + �1� 1�t� arsin2p�t��= ÂNQ2t �23 + 745�t + 463� 2t + 521575 � 3t + 102451975 � 4t + 2432189189 � 5t + : : :� ; (4)A(0)W = Â��12 �2 + 3�W + 3�W �2 � 1�W � arsin2p�W ��= Â��72 � 1115�W � 38105� 2W � 116525� 3W � 262417325 � 4W � 6405733 � 5W + : : :� ; (5)where Â = 21=4G1=2F (�=�), �t = M2H=(2Mt)2, and �W is de�ned in Setion 1. Here, � isSommerfeld's �ne-struture onstant, GF is Fermi's onstant, N = 3 is the number ofquark olours, and Qt = 2=3 is the eletri harge of the top quark in units of the positronharge. The Higgs-boson mass entering the expansion parameters �t and �W partly arisesfrom the ouplings involving one Higgs and two Goldstone bosons, but also from theexpansion in the external momenta due to the kinemati relation (q1 + q2)2 =M2H.We wish to note that the result for the proess H ! gg is simply obtained by settingA(0)W = 0 and performing the substitution �NQ2t ! �sp2, where �s is the strong-ouplingonstant.In the remainder of this setion, let us disuss the ounterterm ontributions neededfor our two-loop analysis. We adopt the on-mass-shell sheme and regularize the ultra-violet divergenes by means of dimensional regularization, with D = 4 � 2� spae-timedimensions and 't Hooft mass sale �. We use the anti-ommuting de�nition of 5.As will beome learer in the next setion, it is important to treat the tadpole ontri-butions properly in our alulation. For this reason, in the following, we list the orre-sponding ontributions separately and mark them by the supersript \tad". Inspetion ofthe one-loop diagrams reveals that, to O(GFM2t ), we have to renormalize the Higgs-bosonwave funtion and mass, the W -boson mass, and the top-quark mass. The orrespondingounterterms are de�ned throughH0 =qZHH = �1 + 12ÆZH�H;(M0H)2 =M2H + ÆM2H + ÆM2;tadH ;(M0W )2 =M2W + ÆM2W + ÆM2;tadW ;M0t =Mt + ÆMt + ÆM tadt : (6)Note that ÆZH is obtained from the derivative of the Higgs-boson self-energy and thushas no tadpole ontribution. The mass ounterterms are obtained from the orrespondingtwo-point funtions, where only theMt-enhaned ontributions have to be onsidered. Upto and inluding quadrati terms in Mt, we haveÆZH =�2Nxt  �� lnM2t�2 � 23! ;4



ÆM2HM2H =Nxt "�12M2tM2H  �� lnM2t�2 + 13!+ 2 �� lnM2t�2 � 23!# ;ÆM2;tadHM2H = 12NxtM2tM2H  �� lnM2t�2 + 1! ;ÆM2WM2W =�2Nxt  �� lnM2t�2 + 12! ;ÆM2;tadWM2W = 8NxtM2tM2H  �� lnM2t�2 + 1! ;ÆMtMt = 32xt  �� lnM2t�2 + 83! ;ÆM tadtMt = 4NxtM2tM2H  �� lnM2t�2 + 1! ; (7)with xt = GFM2t =(8�2p2) and � = 1=� � E + ln(4�), where E is Euler's onstant.The W -boson mass renormalization is needed for the W , �, and u propagators, whereMW enters as a parameter. Furthermore, also the HW�W�, H��W�, ��W�, andH��W� verties ontain MW . The only vertex involvingMH is H����, whih induestwo-loop ontributions via ÆMH. Finally, Mt ours in the top-quark propagator and inthe Htt vertex.The wave funtion renormalization and the renormalization of a fator 1=MW is om-mon to all one-loop diagrams. This allows for the de�nition of a universal fator [15℄,whih is �nite in our alulation. It is given byÆu = 12  ÆZH � ÆM2WM2W != 76Nxt: (8)3 Two-loop resultsThe ontributions of O(GFM2t ) are obtained by onsidering all two-loop eletroweak di-agrams involving a virtual top quark. This inludes also the tadpole diagrams with alosed top-quark loop, whih are proportional to M4t . For arbitrary gauge parameter,this leads us to onsider a total of O(1000) diagrams. Some of them are depited inFig. 2. These diagrams naturally split into two lasses. The �rst lass onsists of thosediagrams where a neutral boson, i.e. a Higgs boson or a neutral Goldstone boson (�), isadded to the one-loop top-quark diagrams. The exhange of a Z boson does not produequadrati ontributions inMt. The appliation of the asymptoti-expansion tehnique tothese diagrams leads to a simple Taylor expansion in the external momenta.This is di�erent for the seond lass of diagrams, whih, next to the top quark, alsoontain a W or � boson and, as a onsequene, also the bottom quark, whih we take5



