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Chiral perturbation theoryfor partially quenhed twisted mass lattie QCDGernot Münster, Christian ShmidtInstitut für Theoretishe Physik, Universität MünsterWilhelm-Klemm-Str. 9, D-48149 Münster, Germanye-mail: munsteg�uni-muenster.de, sshmidt�uni-muenster.deEnno SholzDeutshes Elektronen-Synhrotron DESYNotkestr. 85, D-22603 Hamburg, Germanye-mail: enno.e.sholz�desy.deFebruary 3, 2004(revised: Otober 01, 2004)AbstratPartially quenhed Quantum Chromodynamis with Wilson fermions on a lattie isonsidered in the framework of hiral perturbation theory in the mesoni setor. Twodegenerate quark �avours are assoiated with a hirally twisted mass term. The pionmasses and deay onstants are alulated in next-to-leading order inluding terms linearin the lattie spaing a.PACS numbers: 11.15.Ha, 12.38.G, 12.39.FeKeywords: lattie gauge theory, quantum hromodynamis, hiral perturbation theoryA notorious problem for numerial simulations of Quantum Chromodynamis with dynam-ial quarks is to reah the region of realisti small quark masses. To deal with this problem1
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di�erent methods are being used. On the theoretial side, hiral perturbation theory sup-plies us with formulae whih allow to extrapolate pion masses and other observables frommedium to small quark masses [1, 2, 3℄. The low energy parameters of hiral perturbationtheory, the Gasser-Leutwyler oe�ients, an in turn be determined by numerial simulationsof lattie QCD, see [4℄ for a review. The e�ets of the �nite lattie spaing a are taken intoaount in hiral perturbation theory in form of an expansion in powers of a [5, 6, 7, 8, 9℄. In[10, 11, 12, 13, 14, 15℄ numerial results from lattie QCD are ompared with hiral perturbationtheory in next-to-leading order.On the algorithmi side partially quenhed QCD is an approah to the regime of small quarkmasses. In a numerial simulation of partially quenhed QCD the Monte Carlo updates arebeing made with sea-quarks, whih have large enough masses mS in order to allow a tolerablesimulation speed. On the other hand, quark propagators and related observables are evaluatedwith smaller valene-quark masses mV . Chiral perturbation theory has been adopted to thease of partially quenhed QCD in [16, 17℄.Reently it has been advoated to employ a hirally twisted quark mass matrix for Wilsonfermions [18, 19℄ in order to improve the e�ieny of QCD simulations [20, 21℄. At present, thisapproah appears to be very attrative for reduing lattie e�ets in numerial simulations. Firstnumerial results using this approah are very promising [22℄. The orresponding modi�ationsof hiral perturbation theory for lattie QCD have been worked out to order a in [23℄.Combining these approahes, whih is a logial next step, it appears attrative to simulateQCD with hirally twisted quark masses in a partially quenhed manner. For the theoretialanalysis of the data it is desirable to extend the results of [23℄ to the partially quenhed ase.This is the objet of this letter.We onsider lattie QCD with Nf = 2 �avours of sea quarks and the same number ofvalene quarks. For simpliity we restrit ourselves to the ase of degenerate quark masses(mu = md = m). The quark mass matrix ontains two hiral twist angles. Chiral perturbationtheory is applied to the mesoni setor. The pion masses and deay onstants are alulated inhiral perturbation theory in next-to-leading (one-loop) order, inluding lattie terms linear inthe lattie spaing a.Reent Monte Carlo simulations of the partially quenhed model [14, 15℄ show that theone-loop ontributions of hiral perturbation theory (for vanishing twist) an be identi�ed inthe numerial data and used to estimate Gasser-Leutwyler oe�ients. In partiular, it turnedout that partially quenhed hiral perturbation theory for lattie QCD is already appliable forquark masses below 12ms.A theoretial desription of partially quenhed QCD an be obtained through the intro-dution of ghost quarks [24℄. For eah valene quark a orresponding bosoni ghost quark isadded to the model. The funtional integral over the ghost quark �elds then anels the fermiondeterminant of the valene quarks and only the sea quark determinant remains in the measure.In our ase there are 2 �avours of valene quarks, sea quarks and ghost quarks, eah. The2



