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|. Introduction

A large number of top quarks will be produced at the Fermileairon and at the CERN Large Hadron
Collider (LHC). This makes the exploration of the interaot of these quarks one of the main physics
issues at these facilities. Top quark spin phenomena arectegbto play an important role in these
efforts: the spin-polarization and spin-correlation pbraena reflect in detail the interactions involved
in top quark production and decay, thus give an opportumitypfecise tests of these interactions. In
contrast to light quarks the top quark polarization/catieh effects are not washed out by hadronization.
This is because these quarks are extremely short-livedrarsddecay weakly before hadronization can
take placelfil].
As far as theoretical predictions on top quark pair produrcéire concerned, the cross sections for spin-
averaged top quark pair production have been known for goitee time to next-to-leading order (NLO)
in QCD [4,i3J4[55]. The NLO results were refined later by reswatian of soft gluon and threshold
logarithms; see Refsli[&,[4,[&, 9], and the review RE&1l [1@] eeferences therein. As to top quark spin
phenomena at hadron colliders there exists an extensavatiire on theoretical investigations within the
standard model (SMZUCAZ TG £40 (05 6 [[T718, 19] and e {2021 20 AR 2L PR 2e 27 73,129, 30,
31 J32]. Yet the precision of these analyses — in particulieiniwthe SM — must be increased for the
data samples that will be recorded at the Tevatron and ati@tb be fully explored.
In this paper we study hadronic top quark pair productiondexhy at NLO QCD by taking the spin of
the top and antitop quarks into account. In particular wesgmethe differential cross sections to order
a2, describing thet 4 X production in a general spin configuration. Short reportpants of this work
were given in Refs [LIEBEB5].
The theoretical description of top quark pair productiorpmton—proton and proton—antiproton col-
lisions at next-to-leading order in the QCD coupling invagvthe following parton reactions: quark—
antiquark annihilation

q+q—t+t, (1.1)

q+q—t+t+o, (1.2)
which is the dominant production mechanism at the Tevagluan—gluon fusion

g+g—t+t, (1.3)
g+g—t+t+o, (1.4)
which dominates at the LHC, and B
g+q—t+t+q, (1.5)
g+q—t+t+q (1.6)

which gives, in general, only a tiny correction.

As mentioned earlier the top quarks decay before they can fadronic bound states. To construct
realistic observables, the decays of the top and antitofkguimave to be taken into account. We consider
the SM decays of polarized (anti)top quarks both into septoleic and non-leptonic final states, taking

into account the ordexs QCD correctionsiLi6..57]. The main SM top decay modes at tithdrare:

t — bW — blv,(g),baq () (1.7)
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whereqq = ud_,cs_. A complete next-to-leading order QCD analysis of top quadductionanddecay
thus involves the parton reactions

99,9~ bb + 4f. (1.8)
99, 9d - bb + 4f 4 g, (1.9)
g+ q(@ % bb+ 4f + q(@), (1.10)

wheref = q,¢,v,. In view of the fact that the total width; of the top quark is much smaller than its
mass[t/m = 0(1%), one may expand the amplitudes of the reactions [EGk. (CEl-@round the poles
of the unstable top and antitop quarks, which corresponds &xpansion in powers 6f/m. Only the
leading term of this expansion, i.e. the residue of the dopbles, is considered here. In this framework
the radiative corrections to EqCHI.8) can be classified suecalled factorizable and non-factorizable
corrections — and, likewise, the contributions to the sgdanatrix elements of EqE1.9). We compute
the factorizable corrections in the narrow width approxioral;/m — 0. In this approximation the
squared matrix elemefd/|? of the respective reaction is of the form

|M|2 OTr [pRm = Pa’a RGGI7BBIEBIB' (lll)

HereR denotes the density matrix that describes the producti@mfhell top quark pairs in a specific
spin configuration by one of the six reactions Ef8l (II(IThe matricep, p are the density matrices
describing the decay of polarized top and antitop quarks $piecific final states. The subscripts in
Eq. &) denote the top and antitop spin indices. Both tieelypction and decay density matrices are
gauge invariant. The production density matrices are detexd from the NLO results for the reactions
Eq. @)-Eq. [I¥). The decay density matrices are derivenh the results for the reactions shown in
Eq. @&).

With these building blocks the factorizable NLO QCD corieas to top quark pair production and decay
can be computed, keeping the full information on the spirfiganation of the intermediati state. As
far as applications of these results are concerned, ouiapyieam in this paper is the study of final-state
angular correlations of the top quark and antiquark decagymts, which reflect the spin properties of
the top and antitop quarks. For this purpose we consideoiteing channels:

pp,pp — tHX =TT X, (1.12)
pp,pp — tt+X—=Tjo+X, (1.13)
pp,pp — tt+X — jil’m+X, (1.14)
pp,pp — tt+X—jrj2+X, (1.15)

wherel! = e, |, T, and |1, j2 denote jets originating from top and antitop decays. Fasdlimal states we
study the following distributions at NLO in the coupling:

i. The double distributions

1 do 1
o dcosBidcos, ~ 4\t T B100s91+B2c0sH; — Ceodcoshy) (1.16)

whereao denotes the cross section for the channel under consioleratered; (62) describes the
angle between the direction of flight of the leptanor jet j; (¢/~ or j2) in thet (t) rest frame and
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a reference directioa (b). In particular we will discuss three specific choices fa teference
directionsa, b which allow a simple physical interpretation.

ii. The opening angle distributions

1 do 1
8dCO$) = 5(1—DCO$) , (|17)

where¢ denotes the angle between the direction of flight of the kepto(or jet j;) and of¢’~ (or
j2), defined in the ort rest frames, respectively.

The functional forms of the r.h.s. of EqEET116) aEfl. 18)chif no kinematic cuts are applied and will
be derived in SectiofV/I.

The results presented in this work are definite predictié@ED. Specifically, comparison of our results
for the above distributions with future measurements viiitiva for detailed investigations of top quark
production and decay dynamics.

The paper is organized as follows. In Seclllin 1l we presentiifferential cross sections for the-2 2
processes EqEQ.1) and EqZI.3) to order In Sectiorfdl we treat the real gluon radiation EF(1.2),
Eq. {£3) and theyg (qg) fusion processes. In particular, we compute the difféaéntoss sections in
the soft and collinear limits and perform the mass factoiora In Sectiorll¥ we discuss the QCD-
induced top and antitop spin effects at NLO, and we treatdfigs of constructing infrared and collinear
safet,t spin observables at the parton level. Specifically, we campar all relevant parton reactions

i — ttX, the expectation values of four different spin observablEsese observables correspond to
different choices of the directiords b used to define the angles in EEZT1.16). We also show that fihe sp
observables have a simple interpretation as double spmrasyries with respect to a given quantization
axis. The spin observables serve as one building block &oc#fculation of the distributions EqCIIL6),
Eqg. ). The other building blocks are given in Secllrthese are the one-particle inclusive angular
distributions of the semileptoni£i36] and non-leptoii@]8ecays of polarized top quarks and antiquarks
to orderas. In Sectiorl3 we show that the functional form of the distrions [ZI5), IEI¥) is indeed
as given in [B), 7). In addition we give NLO formulaerfthe coefficients C and D defined in
Eq. ) and Eq.7). We further investigate the impattquestion of whether the distributions
Egs. [EIB), (IF) are affected by non-factorizable QCDrections. In particular we show, using the
results of Refs [[3&BEMIMUTI42], that the non-factdrigaorrections at orders do not contribute to
Egs. [EI5), 7). In SectididIl we present our NLO preitios for these distributions for the dilepton,
for the lepton+jet, and for the jet+jet decay channels, lawtthe Tevatron and the LHC. SectiBEZ VI
contains our conclusions. Append¥ A contains a collectbrone-loop integrals that appear in the
virtual corrections to the squared matrix elementgapfs tt andgg— tt, which are given in Appendices
B andl¥, respectively. In Appendld D we give the amplitudestfe processes Eqd]l.21.4K1.5),
and [IB), for arbitrary spins of theandt and arbitrary helicities of the massless partons. Appendix
B contains fit functions for the NLO results for the expecatvalues of the four spin observables
computed in SectidElV.



Il. One-loop QCD corrections to gg annihilation and to gg fusion

In this section we present the differential cross sectidris@parton processes

q(pl)—l-CT(pz) —>t(k1,8t)—|—t(k2,8[_), (”-1)
9(p1) +9(p2) — t(ky, &) +t(ke, ). (11.2)

at NLO inas. Hereps, p2, k1, andks, denote the parton momenta, and the vectgrs; with
S=¢=-1 and k;-§=k-5=0, (11.3)

describe the spin of the top and antitop quarks. All quarkgheitop quark are taken to be massless.
The top quark mass is denoted fwy In the calculation of the radiative corrections, ultrdgtas well

as soft/collinear singularities are encountered. Thewargies are regulated by using dimensional

regularization. We keep the spin vectors in 4 dimensionge W@t no scheme dependence is introduced
in this way, in particular noys problem’ arises. This is because the cancellation of the ldywsarities

is independent of the external spin state and the softhealhi singularities are cancelled in a universal

way.

In the (anti)top rest frame, the spin of the (anti)top is diésal by a unit vectog (§). We define the

(t) rest frame by a rotation-free Lorentz boost from the zeron@atum frame of thé quarks (t-ZMF).

In this frame

(ka+ ko) = (1 (ka +K2)2,0,0,0). (11.4)

As we will see in SectioldlV, choosing this frame simplifies tfefinition of infrared and collinear safe
observables at the parton level. For thes22 processes Eqdeill.1) anfil.2), theZMF coincides
with the centre-of-mass frame of the initial partons. Ndtattin principle thett-ZMF is only defined
up to an arbitrary rotation. One can resolve this, for instaras done in an experiment where the
direction of one of the initial hadron beams is choseiz-asgis and one orthogonal direction &sixis.
After having measured the 4-momenta of trandt in this laboratory frame, thi-ZMF can be defined
unambiguously by a rotation-free boost. The observablaswie consider in Sectiol&llV all@lVI are
actually the same for any choice of theZMF.

In thett-ZMF we have

(k&5 ., k(k-§)

§ = (—m ’&+7m(m+E)>’ (I1.5)
k&L kK

§ = (— - ,$+m(m+E)>, (11.6)

whereE andk are the energy and the 3-momentum of the top quark intt@dF.
In d = 4— 2¢ dimensions the Born+virtual parts of the cross sectionefirocesses Eq&Qll. 12711.2)
are, to orden?, of the following form:

do'(s., ) = dobs + dai, = Z%CDisz (1932 1 Mg 96 + 5 A (11.7)
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wherei = qq, gg, ands’= (p; + p2)%. The factors

1 1
99~ 2N2° Pgg = (N2—1)2(d — 2)2 (11.8)

arise from averaging over the colouhts £ 3) and spins of the initial partons. The 2-particle phassesp
measure is denoted Wil >, Mg are the Born amplitudes artl, those of the virtual corrections. As
indicated earlier, EqQE7) still contains soft and codar singularities regulated in the framework of
conventional dimensional regularization. The producsipim density matriceR that enter the formula
(CX) are obtained from the identity

(0]

- 1 1 oo A
do'(s,5) = @dM-Tr[R(U+ & 1)@ (U+§ 1), (11.9)
2S 4

wherert; are the Pauli matrices.

[1.1. Born matrix elements
I.1.1. qqinitial states

For the sake of fixing our notation, we present the squared Batrix element for the reactiofifl.1) in
two ways, which prove useful in the presentation of the waiitgoft, and collinear contributions to the
Cross sections.

The squared Born matrix element reads

Mg = arad(N* — 1) { Al + GRS | (11.10)
A+ G

where

AT=2-p2(1-y?) — 2. (11.11)

B:\/l—g, (11.12)

andy is the cosine of the scattering angle in th&MF, i.e. y = p-k, wherep is the direction of the
initial quark (or one of the gluons in the caseggffusion) in that frame. The spin-dependent term can
be decomposed as follows:

Here

GUs's = s s+ DF|(Pr (P + (P2 %)(P2- )

+ EQ(pr-s)(p2-s) + Fg(p2- ) (p1- 50, (11.13)
where

' = By,

DI — —is,
S
EN = _g{1+l3y+s},
FOT _i‘é{l_gy%}- (11.14)
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In view of a compact presentation of the virtual correctidu%q_ (see SectiolILA 1), it is useful to write
down the spin-dependent term in an alternative way. Defitinegtwo unit vectordiy, 2 which are
orthogonal to each other:

1 "
01 = —/1-y2q—wk]|,
1 ﬁ—yz—l—yzyZ{ y a-v }
1 .
0, = 1—y2k —waql . 11.15
2 = e VIPkowd (11.15)
whereq = (p —yk)/+/1—y? andy = E/m, we obtain
iy = e¢. (11.16)
with
qu_ 1 aA A 1 A A 1 A A A A
G :§G‘05ij—|- U1iU1j—§5ij e+ U2iU2j—§5ij € + (Gyilzj + G2ilyj) €3, (1.17)
and
€& = A8q__487
e = 2
€ = ZBZ(l_yz)v
&5 = 0. (11.18)

I1.L1.2. gg initial state

The squared Born matrix element is given by

M = 2| N1+ BHP) — 2] | G2, (11.19)
where
~ 2(N2 _
g = o A Bt s+ D19 (P10 + (o) 5]
+ ES(pr-2)(P2- )+ EPlyy(Po- ) (P50 | (11.20)
and

AP = 142821 y) B¢ (14 (1- V2] e (14 BA)2 - 4] + 281 - BAYP),
CP = 1-282+ 1+ (1-2)?| —e(1-BA?)2— 2621 ByP),

32en?
DY = —=
e = MU @) e g 122 (1:21)

The virtual correctionsloy® do not simplify when using a decomposition similar to HI-IE).
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I1.2. Virtual corrections

We now give our results for the ordeg virtual corrections to the Born cross sections of Sedidh |1
The ultraviolet singularities are removed by using W8 prescription for the QCD coupling and the
on-shell definition of the top mass. In the followirms denotes the QCD coupling defined in thiS
scheme oN; = 6 flavour QCD (5 massless and one massive quarklgenotes the mass of the top quark
defined in the on-shell scheme, guglis the renormalization scale. The renormalized diffesdmtioss
sectiongdal, still contain single and double polesér= (4—d)/2 due to soft and collinear divergences,
which we collectively call infrared (IR) singularities ihe following. These poles are removed after
including the contributions from soft gluon radiation andss factorization. This will be done in the
next section.

