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 dApril 5, 2004Abstra
tMeasurements of the time-dependent CP asymmetry in the de
ay B0d(t) ! �+�� and its 
harge
onjugate by the BELLE and BABAR 
ollaborations 
urrently yield C+��� = �0:46 � 0:13 and S+��� =�0:74 � 0:16, 
hara
terizing the dire
t and mixing-indu
ed CP asymmetries, respe
tively. We studythe impli
ation of these measurements on the CKM phenomenology taking into a

ount the availableinformation in the quark mixing se
tor. Our analysis leads to the results that the ratio jP
=T
j involvingthe QCD-penguin and tree amplitudes and the related strong phase di�eren
e Æ
 = ÆP
 � ÆT
 in theB0d= �B0d ! �+�� de
ays are quite substantial. Using the isospin symmetry to 
onstrain jP
=T
j and
os(2�), where 2� parameterizes the penguin-indu
ed 
ontribution, we present a �t of the 
urrent datain
luding the measurements of S+��� and C+��� . Our best-�ts yield: � = 92Æ, � = 24Æ, 
 = 64Æ, jP
=T
j =0:77, and Æ
 = �43Æ. At 68% C.L., the ranges are: 81Æ � � � 103Æ, 21:9Æ � � � 25:5Æ, 54Æ � 
 � 75Æ,0:43 � jP
=T
j � 1:35 and �64Æ � Æ
 � �29Æ. Currently en vogue dynami
al approa
hes to estimate thehadroni
 matrix elements in B ! �� de
ays do not provide a good �t of the 
urrent data.aE-mail: ahmed.ali�desy.debE-mail: lunghi�physik.unizh.
h
E-mail: parkh�itp.unibe.
hdOn leave of absen
e from Department of Theoreti
al Physi
s, Yaroslavl State University, Sovietskaya 14, 150000 Yaroslavl,Russia. 1



1 Introdu
tionPre
ise measurement of CP-violation inB-meson de
ays is the prin
ipal goal of experiments at the 
urrentele
tron-positron B-fa
tories, KEK-B and SLAC-B, and at the hadron 
olliders, Tevatron and LHC. Inthe standard model (SM), the sour
e of CP violation is the Kobayashi-Maskawa phase 1 whi
h resides inthe Cabibbo-Kobayashi-Maskawa (CKM) matrix 1;2. In the Wolfenstein parameterization 3 of the CKMmatrix, 
hara
terized by the parameters �, A, � and �, CP violation is related to a non-zero value ofthe parameter �. Of parti
ular importan
e in the analysis of CP violation in the B-meson se
tor is thefollowing unitarity relation: VudV �ub + V
dV �
b + VtdV �tb = 0; (1)whi
h is a triangle relation in the 
omplex �� � �� plane, depi
ted in Fig. 1. Here, �� = (1 � �2=2) � and�� = (1 � �2=2) � are the perturbatively improved Wolfenstein parameters 4. The sides of this triangle,
alled Rb and Rt, are de�ned asRb �p��2 + ��2; Rt �p(1� ��)2 + ��2; (2)and its three inner angles have their usual de�nitions:� � arg�� V �tbVtdV �ubVud� ; � � arg��V �
bV
dV �tbVtd� ; 
 � arg��V �ubVudV �
bV
d � : (3)The BELLE 
ollaboration uses a di�erent notation for these angles: �1 = �, �2 = �, and �3 = 
. Were
all that among the CKM matrix elements above Vub and Vtd have sizable imaginary parts, and hen
eall three angles �, � and 
 are sizable. Of these, the phase � has already been well measured using thetime-dependent CP asymmetries in the B ! J= KS and related de
ays, yielding 5:sin(2�) = sin(2�1) = 0:736� 0:049; � = �1 = 23:8Æ � 2:0Æ: (4)The 
urrent thrust 6 of the two B-fa
tory experiments { BABAR and BELLE { is now on the measure-ments of the other two angles � (or �2) and 
 (or �3). Of these, the weak phase � will be measuredthrough the CP violation in the B ! ��, B ! �� and B ! �� de
ays. To eliminate the hadroni
 un
er-tainties in the determination of �, an isospin analysis of these �nal states (as well as an angular analysisin the �� 
ase) will be ne
essary 7. To 
arry out the isospin analysis in B ! �� de
ays, one needs to knowthe three amplitudes A+�, A00 and A+0, 
orresponding to the B0d ! �+��, B0d ! �0�0 and B+ ! �+�0de
ays, respe
tively, and their 
harge 
onjugates �Aij. At present, the only missing pie
es in the 
urrentdata are A00 and �A00 { the amplitudes of the B0d ! �0�0 and �B0d ! �0�0 de
ays, respe
tively { thoughthe measured 
harge 
onjugate averaged bran
hing ratio 8 B(B0=B0 ! �0�0) provides an informationon the sum j �A00j2 + jA00j2. Hen
e, a model-independent isospin analysis of the B ! �� de
ays 
an notbe 
arried out at present from the bran
hing ratios alone.In addition to the measurements of the bran
hing ratios in the B ! �� de
ays, the time-dependentCP asymmetries in the B0d(t)= �B0d (t)! �+�� and B0d(t)= �B0d(t)! �0�0 de
ays will greatly help in pinningdown the weak phase �. We shall 
on
entrate here on the CP-asymmetry in the de
ay B0d ! �+��,whi
h is de�ned as follows: a+��� (t) � �[ �B0d(t)! �+��℄� �[B0d(t)! �+��℄�[ �B0d(t)! �+��℄ + �[B0d(t)! �+��℄ (5)= S+��� sin(�MB t) �C+��� 
os(�MB t);where �MB is the mass di�eren
e in the B0d � �B0d system whi
h is already well measured 9, and C+���and S+��� are the dire
t and mixing-indu
ed CP asymmetry parameters, respe
tively. In the notationused by the BELLE 
ollaboration 10, C+��� is repla
ed by A+��� , where A+��� = �C+��� .The BABAR 11;6 and BELLE 10 measurements were summarized last summer at the Lepton-Photon2003 
onferen
e, yielding the world averages 6: S+��� = �0:58� 0:20 and C+��� = �0:38� 0:16. However,2
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��Figure 1. The unitarity triangle with the unit base in the ��� �� plane. The two sides Rb and Rt and the angles � (�2), �(�1) and 
 (�3) are de�ned in Eqs. (2) and (3), respe
tively.a signi�
ant disagreement between the two measurements existed and the 
on�den
e level that the twoare 
ompatible with ea
h other, in parti
ular in the measurement of S+��� , was rather low (4.7% C.L.).Re
ently, the BELLE 
ollaboration have updated their results for S+��� and A+��� by in
luding more data.The 
urrent BELLE measurements 12 (based on 140 fb�1 data) together with the updated BABARresults 6 (based on 113 fb�1 data) of these quantities are as follows:S+��� = ��0:40� 0:22� 0:03 (BABAR)�1:00� 0:21� 0:07 (BELLE) ; C+��� = ��0:19� 0:19� 0:05 (BABAR)�0:58� 0:15� 0:07 (BELLE) : (6)They have been averaged by the Heavy Flavor Averaging Group [HFAG℄ to yield 9S+��� = �0:74� 0:16; C+��� = �0:46� 0:13; (7)and 
orrespond to 4.6 and 3.5 standard deviation measurements from null results, respe
tively. It is alsoreassuring to note that the BELLE and BABAR measurements are now 
loser to ea
h other than was the
ase at the Lepton-Photon 2003 
onferen
e, having now a s
ale fa
tor e of 1.7 in S+��� and 1.4 in C+��� .Signi�
ant updates of the BABAR and BELLE results in the B ! �� de
ays are awaited later this yearwhi
h will further �rm up these measurements.As 
an be judged from the results in (7), 
urrent measurements of S+��� and C+��� have already rea
heda signi�
ant level and invite a theoreti
al analysis leading to a determination of the unitarity triangleangles � and hen
e also 
. The importan
e of these measurements for the CKM phenomenology hasbeen long anti
ipated and dis
ussed at great length in the literature 13;14;15;16;17;18;19. Our analysistaking into a