quark mass matrix is M = diag(mV ;mV ;mS;mS;mV ;mV ): (1)A hirally twisted mass matrix, depending on two twist angles an be introdued in the formM(!V ; !S) = Me i!V �V3 5 e i!S�S3 5 e i!V �G3 5 ; (2)where �V3 = 0BB� �3 0 00 0 00 0 0 1CCA ; �S3 = 0BB� 0 0 00 �3 00 0 0 1CCA ; �G3 = 0BB� 0 0 00 0 00 0 �3 1CCA : (3)In hiral perturbation theory the dynamis of the pseudo-Goldstone �elds is desribed bya low energy e�etive Lagrangian. For partially quenhed QCD the pseudo-Goldstone �elds,whih we shall generally all pions, are parameterized by a graded matrix of the formU = 0� A BC D 1A : (4)The 4 � 4 matrix A and the 2 � 2 matrix D ontain ommuting numbers, whereas the 4 � 2matrixB and the 2�4 matrixC have antiommuting entries. U is an element of the supergroupSU(4|2) and an be represented as U(x) = exp� iF0�(x)� : (5)The ommuting elements of the graded matrix � represent the pseudo-Goldstone bosons madefrom a quark and an anti-quark with equal statistis, and the antiommuting elements of �represent pseudo-Goldstone fermions whih are built from one fermioni quark and one bosoniquark. The supertrae of � has to vanish,sTr� = 0 ; (6)where one de�nes sTr0� A BC D 1A = TrA� TrD : (7)This ondition introdues tehnial ompliations in loop alulations. One way to deal withthem [25℄ is to drop the ondition sTr� = 0, adding a mass term proportional to (sTr�)2 andsending its mass to in�nity in the end. Another way, whih we followed in our alulations, isto hoose a basis of 35 super-traeless generators Tj of SU(4|2) and to expand� = Xj �jTj : (8)The hiral e�etive Lagrangian to leading order, inluding lattie artifats up to �rst orderin the lattie spaing a is given by [7℄L2 = F 204 sTr ���Uy ��U�� F 204 sTr ��Uy + U�y�� F 204 sTr ��Uy + U�y� : (9)3



The mass term ontains the matrix � = 2B0M (10)and the lattie term is parameterized by� = 2W0a1 ; (11)with two onstants B0 and W0.Similar to the unquenhed ase, the hiral twist an be inorporated in hiral perturbationtheory by transforming the lattie term into�(!) � �(!V ; !S) = � e i!V �V3 e i!S�S3 e i!V �G3 : (12)The e�etive Lagrangian in next-to-leading order (with respet to masses and momenta in theusual Weinberg power ounting sheme) is then given by [7℄L4 = F 204 sTr ���U��Uy�� F 204 sTr ��Uy + U�y�� F 204 sTr ��(!)Uy + U�(!)y� (13)�L1 hsTr ���U��Uy�i2 � L2 sTr ���U��Uy� sTr ���U��Uy��L3 sTr�h��U��Uyi2�+ L4 sTr ���U��Uy� sTr ��Uy + U�y�+W4 sTr ���U��Uy� sTr ��(!)Uy + U�(!)y�+ L5 sTr ���U��Uy h�Uy + U�yi�+W5 sTr ���U��Uy h�(!)Uy + U�(!)yi�� L6 hsTr ��Uy + U�y�i2�W6 sTr ��Uy + U�y� sTr ��(!)Uy + U�(!)y�� L7 hsTr ��Uy� U�y�i2�W7 sTr ��Uy� U�y� sTr ��(!)Uy � U�(!)y�� L8 sTr ��Uy�Uy + U�yU�y��W8 sTr ��Uy�(!)Uy + U�(!)yU�y�+O(a2):In order to alulate the pion masses and other physial quantities, the Lagrangian has to beexpanded in terms of the �elds ontained in �. In the untwisted ase the expansion is aroundthe minimum (more preisely, the saddle point) at vanishing �. The hiral twist, however,introdues a shift of the expansion point, as was already observed in the unquenhed ase[23℄. We have alulated this shift in next-to-leading order inluding terms linear in the lattiespaing a, and expanded the e�etive ation around the shifted minimum.From the resulting expression the propagators and pion deay onstants an be alulatedin a one-loop alulation. The results are known for the ase of vanishing twist [7℄. Thereforeone has to aount for the e�ets of the twist angles now. The lattie term sTr(�(!)Uy+U�(!)y)yields the quadrati ontribution sTr((�(!) + �(!)y)�2), whih ontains the ombination�(!) + �(!)y = 4W0a(os!V 1V + os !S1S + os !V 1G) : (14)We see that in this term the twist amounts to a multipliation of the untwisted lattie termsby fators os !V and os !S, respetively. We have heked all terms proportional to theoe�ients Wi and found that for them the same rule holds.4