The absorptive parts of the one-loop amplitudes inducelgukrizations of the andt_A quarks orthogo-
nal to the 2 2 scattering plane, i.e. trdol, contain also terms proportional¢g & p'k' andeij §p/K,
which are ultraviolet- and infrared-finite at this order hetperturbative expansion. These terms were
computed in Refsfi4&14]. They do not contribute to the oladdes, which we investigate in Sections
EAandEZ, so that we omit them in the following.

11.2.1. qqinitial states

The NLO virtual corrections as defined in EEZI.7) can bespreged as follows:

T T 2 2 (1

—In
N

g2 ¢ 2 ' 4BN 1-By
§ N, /(1-By)? 1
where )
Ce— {%Fe—%, (11.23)

Cr = (N2—1)/(2N), ye is the Euler constani is an arbitrary mass scale, and

1-B

X=1rp (11.24)
The IR-finite partfqgis of the form
Fog= Fa| M2+ 4TC0E(N? - 1) %o, (11.25)
with
= 226+ Sy pa0.0.0)+ N 281 ByiCol—prke.0.0m)
. 2§(1I<Ir By) Col— p1. k2, 0,0,m) + §(12;“'32)60@(1, ko, m, 0, m)}. (11.26)



The contributionG is the finite part of the sum of the gluon self-energy diagraoniputed in the
Feynman gauge) and the counterterms:

~ LIN—-2N¢ (&), N/ o 1
G = Tln (ﬁ) + g <SBo(k]_—|—k2,0, O) ‘|‘§>
1 _ 2m2\ _ 1
- §[(Nf—l)BO(k1+k27070)‘|‘<1‘|‘ 3 >Bo(k1+kz,m,m)—§Nf}- (11.27)

The functionsCq, Bg, which appear in EqsEILR6)EILR7), are defined in Apper Omitting the
contributions from the absorptive parts, the tefpncan be decomposed as follows:

T — % {A\q/ch é\j’?ﬁj—} _ (11.28)

The 3x 3 matrix E,‘J’ has the same structure as HE=l.17) with the coefficientsing replaced bg .
These coefficients ani{l” are listed in AppendikIB.

11.2.2. gg initial state

The one-loop contributions to the differential cross sectf the gluon fusion reactiolifll.2) are of the
following form:

1
doy’ = 2—§¢99{C8999+ %g}dr% (11.29)
where the IR-singular terrggg is given by
a ~
Gog = —{ VM2 + | ML | Vot Ve + Yelyy] | (11:30)
with
N 11IN-2(Ng-1) 1 B
e 7[‘*‘“'“(#)]7
o 14p? 2 2 2.1 IN(X)
B = _W[Z—I_N (1- B4 &
= N2 2 (1-By)?
Vo = o [N?(1+ By) —4]|n< ) (11.31)
The infrared-finite part reads
2 _ -
Hg=Lo1n (%) 1IN — 2Ny - N\ 2992 1 9 F992 4 4rRa2(N? — 1) 76, (11.32)
with
2 2(1_ p2\2
o= —%@{Co(kl,kz,m,o,m)(”ﬁ)[2+2: (=P
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+ CO(plv p2707070)N3<1+ Bzy2>
+ Col—prk1,0.0,m)% [4- N1+ By)?] (1- By

= N
+ Co(—p1,kz,0,0,m)= [4—N?3(1—By)?] (1+ By)}. (11.33)
The term# has the structure (here too, contributions from absorgares are omitted)
a
o = —{AP+CP(s 5+ D8 (pr-s)(Pr ) + (P2 s)(P2- %)

+ EP(pr-)(p2- )+ By (P2 ) (pro ) } (11.34)

The coefficienty’, . .., EJ are given in AppendikIC.

lll. Real gluon radiation and (anti)quark—gluon fusion

In this section we consider the reactions

q(p1) +q(p2) — t(ky,s) +t(ke, ) +9(ps), (1.1)
9(p1) +9(p2) — t(ky,s) +t(ke, ) +9(ps), (1.2)
q(p1) +9(p2) — t(ky,s) +t(ke, ) +q(ps), (11.3)
q(p1) +9(p2) — t(k1, &) +t(ke, )+ q(pa) - (11.4)

In order to deal with the IR divergences of the correspondingest order QCD cross sections, we
employ the phase-space slicing method: in the case of tltiora Eq. ), Eq. IIP), we divide
the phase-space into four regions, namely the region whergltion is soft, the two regions where the
gluon is collinear (but not soft) to one of the initial-stat@ssless partons, and the complement of these
three regions, where all partons are ‘resolved’. The Boosgsections of the reactions in EqEZII.3)
and [I3) develop collinear divergences but no soft onBsus, in this case, we split the phase-space
into the two regions where the outgoigdq) becomes collinear to the incoming (anti)quark or gluon,
and the complement, which is the resolved region. For caemer we parametrize in this section the
3-parton phase space in terms of angles and momenta defitteglarm.s. of the initial partons.

[11.1. Soft gluon cross sections

For the processes of EQEEI.1), alllI.2), we define tfe region by the requirement that the scaled
gluon energy in the c.m. frame of the initial partorg= 2E4/+/, be smaller than some cut parameter
Xmin,» Wherexmin < 1. That is, ‘hard’ and ‘soft’ gluon refers to the decompasiti

1 = O(Xg — Xmin) + ©(Xmin — Xg) - (11.5)



In the soft region we use the eikonal approximation for therimalementsi 949 and 999 of Eqs. )
and [I3), and the soft limit of the-dimensional phase-space measure.
For quark—antiquark annihilation, we obtain

d s m? 17 kik
qa.9;12 __ %) 1 L ko
[Moore |~ = 4TO0SH { CF{(kl-p?,)z‘l'(kz.ps)Z} N{(kl‘ps)(kz'pg)
P1- P2 . 2k]_ P2 _ 2k2 P1 :|
(P1-p3)(p2-p3) (ka-p3)(p2-p3) (kz2-Pp3)(p1- P3)
NZ_—Z kl'pl k2.p2 } o 2
. 1.
TN {(kl'p3)(pl‘p3)+(k2-p3)(p2-p3)} Mgl (111.6)

Here|£7\/[,§q_|2 is thed-dimensional squared Born matrix elemdBifll.10). Intdggathe gluon momentum
p3 over the soft region we obtain

_ 1 _ dd—l
aofff = Pl | IMEEPO0mn o) o
g0sx [CF 1 1+ B2 2 [1+ N 1—By)?
_ dogq%cg{s—5+g[cp— 435 In(x)—NIn<%>—§ln<(l_%Q )]
2
- CF§+ 12T\|E {Liz(l—x) + %Inz(x)} - C—BFIn(x) . %Inz(x)
N2—2 1
+ N 5(y)+N5(—y)}, (111.7)
where
I TN
& = (*F) iy e
1.8
and
S(y) = 2Lip (-%) 2L, (—%) + 2 (%’) (111.9)

Using again the eikonal approximation tedimensional sofgg fusion matrix element squared takes
the form

-k p1-ko
MI%2 —  aroeN 8{ N2—1)Mz— M1 —M P2 4
| Mo | N {( Mz — My 12H(p2-p3)(k1-p3) (pl-ps)(kz-ps)}
P2 ko P1- ki }

(P2-p3)(k2-p3)  (P1-ps)(ki- ps)

+ [(N2= )M~ Mz~ Mg |

P1- P2
(P1- P3)(P2- P3)

+ NZ[M1+ Mz}
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NZ2—1 me me
+ SN {MlZ (NZ_l)(Ml—I-Mz)}{(kl‘ps)z—l-(kz‘ps)z}
1 K- ko
b Mt M (0 D (1.10)
where
My = (1+Py)2 M2,
Mz = (1-— By)2|Mng|2,
Mz = 2(1-B2?)| 972, (I11.11)

and|M292 is given in SectiollIII2. Integratings over the soft region we obtain

dodor = leq’gg— {5A|M|§?g|2‘|‘|Mgg|2{58+5c+5c|y—>—y}}drz, (I11.12)
where
Sa = g C—SF——TF—Fm()
Sg = 12E£2[ 1-B??) +2] {@ 2Lix(1—x)— ;m?(x)]
+ AN B Inx)
S = 2[4—N2(1+By)2} Eln<%>—5(yﬂ. (I11.13)

Adding the virtual and soft contributions, we obtain theldeling results for the remaining singular
contribution:

1
[do\‘}hdoggh}smguw = — 220 [3+ 4InXyin)) o

, 1 [1IN—2(Nf — 1)
[0y +dogei] inguiar = _ESTE{ 3 + 4NN (Xmin) | do @, (I11.14)

I11.2. Collinear contributions and mass factorization

The order? cross sections of the reactions Eq&=I1.=111.4) depetollinear singularities when the
momentum of the outgoing massless parton becomes paddlte tnomentum of the incoming massless
quark or gluon. We use, for convenience, the parametgrfor characterizing the collinear regions in
phase-space, too. For EGEZTI.1) aBidIl.2), we definettirecollinear regions by cosd > (1 — Xmin)
andxg > Xmin } and{cosB < (—1+ Xmin) andxg > Xmin }, Whereg is the angle between the gluon and one
of the initial partons in the c.m. frame of the initial parsoriror Eqs.[IIB) andd) the two collinear
regions are defined by c6s> (1 — Xmin) and co® < (—1+ Xmin). Hered denotes the angle between the
outgoing massless (anti)quark and one of the initial parton
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In these regions we use the collinear approximations fdr that squared matrix element of the respective
reaction and the phase-space measuckdimensions. We parametrizg = (1—z)p;i + p. + O( pi),
p'=zp—pL+O(p?), ps- p. =0, wherep; = p1, pz is the momentum of one of the initial partors,

is the momentum of the unobserved collinear outgoing pagodp’ is the momentum of partanafter
collinear emission. The momentum fractipwaries in the intervat € [4n?/§ 1 — 8], whered = Xmin

for gq and gg initial states, and = 0 for thegq(q) initial state. Integrating over the angles of the
parton with momentunps in the collinear region, using the angular measur@-nl spatial dimensions,
dQq¢_1 = (1—cog8) tdcosBdQq_», we obtain for the collinear contribution to the differeteross
sections:

a0 -~ O R AT o, py) 4 dofipuzm )z (1)
doffia) = R {14~ 2 422} {doPlzp po) + doflprzp fdz  (1116)
doy (@) =do%n) = —oom L IEFOTE T E o, o)
+ C|:1+(1_Z)2_822d0939(zp1,pz)}dz, (11.17)
where - xct (1_z-2
Fo= || e (111.18)

The Born cross sections in EQEEII 1= 17) are thgaeen in SectioldL. The-dependent terms
in front of thedo‘B, which appear in these equations are, as expected, prapairto thed-dimensional

Altarelli-Parisi splitting function®5,(2), Piy(2), Piy(2), andP{,(1— 2). In Eqs. [II®) andIILIB), the
integration over the momentum fractiaican be performed using the relation

1—Xmin

1
9(2) 1 _
a2 e :44 dzg?2) {H — 5(1—2) In(Xmin)

ﬁ
e {'“(11__22) } ot %85(1— 2)In%(xin) + O(e?)|. (111.19)
The plus prescription defines distributions via
1-n
F(2)], = rI]iTO{G(l—z— NF(2) —5(1—z— r])/o F(y)dy}, (111.20)
so that ifg(z) is well-behaved az = 1, then
/Xlolz(ffzz))+ — /Xlww(l)m(l_x), (11.21)
/dez 42 ['n(ll__zz) |, = /Xl 012 - gil_))zln(l_ 2 4 9(21) n2(1-x).  (lll.22)



Adding, in the case of = qq,gg, the soft and collinear contributions, the singularitiesgortional to
In(Xmin) cancel for infrared- and collinear-safe observables. Tihgutarities, which remain oy, +

do.3 andda,3,, are removed by absorbing them into the unphysical barepaensity functions, i.e.
by renormalizing these functions at the factorizationespal At the level of the differential cross sec-
tions, this amounts to adding countertertmm% being composed of mass factorization counterfunctions.
Finite Born cross sections fggandgq scattering are obtained in an analogous fashion. Perfgrthi

mass factorization in th®1S scheme, the counterterms read

- 1 a2\ las | - _ !
do%%(z) = FL e ( Sg ) EE?[_qu(z)dogq(zpl, P2) + Pag z)dogq(pl,zpz)_ dz, (111.23)

1 a2\ ° LogT -
dod¥(z) = FI e ( 2 ) EEST _ng(z)dong(zpl, P2) + Pyg(2)dad( pl,zpz)_ dz, (111.24)

1 AP\ © LogT - -
dodd(z) = F1 e ( 2 ) EE?[_qu(z)dogg(zpl, P2) + qu(z)dogq(pl,zpz)_ dz, (11.25)

anddod¥(z) = dod%(z). The evolution kernels are given HZIAS] KA, L [Z8, 49]

Py(2) = 6(1—z)11N_2éNf_1)+2N{(1_ZZ)++1;Z+z(1—z), (111.26)
Pya(2) = Pq—q(Z)ZCFEG(l—Z)Jr(lljZZ)ZJ, (I1.27)
Poa(2) = qu(z)chﬁ, (111.28)
Pl2) = Pald =57 +(1-27). (11.29)

I11.3. Finite contributions

In the resolved regions the four differential cross sedtio|,, respectively the corresponding produc-
tion density matriceBl for the final statett + g, tt + g, tt+ @, are obtained from the helicity amplitudes
given in Appendif® according to formulEID.1). In the ressdwegions no singularities arise and it is
thus possible to work id = 4 dimensions.