ount the updated B ! �� data has many features whi
h it shares 
on
eptually with the
ited literature and we shall 
ompare our results with the ones obtained in the more re
ent works 17;18.A prerequisite to 
arry out su
h an analysis is to get model-independent bounds on the non-perturbativedynami
al quantities jP
=T
j and Æ
 = ÆP
 � ÆT
 , involving the so-
alled QCD-penguin P
 and 
olor-allowed tree T
 topologies. Here, the subs
ripts denote that we are using the 
-
onvention of Gronau andRosner 20 in 
hoosing the independent CKM fa
tors in the analysis of the B ! �� de
ays. Dis
ussions ofthe ambiguities in the penguin amplitudes have also been presented earlier 21;22;23. Our approa
h makesuse of the isospin-based bounds on the ratio jP
=T
j and Æ
 in the analysis of the data in the B ! ��se
tor and we show how to in
orporate these bounds in the analysis of the unitarity triangle in the SM.There are essentially three parameters jP
=T
j, Æ
 and � [the weak phase � is already well measured,see Eq. (4)℄, whi
h 
an not be determined from the measurements of just two quantities S+��� and C+��� .However, 
orrelations and bounds on these parameters 
an be obtained whi
h have been presented byeWe thank the Heavy Flavor Averaging Group and, in parti
ular, Andreas H�o
ker, for providing us the updated averagesand the s
ale fa
tors. 3



the BELLE 
ollaboration based on their data 10;12. In the �rst part of our paper we undertake a similaranalysis of the 
ombined BABAR and BELLE data and work out the best-�t values and bounds onthe parameters Æ
 and jP
=T
j. As our analysis is performed within the SM, we allow the phase � tovary in the experimental range and restri
t the range of � from the indire
t unitarity-triangle (UT)analysis, whi
h we have taken from the CKM �tter 24 and another re
ent �t of the CKM parameters 25.We �rst show in this paper that the 
urrent data on S+��� and C+��� restri
ts the two strong intera
tionparameters Æ
 and jP
=T
j. This information is already helpful in providing some dis
rimination on various
ompeting approa
hes in
orporating QCD dynami
s in these de
ays. Conversely, restri
ting the allowedrange of jP
=T
j from the 
urrent dynami
al models, data on S+��� and C+��� allows to put 
onstraintson �. This has been done by the BELLE 
ollaboration 12, yielding at 95.5% C.L. 90Æ � �2 � 146Æ for0:15 � jP
=T
j � 0:45 and sin(2�1) = 0:746. However, due to the restri
tions on jP
=T
j, this remains amodel-dependent enterprise.Our analysis di�ers in this respe
t from the one 
arried out by the BELLE 
ollaboration. Instead ofrestri
ting jP
=T
j by a survey of models, we use the isospin symmetry to restri
t the range of jP
=T
jand Æ
. To do this, we harness all the 
urrent data available on the bran
hing ratios for B0d ! �+��,B+ ! �+�0 and B0d ! �0�0 de
ays (and their 
harge 
onjugates), S+��� and C+��� , and study a number of
orrelations, in parti
ular jP
=T
j vs. 
os(2�), where � is a penguin-related angle whi
h is 
onne
ted withthe relative phase between the amplitudes A+� and ~A+� (see Fig. 2). It is well known that the isospinsymmetry 
an be used to put a lower bound on 
os(2�), as �rst pointed out by Grossman and Quinn 26.Subsequently, the Grossman-Quinn bound was improved by Charles 27, who derived in addition a newbound involving the B0d ! �0�0 and B0d ! �+�� de
ay modes. Based on the observation that theB ! �� amplitudes 
an be represented, using the isospin symmetry, as two (
losed) triangles whi
h havea 
ommon base, Gronau et. al 28 derived an improved lower bound on 
os(2�) { the Gronau-London-Sinha-Sinha (GLSS) bound. We illustrate this bound numeri
ally using 
urrent data and the 
onstraintsthat it implies in the jP
=T
j � 
os(2�) plane for both the � > 0 and � < 0 
ases, varying 
 in a largerange 25Æ � 
 � 75Æ, whi
h adequately 
overs the present range of this angle allowed by the UT �ts at95% C.L. Lest it be misunderstood, we emphasize that our �nal results for the CKM parameters andthe dynami
al quantities make no restri
tions on the range of 
, whose value will be returned togetherwith those of the other quantities by our CKM unitarity �ts. The isospin-based lower bound on 
os(2�),and hen
e an upper bound on j�j, is a model-independent 
onstraint on the penguin 
ontribution in theanalysis of the data involving the measurements of S+��� and C+��� .There are yet other bounds based on the isospin symmetry inB ! �� de
ays whi
h lead to restri
tionson 
. In parti
ular, the Bu
halla-Sa�r bound 30 on 
 (and its various rein
arnations dis
ussed re
ently inthe literature 31;19) result from the 
orrelations involving sin(2�), 
, S+��� , and C+��� . We have analyzedthese bounds, but we �nd that they are not very useful at present as the 
urrent 
entral values of sin(2�)and �S+��� almost 
oin
ide. For these bounds to be useful phenomenologi
ally, the value of �S+��� has to
ome down substantially.In the last part of our analysis, we study the impa
t of the S+��� and C+��� measurements on the pro�leof the unitarity triangle in a model-independent way. We �rst show that the quality of the UT �ts is notmodi�ed by the in
lusion of the data on S+��� and C+��� , as the two additional parameters jP
=T
j and Æ
,when varied in large regions, 
an always reprodu
e the 
entral values of the S+��� and C+��� averages.We then implement the lower bound on 
os(2�) in performing the �ts of the unitarity triangle in the�� � �� plane. The present bound 
os(2�) > 0:27 removes a small part of the otherwise allowed regionof the unitarity triangle, but this 
onstraint will be
ome more signi�
ant in future as the errors on theB ! �� bran
hing ratios, S+��� and C+��� are redu
ed. The e�e
ts of the bound on 
os(2�) are also shownon the 
orrelations � � 
 and 
os(2�) � 
os(2�). Working out the �2-distributions in the quantities �,jP
=T
j and Æ
, we �nd that the 
urrent data prefers rather large values for the latter two quantities,with the minimum of the �2-distributions being at jP
=T
j = 0:77 and Æ
 = �43Æ. The 
orrespondingbest-�t values of � and 
 are � = 92Æ and 
 = 64Æ. At 68% C.L., the ranges are: 81Æ � � � 103Æ,21:9Æ � � � 25:5Æ, 54Æ � 
 � 75Æ, 0:43 � jP
=T
j � 1:35, and �64Æ � Æ
 � �29Æ. The bound on 
os(2�)4