In the one-loop alulation the propagators and verties from the leading order e�etiveLagrangian enter. We onsidered these terms and found that for the propagator and 4-pointverties the twist produes os !-fators as above. The 3-point verties are modi�ed by sin!-fators. The relevant Feynman diagrams, however, ontain two of these verties and thusontribute to order a2 only.To summarize, at order a the hiral twist amounts to adding fators os !V or os !S to theuntwisted quantities. This rule will not apply to order a2, where new verties appear. Resultsfor masses and deay onstants for partially quenhed QCD with Nf = 3 �avours have beengiven by Rupak and Shoresh [7℄. The formulae for a general number NS of sea quarks andNV = 2 valene quarks are presented in [13℄. They give masses and deay onstants for �avour-harged pions. From these we obtain the results for the twisted ase under onsideration usingthe proedure explained above. For the the pion masses we �ndm2SS = �S + � os !S+ 132�2F 20 (�S + � os !S)2 log ��S + � os !S�2 �+ 16F 20 (2L6 � L4)�2S + 8F 20 (2L8 � L5)�2S + 16F 20 (W6 � L4)�S� os !S+ 16F 20 (W6 �W4)�S� os !S + 8F 20 (2W8 �W5 � L5)�S� os !S (15)m2V V = �V + � os !V+ 132�2F 20 (�V + � os !V )(�V � �S + � os !V � � os !S+�2�V � �S + 2� os !V � � os !S� log ��V + � os !V�2 �)+16F 20 (2L6 � L4)�S�V + 8F 20 (2L8 � L5)�2V + 16F 20 (W6 � L4)�S� os !V+16F 20 (W6 �W4)�V � os !S + 8F 20 (2W8 �W5 � L5)�V � os !V (16)m2V S = 12(�V + �S + � os !V + � os !S)+ 164�2F 20 (�V + �S + � os !V + � os !S)(�V + � os !V ) log ��V + � os !V�2 �+ 8F 20 (2L6 � L4)�S(�V + �S) + 2F 20 (2L8 � L5)(�V + �S)2+ 8F 20 (W6 � L4)�S(� os !V + � os !S) + 8F 20 (W6 �W4)(�V + �S)� os !S+ 2F 20 (2W8 �W5 � L5)(�V + �S)(� os !V + � os !S) (17)and for the deay onstantsFSSF0 = 1 � 116�2F 20 (�S + � os !S) log ��S + � os !S�2 �5



+ 4F 20 L5�S + 8F 20 L4�S + 4F 20 W5� os !S + 8F 20 W4� os !S (18)FV VF0 = 1 � 132�2F 20 ��V + �S + � os !V + � os !S� log ��V + �S + � os !V + � os !S2�2 �+ 4F 20 L5�V + 8F 20 L4�S + 4F 20 W5� os !V + 8F 20 W4� os !S (19)FV SF0 = 1 � 164�2F 20 �2��S + � os !S� log ��S + � os !S�2 �+��V + �S + � os !V + � os !S� log ��V + �S + � os !V + � os !S2�2 � �+ 1128�2F 20 (�V � �S + � os !V � � os !S � ��S + � os !S� log "�V + � os !V�S + � os !S # )+ 2F 20 L5(�V + �S) + 8F 20 L4�S + 2F 20 W5(� os !V + � os !S) + 8F 20 W4� os !S ; (20)where �V = 2B0mV ; �S = 2B0mS ; � = 2W0a ; (21)and � is the renormalization sale. It should be noted that the axial vetor urrent used for thede�nition of the pion deay onstant is the Noether urrent orresponding to an axial rotation,whih di�ers from other ommonly used axial vetor urrents by O(a) terms.For maximal twist, !V = !S = �=2, the lattie artifats vanish to order a, as has been shownfor lattie QCD in general by Frezzotti and Rossi [20, 21℄ and heked in hiral perturbation in[23℄. Terms of order a2 ould be inorporated along the lines of [9℄. Suh a alulation, whihis tehnially rather involved, is in progress.The expressions for the pion masses and deay onstants in partially quenhed lattie QCDwith a hiral twist an be used in the analysis of numerial results fromMonte Carlo alulationsand will aid the extrapolation to small quark masses.We thank I. Montvay, F. Farhioni and R. Frezzotti for disussions.Referenes[1℄ S. Weinberg, Physia A96 (1979) 327.[2℄ J. Gasser and H. Leutwyler, Ann. Phys. 158 (1984) 142.[3℄ J. Gasser and H. Leutwyler, Nul. Phys. B250 (1985) 465.[4℄ H. Wittig, Nul. Phys. B (Pro. Suppl.) 119 (2003) 59.[5℄ S. Sharpe and R. Singleton, Phys. Rev. D58 (1998) 074501.6
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