IV. Parton level results for the final states tX
Based on the results given in the previous sections we censidhis the inclusive parton reactions

i —»>ttX, i=00,09,99,0q (IV.1)

at NLO. From the different contributionsl, dal,, doy%, given in SectionEll anfHlil, we can extract the

corresponding density matrices using HGX11.9). Eotg” anddal, an analogous formula holds. These
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and the above-mentioned matridégs have the following structure in the spin spaces of the top and
antitop quarks:

(R)aar pp = ABuarBpp + Bla(1)aarSpp + Bladaa(T%)pp + Cho(T)aar (T°)pp - (IV.2)

wheret? are the Pauli matrices. The functioA'sdetermine the spin-averaged production cross section.
The functionsBl, and B{—a are associated with a polarization of the top quarks andjaatks. As men-
tioned earlier, parity invariance of QCD only allows top atitop polarizations that are induced by
absorptive parts of the scattering amplitudes. To NLO Q@&,dorresponding polarization is orthog-
onal to the 2— 2 scattering plane, i.e. trgl and B{—have no components in the scattering plane. The
functionsC},, encode the top—antitop spin-spin correlations. For a gégecomposition of the 2> 2
density matrices and their classification with respect sordite symmetries, see RELI[25].

In the following we consider a general observabléhat may depend on the spins and momenta of the
top and antitop quarks and is thus sensitive to the diffesgnttures shown in EEIIN.2). In particular
we study observables of the following form

0=4(S-8)(Srb). (IV.3)
which are sensitive to the correlati(ﬁgb. The top and antitop spin operators are given by
1
S = E(T @ 1) (IV.4)
and 1
S= E(]J @1). (IV.5)

The unit vectorsa andb are arbitrary reference directions. The factor 4 in EG=3)\6 introduced to
have a simple relation between the expectation values aitibervables defined in EqZIV.3) and double
spin asymmetries. At the parton level the following relatimlds:

aie p. OO +0(Y) —0'(1)) —d'(I1)
MRS D= G+ (L T ol T o)

The arrows on the right-hand side refer to the spin stateeofdp and antitop quarks with respect to the
quantization axe@ andb. A prescription of how to construct the correlated top antitem rest frames
in a unique way has to be given. At that point it is importantiake sure that the specific prescription is
soft and collinear-safe. To illustrate the problem, coesitie top—antitop helicity correlation, in which
cased andb are thet andt directions of flight. An obvious frame in which these direds may be
defined is the c.m. frame of the initial partons. In fact, tisiqiow the helicity correlation at parton
level is usually defined in Born level calculations for hadowmlliders. However, this frame can only be
constructed by a measurement of the 4-momenta of all fined pi@ticles/jets. In particular, at NLO
QCD, one needs to know, apart from the top and antitop momaisathe momentum of the hard gluon
emitted in real radiation. Obviously, this information catbe obtained if the gluon is collinear to one
of the initial partons. Thus the above definition of the higlicorrelation is not collinear-safe and cannot
be applied beyond the leading order. This applies also &ratbservables involving the momenta of the

(IV.6)
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top and antitop defined in the c.m. frame of the initial-sfaetons. In the situation at hand, a suitable
frame is thett-ZMF defined in Sectiolll. As discussed in Secfllin Il the tapt{)quark rest frame is then
defined through a rotation-free Lorentz boost. We study dfieviing spin bases, which are relevant to
applications to the Tevatron and the LHC (see SeciiGhs VEALd

a=—-b=k, (helicity basis) (IV.7)
a=b=p, (beam basis) (IV.8)
a=b=d, (off-diagonalbasis) (IV.9)

wherek denotes the direction of flight of the top quark in th&MF andp is the direction of flight of
one of the colliding hadrons in that frame. The directiont® hadron beam can be identified to a very
good approximation with the direction of flight of one of thetial partons. Thus, at Born level, the
beam basi$ = b = p coincides with the direction of flighi* of one of the initial partons in the c.m.
frame of the initial partons, and this vector is equal to th& wector of one of the hadron beams in the
laboratory frame. The term ‘off-diagonal basis’ refersxeswith respect to which the spins of tops and
antitops produced bgg annihilation are 100% (anti)correlatddl19] to leadingesroh os. (Forgg — tt
one can show that no spin basis with this property exists.u¥éethe definition:

V1-(p-R12(1-y?)

wherey = E/m. The spin bases defined in EGE=V. T=AV.9) lead to spireolables [IZB) that are
invariant under spatial rotations of theZMF. Thus predictions involving these observables can be
unambiguously made without an explicit prescription on lowbtain this frame. If in the case of the
beam axis one would use= b = p* instead, one would still obtain a collinear-safe obsemawhich

is however not invariant under rotations of ttieZMF. Therefore we do not consider this choice any
further.

In addition we find that the observable

0 =455, (IV.11)

which is also infrared- and collinear-safe, is also sevestibtt spin correlations at both the Tevatron and
the LHC. This observable can be expressed in terms of oldsessaf the form of EqI43), because

3
0 =43 (S-8)@-S). (IV.12)

whereg_-1 2 3 forms an orthonormal basis. B
As mentioned earlier, parity invariance of QCD tells us thatt andt ensembles have no polarizations
with respect to the reference axes of EfEJIVIO=]IV.9):

(S-V)i=(SVv)=0, for v=k,p,d. (IV.13)

Equation E3ZIB) holds for any polar vecter These equations justify the tespin correlationgor the
double spin asymmetries EZIV.6), since a simple calmiahows that

4((S-8)(S b)) = cor(S - &, S b)i, (IV.14)
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where for two observables;, O, the correlation is defined in the standard way by

(0102) — (01)(02)
001007 ’

corr( 01, 02) = (IV.15)

where
80k = /(OF) — (O)2. (1V.16)

Using the results presented in Secti@@s || Eld I, let us dsguss the observables defined through
Eq. {823), Eqgs. [BZ¥)-E0ZP) and EqERZ11). The unnorhizad expectation value of the observalile

at NLO in the QCD coupling— and, as a special case, the NLGs@estions' for the parton reactions
in Eq. 8Z0) — is obtained as follows:

00y = o [araTiRe+R,+RG)0)
+ / drodzTr((RS, + R,) O] + / drgTr[Fé,GSO]} (IV.17)

for i = qg,gg Heredr 3 is the 3-particle phase-space measure. The contributiotietleft-hand side
of Eq. 8ZI0) from the soft and collinear regions and frore tiesolved region depend individually on
the slicing parametegnin. Forxmin < 1 the leading dependence is, by construction, logarithbutin

the sum only a residual linear dependencexgn remains, which is due to the approximations made in
the soft and collinear regions. By varyingi, between 10° and 108, we have checked for the cross
sections and for the expectation values of the observables gelow that foxmin, < 10~# this residual
dependence is negligible.

Fori = gg,gqwe have

o'(0)i = %{/drzdzTr[(R£” +R)0] + /drgTr[ResO]} ) (IV.18)

where®qq = 1/[2(d — 2)N(N? — 1)]. Of courseg99 = 099 and(0)gq = (O)gq Within QCD. The state-
ments made below EJCIRZL7) apply also here.

The unnormalized expectation values HEZIV.17) and EGI8)are building blocks for computing the
distributions [IB) andlId7) (see Sectilid VI). In comipgtthe cross sections and these expectation
values we have performed the phase-space integration césbé/ed parts numerically. If one identifies
the renormalization and mass factorization scales, anslyput U= = |, then the NLO parton cross
sections and the above expectation values are of the form

. 2 -

o'(8.mP) = 511 (p) + 4rwis( £ (p) + () In(p2/ )], i = aG99.94 (IV.19)
. 2

0'(0a)i = —5[012(p) + 4m0is(9]3 (p) + G4 (P) IN(K2/mP))] i =6 09,94 (1V.20)

anda=1,...,4. The labela = 1 refers to the observable EfTN 11) ame- 2, 3,4 to the helicity, beam,
and off-diagonal basis. The varialgas defined by
4n?

p=—5 (IV.21)
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For the beam and off-diagonal basis, one has to contpuateontributions for theyq initial state: either
the quark or the gluon direction of flight in thieZMF can correspond to the direction used to define the
axesa, b, and the contribution from hard gluon emission is diffefenthese two cases. We have

69 = dyda =0. (IV.22)

The lowest order scaling functiorféo) andgi(gl) (i = qq,gg) can be computed analytically. In order to

write these functions in a compact form it is advantageoussttoduce the following functions:

o= gww+mL

o = g5 I+ 28+ 2.
l3 = B—ls[ln(x>+23+§ﬁ3+éﬁ5],

s [ean( ) -
ri = = |arctanl — ) —B|, V.23
1= 5 arctar( £)-e (1v.23)
wheref = /1—pandx=(1—-B)/(1+B).
We then get:

i) = P2ip) (1V.24)
19p) = Tllg'; [4+ p+2p°— (16+ 16p+ p?)(1] (IV.25)
den(p) = fi2(p). (IV.26)
(0) _ TPp
og2lP) = 7 (=2+p), (Iv.27)
(0) B T[Bp8-|—3p—|—4\/_
9oas(P) = 7 = (IV.28)
diea) = fid(p) (IV.29)
doa(p) = Tl‘gg[ 28+ 5p+2p%— (16+18p+ p?)(1] , (1V.30)
(0) _ TPp [52—7p—22p%— 2p° 2, 3
Jyg2(P) = 192[ 3 +(16+42p+ 14p° + p°) (2|, (IV.31)
(0) _ TBp| 96 %‘ A4 30 4825 68 5 2845 2 4
Jyg3(P) = 192{ + VPt 29— 2P L TR

- (16—|—34p—64p3/2—2p2—34p5/2—|—49p3—|—p4)£3], (IV.32)
(0) _ @ 1 e 3/2 2 5/2 3 4
Jgga(P) = 1927(1“3)2[ 28— 350+ 14p~ <+ 30p° — 18p” <+ 7p° + 2p

—  (16+50p+ 680 + 19p0° + p*) 1 + 2p%2(7— 9p)r1] . (IV.33)

17



The functionsﬁ(l) and gf;) that determine the scale dependence are obtained from giéomaula,
which follows from the renormalization group equations:

ﬁ(jl)(p) — [Bof” )—/pldzfif(o) (g) H<j(z)—/pldzfj(|?) (g) Pki(z)}, (IV.34)

and likewise for the functiong,(f;)(p). Here,

Bo= (1IN~ 2Ny), (IV.35)

and the evolution kernel; are given in Eqs EITA6)EITA9).
For theqq initial state we obtain the following results for thedependence:

- In(x
i3 = —GEZH{Kl(Z—I— p)— 16%},
~(1 (1
On = - (IV.36)
N 32
G, = i—gn{m(—u p) + 16BIn(x) — 3} : (IV.37)
N 8(—8+p)In(x) 322p—1
gg(lq—?g = 35501{K1(8+ 3p+4p)+ ( Bp) ) + ( E )arctan<%>
32 16
- 6mln<p>+§¢5+§}, (1V.38)
~(1 (1
Oos = fag- (IV.39)
where
Ky = 16In <4EZ> 127 o (IV.40)
For thegginitial state, we only give analytic results for the simpéses. With
Ko — |n(x)|n(%)—2u2< +B> —|—2L|2< ;B>
K3 = —3In(x)2+ 21— 12Lix(x), (IV.41)
we have
1) P p _ 2 2
foag = —768r[{ 6In <4BZ> (284 31p)B+ 3k2(32— 16p + p°) + K3(16+ 16p + p°)
2B 72433080+ 744 1980 + 5902 — 288) In(x } foa (IV.42)
_15[3( P+ 9p)(8p—|—9p— )()_1—2112’ .
oy, = %ﬂ{ 6ln <4EZ> (60+ 31p)B+ 3Ka(—2+ P)(— 164 p) + Ka(16+ 180+ p?)
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B 0)

g
- 15p( 176— 6118+ 7179?) — (1080 + 77p> — 672) In(x)} 13‘;"12, (IV.43)
" 6
gégz — 75&[{ 3 In <4EZ> (60— 25p 4 31p?) — 6K2(16— 9p + 16p?)
2
— (16+2p+14p*+p )? — %(7384—% 1127 + 33997)

0)

[Lia(—B) —Liz(B) } - ijg—zf’é.(lv.44)

396(p* —p+1)?
pp?