A+0 = ~A�0
A00 ~A00A+�p2 ~A+�p2

p2jP
j sin 


2�
�A~�A

Figure 2. The isospin triangle for the B ! �� de
ay amplitudes Aij and the same for the phase-shifted 
harge-
onjugateones ~Aij = e2i
 �Aij in the 
omplex plane.is very eÆ
ient in the ex
lusion of the large values of jP
=T
j and �Æ
. Their best-�t values are quitea bit larger than anti
ipated in most dynami
al approa
hes. This feature has also been noted in earlierstudies on the B ! �� de
ays 13;17;18.This paper is organized as follows: In se
tion 2, we give the relations among the observables inthe B0d ! �+�� de
ay and its 
harge 
onjugate, the CKM parameters and various dynami
al quantities.Se
tion 3 
ontains a review of several isospin-based bounds in the B ! �� de
ays. In se
tion 4, we reporton the results of our numeri
al analysis of the time-dependent CP asymmetry in the B0d= �B0d ! �+��de
ays, and in se
tion 5 we show the results of the unitarity triangle �ts, 
orrelations involving theangles �, � and 
, and the dynami
al quantities jP
=T
j and Æ
, 
arried out in the 
ontext of the SM. We
on
lude with a summary and some remarks in se
tion 6.2 Relations among the Observables in the B ! �� De
ays, CKM Parameters andDynami
al QuantitiesIn this se
tion we present the analyti
 formulae that we need to dis
uss the time-dependent CP asymmetryand the bran
hing ratio in the B0d ! �+�� de
ay, and their relations with the CKM parameters andvarious dynami
al quantities.The amplitudes A+� � A[B0d ! �+��℄ and its 
harge-
onjugate �A+� � A[ �B0d ! �+��℄ 
an bewritten by using the Gronau-Rosner 
-
onvention 20 as follows:A+� = V �ubVudA+�u + V �
bV
dA+�
 + V �tbVtdA+�t (8)= V �ubVud �A+�u �A+�t �+ V �
bV
d �A+�
 � A+�t �� ��jT
j eiÆT
 e+i
 + jP
j eiÆP
 � ;�A+� = VubV �ud �A+�u �A+�t �+ V
bV �
d �A+�
 � A+�t � (9)� ��jT
j eiÆT
 e�i
 + jP
j eiÆP
 � :In getting the last expressions for the amplitudes the unitarity relation (1) has been used together withthe phase 
onvention Vub = jVubj e�i
 for this CKM matrix element.The phenomenon of the B0d � �B0d mixing modulates the time dependen
e of the de
ay amplitudes for5



B0d(t)! �+�� and �B0d (t)! �+��:A+�(t) = e�iMBte��t=2� 
os �MBt2 �
osh ��t4 � �+��� sinh ��t4 � (10)+ i sin �MBt2 ��+��� 
osh ��t4 � sinh ��t4 ��A+�;�A+�(t) = e�iMBte��t=2� 
os �MBt2 ��+��� 
osh ��t4 � sinh ��t4 � (11)+ i sin �MBt2 �
osh ��t4 � �+��� sinh ��t4 ��pq A+�:Here, MB and � are the average mass and de
ay width of the B0d � �B0d system, and �MB and �� arethe the mass- and width- di�eren
e in the two mass eigenstates, respe
tively, p=q ' V �td=Vtd = e2i� is themixing parameter, and the quantity:�+��� = qp �A+�A+� = e2i� 1 + jP
=T
j eiÆ
 e+i
1 + jP
=T
j eiÆ
 e�i
 � j�+��� j e2i�eff ; (12)is introdu
ed whi
h en
odes all the information about the CP asymmetry in this de
ay. Here, �e� = �+�,and � is the penguin-pollution parameter shown in Fig. 2, whi
h is 
onne
ted with the relative phasebetween the amplitudes A+� and �A+�, ��+� = 2(
 + �), and the relation �+ � + 
 = � has been used.Note that in the limit P
=T
 ! 0, � ! 0 and �e� ! �.The partial de
ay widths of the time-dependent B0d(t) ! �+�� and �B0d(t) ! �+�� de
ays areproportional, respe
tively, to 32jA+�(t)j2 = e��tB+��� �1 + C+��� 
os(�MBt) � S+��� sin(�MBt)� ; (13)j �A+�(t)j2 = e��tB+��� �1� C+��� 
os(�MBt) + S+��� sin(�MBt)� ; (14)where jp=qj = 1 is used and the following quantities are introdu
ed:B+��� = 12 �jA+�j2 + j �A+�j2� = 12 �1 + j�+��� j2� jA+�j2; (15)C+��� = jA+�j2 � j �A+�j2jA+�j2 + j �A+�j2 = 1� j�+��� j21 + j�+��� j2 ; (16)S+��� = 2 Im�(q=p) �A+�(A+�)��jA+�j2 + j �A+�j2 = 2 Im�+���1 + j�+��� j2 � y+��� sin(2�e�); (17)y+��� = 2 jA+�j j �A+�jjA+�j2 + j �A+�j2 = 2 j�+��� j1 + j�+��� j2 : (18)Using the expression for �+��� given in Eq. (12), the above quantities 
an be rewritten in the followingform: B+��� � jT
j2R+��� = jT
j2 + 2jP
jjT
j 
os Æ
 
os 
 + jP
j2; (19)C+��� = 2R+��� ����P
T
 ���� sin Æ
 sin 
; (20)S+��� = 1R+��� "sin(2�)� 2 ����P
T
 ���� 
os Æ
 sin(�� �) � ����P
T
 ����2 sin(2�)# ; (21)y+��� = q1� �C+��� �2: (22)Making the ba
k transformation, jT
j, jP
j and Æ
 
an be expressed as follows:jT
j2 = B+���1� 
os(2
) �1� y+��� 
os(2� � 2
)� ; (23)6



jP
j2 = B+���1� 
os(2
) �1� y+��� 
os(2�)� ; (24)tan Æ
 = C+��� sin 
y+��� 
os(2� � 
) � 
os 
 : (25)In the limit of negle
ting the penguin 
ontribution (i.e., jP
j ! 0), the CP-asymmetry 
oeÆ
ient C+���goes to zero (and y+��� ! 1) as well as � ! 0, in agreement with Eq. (24). Also, in this limit,B+��� = jT
j2,as in this 
ase the bran
hing ratio is 
ompletely de�ned by the tree 
ontribution.In terms of 
 and �, the penguin-to-tree ratio squared has the following expression:r2
 � ����P
T
 ����2 = 1� y+��� 
os(2�)1� y+��� 
os(2� � 2
) = 1� y+��� 
os(2�e� � 2�)1� y+��� 
os(2�e� + 2�) : (26)This relation 
onstrains r
 in terms of 
os(2�), given 
 and y+��� . It should be noted that for �xed valuesof y+��� and r
, 
os(2
) varies in the range:� 1 � 
os(2
) � 1� (C+��� )2(1 + r4
 )=(2r2
)1� (C+��� )2 : (27)It is easy to see that the upper limit of 
os(2
) is equal to 1 when r
 = 1, independent of C+��� . Forr
 6= 1, the allowed range of 
os(2
) puts a 
onstraint in the r
 � C+��� plane. Thus, the allowed domainof r
 is 
ompletely de�ned by the dire
t CP-asymmetry 
oeÆ
ient and, for negative C+��� (in a

ordan
ewith the experimental data), it is given by(r
)min;max = �1�q1� (C+��� )2C+��� : (28)In parti
ular, for the 
entral experimental value C+��� = �0:46, the allowed range of r
 is as follows:0:244 � r
 � 4:104: (29)For the 
urrent experimental 
entral value of C+��� , and its �1� limits, the dependen
e of the upper limit
os(2
)jUL on the magnitude of the penguin-to-tree ratio is presented in Fig. 3. De
reasing the magnitudeof C+��� , the allowed region of r
 be
omes wider. The expression for 
os(2�) as a fun
tion of y+��� , r
 and
os(2
) is as follows:
os(2�) = (1� r2
 )[1� r2
 