to be massless throughout the alulation. Due to the presene of uts through light-partile lines, the asymptoti-expansion tehnique applied to these diagrams also yieldsnontrivial terms, as is exempli�ed in Fig. 3. The �rst ontribution on the right-hand sideof the equation in Fig. 3 symbolizes the naive Taylor expansion in the external momenta.In the seond ontribution, the subdiagram to the right of the star has to be expandedin its external momenta, whih also inludes the loop momentum of the o-subgraph tothe left of the star. The result of the expansion is inserted as an e�etive vertex, andthe remaining integration over the seond loop-momentum is performed after a furtherexpansion in q1 and q2. The latter is allowed, sine we work in the limit (2MW )2 �M2H .We wish to mention that suh ontributions develop M4t terms, whih anel in the �nalresult only in ombination with the M4t terms from the ounterterms of Eq. (7) and thegenuine two-loop tadpole diagrams. For this reason, it is ruial to inlude the latterin our alulation. As a further omment, we note that, unlike the example of Fig. 3,it an also happen that the o-subgraph only involves massless bottom quarks, and noexpansion in the external momenta is allowed. In our alulation, the ontributions fromsuh o-subgraphs vanish.As already mentioned above, we use in our alulation a general gauge parameter �Wrelated to theW boson and verify that our �nal result is independent of �W . We do this inthe limit of large and small values of �W . To this end, we apply the asymptoti-expansiontehnique in the following four limiting ases(i) M2t �M2W = �WM2W �M2H ;(ii) M2t �M2W � �WM2W �M2H ;(iii) M2t � �WM2W �M2W �M2H ;(iv) �WM2W �M2t �M2W �M2H ; (9)where the inequalityM2W � M2H has to be understood in a formal sense, as, in pratie,one has (2MW )2 � M2H . The result we obtain by asymptoti expansion is an expansionof the exat result for the O(GFM2t ) ontribution in powers of �W . In ase (i), where�W = 1, whih orresponds to 't Hooft-Feynman gauge, we are able to evaluate the �rst�ve terms of this expansion. In ases (ii){(iv), we ompute the �rst two expansion termsand �nd agreement with the result obtained for �W = 1.Our �nal result for A(1)tW emerges as the sumA(1)tW = A(1)u +A(1)H;� +A(1)W;�; (10)where A(1)u is the universal ontribution indued by the one-loop term Æu of Eq. (8), A(1)H;�is the two-loop ontribution involving virtual H and � bosons, and A(1)W;� the remainingtwo-loop ontribution involving virtual W and � bosons. In A(1)H;� and A(1)W;�, also theorresponding ounterterm and tadpole ontributions are inluded. For the individualpiees, we �ndA(1)u = ÂNxt ��329108 � 7790�W � 1945� 2W � 58225� 3W � 13127425 � 4W + � � �� ;6



H t �bt � � H t b�t b b H t �bt � W H � tb� t tH W tb� t t H tt �b t� H �� bt Wb H � tb ��H t bt WW H �tb� W H t b �t b W H WW �tb WH �� � H t H u�u�u� H t HHt WW W H Ht � � WFigure 2: Sample Feynman diagrams ontributing at the two-loop eletroweak order tothe proess H ! .A(1)H;� = ÂNxt �� 827� ;A(1)W;� = ÂNxt �18227 + 2215�W + 76105� 2W + 232525� 3W + 524817325� 4W + � � �� ; (11)where Â is de�ned below Eq. (5) and the ellipses indiate terms of O(� 5W ). Notie thatthe leading O(GFM2t ) term of A(1)H;� is not aompanied by an expansion in �W , sine theontributing diagrams do not involve virtual W or � bosons. On the other hand, detailedinspetion reveals that there is also no expansion in the parameterM2H=(2MZ )2, ontraryto what might be expeted at �rst sight. Inserting Eq. (11) into Eq. (10), we obtain our7