— (—231p+ 3292+ 870)In(x) —

For the remg_ining two 1“un(:tior_r‘.l;{]lg%:J,74 we give simple fits in AppendEIE.
For thegqinitial state, we obtain:

= o (02— ko (1402 + 270 136 In(x

_ 555(13190 346£p+724)}, (IV.45)
051 = sries] aP(16-90)ks — 9p(140° 27— 328 In(x

. 555(1319,3 62583—176)}, (IV.46)
6y = srazos] p(—16+ 9p)Ka— op(3p? 260+ 263 In(x)

86

+ 88(p2—2p—|—2)[Li2([3) —Li2(=B)] - 135

P (14392 + 1347p+7384)} (IV.47)

Again we give simple fits in AppendB E for the more complicchtenctionsgggu.

The scaling functionsﬁi(l) andgi(g are obtained by numerical integration. As a check we conaptlie
spin-averaged NL@ production cross sectioms as functions op. We found excellent agreement with
the results of Refsi[Z [ 5]. Our result fﬁﬁ) also agrees with the one of Ref [2]. In the comparison
of ﬂ(l) one has to take into account that RE&. [2] uses a renormaiizatheme where heavy and light
quark loops are subtracted differently according to theeswhof Ref. i50], while we use the standard

MS definition ofags of N¢ = 6 flavour QCD. This implies that our scaling functioﬁ(él) are related to
the functiong fj(l))N of Nason, Dawson and Ellis by

fiY = (f1Y L 40 i _gdgg (IV.48)

Performing the conversion we again find perfect agreemehtRef. [2].
For the functionsfi(l) andgi(g we give fits to the results of our numerical integrations irpApdixE.
To account for the richer structure of the functi@pg — compared with the results for the unpolarized

cross sections — we have used a more general ansatz than [@R&dl scaling functions for the initial
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Figure 1:Left: Scaling functions g( ) (dotted), é (n) (full), andf ( ) (dashed). Right: The same
for the process gg- tt(g).
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Figure 2: Left: Scaling functions ¢} (n) (dotted), §;(n) (full), and gey(n) (dashed). Right: The
same for the process gg tt(g).

statesqq andgg are plotted in Figdd 5 as a function of

1
=1 V.49
n=3 (1V.49)
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Figure 3: Left: Scaling functions {§,(n) (dotted), §o,(n) (full), and §e,(n) (dashed). Right: The
same for the process gg tt(g).
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Figure 4: Left: Scaling functions §5(n) (dotted), §£5(n) (full), and §igs(n) (dashed). Right: The
same for the process gg tt(g).

For large values of, the results for the functiorg{;) andgfg differ from the corresponding results in
Refs. [3B34], since in those papers the spin axes were daigiag the initial-state parton c.m.s. rather
than thett-ZMF.
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Figure 5: Left: Scaling functions§,(n) (dotted), &,(n) (full), and §i2,(n) (dashed). Right: The

same for the process gg tt(g).

V. Decays of polarized top quarks

In the leading pole approximation for the intermediate tog antitop quarks the NLO QCD analysis
of the reactions EqEfl8)—-EdEIIXL0) involves also the mattements to ordems of the main SM decay
modes of the (anti)top quark in a given spin state, that essgmileptonic modes

t — bltv,, bltv,g (V.1)
(¢ = e, 1), and the non-leptonic decays
t — bad’, bad'g, (V.2)

whereqq = ud, cSfor the dominant channels. Specifically, for computing thguar distributiondII16)
and [I¥), we need the matrix elements for the parton reasti

ii>a1+a2+x, (V.3)

whereas, a, denotes a lepton or a jet. Thus we require, in addition to twe production density
matrices, the one-particle inclusive angular distribogidl” /d cosd for the decays

t(s) — a(o) + Xa,

t(s) — a(d2) + X2, (V.4)

at NLO inas. Hereq: andqp are the momenta &y anday, respectively, which we define in the rest
frame of the (anti)top quark, arftis the angle between the polarization vector of the (atigpeark and
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the direction of flight ofa;(az). For a fully polarized ensemble of top quarks these distidins are of
the form M M

dr r

— Y V.

P 5 (1+k'“cos9), (V.5)
wherel U is the partial width of the respective decay channelwdhtiis the top-spin analysing power of
a;. For the case of the standdid— A) charged current interactions these distributions wereputed to
orderas for the semileptonic and non-leptonic channels in REY. §8@ 3], respectively. ¢ From these
results the corresponding unnormalized one-particleisieé decay density matricesandp integrated
over the energies can be extracted. These matrices haverthe f

thay TV L)+ A

Para = T(JJ"’K T-d1)oa; (V.6)
. r@ .

_ta7;a2 = 7(” — kP 1-G2)ara; (V.7)

where @, » are the directions of flight o&; anday in the rest frame of the top and antitop quarks,
respectively. As we work to lowest order in the electroweaiings, 2 = Y andk, = k; to all
orders inas, if the channeh, + Xz is the charge-conjugate af + X;.

For semileptonic top decays, the charged lepton is the nfoseat analyser of the spin of the top quark.
In the case of non-leptonic decalys+ bad'(g) this role is taken by the weak isosdip = —1/2 quark
from W decay. Tagging of the flavor af or ¢, besides those of tHequark, is feasible, as far as the
dominant channels are concerned, only dot c, albeit with low efficiency. The noib-jets in non-
leptonic top decay may be used as analysers of the top sgie fiollowing, more efficient way: angular
momentum conservation and tfié — A) structure enforce that the fermion witly = —1/2 fromW
decay is, on average, less energetic than its partnedywith+1/2. This implies that the least-energetic
light quark jet is a good top spin analyser. As far asWhéoson is concerned notice that its analysing
power is practically the same as that of thquark:

Kw = —Kp+ O(CXS). (v.8)

In Ref. [E7] the coefficients(") were given to NLO accuracy. In Sectif@llVI we need, howeves, th
unnormalized density matricd&Il.6) all]V.7); that is, eguire, apart from the partial widths

r(H = agf)+4nasa(lf), (V.9)

the dimensionful coefficients
rOk() = pl") + arorgb!”. (V.10)

For the determination of these coefficients we use the FeomstantGr = 1.16639x 10> GeV 2,
m= 175 GeV,my = 80.41 GeV[yw = 2.06 GeVm, = 5 GeV, and all other quark and lepton masses
are put to zero. (We do not use the narrow width approximdtorthe intermediat& boson.) We
obtain, for the hadronic (h) and semileptonic (sl) dedaysbqq’, blv, putting the CKM matrix elements
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Vib| = [Vgql = L:

al = 050645 GeV

sl @
aO - N 9
al = —0.0190Q8) GeV,
a = —0.010612) GeV. (V.11)
For the LO coefficientbg we obtain:
bg = ag = Nbév
by" = —0.20663 Gev= N b5*!
by = —0.15819 GeV=N b},
b} 0.25840 GeV
bl = —0.16040 GeV (V.12)

Here j stands for least energetic nbnjet, andT for an oriented thrust axis (for details, compare
Ref. [Z1]). In TablddL we give the corresponding NLO coeffitgh;. The numbers in the first columns

are for ‘bare’ quarks, while in the second and third colunires E-algorithm and Durham algorithm

were used, respectively, as jet clustering scheiés [37]démeand that the four final-state partons in
t — ba'g be always clustered into three jets, i.e. no jet resolutemameter is involved. This is possible

because the leading order matrix elements are free fronasdftollinear singularities.

Table 1:NLO coefficients b Numbers are in units of GeV.

Partons Jets, E-algo.| Jets, D-algo.| Semileptonic decay
b{ [GeV] —0.03154(22) —0.04218(22) —0.04410(22) -
b{ [GeV] - - - —0.01074(7)
b2>" orb?®' [GeV] | 0.01354(23) 0.01420(23) 0.01412(23) 0.00626(7)
by or b [GeV] 0.00431(21) 0.00935(22) 0.00852(22) 0.00120(7)
bl [GeV] - —0.02336(23) —0.02342(23) -
bl [GeV] 0.00915(22) - — -

Higher-dimensional distributions foland/ort decays such aif” /(dxd cosB), wherex; the scaled lepton
or jet energy are also known. Together with the productiorsidg matrices of Sectiol@ IEV, they can
be used for predictions of higher-dimensional distribogidor the 2-particle inclusive reactiofl&112)—

3.
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VI. Angular correlations in hadronic collisions

Let us now discuss the hadronic reactions HESA(I. EZ3)| Ih5particular we derive the distributions of
Eq. ) and Eq.IA7) at NLO ias, using the narrow-width approximation for the intermedittp
and antitop quarks and taking into account only the facatmiz QCD corrections. Recall that in this
approximation the squared matrix elements of the partocticees [LB)-IIID) are of the form shown
in Eq. {&). We postpone the discussion of the non-faztdalie QCD corrections until the end of this
section. There we show that, at NLOdg, they are irrelevant for the distributions defined in EFSH)
and I¥).

With the ingredients of Sectiof@ @V we can first determine two-fold differential 1S-subtracted)

Cross sections )
do(i — ajaz+ X)

dcosB;d cosd,

for the parton reactionis— ajay + X, wheref;(0,) refers to the angle between the direction of flight
(G2) of particlea; (az) in thet (1) rest frame and an arbitrary directiérib) that may be used a=axis in
the (anti)top rest frame. Recall that we define tifie¢ rest frame by performing a rotation-free Lorentz
boost from thet-ZMF. For the reactiondII 2)EL5), i.e.

(VI.1)

hy(P1) hp(P2) = tt+X — ag ax+ X, (VI1.2)

whereh;, hy = p or p, the differential cross sections are obtained in the usagt w

d()'(hl(Pl)hz(Pz) — q1do + X) / hy h
— f 2
dcosd;d cos, ; dxdxe fa (Xe, M) fy? (X2, He)
do(a(x1P1)b(x2P2) — a2 + X)
VI.
- dcosf;dcoshr ’ (VI.3)

whereff(x, ur ) denotes the parton distribution function (PDF) of paradn hadronh.
The following analysis is based on integrating over thephkse-space of the particles in the final state.
What then is the structure of the normalized distributions

1 do
o dcosf;dcosH,

(V1.4)

if we choose as reference ax@$ one of the sets EqEIII.7)-EJEIIV.9)? Each of the contritwsi to
do(i — ajap + X) is of the form Tr[pR.p] (s = B,V, soft, col, ¢, res depending o), where theR, have
the structure as given in EJEII¥.2) apdand p are given by EqsI36) andX¥.7), respectively. All
contributions are bilinear if; and@,. Thus the differential cross section EFT¥|1.3) is bilinéacos;
and co$®,. Parity invariance of QCD dictates that the top and antitogrks have no polarization along
the above reference axésindb, see Eq.EBZMR). This implies that in QCD

(cosB1) = (cosB) = 0. (VL5)

Here the expectation value refers to reactBEAVI.2),(i®@. = 0~ [ doO. (Equation XZL®) applies also
to cuts that are parity-invariant.) Thus for these refeeegxes the coefficients;Band B in Eq. {8Z3)
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are absent in the double distribution HZM1.16), and weiabta

1 do(hlhz — agap+ X) 1(
o dcosbidcosH, 4

1— CjcosB1coshy) . (VI1.6)

with i = hel, beamoff for the helicity, beam, and off-diagonal bases. NonezBi . are generated by
parity-violating contributions te — ttX. Computations indicat€ZIbiLEZ153] that they are small withi
the standard model.

Next we consider the distribution of the angiebetween the directions of fliglif; » of particle/jetag
and ap, defined in thet andt rest frames, respectively. Using CP invariance of QCD agdiraents
analogous to those above, we find that this distribution th@form

id()'(hlhz — ajap+ X) B }
o dcosp -2

(1—Dcosb). (VI.7)
Defining, forpgr = Yg = m,
N = /dxldxz f X1, UF fh X2, UF

v {gg&rbgl)b( )-|-4T[0(s[g( 1) b( )b( )—I—g( ) b( )b( )—I—g( ) b(l)b(12)]} : (V1.8)

ab,r ab,r ab,r

a2 1 h h
o = Wsr_tz%/dxldxz fa (X1, M) fp? (X2, HF)

R T ) S
we obtain to NLO in the QCD coupling:
N N N N
ngla Che|:€2, Coeam= ?37 Coff:FAf- (V1.10)

Here fi(o’l)(p) andgi(fr)’l)(p) are the scaling functions defined in EQEI¥.19) dBAN. 20)d collected

in AppendixI®, withp = 4n?/$, where the partonic c.m. energys is given in terms of the hadronic
c.m. energy,/sthrough
S= X1XoS. (VI.11)

The total top quark width is denoted by.