os(2
)℄� r2
q[1� 
os2(2
)℄f2(y+��� )2r2
 [1� 
os(2
)℄ � (1 � r2
 )2[1� (y+��� )2℄gy+��� f(1� r2
)2 + 2r2
 [1� 
os(2
)℄g :(30)3 Isospin-Based Bounds in B ! �� De
aysWith partial experimental information onB ! �� de
ays available at present, it is of pra
ti
al importan
eto get useful restri
tions on the dynami
al parameters at hand, r
 and Æ
. It is obvious from (25) and (26),that apart from C+��� , whi
h is measured from the time-dependent CP asymmetry, the angle 2� plays a
entral role in 
onstraining the dynami
al parameters of interest. While 2� will be determined eventuallyfrom the measurement of A00 and ~A00 (see Fig. 2), this is not the 
ase now. Instead, several bounds havebeen derived on 
os(2�) using the isospin symmetry, whi
h we review here. The �rst of these whi
h wewill work out numeri
ally is the GLSS bound 28:
os(2�) � (B+��� + 2B+0�� � 2B00��)2 � 4B+��� B+0��4y+��� B+��� B+0�� ; (31)where B+0�� and B00�� are the quantities 
onstru
ted from the B+ ! �+�0 and B0d ! �0�0 de
ay ampli-tudes in a similar way as in Eq. (15). It was also demonstrated by Gronau et. al 28 that this bound is7
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�0:59 �0:46 �0:33Figure 3. The dependen
e of the upper limit 
os(2
)UL on the ratio jP
=T
j for C+��� = �0:46 (the 
urrent 
entral value),C+��� = �0:59 and C+��� = �0:33, whi
h demar
ate the �1� experimental measurements.stronger than both the Grossman-Quinn and Charles bounds. As a byprodu
t, a bound on the dire
t CPasymmetry C00�� in the B0d ! �0�0 de
ay was also obtained by these authors 28:C00�� � C+��� B+��� (B+��� � 2B+0�� � 2B00��)2B00�� (B+��� + 2B+0�� � 2B00��) : (32)There have also been attempts 29 to derive isospin bounds on 
os(2�) in the B0d ! �+�� de
aywhi
h are based on the knowledge of the dire
t CP asymmetry C+��� alone. As for the GLSS bound 28,the starting point is the isospin-based triangular relation between the A+�, A00 and A+0 amplitudes:A+�p2 + A00 = A+0; (33)
orresponding to the B0d ! �+��, B0d ! �0�0 and B+ ! �+�0 de
ays, respe
tively, and a similarone for the phase-shifted 
harged-
onjugate amplitudes ~Aij = e2i
 �Aij. The graphi
al representationof both triangles is shown in Fig. 2. It should be noted that the magnitude of the di�eren
e betweenthe A+� and ~A+� amplitudes is p2jP
j sin 
 and not p2jPtj sin� as the 
-
onvention 20 is employed forthe amplitudes throughout this paper. With the help of the sine theorem, sin j2�j 
an be written as:sin j2�j = 2jP
j sin 
jA+�j sin �A = 2jP
j sin
j �A+�j sin ~�A: (34)Squaring all the terms, the above relation 
an be rewritten as two inequalities:sin2 j2�j � 2 1� y+��� 
os(2�)1 + C+��� ; sin2 j2�j � 2 1� y+��� 
os(2�)1� C+��� ; (35)following from the 
onditions sin2 �A � 1 and sin2 ~�A � 1, respe
tively. Here, Eqs. (15), (16) and (24)were used to eliminate jA+�j2, j �A+�j2 and jP
j2. While sin2 j2�j � 1, this does not imply that theexpressions on the r.h.s. of (35) also satisfy this upper bound. Hen
e, no bound on j2�j follows fromEq. (35)f and the GLSS bounds are indeed the strongest isospin-based bounds in the B ! �� se
tor.fWe are grateful to David London and Nita and Rahul Sinha for pointing this out to us.8



In addition to the above bounds on 
os(2�), bounds on the CKM angle 
 have also been derived inthe literature re
ently whi
h are based on the study of the 
orrelation 
 � S+��� , given sin(2�) 30;31;19.We reprodu
e these bounds below and dis
uss their impa
t in the next se
tion. Relating the unitaritytriangle angles � and 
 with the Wolfenstein parameters �� and ��:1� ��� i�� = Rt e�i�; ��� i�� = Rb e�i
 ; (36)where Rt and Rb are de�ned in Eq. (2), the quantities R+��� , C+��� and S+��� 
an be expressed in the form:R+��� = 1 + 2��Rb ����P
T
 ���� 
os Æ
 + ����P
T
 ����2 ; (37)C+��� = 2��RbR+��� ����P
T
 ���� sin Æ
; (38)S+��� = �2��R2bR2tR+��� "�� � R2b + (1�R2b)Rb ����P
T
 ���� 
os Æ
 + (1� ��)R2b ����P
T
 ����2# : (39)The relation for S+��� given above agrees with Eq. (5) of the paper by Bu
halla and Sa�r 30, if oneintrodu
es the pure strong-intera
tion quantityr � Rb ����P
T
 ���� ; (40)used by these authors. Note also that the equation for C+��� 
an be rewritten in terms of this quantity rin the following form: (��+ r 
os Æ
)2 + ��� � r sin Æ
C+��� �2 = � y+���C+��� r sin Æ
�2 : (41)For the phenomenologi
al analysis, it is more 
onvenient to eliminate �� from Eqs. (38) and (39) with thehelp of the relation 30: 1� �� = �� 
ot � � �� �: (42)With this, the Wolfenstein parameter �� 
an be related to either S+��� or C+��� as follows:��(S) = 1(1 + �2)S+��� �(1 + � S+��� )(1 + r 
os Æ
) (43)�q(1� S+��� )2(1 + r 
os Æ
)2 � (1 + �2)S+��� [S+��� + sin(2�)℄r2 sin2 Æ
�;��(C) = 12(1 + r 
os Æ
) sin(2�) + 1(1 + �2)C+��� �r sin Æ
 (44)�q(1 + �2)(y+��� )2r2 sin2 Æ
 � �C+��� (1 + r 
os Æ
) � � r sin Æ
�2�:The �rst of these relations has been obtained by Bu
halla and Sa�r (BS) 30, and has been used to derivean upper bound on �� and, hen
e, a lower bound on 
:
 � �2 � ar
tan S+��� � �h1�q1� (S+��� )2 i1 + �S+��� �q1� (S+��� )2 ; (45)whi
h holds in the range � sin(2�) � S+��� � 1. However, the 
urrent 
entral experimental value (7)of S+��� pra
ti
ally 
oin
ides with the 
entral value (4) of � sin(2�), and hen
e no useful bound on the9



