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An Analytial Expression for the Non-SingletStruture Funtionsat Small x in the Double LogarithmiApproximationMihael LublinskyDESY Theory Group, DESYNotkestr. 85, 22607 Hamburg, GermanyE-mail: lublinm�mail.desy.deJanuary 14, 2004AbstratA simple analyti expression for the non-singlet struture funtion fNSis given. The expression is derived from the result of Ref. [1℄ obtained bylow x resummation of the quark ladder diagrams in the double logarithmiapproximation of perturbative QCD.
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The small x behavior of the non-singlet struture funtions in DIS areof ruial importane for the determination of the quark densities. As anexample, a veri�ation of the Gottfried sum rules requires an extrapolationof the experimental data to region of low x [2℄ whih an be done usingnon-singlet struture funtions.The small x behavior of the non-singlet struture funtions fNS wasstudied in Ref. [1℄. Using the method of infrared evolution equation(IREE) the pQCD double logarithmi ontribution to fNS was alulated.The result was shown to di�er dramatially from the one predited bythe low x approximation of the onventional DGLAP equation. The non-singlet struture funtion fNS found in Ref. [1℄ was presented in the formof a omplex ! integral, the inverse Mellin transform of a given partialwave. Though one an use this result to make general estimates and reado� the leading asymptotis, it is not really \user friendly" and hard fornumerial implementations.Reently a detailed study of the quark ladder double logarithmi resum-mations was arried out in Ref. [3℄. Several methods were analyzed andompared. In partiular, a omparison of a diret diagrammati resum-mation using Bethe-Salpeter equation with IREE leads to a new insight inthe struture of the latter. A partiular outome of this omparison is alear understanding of the way the ! integrations should be performed.In the present paper we apply the results of analysis of Ref. [3℄ to theresults of Ref. [1℄ and derive a losed form expression for fNS . Fortunately,as observed in Ref. [3℄, a unique hoie of a losed ! integration pathallows the integration to be performed giving rise to a resulting expressionin terms of modi�ed Bessel funtions I� . This expression is most easy tohandle in any further appliations.The struture funtion fNS is proportional to the imaginary part of theforward photon sattering amplitude projeted onto the avor non-singletstate. In the double logarithmi approximation of pQCD this amountsfor summing up of diagrams built of two t-hannel quarks and s-hannelgluons forming a ladder. The quark ladders an be resummed using theIREE in partial wave representation.We de�ne the partial wave through the ansatz:M(Q2; s) = Z d!2 � i � s�2�! ~F (!; Q2=�2) : (0.2)The funtion ~F (!; Q2=�2) is a partial wave representation of the s-hannelontribution to the quark-photon elasti amplitude M . The imaginarypart is obtained from the u-rossed amplitude whih at high energies ap-proximately equals M(Q2; �s). The sale � is introdued as an auxiliaryinfrared uto� parameter, the minimal quark transverse momentum. Fora more detailed desription of the method of IREE we refer the reader tothe original work [4℄ as well as to some appliations in Ref. [1, 5, 6℄.The IREE for ~F is obtained by di�erentiating (0.2) with respet to2



ln�2. The equation reads! ~F + � ~F�y = 18 �2 f0(!) ~F (!; y) (0.3)with y � ln(Q2=~�2), The funtion f0 was introdued in Ref. [4℄f0(!) = 4 �2 (! � q!2 � !20) ; !20 = 2�s CF=� (0.4)The funtion ~F (!; y) solving the IREE (0.3) has the form [4, 1℄:~F (!; y) = C0g2CF f0(!) e�(!� f0=8�2) y for y � 0 ; (0.5)The oeÆient C0 ontains information about oupling of the photon to theladder, C0 = � 4 ��em �(A) � �(A0), with � being the photon polarizationvetors. In the Born approximation the above hoie of C0 orresponds toa sattering o� a free quark with initial ondition proportional to Æ(1 � x).The s-hannel part of the elasti amplitude M readsM(Q2; s; ~�) = C0g2CF Z d!2 � i � sQ2�! f0(!) exp[ y f0(!)=8�2℄ : (0.6)The non-singlet struture funtion fNS is related to M via� � C0 fNS = e2q ImM ' � � e2q �M� ln s (0.7)and this results in the following expressionfNS = e2qg2CF Z d!2 � i � sQ2�! ! f0(!) exp[ y f0(!)=8�2℄ : (0.8)The results above are essentially opied from Ref. [1℄. What is our newobservation is that we an proeed further in performing the ! integrationsin Eqs. (0.6) and (0.8). The proedure is very similar to the one desribedin the Appendix B of Ref. [3℄.As was emphasized in Ref. [3℄ the !-integration path Cut goes aroundthe square root branh ut from �!0 to !0.M = C0g2CF 4 �2 ZCut d!2�i � sQ2�! (! � q!2 � !20)  Q2�2 !(!�p!2�!20)=2(0.9)Denote by � = ln(s =Q2) and � = ln(s=�2). Let us introdue a newomplex variable z = (! � q!2 � !20)=!0 : (0.10)The ! integral then turns into a ontour integral in the z-plane, and theintegration path enirles the origin z = 0. We obtain:M = 2 �2!20 C0g2CF �Z0+ dz2 � i �1z � z� e� !0 z=2+ � !0=2 z� = (0.11)3



C0 � I0(!0p� �) � �� I2(!0p� �)� :The expression (0.11) is very similar to the one found in Ref. [3℄ for thenon-singlet struture funtion of photon.Finally, the expression for fNS is given byfNS = e2q �2 !30g2CF �Z0+ dz2 � i � 1z2 � z2� e� !0 z=2+ � !0=2 z� = (0.12)e2q !02  p�p� I1(!0p� �) � �3=2�3=2 I3(!0p� �)! :Eq. (0.12) is the main result of this paper. In a somewhat di�erent ontexta very similar expression an be also found in Ref. [7℄. The expression(0.12) is orret for positive � and �. At x = 1 (� = 0), the ! integral isdivergent, whih orresponds to Æ(1� x) initial ondition.An additional omment is in order. Stritly speaking the result ob-tained above should be alled a struture funtion of a free quark ratherthan of a proton. This is beause a partiular hoie of the initial on-ditions was implemented. We believe, however, that in the Regge limitonsidered above fatorization holds implying the experssion (0.12) is agood approximation for a proton struture modulo an overall normaliza-tion onstant. An alternative approah to the problem based on the NLODGLAP equation and a low sale onvolution an be found in Ref. [8℄.In the Regge limit ln s=Q2 = ln 1=x � lnQ2=�2 � 1 the leadingasymptotis of the Bessel funtions oinide and anel.fNS � �1x�!0 e2qln3=2(1=x)  Q2�2 !!0=2 (0.13)Up to the pre-exponential fator this asymptotis was orretly found inRef. [1℄. Exploring another limit lnQ2=�2 � ln 1=x � 1 we reproduethe low x approximation of the DGLAP equationfNS � e2qln(1=x) e!0pln(1=x) lnQ2=�2 (0.14)Note that only the �rst term (I1) ontrubutes to this asymptotis. Eq.(0.12) gives an analyti expression for the non-singlet struture funtionfNS and it provides a smooth interpolation between two high energy limits.It is worth a omment, however, that the low x approximation of theDGLAP equation is reprodued with a onstant oupling onstant only.An extensive work on inlusion of the running oupling e�ets has beendone in Ref. [9℄. 4
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