Finally, we discuss the issue of non-factorizable corogsti At NLO inas, such corrections are present
in the one-loop contributions to thgg and gg fusion processes EGE.8) and in the squared matrix
elements for the corresponding processes Ef. (1.9) withglean radiation. These non-factorizable
corrections correspond, at this order in the QCD couplinggltion exchange that interconnects the
different stages of the off-sheft production and decay process. These corrections wereesturali
the semi-soft gluon approximation in Refi42]. This appnoation consists in taking into account
only virtual, respectively real gluons with energieg of the order ofl'y. This is adequate because

26



the contrlbutlon of a hard gluon to this correction is sugpeel by't/Ey. The contrlbutlonsjo and
do? (ope: to the respective differential cross sections are impoftarcalculating a number of dlstrlbutlons,
such as invariant mass distributions of the quarks and oft pairs. However, the non-factorizable
corrections do not contribute to observables, which arkigiee in both the top and antitop invariant
masses L& S MILI142]. A well-known example for suchsa tathe total cross section.

It is straightforward to show that this result applies alsdhte distributions shown in Eq4=34.6) and
EZZDd). The non-factorizable contrlbutlordzj ¢ and dog? (which contain both virtual and real gluon
exchanges with momenta being integrated over) are prapaitio the respective differential Born cross
sections, decomposed into colour singlet and octet piedésrepresent the Lorentz-invariant phase-
space elementdl ¢ for the 6-particle final states in EqCHI.8) as

dre O drygdrdrd M2d M2, (V1.12)

whereM; (Mg) is the invariant mass of the top (anti)quadf, is the phase-space element of the in-
termediatdt state, andil’; (dli) is the 3-particle phase-space element f) decay in its rest frame,
where thez axis is identified with the reference adgb). From this decomposition, it is clear that one
has to integrate out the top and antitop invariant massealaulating the contribution oclio‘nf to the
distribution BZI®). But then the theorem of RefS[BE,[3¢] 4pplies.

In order to show that the opening angle distributiBilV I 8)eives no contribution frortmoinf either, we
recall that this distribution is due t& - §;), andS; - Srcan be decomposed as given below EEZTV.11).
Thus, to NLO in the QCD coupling the above angular distritmsi are determined solely by the Born
contributions and the factorizable QCD corrections.

VII. Numerical results

In this section we present the numerical results for the nglistributions IBZB) and3ZI7). In the
absence of cuts the spin correlation coefficients can be atedpn terms of expectation values:

C = —9(cosB;cosHy),
D = -—3(cosh). (VI.1)

In the following we present the NLO results for the coeffitge@ and D in the absence of phase-space
cuts, using EqIRB) and EJERA.9). It is convenient to rawithese formulae:

Ne = 553 {Ni(,?) by b + 4mmg NP b b + NOBV b 4+ N pSY b(f)]} . (VIL2)
P [

o = =55 (2% e +amsiz ey e + 204 e + 205 A ). (vi)

t o

wherei = qQ,99,99,90. For the evaluation of EqIERZ. 2R .3) we use the NLOrjman distribution
functions of Ref.i54] (CTEQ6.1M) and of Ref155] (MRST2003n addition we also use the PDFs
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Table 2:Results for the quantitiea@ and I\f?) defined in Eqs I3112) (B2 3) for different PDFs at the
Tevatron and the LHC.

Tevatron i=qq i=g9g
CTEQ6.1M| 0.032162| 3.9358 1073
MRST2003| 0.033193| 3.9751.10°3
GRV98 0.033528| 5.0460-10°3
Nifl CTEQ6.1IM| 0.010721| —1.6864 103
MRST2003| 0.011064| —1.7534- 1073
GRV98 0.011176| —2.2477-10°3
N | CTEQ6.1M| —0.016695) 2.3820-10°2
MRST2003| —0.017240| 2.4585 1073
GRV98 | —0.017436| 3.1438-10°3
Nif3 CTEQ6.1M| 0.031849| —1.2099-103
MRST2003| 0.032869| —1.2774- 1073
GRV98 0.033199| —1.6457-10°3
NG | CTEQ6.1M| 0.032162) —1.2959. 102
MRST2003| 0.033193| —1.3606 103
GRV98 0.033528| —1.7497-1073

LHC i=qq i=gg

Z9 | cTEQ6.1M| 0.46482 3.2048
MRST2003| 0.49789 3.5616
GRV98 | 0.48075 4.1237
N | CTEQ6.IM| 015494 | —0.92015
MRST2003| 016596 | —1.0163
GRV98 | 016025| —1.1620

NG | CTEQ6.1M| —0.26645 1.3931
MRST2003| —0.28604 1.5401
GRV98 | —0.27709 1.7621
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Table 3:Resilts for the quantities 2 and N’ defined in Eqs I¥2) X3) for different PDFs at the

Tevatron and the LHC.

Tevatron i=qq i =gg i=qg+9q

zY | CTEQ6.1M| 4.699-103 | 2.312.1073 | —3.627-10~%
MRST2003| 4.836-103| 2423.10°2%| —-3.926-10°%
GRV98 4.854.10°3 | 3.113-10°3| —4.442-10°*

Ni(j) CTEQ6.1IM| 1.539-103| —1.070-10°3| 1.216-10°4
MRST2003| 1.583-103| —1.143-10°3| 1.289.10°4
GRV98 1.589-10°3 | —1.478-10°3 | 1.456-10°*

NG | CTEQ6.1M| —2.643.103 | 1458 1073 | ~1.970 10
MRST2003| —2.721-10°3 | 15521073 | —2.065-10~*
GRV98 | —2.734.10°3| 2.004-10°3 | —2.331-10*

N3 | CTEQ6.IM| 4.459-1073 | —8.647-107 | 2.066- 107
MRST2003| 4.587-10°3| —9.246-10*4| 1.995-10°°
GRV98 4.602-10°° | —1.195-10°3| 2.258.10°°

NG | CTEQ6.1M| 4515103 | —9.117.10%4| 3.033 107
MRST2003| 4.645-103| —9.725-10°%| 2975.10°°
GRV98 4.660-10°3 | —1.256-10°° | 3.363-10°°

LHC I =0q i =99 i =0qg+99q

zV [ cTEQ6.AM|  0.04197 1.277 0.04565
MRST2003 0.04415 1.411 0.05120
GRV98 0.04194 1.625 0.06018

N7 | CTEQ6.1M| 001320 | 04330 0.03077
MRST2003 0.01396 —0.4760 0.03307
GRV98 0.01324 —0.5423 0.03082

NG | CTEQ6M | —0.02417 05927 | —0.07905
MRST2003| —0.02550 0.6513 —0.08540
GRV98 —0.02419 0.7402 —0.08181
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of Ref. [B#] (GRV98), to illustrate the dependence on theogldlistribution function. We pupir =

W = m = 175 GeV,N; = 5 and use the following values fol'~: as(m) = 0.1074 for CTEQ6.1M,
as(m) = 0.1062 for MRST2003, ands(m;) = 0.1041 for GRV98. (The values afs are those used by

the different groups when fitting the PDFs.) In Tallle 2 we @n¢she values oZi(O) and Ni(f) for pp

collisions at,/s= 1.96 GeV (Tevatron) angp collisions at,/s= 14 TeV (LHC). In the latter case, we
only show results for the D coefficient and thgeZoefficient, since the spin correlations in the beam

and the off-diagonal basis are very small at the LK [35]. &8blists the NLO coefficientzi(l) and

Ni(rl). We observe the following generic features: For the coeffitsN; 5 the two initial statesiq and

gé always contribute with opposite signs. For tigeinitial state the GRV98 PDF systematically gives a
larger contribution, while the other two PDFs agree quité imenost of the cases.

Adding all contributions as in EqICRZN.2)C71.3) and tialg the ratios\; /o, we obtain LO and NLO
predictions for the spin correlation coefficients. The hssare listed in Tabl@4 for the Tevatron and in
Tablel® for the LHC, for the different decay modes of the tod antitop quarks. In these two tables
we use the CTEQG6L (LO) and CTEQ6.1M (NLO) PDFs. As spin aralkysve use the charged lepton
and/or the least energetic nbrguark jet defined in the Durham jet clustering scheme.

At the Tevatron, the helicity basis is not the best choiaggesthet andt are only moderately relativistic
in this case. The spin correlations are large both in the baahoff-diagonal basis. In fact, since the
results are almost the same in these two bases, the beansti@sisably the best choice since it is easier
to determine experimentally. The QCD corrections decrdase&O results at the Tevatron. The relative
size of the corrections varies betweenl6% (Geamofr) and~ 28% (D) for the dilepton channel and
between~ 27% (Geamoft) and~ 38% (D) in the all-jets channel.

At the LHC, where thegg initial state gives the dominant contribution, the heliabrrelation is the
best choice from the four distributions. Here the spin datrens in the dilepton channel are of the
order of 30%. The QCD corrections are much smaller than afévatron. In the dilepton channel
they enhance the spin correlation by2% in the helicity basis and by 10% for the opening angle
correlation coefficient D. In the all-jet channel, the QCDreactions decrease the LO results foedy

~ 8% and for D by~ 1%.

In Tablel® we compare the NLO results for the spin correlatimefficients evaluated for the 3 different
PDFs that we used. The CTEQ6.1M and MRST2003 distributiores@gmost identical results, which
is remarkable since the individual contributions from tfieand gg initial states differ in some cases
significantly (see Tablel Bl 3). (For previous versions eséhdistribution functions, the agreement for
the spin correlations was not so strikingi[35].) Using the/@RPDF, however, leads to spin correlations
that are up to~ 13% smaller at the Tevatron and upt1% larger at the LHC as compared to the other
two PDFs. This shows that the spin correlations are veryitsan® the relative quark and gluon content
of the proton. Future measurements of these correlatiogshea to pin down the parton distributions
further.

To estimate higher order corrections to our predictionsnas study the dependence on the renormal-
ization and factorization scales. For simplicity, we keeg pr = pr and varyp betweenm /10 and
10m. The results for the quantitiesCpeam (Tevatron) andoCpe (LHC) are shown in Figl6 for the
dilepton decay channel, where we sum ofef e, |, T. The inclusion of the QCD corrections reduces
the scale dependence significantly. The correlation caefic C and D are ratios in which a factmg
drops out. Therefore, at LO, the coefficients only depenggobut not onpr. A comparison between
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Table 4:LO and NLO results for the spin correlation coefficie@tandD of the distributionsl[3Z6) and
(Z=3) in the case of p collisions at\/s = 1.96 TeV for different t decay modes. The PDF CTEQ6L
(LO) and CTEQ6.1M (NLO) of Reflib4] were used, and=HlpR = M.

Dilepton Lepton—jet Jet—jet
Chel LO -0471 —0.240 —0.123
NLO -0.352 -0.168 —0.080
Cpeam LO 0.928 Q474 Q242
NLO 0.777 Q370 Q176
Coff LO 0.937 Q478 Q244
NLO 0.782 Q372 Q177
D LO 0.297 Q151 Q0773
NLO 0.213 Q101 Q0480

Table 5:Results forCe; and D for pp collisions at,/s = 14 TeV using the same PDF and parameters
as in TabldH.

Dilepton Lepton—jet Jet—jet
Chel LO 0.319 Q163 Q083
NLO 0.326 Q158 Q076
D LO -0.217 —-0.111 -0.0567
NLO -0237 -0.115 -0.0560
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Table 6: Spin correlation coefficients at NLO for different PDFs foetTevatron (upper part) and the
LHC (lower part) for dilepton final states.

Tevatron
CTEQ6.1M MRST2003 GRV98
Chel —0.352 —0.352 —-0.313
Coheam 0.777 Q777 Q732
Cost 0.782 Q782 Q736
D 0.213 Q212 Q185
LHC
Chel 0.326 Q327 Q339
D -0.237 -0.237 —0.243
o) 2 T = i
2 2
g 2
2 @)
£ 40 .
Q15 - ©
1 - -
20
0.5 R
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Figure 6:Left: Dependence @fCpeamoOn U= e = g for pp collisions at,/s= 1.96 TeV in the dilepton
decay channel. The dashed line shows the LO result, tharfalshows the result at NLO. Right: The
same foroCpe for pp collisions at,/s= 14 TeV.
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Table 7:Dependence of the correlation coefficients, computed WwePDF CTEQ6.1M, on & PUr = Y
at NLO for the dilepton decay channel.

Tevatron LHC
MR = HF Chel Coheam Corf D Chel D
m/2 —0.326 0.735 0.740 0.1910.329 -—-0.244
m —0.352 0.777 0.782 0.2180.326 —0.237
2m —0.370 0.804 0.810 0.22{70.324 —-0.232

the scale dependence at LO and NLO is thus meaningless & tuefficients. Tab# 7 therefore only
lists the NLO scale dependence. At the Tevatron, a variafqnbetweenm /2 and 2n changes the
results agy = my by ~ + (5-10)%, while at the LHC the change of&is less than a per cent and D
varies by~ + 3%.