CKM angle 
 follows from the BS bound at present. We shall show this bound as a fun
tion of S+��� , aswell as its extension for the 
ase of C+��� 6= 0:tan 
 � L� = 1 + S+��� sin(2�) +q1� (C+��� )2 � (S+��� )2 
os(2�)q1� (C+��� )2 � (S+��� )2 sin(2�) � S+��� 
os(2�) ; (46)obtained by Botella and Silva 31. The next step in the generalization of the BS bound was re
entlyundertaken by Lavoura 19 who 
onsidered the modi�
ation of this bound by putting restri
tions on thestrong phase Æ
. With the 
urrent experimental values of S+��� and C+��� , also the Botella-Silva andLavoura versions of the BS bound are 
urrently not useful in 
onstraining 
. With pre
ise measurementsof C+��� and S+��� in future, these bounds may, in any 
ase, provide useful 
onsisten
y 
he
ks for thedynami
al models used in the estimates of r and Æ
.4 Numeri
al Analysis of the CP Asymmetry in B0d ! �+�� De
ayWithin the SM, the targets for the experiments measuring the angles � and 
 are fairly well de�ned,as the �ts of the unitarity triangle through the measurements of the CKM matrix elements yield thefollowing ranges for these angles at 95% C.L. 25:70Æ � � � 115Æ ; 43Æ � 
 � 86Æ : (47)The 
orresponding 95% C.L. ranges obtained using the default values of the input parameters by theCKM �tter group 24 are very similar:77Æ � � � 122Æ ; 37Æ � 
 � 80Æ : (48)So, if the SM is 
orre
t, and 
urrently there is no experimental reason to believe otherwise, then from theB ! �� analysis, values of � and 
 should emerge whi
h are 
ompatible with their anti
ipated rangeslisted above. Of 
ourse, the hope is that dire
t measurements of these angles will greatly redu
e the 
ur-rently allowed ranges. However, for this to happen, one has to determine the dynami
al quantities jP
=T
jand Æ
.Surveying the re
ent literature on the estimates of jP
=T
j and Æ
 in B ! �� de
ays, we remarkthat they are either based on spe
i�
 s
hemes based on fa
torization in whi
h non-fa
torizing e�e
ts areimplemented using perturbative QCD in the large-mb limit 33;34, or on phenomenologi
al approa
hesbased on some input from other data and fa
torization. A typi
al study in the latter 
ase makes useof the data on the B ! �`�` and B ! K� de
ays, whi
h are used in 
onjun
tion with the assumptionof fa
torization and estimates of the SU (3)-breaking e�e
ts 35. Some representative estimates in theseapproa
hes are as follows: jP
=T
j = 0:285� 0:076 [Beneke, Bu
halla, Neubert, Sa
hrajda℄ 36, jP
=T
j =0:32+0:16�0:09 [Beneke, Neubert℄ 37, jP
=T
j = 0:29 � 0:09 [Bu
halla, Sa�r℄ 30, jP
=T
j = 0:23+0:07�0:05 [Keum,Sanda℄ 38, jP
=T
j = 0:276� 0:064 [Gronau, Rosner℄ 7, jP
=T
j = 0:26� 0:08 [Luo, Rosner℄ 35. (See, alsoXiao et al. 39). Thus, jP
=T
j = 0:30 is a typi
al value from these estimates.What 
on
erns the strong phase di�eren
e Æ
, the two dynami
al approa
hes developed in detail(QCD-Fa
torization 33 and pQCD 34) di�er 
onsiderably from ea
h other due to a di�erent power
ounting and the treatment of the annihilation 
ontributions in the de
ay amplitudes. When 
omparingthe 
urrent data with these spe
i�
 approa
hes, we shall take for the sake of de�niteness the estimatesby Bu
halla and Sa�r 30 to represent the QCD-fa
torization approa
h, jP
=T
j = 0:29� 0:09 and Æ
 =0:15� 0:25 radians (Æ
 = 9Æ � 15Æ), and the estimates by Keum and Sanda 40, jP
=T
j = 0:23+0:07�0:05 and�41Æ � Æ
 � �32Æ, for the pQCD approa
h. Within the SM, the 
onsisten
y test of these approa
heslies in an adequate des
ription of the data on S+��� and C+��� , with the parameters �, 
, jP
=T
j and Æ
all lying in their spe
i�ed ranges. However, as jP
=T
j and Æ
 are not known dire
tly from data or a �rst10



prin
iple 
al
ulation, we 
an leave them as free parameters and determine them from the overall �ts. Weshall pursue both approa
hes in this se
tion.We now present our numeri
al analysis of the 
urrent averages of S+��� and C+��� given in (7). Forthe 
onstru
tion of the C.L. 
ontours, the following �2-fun
tion is used:�2 = �C+��� � (C+��� )exp�C+��� �2 + �S+��� � (S+��� )exp�S+��� �2 ; (49)whi
h is equated to 2.30, 6.18, and 11.83, 
orresponding to 68.3%, 95.5%, and 99.7% C.L., respe
tively,for two degrees of freedom.We start by showing that the 
urrent data on C+��� and S+��� in the B0d ! �+�� de
ays provides adis
rimination among various dynami
al approa
hes, for whi
h the QCD fa
torization 33 and perturbativeQCD 34 approa
hes will be taken as the two leading 
ontenders. The results of this analysis are presentedin Fig. 4 for six values of � in the range 80Æ � � � 130Æ in intervals of 10Æ. To take into a

ount thedispersion in the values of jP
=T
j, we take three values of this ratio, namely 0:30, 0:55, and 0:80. The�rst of these values represents the 
urrent expe
tations of this quantity, whereas the last is taken withthe hindsight of the best �t of the data that we have performed in a model-independent way, as des
ribedlater. The points indi
ated on these 
ontours represent the values of the strong phase di�eren
e Æ
 whi
his varied in the interval �� � Æ
 � �. We do not show the plot for � = 70Æ, whi
h is the 95% C.L. lowervalue of � from the unitarity �ts, as already the 
ase � = 80Æ requires rather large value of jP
=T
j. Inea
h �gure, the outer 
ir
le 
orresponds to the 
onstraint (S+��� )2+(C+��� )2 = 1. The 
urrent average (7)of the BABAR and BELLE data satis�es this 
onstraint as shown by the data point with (uns
aled)errors. The two ellipses surrounding the experimental measurement represent the 68.3% and 95.5% C.L.
ontours. This �gure demonstrates that, as C+��� is negative and large, 
urrent data favors a rather largestrong phase, typi
ally �60Æ � Æ
 � �30Æ. The two shaded regions shown in this �gure 
orrespond tothe predi
tions of the QCD-fa
torization approa
h (the upper shaded area) and the perturbative QCDframework (the lower shaded area). As 
an be seen, the predi
tions of the QCD-fa
torization approa
h lieoutside of the 3� experimental measurements for all values of � shown in this �gure. For the perturbativeQCD framework 34, one �nds agreement with the measurements, but only at about 2� level. Restri
ting� in the region 90Æ � � � 110Æ, good �ts of the data are obtained for typi
ally jP
=T
j � 0:5 andÆ
 � �30Æ. We shall quantify the �ts more pre
isely later.We now turn to a model-independent analysis of the C+��� and S+��� data. As the 
urrent world aver-ages of these quantities are negative and rather large (7), positive values of the strong phase di�eren
e Æ
are ex
luded at a high 
on�den
e level (> 99:7% C.L.) whi
h is demonstrated in Figs. 5, 6 and 7. Thisobservation is the reason why the full range �� � Æ
 � +� has been restri
ted to the negative values of Æ
,�� � Æ
 � 0, in these �gures. In Fig. 5, three representative values (90Æ, 105Æ and 120Æ) of the angle �from the UT-favored interval (48) and three values (25:9Æ, 23:8Æ and 21:9Æ) of the angle �, whi
h 
overthe present measurement of this quantity within �1� range (4), are shown and the resulting �2-
ontoursin the variables jP
=T
j and Æ
 are plotted. Note that the dependen
e on the pre
ise value of � in the 
ur-rent experimental range of this angle is rather weak. Hen
e, we show the �-dependen
e of the 
orrelationfor only one value of �, namely � = 105Æ. The most important message from this analysis is that the
urrent data favours negative and rather large values of the strong phase Æ
, whi
h are 
orrelated withthe values of �. Restri
ting to the 68.3% C.L. 
ontours for the sake of de�niteness, the minimum allowedvalues of �Æ
 are: 30Æ, 45Æ, and 70Æ for � = 90Æ, 105Æ, and 120Æ, respe
tively. What 
on
erns the allowedvalues of jP
=T
j, we note that ex
ept for a relatively small allowed region near 80Æ � � � 90Æ, theyoverlap with the theoreti
al estimates of the same spe
i�ed above at 95.5% C.L. However, the best-�tvalues of jP
=T
j are on the higher side as shown by the dots in these �gures. It should be noted thatthe 
urrent data results in the lower bound on the penguin-to-tree ratio jP
=T
j � 0:18 at 95.5% C.L butextends to mu
h larger values of jP
=T
j, whi
h we have suppressed in these �gures for the sake of 
laritybut will show in the next se
tion where we dis
uss the �ts of the unitarity triangle.The 
orrelations between � and Æ
 for three �xed values jP
=T
j = 0:25, 0:35, and 0:45 in thetheoreti
ally motivated interval are shown in Fig. 6. This �gure updates the results by the BELLE11
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Figure 4. Impli
ations of the time-dependent CP asymmetry parameters C+��� = �0:46� 0:13 and S+��� = �0:74� 0:16from the BELLE and BABAR measurements for the CP violating phase � (or �2). In this analysis, the strong phase Æ
 isvaried over the full range�� � Æ
 � � and 
urves are drawn for three values jP
=T
j = 0:30, 0:55, and 0:80. The predi
tionsof the QCD fa
torization (upper box) and pQCD (lower box) approa
hes are also shown for �xed values of � noted on thesix frames. The 
urves around the data point represent the 68.3% and 95.5% C.L. 
ontours.12