tt � ��b = � ? tt � ��b+ �� �� ? tt bFigure 3: Diagrammati asymptoti expansion of a Feynman diagram that produes M4tterms.�nal result A(1)tW = ÂNxt �367108 + 1118�W + 1963� 2W + 58315 � 3W + 131210395 � 4W + � � �� : (12)The orretion of O(GFM2t ) to �(H ! ) was also onsidered in Ref. [16℄. Theexpression found in that referene disagrees with our result. One reason is probably thatthe authors of Ref. [16℄ only onsidered virtual � bosons, but disregarded virtual W -bosons. However, our alulation shows that both types of harged bosons have to betaken into aount at the same time in order to arrive at an ultraviolet-�nite and gauge-parameter-independent result. In Ref. [17℄, the dominant two-loop eletroweak orretionsto the Higgs-boson ouplings to pairs of gauge bosons and light fermions indued by asequential isodoublet of ultraheavy quarks (A;B) were investigated by means of a low-energy theorem [14, 18℄. In that paper, also a result for the O(GFM2t ) orretion to�(H ! ) is presented, whih is obtained by sending the mass of the fourth-generationdown quark (MB) to zero at the end of the alulation, whih is performed assumingthat MB � MW . This result also deviates from the one obtained above. Detailedinspetion reveals that this di�erene may be attributed to the interhange of limitsperformed in Ref. [17℄, whih is not justi�ed in the ase under onsideration, although suha proedure is known to lead to orret results in simpler examples. In fat, reanalyzingthe limiting ase MA � MB � MW using the asymptoti-expansion tehnique, we areable to reprodue the terms of Eqs. (48){(54) in Ref. [17℄ that survive in this limit and,at the same time, to identify ontributions that do not our ifMB = 0 is imposed at theoutset of the alulation.For ompleteness, we also speify our orresponding result for �(H ! gg). Its evalu-ation is signi�antly simpler, sine, at one loop, only the top-quark diagrams ontribute.8



Consequently, to obtain the leading two-loop orretion proportional to GFM2t , we onlyhave to onsider the exhange of H, �, and � bosons. This only requires a naive Taylorexpansion in q1 and q2. We obtainA(1)gg = Âggxt �13� ; (13)with Âgg = 23=4G1=2F (�s=�). This result is in agreement with Ref. [19℄, where a low-energytheorem [14, 18℄ was used.4 Numerial resultsWe are now in a position to present our numerial results and to assess the onvergeneproperties of our expansions in �t and �W . We use the following numerial values forour input parameters [8℄: GF = 1:16639 � 10�5 GeV�2, MW = 80:423 GeV, and Mt =174:3 GeV.We �rst onsider the one-loop amplitudes A(0)t and A(0)W indued by virtual top quarksand W bosons, respetively, for whih exat results are available. They are shown inFigs. 4 and 5 as funtions of �t and �W , respetively. The solid urves indiate theexat results, while the dashed urves represent the sequenes of approximations thatare obtained by suessively inluding higher powers of �t and �W , respetively, in theexpansions. The vertial lines enompass the intermediate-mass range of the Higgs boson,MW � MH � 2MW . In Fig. 5, the seond vertial line oinides with the right edge ofthe frame. From Fig. 4, we observe that the approximation onsisting of the �rst threeterms of the expansion in �t is pratially indistinguishable from the exat result up to�t � 0:25. The same is true for the sum of the �rst �ve expansion terms up to �t � 0:5,whih orresponds toMH � 245 GeV. In the ase ofA(0)W , the onvergene is slightly worse,sine MH = 2MW orresponds to �W = 1 and the exat result behaves like p1� �W inthis limit. Nevertheless, for MH = 120 GeV, 140 GeV, and 2MW , the approximation by�ve expansion terms deviates from the exat result by as little as 0.3%, 1.6%, and 19.9%,respetively.Having demonstrated the fast onvergene of the expansions in �t and �W of the one-loop amplitudes A(0)t and A(0)W , respetively, we now proeed to the two-loop eletroweakamplitude A(1)tW , for whih we found the leading O(GFM2t ) term together with its sub-leading mass orretions through O(� 4W ). This orresponds to a �rst approximation andfour improvements, whih are visualized by the �ve dashed urves in Fig. 6. As in Fig. 5,the dotted vertial line and the right edge of the frame enlose the intermediate-massrange of the Higgs boson. We again observe rapid onvergene. The goodness of our bestapproximation may be assessed by onsidering its relative deviation from the seond bestone. For MH = 120 GeV, 140 GeV, and 2MW , this amounts to 0.3%, 1.0%, and 2.8%,respetively. The situation is very similar to the one in Fig. 5. In fat, the orrespond-ing �gures for A(0)W are 0.4%, 1.1%, and 3.1%. We thus expet that the goodness of theapproximation of A(1)tW by the expansion through O(� 4W ) is omparable to the ase of A(0)W .9
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