Before closing this section, we summarize how an experiaiemtasurement of the distributioi&M1.6)
and BZLT) that matches our predictions should proceed:

i. Reconstruct the top and antitop 4-momenta in the laboydtame & c.m. frame of the colliding
hadrons).

i. Perform a rotation-free boost from the laboratory frafnehett-ZMF. Computed andb in that
frame.

iii. Perform rotation-free boosts from thie-ZMF to the top quark rest frame and the antitop quark
rest frame. Compute the directiga of the top quark decay produat in thet rest frame and the
directiond, of the antitop quark decay produgi in thet rest frame. Finally, compute c8s =
a- 1, cosBy = b- 2 and cosp= Gz - 2.

Note that in this prescription theandt rest frames are obtained by first boosting into th&MF. If
this step is left out, and thteandt rest frames are constructed by directly boosting from thdriame, a
Wigner rotation has to be taken into account.

The results in this paper were obtained without imposingikiatic cuts. Such cuts will in general
distort the distributions, i.e. C and D will in general degem the angle81, 0, and¢, respectively. The
expectation values on the r.h.s. of EQ&11.1) may stilused as measures of ttiespin correlations
in the presence of cuts. They are then no longer directlyaelt these differential distributions. One
strategy, followed for instance in RelfZ162], is to correat these distortions by Monte Carlo methods
before extracting the spin correlation coefficient and canmg with theoretical predictions. A future
aim will be to directly include the cuts in an NLO event gerner#o be constructed with the above results
for all relevant 2— 6 and 2— 7 processes.
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VIIl. Conclusions

We have determined the differential cross sections for togrkjpair production in a general spin con-
figuration byqq annihilation,gg, qg, anddg fusion to ordem?. These cross sections provide, together
with the differential rates of polarized top and antitopalesat ordens, the NLO factorizable contribu-
tions to the reactions given in EqEZ1.8) to HE=M.10). Weédhavaluated the corresponding spin density
matrices for on-shell intermediate top and antitop quarmyvever, our results can also be employed as
building blocks for taking the finite top quark width at NLOt@anaccount. (For studies at the Born level,
see for instance Refdi@.3164].)

As an application of the above results we have studied a nuailgistributions due to top—antitop spin
correlations. The QCD-induced spin correlations are laffgcts, which are easily visible in distribu-
tions of the final-state particles. Given the size of the gimelations, they are expected to become a
good tool for analysing in detail top quark pair productiodalecay dynamics. They can be studied
at the Tevatron and — in view of the expected latpdata samples — especially at the LHC, in the
dilepton, single lepton and all-hadronic decay channeglanbasuring suitably defined double angular
distributions. In fact, a first measurement of spin correfet in the off-diagonal basis was already per-
formed by the DO collaboration for the dilepton decay chaf#]. While this analysis was limited by
the very small event sample, it clearly demonstrated thsipility of the experimental study of these
effects. For the LHC a simulation was perform@adl [62], shapiimat the experimental accuracy of a
measurement of (g at the LHC can be expected to be better than 10%.

On the theoretical side, we have shown in this paper that Ll @CD corrections to the double angular
distributions are of the order of 15 to 40% for the Tevatrord below 10% for the LHC. A study of the
scale dependence of our NLO predictions indicates thaetsidwal theoretical uncertainty due to higher
order corrections should ke 10%. Work on soft gluon and threshold resummations willfartreduce
the theoretical uncertainties.

In particular forpp collisions at,/s = 14 TeV, the theoretical uncertainties are quite small. lBytime
the LHC will start operating it may therefore be expected foather theoretical progress will have
turned top quark spin correlations into a precision tookifi@r analysis oft events.
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A. One-loop integrals

In this appendix, we collect a number of functions that appethe virtual corrections given in Section
2 and in AppendiceBIHIIC. Only the real parts of the integaae given. It proves useful to express the
integrals in terms of the following variables:

Ve = 5(14B)

“ o= %(1—By),

Lo

X = %E (A.1)

1) The six-dimensional box integrals are defined by

DG(011. 2, 03, My, My, Mg, My

! d®l
) ﬁ/(lz—mi)((l+ql)2—m%)((l+ql+qz)2—m§)((|+q1+q2+q3)2_m§1)' (A-2)

The following integrals appear in our results:

T 1 . 13
DS(p1, P2, —k2,0,0,0,m) = =1 { P {—le (1— —) +3 |n2(Yt)}

Yt(1-w)

T - {—Liz(y—)%lnz(y—)}
|

~Lialys) + 5ty | (A3)

2n 1
Dg(_klv P1, P2, 07 m, m, m) = ) { ( § — |n2(X):|

+ 20 {Lig(—x) _In(x)In (;’—tﬂ +(B—yLiz (1— ﬁ) } (A.4)

6(n, — _ I f 4 f Y(l-v), 2f W
DO(p17 k17 p270707m7m) - §{ 2 + Bz(l—yz) |: 6 + ZE In 1_yt
v Li2<1—%>+Li2<1—1_Eyt>H. (A.5)
Dg( P1, P2, _k17 07 07 07 m) - Dg( P1, P2, _k27 07 07 07 m)|y—>—y- (AG)
D§(—kz, p1, P2,0,mmm) = D§(—kq, p1, p2,0,m, m m)|y__y. (A.7)

2) The 3-point integrals are defined by

i/ (2T[|,l)2€d4_28|
T2 .J (12— m8)((1 +cu)2 — mB)((I + i+ 2)2 —m3)’
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The following integrals appear in our results (they agreth wiose listed inli4]):

Colps.p2.0.0.0) = Z |+ ¢In(E)] + Colpr. p2.0.0.0
~ 1M1, 7
Co(p1, p2,0,0,0) = —§|:§|n (E)—ﬁ}
I B T
CO(_plvklvovovm) - yt§|:282 8|n<E>:|+CO( plvklvovovm)v

combaom - () en(s-}) 5]

CO(—p]_,kZ,0,0,m) = CO( plvklvovovm)|y—>—y-
Co(ky, k2,0,m0) = i 2Li2(—x)—|—%ln2(x)+§].
Ce [1 _
CO(k17k27m707m) = g EIn(X):| —I_CO(klkavmvovm)v
_ 17 . 1 o1
Co(k1, ko, m,0,m) = g_—2In(x)|n(1—x)—2L|2(x)+Elnz(x)—? :

Colke,—pr,O,mm) = — [f— Li, (1— ﬁ)} .
Co(k2,—p1,0,mm) = Co(ki,—p1,0,m mjly__y.
Co(p1, Pzmmm)) = = [In?(x)—77].

3) The two-point integrals are defined by

1 (2T[|1)2€d4_28| B Ce _
) e g e

€
The following finite parts of these integrals are needed:

Bo(ki +k2,0,0) = 2+In(§).
Bo(ky,O,m) = 2.

)
)
= _ Yt 3
Bolla—py,0m) = 2+yt—E|n<yt>
)

B ( pl,O m
B (kl—l'kamv m)

(q7 m, mZ)

Bo(k1 — p1,0,m)ly—y.
2+ BIn(x).

4) Finally, the one-point integral is given by

B 1 (2T[|.1)2£d4_28| B CE
Ao(m) = ﬁ/W_ e .
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B. Virtual corrections to qq — tt

Here we list the coeﬁicienté\"j‘q_ ande!, defined in [I=2B), which appear in the one-loop contribog
to qg — tt (note that the contributions proportional to the finite mdrthe one-point integrakt m?) and
those ofBy(ky,0,m) = 2 are added to those terms that are not multiplied by-point integral):

- D8(p1, p2, —k2,0,0,0,m) N°—2/B°-3
aq \V 0 9 9 5 My My Yy ~An2 _
A= = _ B (g + )
DS( p1, p2, —k1,0,0,0,m) __, 1 /p%-3
+ - sﬁ(l—f@(lwy—zsy)

_ n2
- gco(kla k2,0,m, 0){2(23/232 — 3y +2B%— 2By +1) + w

202 N2 -2 2
v sy e )
- Pt 0 N a7 B - 2By 4R
2_
— %(—8y+ 63—333+3y233)} + NZN “Boky -~ pa.0. m>{
21- )
s (1B
+ o Bolku+ ke, mm)( + 277+ 5 267)
1
P

N2 _—2 2
A {N(l—ﬁw +N(1+[:’~y>} } (e.1)

2(1—p?)
1-By

~@+By)

1_
+ NBo(kz— p1, 0, m){

@2
B(lNB)(B—ByZ+8y)

{(263y+ 5y?B%+ B2 — 2By+1—3y* )N +

v _ _S08(p1p2—ke.0.00mN2 -2/ 1-p
Tt 2N 1— By

N §D8(p17 p27_k17070707m) (2_ 1_BZ>
1+ By

TN

'R

Co(k1, k2,0,m, 0) {N +2p2 [NI(\Ilz__éy) * N(1—2|— By)} }

Bo(ky + k2, 0,0) 362 Bo(ki— p1,0,mB(N2-2)(B-y)
o {(1_BZ>N+W}_ N1 fy)

 2Bo(ke— p1.0,mB(B+y) , 3Bo(ki+ke,mm)

N(l—l—By) 2N
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N2 -2

i 2 _ 2 _ n2
" BZ{N(BB 1) - 2p2(1 B)[N(l_ﬁy)

_ §D8( P1, P2, _k27 07 07 07 m) N2 -2
= 2N
§D8( P1., P2, _k17 07 07 07 m)
TN

2
B

2_32(1— B?) [Nl(\f _éy) + N(li By)} }

Bo(klgﬁl;zaoao){ (3—2By— 32— B4+ y2B* —

{ 1+ B2 — 3By -+ 3p%y— 2p%° +

—5Col(kq, ka,0,m, 0>{N<2y232—3y2+233y—23y+ 3)+

i) )

1+ By
8yB(1—B?)
N

(B.2)

=

{1+ B2 + 3By — 3% + 26%3 + 1= B }

2p% -+ 4y°B?) + 8y+ 3p% - 3y°B?) }
Bo(ki — p1,0,m) (N*—2) (1—By)  2Bo(ka— p1.0,m) (1+ By)

N
Bo(k + ko, mm) (1+2B?) (1—y?)
2N

éz{(s 2By + 233y — 3y? — 532 + 5y’B2)N + —

B

& = e ootk ke.omo

EO(k]. + k27 07 O)
4p?

{(—23—3y+ 2R%y)N +

N

P 1-pB- By2+8y}

—@Brayn

:

Bo(ki — p1,0,m) (N>~ 2) B Bo(kz— p1,0,m)B  Bo(ky + ko, m,m)y

(B.3)

- 2[152[ (3p%y— 3y~ 2B) + B(SQB”)HW(
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C. Virtual corrections to gg — tt

We list here the coefficien#&)?, CJ°, DY® andEJ® of Eq. {IL33), which are part of the IR-finite terms of
the one-loop corrections g — tt.

B2DS( p1, P2, —k2,0,0,0,MN?§(1 - y?) 4-p2  2-p2  2(1-P?)?
A= 2m {_1‘By+1—r5y‘2<1—ﬁy>2+ (1—By)3}

Dg(_klv P1, P2, 07 m, m, m)§<2+ Nz(l_ By)>
+ 4T|N2I32(1‘|‘ By) {Bzyz—l_ﬁsy_sﬁgy—l'zﬁy_B4_2B2‘|’6
_ BG+12—ZB4—332+2(4—332)(1—34) _2(1+BZ)(1—BZ)3}

1-By (1—By)? (1—By)3
46 & 2
- DRt TR a ap B L3
— P2y
2 6 4 2

8p*(3—2p%) 8p*(1-— BZ)Z}
(1-PBy)2 (1-By)3
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BZNZ
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1-By (1-By)
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1+ By (14 By)?

2 2122
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BA(1— BN+ (1 PB?)(1+4B°+ BN - B°+ B> 33 - 5

- 1-By
B (1+BZ)((1—BZ)ZN2+B“+2B~2—5)_2(1+BZ)(1—BZ)2}
(1—By)2 (1-By)3
I} 2
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24N2I34
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432N2 1-By (1—By)?
- 2(2—3[52+B4)N2+B4—|—3[:’~2+4+4(1—BZ)NZBZ_4(1—BZ)N2+2B~y—2]
1+By (1+By)? 1-y?
N Co(pl,pz,m,m,m)[Nz—l—Bz—l—l_l_ 1—p? _N2—|—2]
B2N2 1-By  (1-By? 1-y

41



E\E}g

EO(kl—pl,O,m)(Z—Nz(1+BY)){NZ—B N°+B 2B (L+NP)B?