ollaboration 10 and shows that a satisfa
tory des
ription of the 
urrent data for these values of jP
=T
jand with � lying within the indire
t UT-based range is possible only with large values of the strongphase �Æ
. Again using the 68.3% C.L. 
ontours, it is seen that the minimum allowed value for jP
=T
j =0:35 is �Æ
 ' 55Æ, and it de
reases to 45Æ for jP
=T
j = 0:45. With 0:20 < jP
=T
j < 0:45, the angles �and Æ
 lie in the intervals: 90Æ � � � 130Æ and �160Æ � Æ
 � �30Æ, at the 95.5% C.L. As higher valuesof jP
=T
j are experimentally allowed, the 
orrelations between � and Æ
 for larger values of jP
=T
j = 0:55,0:65, and 0:75 are shown in Fig. 7. We note that with these values, the allowed ranges for the angles �and Æ
 be
ome wider with in
reasing jP
=T
j.The 
orrelations between the angle � and jP
=T
j, for three representative values of the strong-phasedi�eren
e Æ
 = �40Æ, �80Æ, and �120Æ and the angle � within its experimental range, are presented inFig. 8. This �gure demonstrates again that smaller values of jÆ
j require larger values of jP
=T
j. Therestri
tions on jP
=T
j and � dis
ussed above are also seen in this �gure.In summary, we see that 
urrent data allows a wide range of the quantities jP
=T
j and Æ
, andwithout restri
ting them the impa
t of the C+��� and S+��� measurements on the CKM parameters, inparti
ular the angles � or 
, is rather small. The dynami
al approa
hes dis
ussed above are not a greathelp as they are not good �ts of the data within the SM.4.1 Constraints on 
os(2�) from bounds based on the isospin symmetryAs dis
ussed in the previous se
tion, the penguin 
ontribution in the B0d ! �+�� de
ay 
an be param-eterized by the angle 2�. Having at hand the experimental range of C+��� , it is of interest to work outnumeri
ally the dependen
e between the ratio jP
=T
j and 
os(2�), given by Eq. (26). The results of thisanalysis are presented in Fig. 9 for six values of 
 in the range 25Æ � � � 75Æ in intervals of 10Æ. Thesolid lines in all the frames 
orrespond to the 
entral experimental value of C+��� (7) while the dashedlines 
orrespond to the �1� values of this quantity. Due to the fun
tional dependen
e (26) of r2
 on
os(2��2
), there exists a sign ambiguity and there are two solutions depending on � > 0 and � < 0. Weshow both of these solutions and ea
h frame in this �gure 
ontains two sets of 
urves where the upperand the lower ones 
orrespond to � > 0 and � < 0, respe
tively. The isospin symmetry and the existingdata on the B ! �� de
ays allow to put restri
tions on 
os(2�). The GLSS lower bound (31) on 
os(2�)is based on the B ! �� bran
hing ratios and y+��� . The re
ent experimental data on the bran
hing ratiosand the B+- and B0-meson lifetime ratio 9:B(B0d ! �+��) = (4:55� 0:44)� 10�6;B(B+ ! �+�0) = (5:27� 0:79)� 10�6;B(B0d ! �0�0) = (1:90� 0:47)� 10�6;�B+=�B0 = 1:086� 0:017;have been used in getting the 
onservative numeri
al bound: 
os(2�) > �0:03. This bound is shown asverti
al dashed lines in all the frames in Fig. 9. It should be noted that if the 
entral values of the dataare used instead, the resulting GLSS bound is:
os(2�)���GLSS > 0:27 ; (50)whi
h is shown as the solid verti
al lines in Fig. 9. The shift is mainly due to the 
urrent un
ertaintiesin the bran
hing ratios for B0d ! �0�0 and B+ ! �+�0. Our analysis shows that putting a lower boundon 
os(2�), jP
=T
j gets signi�
antly 
onstrained. It is seen that the bran
h with � < 0 results in smallervalues for jP
=T
j, whi
h are 
on
entrated in a relatively narrow interval. However, as 
 in
reases, thisinterval be
omes wider. A priori, it is diÆ
ult to argue whi
h of the two solutions � > 0 and � < 0 shouldbe entertained. Hen
e, in the implementation of the isospin-based bound on 
os(2�) in the unitarity �ts,we shall allow the sign of � to take either value. 13



Figure 5. The 
orrelation jP
=T
j � Æ
 
orresponding to the 68.3%, 95.5%, and 99.7% C.L. ranges of C+��� and S+��� forthree values of � and �. Note that the dependen
e on � is rather weak and hen
e not shown for the other two values of �.Based on the 
entral values of the experimental data spe
i�ed above and C+��� (7), the minimal valueof the dire
t CP asymmetry in the B0d ! �0�0 de
ay (32) 
an be estimated as:C00�� � 0:47: (51)It should be noted that C00�� di�ers in sign from C+��� . (See, also the re
ent analysis by Buras et al. 18.)The SM-based bounds on the angle 
 as a fun
tion of the CP asymmetry S+��� with C+��� = 0 (theBu
halla-Sa�r bound 30) and with C+��� = �0:46 � 0:13 (the Botella-Silva bound 31) are shown inFig. 10 as the solid line and the shaded area, respe
tively. The verti
al band 
orresponds to the 
urrentexperimentally measured value, and the 
entral value pra
ti
ally 
oin
ides with S+��� = � sin(2�). Thus,these limits do not provide any restri
tions on 
 at present, but if with improved data a sizable shift ofthe S+��� 
entral value from its 
urrent value takes pla
e, then these bounds may lead to useful 
onstraints.14



Figure 6. The 
orrelation �� Æ
 
orresponding to the 68.3%, 95.5%, and 99.7% C.L. ranges of C+��� and S+��� for jP
=T
j =0:25, 0:35, and 0:45.5 Analysis of the CKM Unitarity Triangle In
luding C+��� and S+��� MeasurementsIn this se
tion we investigate the impa
t of the C+��� and S+��� measurements on the unitarity triangle�ts. We adopt a bayesian analysis method to �t the data. Systemati
 and statisti
al errors are 
ombinedin quadrature. We add a 
ontribution to the 
hi-square for ea
h of the inputs presented in Table 1.Other input quantities are taken from their 
entral values given in the PDG review 41. The lower boundon �MBs is implemented using the modi�ed-�2 method (as des
ribed in the CERN CKM Workshoppro
eedings 42), whi
h makes use of the amplitude te
hnique 43. The Bs $ �Bs os
illation probabilitiesare modi�ed to have the dependen
e P (Bs ! �Bs) / [1 + A 
os(�MBs t)℄ and P (Bs ! Bs) / [1 �15



Figure 7. The 
orrelation �� Æ
 
orresponding to the 68.3%, 95.5%, and 99.7% C.L. ranges of C+��� and S+��� for jP
=T
j =0:55, 0:65, and 0:75.A 
os(�MBs t)℄. The 
ontribution to the �2-fun
tion is then�2(�MBs) = 2 �Erf
�1�12 Erf
 1� Ap2�A��2 ; (52)where A and �A are the world average amplitude and error, respe
tively. The measurements of C+���and S+��� 
ontribute to the �2-fun
tion a

ording to Eq. (49). The resulting �2-fun
tion is then minimizedover the following parameters: ��, ��, A, B̂K , �1, �2, �3, m
(m
), mt(mt), �B, fBdpBBd , �, jP
=T
j, and Æ
.Further details 
an be found in Ref. 25.We present the output of the �ts in Table 2, where we show the 68% C.L. ranges for the CKMparameters, the angles of the unitarity triangle, �MBs , jP
=T
j and Æ
. Note the enormous rangesfor jP
=T
j and Æ
 allowed by the UT �ts. The 95% C.L. 
onstraints from the �ve individual quantities(Rb, �K , �MBd , �MBs , and a KS ) and the resulting �t region (the shaded area) are shown in Fig. 11.16