B2N28(1+ By) 1-y " 1+y 1-By (1-By?
(1-P*(2N*—1)B?]  Bo(ki+k2, 00N, 4B°—3
S e gy

Bo(k + ko.m.m) [Nz (1+7B°N?+4p%+4  N’B°+ N2+2}

20PN -y 1-P-y)
4 N2 2
b |~ NEONAL- ) 4 )+ T2
 (5B*—3)N*—BA(2B* + 6B — 1)N?+ 53% + B84 4p?
1-By
BYAN 2N?R2 34 %) 21 PA)(N?— 1)(2N°— 1) )
1 pyP? 1 py? }“H y)}' (©3)

NZDS( P1, P2, —k2,0,0,0,m)
Tt

2 2
{232 — 2B%y* — 4By — 10— 21;55!;? - 7?_ 331,9
1—B2)(9—p? 1-p2)2 N2D8(py, p2, —k1,0,0,0,m
( (f_)(ﬁy)zﬁ) El—gy;3} o(P1, P - ){—ZBZ+ZBZy2—|—6
Rl—BZ+(1—BZ)2_21+ZBy+BZ}
”t+By (1+By)? 32(1—32/2)
D§(—ku. p1, p;%zrlr\l;zr(nirf)éijN (1-By) {zﬁz_ APy—6+
4(1—3“)(1—32) (143 +6R -1 +8(1—£:’~2)By}
(1-By)? 1+ By 1-y?
D§(—k2. p1, P2,0,m m,m)(2-+ N%(1+ By))
4TR?N?(1 4 By)
(1+P%)(p®—15p%— 13p?—5)
(1-P?)(1-By)

+4

(1-PB?)(3p*+4p*+9)
1-By

2 (3—pH(1-p??
{2[5 +4By+ 2+ (1+ By)
BL+B°® , (1-B7B }
(1-B)(1-y) (1+PB)(1+y)

+4

2D§(p1, —k1, p2,0,0,m, m){234+ B°+9 (1-B*(5+3pY +4(1— B?)?
T 1-By (1-By)? (1-By)®

(1—BZ><3+232>+(1—Bz>2_21+23y+32}

1+By (1+By)? — BA1-y?)

2 2 6 2 4

5— B2 1—p2 1+11p2 1—p2 1+ 2By + P2
By e P gy _434(1+By)2+832(1—BZ)(1—VZ)}

_R2 ki — 2 N2 B 92 (4

42



2(1-PB*)(2+PB*—3B°N?)  (1+P*)(1+3B*)N>+1—4p*—p*

(1-By)? 1+Py
4BPNZ(1-B%) N1+ 2By+p?) —2(1+By) }

(14 By)? 1-y?
CO(kz’z_ﬁ'[;?\’g’m’m){(1—BZ)(3+2£:’~y—fz’~2)|\|2+4(1—[52)—3
(5—3B%)(1—B?)*N*+5+2B°+9B%  4B°N(1—B?)(3+P?)

1-By (1-By)?
163°N*(1—B%)? (1—PB?)(1+2By+B*)N?—2— 23(3y + 3B+ B?) }

(1-By)? 1-y?
Co(pl,pz,m,m,m)(l—ﬁz){_4<2+N2>(1+2£:’~y+32> (1-B»(3—P?)

2N232 (1-B?)(1-¥?) (1+By)?
B(1—PB%)°N3—PB*(1+BH)(3+ BZ>N2—7—332—SB4—B‘5+4 (1-B9

(1-B?)(1-PBy) (1-By)?
5+BB4—2N2(1—B4)+(N3BZ<1—BZ)+(2—332—B4>N2—1—632—34)}
(1-By)? (1+By)
Bo(k1 — p1,0,m)(2— N*(1+ By)) {  (25-2p7 4 BYN?— 17— B*—6p°
4N23 1— By

2(1-BA)((9+PBN*—B>—5) 4(1-2N?)(1-p?)? 32(N*-1)

(1-By)? (1-By)? (3+P2)(1— 2By +p?)
(—25+B*—9B* + B%)N? + 1 - 233° — 9p* — ° N2<1+By>—B<B+y>}

(1-B??(1-N%B?)
(1+By)

(3+B2)(1+ By) TRy

Bo(kz — p1,0,m)(2— N(1—By)) {1_ BN+ (BN?—3)(1-p?) N*1-p??
N2§(1— By) 1+ By (1+By)2
N2(1+ 2By + B?) + B(B?+ ZB+y>}
B2(1-y?)
n 2

1-By
2/1_ N2 2 I}
U8} Bl o 1
p221- B?)>N3— (3+53%)N*—8  8(N?B*+2+ N?)(1+ 2By +[?)
(14 By) (1-B?)(1-¥?)
(—ZBZ(l—BZ)3N3+(2+11132+24B4—566)N2+8(1+332))}
(1-B?)(1-By)

3§T1|2m{6'\'2<1+ By)((3B% + 42— N2 — B2 — p4) + |

2

(6—11p%— 198*+ 4p°)

323% — 107B* — 3932 + 18)N*
1-By

43



3B2(39B2 + 3B + 2B8 — 2)N2 — 3B2(8+ 27P2 + 10p* + p°)

- 1-By
6B*(1—B%)((B? —7)N*+ (B2 + 9N —p2—3)  12B*1—B?)?(N?—1)(2N?—1)
- (1-By)? - (1-By)3
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14 By (3+B?)(1+By)
6NZR4(1— B2)2(N2—1) 24(N*— N2+ 2)B2(1+ P2+ 2py)
(1+By)? 1-y?
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D. Helicity amplitudes for the real emission processes

In this section we give explicit results in terms of helicéynplitudes for all real emission processes
needed to compute the-2 3 spin density matriceRg, i = qd,9g,qg, qg, discussed in sectioliSllll and
B4 Generically, the matriceR. can be obtained from

SITPOTr [RedU+& 0@ (U+51)] (D.1)

where the amplitude$ are given below and the sum stands for averaging or summigigomours and
unobserved spins of the initial- or final-state particles: the evaluation of the spin correlation observ-
ables introduced in EgEIII.3) one can also use the rightitsiote of Eq. ERZD).

D.1. The process gg- ttg

In this subsection we present the Born amplitudes for theqe®

9(pP1)9(p2)g(p3) — t(ki)t(kz) (D.2)

for all possible gluon helicity, and farandt spin configurations in 4 dimensions. The gluon 4-momenta
in @) are incoming, and thet momenta are outgoing. The amplitudes for the proggss: ttg

can be easily obtained by crossing from the amplitudes daetow. It is convenient to decompose the
amplitude for [EXR) with respect to its colour structure.rfBaming this decomposition th& matrix
element is then of the form:

T(gog—tt)= 5  (TaTaTadacAlPi, Pj, P K, st ke, ), (D.3)
{i,j,k}€P(1,2,3)

where the sum runs over all permutations of the indick®,3}. The T, are the generators of colour
SU(N) in the fundamental representation. The indiges, andcilabel the colour of the gluons, quarks,
and antiquarks, respectively. The amplitudeépi, p2, p3, k1, &, ko, ) are the so-called colour-ordered

44



subamplitudes. They can be computed in a very compact wagibg spinor helicity method£152.158,
249 )8l]. We use the following notatiofiZl57] for massless s, v of helicity i%:

u(p,£) = Vv(p,F)=|[pL),
u(p,+£) = v(p,F)=(p*|. (D.4)
For the spinor products we use the short-hand notation:
(pip;) = (Pi—I[pj+),

[pipjl = (pPi+Ipj—),
(PiElpjlpkEt) = (PiEIpjIpE) = (pi£|pjF){(PjFIpkt), (D.5)

for p? = pf = pf = 0. The polarization vector of a gluon with momentuintan be written in the
4-dimensional helicity scheme as follows:

(g7 yulkT)
V2(qF k)

The momentung denotes a ‘masslessi{ = 0) reference momentum, which is otherwise arbitrary. For
a top quark with massiand spin vectos we use the formalism of Rel158]:

e (k.q) = (D.6)

uike.s) = B g 1 i), ©.7)
with
ki=a1+02, and s=(q1—0z)/m (D.8)
and f1r2]
rqr _
Vike, ) = == Iry) - Irg ). (D.9)
with
kxy=r1+r2, and s=(ra—rg)/m (D.10)
Note thatqp, gz, r1, andro are massless momenta with
2(q1- q2) = 2(r1-r2) = . (D.11)
We use the short-hand notation
(£l pilpet) = (pi£[pjlpe). (D.12)
]

J

(If the momentum of the top or antitop quark is sandwichedvben two spinors one must first de-
compose it into the sum of massless momepta gy or r1 +rz.) For specific gluon helicity states we
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obtain:
= e ey L@ar2f( Pt P2+ psla2t) [Gar2]
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(" kel Ps™) | p2ci2) (i kel prt) — (Pap2) (et Iprlciz™) |

1
4(p1-k1)(ps- ko)
1
~ 2(p3-ka) [p1p2]
1 1
(" Ps+ el ) (o el pit) + (ot Ipulcz™) (o [Pz + palPy™)] ). (D.13)

_I_
2(p1- k1) [p2pg]
 1{papa)((rarz)[para)(p1’ P2+ Psld2™) — {qu2)[Pada) (P |P2+ P3lri™))

ALT253) =5 (1-+ (K - ko) ) pLP2) [P1Pol PoPs](ar)
1 (P [ka|p2") 2 (%) + +
& oo (pupe pspallapal Tpape] (1) P21 (P P2 Pars)

(Pa-K2) i?i?j; [P1012] ({P2ps)(Pars)[PLPa] + (Pari){p1 ke[ ps™))
2

—;<pqu>[plfz]<pl+|kz|I03+> ~ [papd [par2)(p1™ P2+ ple2+>>,

(o |p1+ palopt ) (o T |ko| pat)

(D.14)

(p3-ko)
A1, 2.37) = _ 1(p1ps)®([pera)(d2" | P1+ Ps| P2 ){rar2) — (d1G2)[P20u)(ra~ |1+ palp2"))
oo 2 (P1P2)(P2ps)[p2ps)(rarz)[pip2)(ky - ko) + m?
1 (P1p3)
S B e Eap o BRI ({pa6i)(Ptz)[Poci][Para](rar2)

+{P102)[P2r2](Ps™ |P1— G2l P2 ™ ){rarz) + (Para)(dadz)[P2da}(P1” |01 + G2l pz‘>)

1 (p1” [Ka|p2™)
—I_Z [plp2]<pl p2>[p2]b3]<:-lr2>( P1- kl)( P3- kZ) << plp3>< p3r1><qlq2>[p2ql] [p2p3]
—(ps” kel P27 ) ((P102)[Paral{rirz) — [pzq1]<q1qz><p1r1>>) :
A 2735 = _ 1(p1p2)([Par2](d2"|P1+ P2[P3”)(r1r2) — (dud2)[Psdu](r1|P1+ P2[P3”))
T 2 [P2P3(P2ps)[P1P2){rarz) (ks - kz) +m?
_ 1(p2~|ka[p3” ) ([Parz](d2"| Py + P2|Ps™ )(r1r2) — (dale)[Pat](r1”|P1+ P2|Ps))
2 [P1P3](P2p3) [ P1P2){r1r2)[P2ps](Ps - ka)
43 (pe” ol ) ([psral(1P2) { P1cz) [PLpa)rara)
4[p1p3][P2ps](P2ps)(r1r2)(P1-Ki)(Ps- ko) Paf2]{Pibe)iPitie/(PLPalifafz
+(P1” [Ka|p3™ ) ([Par2l{p20z)(rarz) — (Para)(G10z)[pPsdal))- (D.16)

The subamplitudes for the remaining gluon helicity confegians can be obtained by exploiting, for
example, CPT invariance. Calculating the squared amg@imderms of colour-ordered subamplitudes,

(D.15)

we have:
- NgN2 —-1

T(ggg—th1* = N°— AL,k

{ {i,j k}€P(1,2,3)
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Y AR ALK ) A R b7
{i,j k1 EP(1,2,3)

All, k)
{i,j,k}€P(1,2,3)

The structure offf2x7) must be the same as that offtheatrix element squared of the reactioyry —
ttggg which was computed in RefZi61]. We find agreement with thiuit.