Figure 8. The 
orrelation jP
=T
j � � 
orresponding to the 68.3%, 95.5%, and 99.7% C.L. ranges of C+��� and S+��� forÆ
 = �120Æ, �80Æ, and �40Æ.Further details of this analysis and the dis
ussion of the input parameters 
an be seen elsewhere 25. Theshaded areas in Fig. 12 are the 95% C.L. 
orrelations between ��
 (the left frame) and sin(2�)� sin(2�)(the right frame). In Fig. 13 we show the behaviour of �2min as a fun
tion of the angle � (the dashed
urve). The solid 
urves in all these �gures will be explained below.Note that the in
lusion of the C+��� and S+��� measurements does not indu
e any additional 
onstrainton the �ts. This is be
ause we added two additional terms to the �2-fun
tion with the dependen
e ontwo more variables jP
=T
j and Æ
. Indeed, for any value of �� and ��, it is always possible to 
hoose jP
=T
jand Æ
 so as to exa
tly reprodu
e the C+��� and S+��� experimental 
entral values. Thus, the total �2 ofthe unitarity triangle �t remains un
hanged as the new measurements do not 
ontribute to the total �2.In the two plots presented in Fig. 14 we �x jP
=T
j (the left frame) and Æ
 (the right frame) and minimizethe �2-fun
tion with respe
t to all the other variables. In both 
ases, the absolute minimum of the 
urve
oin
ides with the minimum �2 of the overall �t (�2min = 0:57). A pe
uliar feature is the presen
e of two17
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� < 0Figure 9. The 
orrelation jP
=T
j � 
os(2�) based on the 
urrent measurements of C+��� for �xed values of the angle 
indi
ated on the frames. The red dashed and green solid verti
al lines represent the Gronau-London-Sinha-Sinha (GLSS)lower bounds 
os(2�) > �0:03 and 
os(2�) > 0:27, respe
tively, as dis
ussed in the text. The upper and lower sets of 
urves
orrespond to the bran
hes with � > 0 and � < 0, respe
tively.18



0:0Æ22:5Æ45:0Æ67:5Æ90:0Æ112:5Æ135:0Æ

-1.0 -0.6 -0.2 0.2 0.6 1.0S+���


 


Figure 10. The SM limits on the angle 
 in dependen
e on S+��� at C+��� = 0 (the Bu
halla-Sa�r limit) and at C+��� =�0:46�0:13 (the Botella-Silva limit) shown as the solid line and the shaded area, respe
tively. Note that both are the lowerlimit for S+��� > � sin(2�) and the upper one for S+��� < � sin(2�). The verti
al band 
orresponds to the experimentallymeasured value of S+��� with the re
ent 
entral value whi
h pra
ti
ally 
oin
ides with S+��� = � sin(2�).distin
t regions for whi
h the overall �2 is very small (the dashed 
urves). The best-�t values for jP
=T
jand Æ
 are jP
=T
j = 0:77 and Æ
 = �43Æ, respe
tively. Requiring higher 
on�den
e levels for the �ts weobtain: jP
=T
j � 0:23 & Æ
 < �18Æ �95% C:L: ; (53)jP
=T
j � 0:15 & Æ
 < �13Æ �99% C:L: : (54)Up to now we have not 
onsidered the impa
t of the isospin-based bounds in the analysis of the B !�� data on the �ts of the unitarity triangle. In future, the implementation of these bounds 
ould takethe form of the GLSS bound shown in Fig. 9 and the BS bound shown in Fig. 10. However, due to theproximity of S+��� and � sin(2�) with ea
h other in the 
urrent data, we will 
on
entrate on implementingthe GLSS lower bound on 
os(2�) resulting from the isospin-based analysis of the B ! �� data presentedin the previous se
tion. A possible implementation of this bound 
ould be undertaken by minimizing the�2-fun
tion and reje
ting points for whi
h 
os(2�) lies below the allowed range. Taking 
os(2�) > 0:27,this analysis results in the bla
k 
ontours in Figs. 11 and 12. Note that a part of the 95% C.L. region isnow ex
luded. The impa
t of the 
os(2�) lower bound on the �2-�t for the angle � is shown through thesolid 
urve in Fig. 13. This does not 
hange the best-�t value of � but restri
ts the allowed range of � bya few degrees at 95% C.L. The impa
t of the 
os(2�) lower bound on the �ts of the unitarity triangle andthe 
orrelations � � 
 and sin(2�) � sin(2�) is 
urrently not great, but this will 
hange with improvedmeasurements leading to tighter 
onstraints on 
os(2�), and eventually its measurement. The e�e
t ofthe lower bound on 
os(2�) is, however, very signi�
ant for the allowed value of jP
=T
j and Æ
. This isshown in Fig. 14 through the solid 
urves for jP
=T
j (left frame) and Æ
 (right frame). While the best-�tvalues of these parameters have not 
hanged, the allowed regions are now drasti
ally redu
ed. Thus, at68% C.L., the allowed values are:jP
=T
j = 0:77+0:58�0:34; Æ
 = (�43+14�21)Æ: (55)Note that the resulting 
ontours from the analysis of S+��� and C+��� do not rely on any model-dependentassumption. Our results in (55) 
an be 
ompared with the analysis by Buras et al. 17, obtained in the SM19



by restri
ting � and 
 in the ranges 2� = (47 � 4)Æ and 
 = (65� 7)Æ, whi
h yields jP
=T
j = 0:49+0:33�0:21and Æ
 = (�43+19�23)Æ. The two analyses are 
ompatible with ea
h other though they di�er in the details, inhow the exa
t isospin-relations were imposed in the analysis of the data (and also somewhat in the inputdata). However, we note that we have not restri
ted 
 to any range, as it is a �t parameter returned bythe unitarity �ts, but our �t value 
 = (64 � 10)Æ is 
ompatible with the input value used by Buras etal. 17.Finally, to show the impa
t of the 
os(2�) bound on the unitarity triangle in a Gedanken experimentwhere the quantities S+��� and C+��� are assumed to be very pre
isely measured, we �x S+��� and C+��� totheir 
urrent experimental 
entral values (7) and show the allowed region in Fig. 15 resulting from thelower bound 
os(2�) > 0:25 (the shaded region). Note that this results in a 
onstraint in the ��� �� planewhi
h is very similar to what one gets using a range for �. Sin
e the experiments do not measure �, butrather S+��� and C+��� , this �gure shows how the eventual S+��� and C+��� measurements together with thelower bound on 
os(2�) gets translated. This represents the strongest possible 
onstraint on the pro�leof the unitarity triangle from the S+��� and C+��� measurements that one 
an get in a model-independentway. Of 
ourse, this �gure itself is only illustrative, as the a
tual 
onstraints will depend on the valuesof S+��� and C+��� and the lower bound on 
os(2�) that will be eventually measured.� 0:2224� 0:002 (�xed)jV
bj (41:2� 2:1)� 10�3jVubj (3:90� 0:55)� 10�3a KS 0:736� 0:049j�Kj (2:280� 0:13)� 10�3�MBd (0:503� 0:006) ps�1�1(m
(m
) = 1:30 GeV) 1:32� 0:32�2 0:57� 0:01�3 0:47� 0:05m
(m
) (1:25� 0:10) GeVmt(mt) (165� 5) GeVB̂K 0:86� 0:15fBdpBBd (215� 11� 15+0�23) MeV�B 0:55� 0:01� 1:14� 0:03� 0:02+0:13�0:0 +0:03�0:0�MBs > 14:4 ps�1 at 95% C.L.Table 1. The input parameters used in the CKM-unitarity �ts. Their explanation and dis
ussion 
an be found, for example,in Ref. 25.6 Summary and Con
luding RemarksWe have investigated the impa
t of the 
urrent measurements of the time-dependent CP-asymmetryparameters S+��� and C+��� in the B0d= �B0d ! �+�� de
ays, reported by the BELLE and BABAR 
ollabo-rations, on the CKM parameters. The results of our analysis 
an be summarized as follows.In the �rst part of our analysis, we have 
ompared the resulting world average (7) of these measure-ments with the predi
tions of the spe
i�
 dynami
al approa
hes 33;34 in whi
h the quantities jP
=T
jand Æ
 are estimated. We �nd that, within the SM, they do not provide a good �t of the data. In par-ti
ular, the estimates of jP
=T
j and Æ
 30 based on the QCD fa
torization 33 are o� the mark by morethan 3 sigma. This was shown in Fig. 4 for a large enough range of the angle �. The mismat
h betweenthe data and the QCD-fa
torization approa
h 33 
an also be studied by 
al
ulating the �2-fun
tion of20