D.2. The process q — ttg

Here we give the Born amplitudes for the reaction

q(p1)a( p2) — t(k1)t(k2)g(p3). (D.18)

The colour decomposition of the correspondifignatrix element is given by

_ _ 1 1
T(qq— ttg) = Néﬁq(Ta)tml + NQF(Ta)JqAZ + Ot Ta)t g3 + Otq( Ta) gtAu, (D.19)

with g, q denoting the colour indices of the massless quarks, whildenote the colour indices of the
top quarks. The amplitudes for the processes

qg—ttq, qg—ttq (D.20)

can be obtained by crossing frolild.19). Using the aboveucalecomposition, the squared matrix
element is given by

= 1
(> t79)[2 = (N?— 1) (N (Aol + |Aul2) — = (A} + Aok + 2820 + 23 ), (D.21)

where we have used
Al+A+A3+A4=0 (D.22)

in order to simplify the term that is subleading in the numtecolours. Using again the 4-dimensional
spinor helicity methods as in the previous section, we obfae following results for specific helicity
configurations of the massless partons:

1 1 1

+Z(p1' P2) (P3-ky)

rllrz> (ps*|ka|pa*)(para)(0u02)[p20s] — <r11r ) (par1){ono)[p2ps) [p3q1]>

1
+z(pl.pz)(pg_kz)<—<p1Qz>[pzps][p3rz] <
11

~ (p1p3) (r1r2
AZ(pl_7 p2_7 p3+) =

Ar(p1,p2,pst) = - (p3* kel pa™)(p102)[par2]
(pP1P3)

—~

. 1p ) (p3T k2| p1 ™) (P1O2)[P2r2]

><|03+|kz| p1 ) (P1ra) (o o2)[p20i] ) (D.23)

1
4(pz- pa) (ki-ko) +mz< (paps) (rirz)

(PLP2){P1r1)(A102)[P2P3][P201]

a7



+(P102) [P2Ps3][Parz] — o 1p > {P1P2)(P102) [P2Ps][ Par2]
1

o) (P1r1)(a102)[p2p3] [IO3Q1]> : (D.24)

11 1 <_ (P1P2)(P1r1)
4(p1- p2) (ki-ka) + P\ (paps)(rara)

{(PLP2)(P102) [P2Ps][p2r2] + <r1r <plr1><Q1QZ>[p2p3][93Q1]>
1r2)

As(p1,p2 7, pst) =+ (0102) [ P2P3] [ P201]

—(P102)[ P2Ps] [ Parz] +
PR 1 <+ 1
4(p1-p2) (p3-ki) \  (p1ps)

_ <p11p3> <r1];’2> <p3+ |kl| p1+>< plrl><qlq2>[p2ql] + <r]_]I-'2> <p1r1><q1q2>[p2 pg] [p3q1]> , (D25)
1 1 1

A _7 _7 - =+
(P> P2 Pa) 4(p1-p2) (P3-ke

L (pa" kel ps™ ) paciz)[pora) -

[p2ps3]
1 1 1

Ta(pp) (P ko)

1 11
_[pzp]<pz+| ka|ps™ )(Pac)[paral + ¢ <rlr2><p2+|k2|p3+><p1r1><q1q2>[p2ql]>7 (D.26)

- 1 1 1 1 1
Az(pl ;P2 ,P3 ) = Z(pl : p3) (kl : kZ) + m2 < - [p2p3] <r1r2> <p1p3><p1r1><qlq2>[plpz][pqu]

(PPt [Parz] — T papo) (pors) (cnc) o]
L1
[p2p3]

1
As(p1, P27, pP3” )_Z(

(p1p3)

(ps* |ka|pa*)(p1a2)[p2ra]

) <— (P1P3)(P302)[P2ra)]
1 1
[P2p3] (rarz)

(- <r11rz> (PLP3){Par1){datz) [ pot]

_|_

(P2 lkalps™ ) para) (1) [poch

(P1P3)(P102)[P1P2] [pzrz]> , (D.27)

1 1 1 1
p1- P2) (ka- k2) 1 < " Tpape (rir2) (P1P3)(P1r1)(d1G2)[P1P2][P20y]

<r11rz> (P1P3)(Par1)(Gitz)[P20a] + ] ———(p1P3){P102)[P1P2][P2r2] + {P1ps)( p3q2>[p2r2]>
1
+2( P1- P2) 2(p3- ki)

ol Tara (P2l P s )

+%(pl.1p3) (ke - kzl) e ( — (P1P3)(P3dz)[par2] + <r11rz> (p1P3)(P3r1)(0n02) [ P20 ]

[p P3
<+<p1ps><p3qz>[pz o) —— (pz* kel ps*) (P20} [Par)
[P2ps]

[plp ]<p1 P3){P102)[P1P2][P2r2] + [pzlpg] T 1rz> (P1P3)(P1r1){da02)[P1 pz][pzq1]>- (D.28)

The remaining two helicity configurations can be obtaineceXxyloiting the parity invariance of QCD.
The amplitudes\ determined in this way may get an additional phase, whicltcelanhowever, when
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calculating [EZZAL).

E. Fits to NLO results

In the following we give results in the form of fits for thosenfttions discussed in SectiBAIV that are not
given in analytic form. These fits can be used to obtain ptextis at the hadron level by convoluting with
the corresponding parton distribution functions. At snfiallalues, the accuracy of the fits is at the per
cent level. For largefd values, they are less precise — but still precise enougHhlifphanomenological
applications. Note that because of cancellations betwitsmeht contributions, the 8 digits of precision
of the parameterg are sometimes important.

For the scale-independent part in the reactjion— ttX we choose an ansatz similar to that used in
Ref. [2]:

(3. oifa = Cogiggas |128IN(8B%)2~ 2 BIn(8R?) + 17
+ PBlas+ B?(a2In(8P?) + ag) + asB*In(8B?) + p*(asIn(p) + agIn(p)?)
+ p(azin(p)+agin(p)?)]
+aoB® + a10B’ In(B) + p3(az1In(p) + az2In(p)?). (E.1)

The coefficientgyyj are determined from the behaviour for snfalFFitting this function to our theoret-
ical prediction, we obtain the values given in Tallle 8.
For the reactiomq — ttX we chose an ansatz similar to that of REF. [2]:

T[2
(2. = camios| 5 BINEE2 -~ Binap?) -
+ PBplas+ Bz<azln<8BZ> +ag) + B*(asIn(8p?) + as)
+ asP°In(8p?) + a7 In(p) + agn(p)?. (E.2)

The fitted parameters are given in Talle 9. For the reaggien ttX one has to consider two possibilities:
either the quark or the gluon direction of flight in ttieZMS corresponds to the direction used to define
the axesd, b. In the case of the beam and off-diagonal bases, these tviceshgive different results at
the parton level for the contribution from hard gluon enussiWe denote the scaling functions for the

first case b)gglg)s’ 4, and for the second case g&ﬁa 4- As fit ansatz we choose

83 Oygigqga = BlBA(@(P)+ap)+B4asin(B)+as)+p(asin(p) +asIn(p)?)

+ p(arin(p) +agIn(p)?)] + B*[ag + azoln(n) +a1ln(n)?
+ p3lag2In(p) +as3In(p)?]. (E.3)

The fitted values are shown in TablE3 10 EAd 11.
¢From the analytic expressions for the leading-order tgstiie scaling functions determining tpe
dependence can be obtained by a simple convolution withdhegponding Altarelli—Parisi evolution
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Table 8:Fit parameters as defined in E4CZE.1) for the functioéé%,ggga.

fog o G2 G i
Cqgi 1 -3 1 -1 -1
a 0.10981761 —0.31527984 | 0.10618585 | —0.10654108| —0.10708321
a —1.0630975 —0.27483778 | —0.1722542 | —0.091362874 0.062373685
as —1.2553496 —0.98582485 | 0.053571485| —1.4480832 | —0.31938862
as —9.4872673 —4.7958679 0.46063565 | —1.7773284 | 0.34555702
as —3.6880817 —1.9966529 0.40949176 | —1.5264395 | 0.038824512
ag —5.4736051 —2.8306013 1.3268284 | —1.3615869 | 0.052584228
az 2.0430787 1.0567063 —0.66333002] 0.12455129 | —0.35180567
ag | 6.807023810°3 | —9.611785910 3 | 0.034668583| —0.082780239 —0.13230861
ag 23.269583 11.630659 —0.71127314| 5.3857605 | —0.46984803
a;p | —0.91120803 —1.5749174 4.1212869 —2.14052 | —0.4187379
a1 0.2999526 —0.32863816 | 0.12551445| —0.17836516| —0.21912773
a;» | —5.3509101 —2.2770031 | —0.66992889 —0.64180163| 0.22150197
Table 9:Fit parameters as defined in EZE.2) for the functioéﬁg,gg(lq—?a.
fog O Oz O Ot
Cogi 1 1 ~1/3 1 1
a 0.18272533 0.18271262 | —0.061287765 0.18253142 0.18262171
a 0.18635401 0.18719675 0.015656292 0.1756192 0.18665363
as | —0.16337335 | —0.15894226| —0.07245742 —0.17432802 | —0.14086689
as 0.26381224 0.27417865 | —0.089475628 0.22222852 0.27777792
as | —0.76180191 | —0.78525268 0.21303639 —0.6620887 —0.78622279
as | —0.030248112 | —0.034023724 0.020746502 | —0.021337505| —0.033873638
a; | 0.012349472 | 0.013843671| —0.022717427 | 0.014090792 | 0.030078002
ag | 7.7073036 102 | 7.85052 103 | —8.136448310 3 | 5.9573824 102 | 8.8545826 103
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Table 10:Fit parameters as defined in EQCE.3) for the functio&é%,g%)l 2

D g g
a9 g1 qg9.2

a1 0.01532878 | —7.503870810° 2| 21881981103
ay —0.45170812 —0.29554484 0.23254702
as —0.1287014 —0.048548285 0.022275599
as 0.52370186 0.30790838 —0.23459259
as —0.26811216 —0.15956101 0.12225428
ag 0.022340876 0.018846548 —0.017627
ay —0.19533856 —0.14177144 0.11350417
ag | —0.054689213 —0.02584021 0.021535027
ag | —0.045358797 | —0.013097499 | 15210124102
alp | —7.769290810 %4 | 1.375310810°° | —1.536901210°3
a;1 | 5.6252092107° | —8.811281:107° | 9.635994510°
ajp | —8.810717910°° | —5.0153667107° | 2.128944310°°
a;3| —0.03501338 —0.013967759 | 7.221164310°°

Table 11:Fit parameters as defined in EqZE.3) for the functiog‘@ggl ggt)g 4 discussed in the text.

g g gV gV

qg9.3 q9.4 99,3 g9q.4

a1 | 1.823909910°3 | 2.018638910°3 | 1.657487510°° | 1.841367410°3
ay 0.011452419 —0.025864066 —0.25682763 —0.26685522
azg | —0.015540536 | —0.022761156 | —0.019640631 | —0.025869178
as | —6.519129710°3| 0.031656197 0.25770922 0.2732

as 0.012121019 | —7.5126124103| —0.13514839 —0.13361839
ag | —4.882021110°3 | —3.877383410°3| 0.024057235 0.018832676
a; | —2.963125410°3 | —0.021304475 —0.12327878 —0.13543713
ag | —6.609488110°3 | —0.010139352 | —0.018603959 | —0.025245484
ag | —3.8199452103 | —4.385309910 3 | —4.026191310°2 | —6.6003001 103
alp | 1.817276810°2 | 1.873776510°° | 1.06592610°2 | 9.739184810*
aj1 | —1.096920510°% | —1.128044210 % | —5.955669210°° | —5.5377984 107>
ajp | —2.2922513107° | —2.689529110°° | —2.100388 107> | —2.447089310°°
a3 | —2.898932510°3 | —5.916820210°3 | —4.917740210°3 | —6.379747310°3
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kernels, see Eq.IIZB4). In most cases the convolutiorgiate can be done analytically. For the
remaining functions we use as ansatz for the proggss ttX:

Oias = a1-+aB+agh?+auf®+asp® +asBin(p) + azB2In(B) + agBIn(B)? + aof?In(B)>
+ aoR®In(B) + ar1P3In(B)? + arpIn(p) + a1ap?In(p) + arapIn(p)?
+a1s5p%In(p)? + arefpIn(p). (E.4)

The fitted values for the two functiorg;élg}3 4 are given in Tabl&J2.
For the scale-dependent part in the reactign- ttX we use

Ginsa=Oimsa = B(BA(@rn(B)+az) + B*(asIn(B) +au) + p*(asIn(p) + asIn(p)?)

+ p(arin(p) +agIn(p)?)) + B*ag + B*asoln(n) + B*azsIn(n)?
+ p*(arzin(p) +ar3In(p)?) + araBIn(n) + agsP3In(n) + azeBIn(n )2
+ a17B%In(n)®+a1ghpIn(n) + a1eB’pIn(n) + azoBpin(n)?. (E.5)

The fitted values for the two functionyéz%& 4, are shown in TablEJ 3.
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Table 12:Fit parameters as defined in ECE.4) for the two functi@été 4

g o

993 99,4

a; | 3.600512 104 | 9.8339551 10~*
a, | —0.89103071| —2.1615978
as 4.1432564 —2.4383759
as | —5.652246 —1.7863628
as 2.396262 6.3822522
as | —0.26139117 | —0.7174869
a; | 0.55643278 —4.634966
ag | —0.029004255| —0.076074349
ag | 0.44754783 0.26832936
alp| —0.39236517| —8.4049829
a;q | —0.52419439 1.3153541
a;p | 1.9909471 7.6847524
a;3| —0.8099637 —2.9175181
ai;s | 0.013395378 | 0.023018999
ais | 0.031263952 | 0.035390606
aig | —1.9746581 —7.5775663
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Table 13:Fit parameters as defined in E4ZEE.5) for the two functigété#

g g

99,3 9q.4

a1 0.016955545 | —2.782994910°°
ap 0.057599714 0.03597281
az 0.012017294 | 1.575630810°°
as | —0.061168008 | —0.043921612
as 0.025443918 0.023078656
ag | —2.497292210°% | —2.5244529 103
ay 0.019870969 0.019474128
ag | 5.033098410°23 | 4.94909310°°
ag | 2.21673610°3 | 7.018062410°°
ajo | 7.702847710°3% | —1.658615610°3
a1 | —1.801366610°* | 1.108314610°4
a;p | 3.666881:107° | —3.7800956 107°
a;z| 17202878103 | 1.353653810°3
aia | —4.229291310°° | 2.293389610°°
ais | —7.551360710°3 | 1.718811210°3
ale | 8.34915210°7 | 8.671005510°7
a;7 | 1.697540810°% | —1.1585369 104
aig | 4.170478310°% | —2.218137110°6
ajg | 1645701102 | —1.794149110°3
apo | —8.399583810 7 | —8.605336210~/
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