�� 0:10 � 0:24�� 0:32 � 0:40A 0:79 � 0:86sin(2�) �0:44 � +0:30sin(2�) 0:69 � 0:78sin(2
) 0:50 � 0:96� (81 � 103)Æ� (21:9 � 25:5)Æ
 (54 � 75)Æ�MBs (16:6 � 20:3) ps�1jP
=T
j 0:43 � 5:3Æ
 (�112 � �29)ÆTable 2. The 68% C.L. ranges for the CKM-Wolfenstein parameters, CP-violating phases, �MBs , jP
=T
j and Æ
 from theCKM-unitarity �ts.
Figure 11. Constraints in the ��� �� plane from the �ve measurements as indi
ated. Note that the 
urve labelled as �MBsis obtained from its 95% C.L. lower limit 14:4 ps�1. The �t 
ontour 
orresponds to 95% C.L. and the dot shows the best-�tvalue. The bla
k 
ontour shows the impa
t of the GLSS lower bound 
os(2�) > 0:27 resulting from the C+��� and B ! ��bran
hing ratios measurements and using the isospin symmetry.the unitarity triangle �t with the estimates by Bu
halla and Sa�r 30 for jP
=T
j and Æ
 as an input. The�2-minimum of the resulting �t is about 11 (
ompared to �2min = 0:57, leaving these two parametersfree), whi
h 
orresponds to a probability of about 1%. Looking more 
losely to lo
alize the sour
e ofthis dis
repan
y, our �ts show that it is the small value of the strong phase di�eren
e predi
ted in theQCD-fa
torization approa
h (�6Æ < Æ
 < 24Æ at 68% C.L.) whi
h should be 
ompared to the �t of the21



Figure 12. The 95% C.L. 
orrelations between �� 
 and sin(2�)� sin(2�) in the SM. The bla
k 
ontours show the impa
tof the GLSS lower bound 
os(2�) > 0:27 resulting from the C+��� and B ! �� bran
hing ratios measurements and usingthe isospin symmetry.
Figure 13. The �2min-distribution as a fun
tion of the angle � from the unitarity �ts of the CKM parameters in the SMin
luding the 
urrent measurements of C+��� and S+��� . The dashed (solid) 
urve is obtained without (with) taking intoa

ount the lower bound 
os(2�) > 0:27.data obtained by leaving the two parameters free, yielding �64Æ < Æ
 < �29Æ, whi
h 
ontributes mainlyto the 
hi square and hen
e results in the poor quality of the �t. Sin
e a similar inferen
e also followsfor the CP asymmetry ACP(K+��) in the B0d ! K+�� de
ay, where the 
urrent measurements yield 8(�9:5� 2:9)%, 
ompared to the QCD-fa
torization predi
tion 37 (+5� 10)%, one must 
on
lude, unlessdata 
hange drasti
ally, that this approa
h grossly underestimates the strong intera
tion phases in theB ! �� and B ! K� de
ays. The 
ompeting pQCD approa
h 34 fares 
omparatively somewhat betterbut predi
ts a smaller value of jP
=T
j than is required by the 
urrent data. The 
entral value of thisquantity in the estimate by Keum and Sanda 38, jP
=T
j = 0:23, is approximately a fa
tor of two smallerthan the lowest value of this quantity from the �t range 0:43 � jP
=T
j � 1:35 at 68% C.L., with thebest-�t value being jP
=T
j = 0:77. The main message that 
omes out from this part of the analysis is thatthe QCD-penguin 
ontributions are signi�
antly stronger than most of their 
urrent phenomenologi
alestimates, and it remains a theoreti
al 
hallenge to understand this feature of the data.In the se
ond, and larger part of this paper, we have addressed the question of how to interpretthe measurements of S+��� and C+��� in terms of the CKM parameters in a model-independent way. We�nd that leaving the dynami
al quantities jP
=T
j and Æ
 as free parameters, the CKM unitarity �ts donot e�e
tively 
onstrain these parameters, yielding a very large range even at 68% C.L. As a result of22



Figure 14. The �2min-distributions as a fun
tion of jP
=T
j (left frame) and the strong phase di�eren
e Æ
 (right frame) fromthe unitarity �ts of the CKM parameters in the SM in
luding the 
urrent measurements of C+��� and S+��� . The dashed(solid) 
urve is obtained without (with) taking into a

ount the lower bound 
os(2�) > 0:27.
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�Figure 15. Constraints in the ��� �� plane from the assumed exa
t measurements of C+��� = �0:46 and S+��� = �0:74 andthe lower bound 
os(2�) > 0:27 (the shaded regions). The �t 
ontour 
orresponds to the 95% C.L. unitarity �ts withouttaking into a

ount the C+��� and S+��� measurements.this, the measurements of S+��� and C+��� have pra
ti
ally very little impa
t on the unitarity �ts of theCKM-Wolfenstein parameters �� and ��, and hen
e on the allowed values of the angles � and 
, unlessthese dynami
al quantities are bounded. We have reviewed a number of proposals in the literature toput isospin-based bounds on the QCD-penguin 
ontribution in the B ! �� de
ays. Parameterizing itin terms of the angle 2�, introdu
ed by Grossman and Quinn, we �nd that the GLSS lower bound on
os(2�) is the strongest bound to date, whi
h we have evaluated as 
os(2�) > �0:03 (propagating theerrors on the input quantities) and as 
os(2�) > 0:27 (for the 
entral values). We have worked out the
onsequen
es of the lower bound 
os(2�) > 0:27 on the pro�le of the unitarity triangle and the angles �and 
. In
luding the isospin-based 
onstraint, our best �t values yield: � = 92Æ, � = 24Æ and 
 = 64Æ,with the 68% C.L. ranges given in Table 2. The 
orresponding best-�t values of the dynami
al parametersare found to be jP
=T
j = 0:77 and Æ
 = �43Æ, respe
tively, with their 68% C.L. ranges given in Eq. (55).With improved data expe
ted in the near future, these ranges 
an be redu
ed signi�
antly, leading to apre
ise determination of all three angles �, � and 
 of the unitarity triangle.Of 
ourse, at some stage, one has to take into a

ount the isospin-breaking 
orre
tions. They origi-nate, in part, from the ele
troweak penguins whi
h are estimated to be numeri
ally small 44;45;46, andthis estimate 
an be put on model-independent grounds 47;48. Moreover, they do not 
hange the boundsobtained above for whi
h the 
losure of the two triangles shown in Fig. 2 was used. However, the isospin-23



breaking 
orre
tions may be signi�
ant from the �0� �� �0 mixing 49, in the presen
e of whi
h the twoisospin triangles used in our analysis do not 
lose 50, leading to quadrilaterals. These latter 
orre
tionswill have to be a

ounted for in the �nal determination of the angle �. As the 
urrent estimates of these
orre
tions are model-dependent 50, we 
an not assign at present a quantitative weight to them. Theywill be better determined as and when the individual B0d ! �0�0 and �B0d ! �0�0 bran
hing ratios aremeasured to whi
h we look forward in the future.A
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