arXiv:hep-ph/0401041 v1 8 Jan 2004

DESY 04-001
IFT-01/2004
ZU-TH-1/04

DESY 04-001
[FT-01/2004
ZU-TH-1/04

nep-ph/0401041

Three-loop matching of the dipole operators
for b — sy and b — sg

Mikotaj Misiak!? and Matthias Steinhauser?

U Institute of Theoretical Physics, Warsaw Universily,
Hoza 69, PL-00-681 Warsaw, Poland.

2 I1. Institut fiir Theoretische Physik, Universitit Hamburg,
Luruper Chaussee 149, D-22761, Hamburg, Germany.

3 Institut fir Theoretische Physik, Universitdt Zirich,
Winterthurerstrasse 190, CH-8057, Zirich, Switzerland.

Abstract

We evaluate the three-loop matching conditions for the dimension-five operators that are
relevant for the b — sy decay. Our calculation completes the first out of three steps (matching,
mixing and matrix elements) that are necessary for finding the next-to-next-to-leading QCD
corrections to this process. All such corrections must be calculated in view of the ongoing
accurate measurements of the B — X, branching ratio.


http://arXiv.org/abs/hep-ph/0401041

1 Introduction

The inclusive weak radiative B-meson decay is known to be a sensitive probe of new physics.
[ts branching ratio has been measured by CLEO [, ALEPH [F], BELLE [B] and BABAR [4].

The experimental world average [H]
BR[B = X,v, (E, > Lmy)] = (3.31 4+ 0.38) x 10~ (1.1)
agrees with the Standard Model (SM) predictions [&,1]

BR[B = Xy, (E,>1.6GeV)] = (3.57+0.30) x 107*, (1.2)
BR[B = X,v, (E,> gms)] =~ 3.70 x 107" (1.3)

Such a good agreement implies constraints on a variety of extensions of the SM, including
the Minimal Supersymmetric Standard Model with superpartner masses ranging up to several
hundreds GeV. These constraints are expected to be crucial for identification of possible new
physics signals at the Tevatron, LHC and other high-energy colliders. However, any future
increase of their power depends on whether the theoretical calculations manage to follow the
improving accuracy of the experimental determinations of BR[B — X,7].

As pointed out more than two years ago [H], the main theoretical uncertainty in the SM
prediction for BR[B — X,v] originates from the perturbative calculation of the b — sy ampli-
tude. It is manifest when one considers the charm-quark mass renormalization ambiguity [d]
in the two-loop, Next-to-Leading Order (NLO) QCD corrections to this amplitude [SH]. The
only method for removing this ambiguity is calculating the three-loop, Next-to-Next-to-Leading
Order (NNLO) QCD corrections. A sample NNLO diagram is shown in Fig. @l

Figure 1: One of the O(10%) three-loop diagrams that we have calculated.

Since my <€ M, such diagrams are most conveniently calculated using an effective field
theory language. The electroweak-scale contributions are encoded into the matching conditions
for the Wilson coefficients, while the b-quark-scale contributions are seen as matriz elements
of several flavour-changing operators. Large logarithms In( M7, /m}) are resummed using the
effective theory Renormalization Group Equations (RGE) that result from the operator mizing
under renormalization.



The matching conditions and the matrix elements yield a renormalization-scheme indepen-
dent contribution to the amplitude only after combining them together. Thus, both of them
need to be evaluated to the NNLO. It is impossible to remove the charm-quark mass am-
biguity by calculating the matrix elements only, even though the matching conditions are
me-independent.

In this paper, we present our calculation of the three-loop matching conditions for the dipole
operators (spo""bg)F,, and (sLo"T"br)GY,. All the other matching conditions that are rel-
evant for b — sv at the NNLO originate from two-loop diagrams only, and were calculated
several years ago [H]. Thus, our work completes the first (matching) step of the full O(a?)
analysis of the considered process.

The long history of the lower-order (O(1) and O(ay)) analyses has been summarized in
Ref. [E0]. As far as the NNLO calculations are concerned, fermion-loop contributions to the
three-loop matrix element of the current-current operator (sc),_.(cb)y_,. are already known
[E1]. Three-loop anomalous dimensions of all the four-quark operators will soon be published
7. Work at the remaining anomalous dimensions and matrix elements is in progress.

In our present three-loop matching computation, we follow the procedure outlined in Ref. [H].
All the necessary diagrams are evaluated off-shell, after expanding them in external momenta.
The spurious infrared divergences generated by the expansion are regulated dimensionally.
They cancel out in the matching equation, i.e. in the difference between the full SM and the
effective theory off-shell amplitudes.

The scalar three-loop integrals are evaluated with the help of the package MATAD [IE3] designed
for calculating vacuum diagrams. The fact that MATAD can deal with a single non-vanishing
mass only is not an obstacle against taking into account the actually different masses of the
W boson and the top quark. Expansions starting from m; = My and m; > My allow us to
accurately determine the three-loop matching conditions for the physical values of m; and My .

Our paper is organized as follows. In Section B we introduce the effective theory and give
all the necessary renormalization constants. In Section B the unrenormalized one-, two- and
three-loop SM amplitudes for b — sy and b — sg are presented. Section @ is devoted to a
discussion of the SM counterterms. The matching procedure is described in Section B Explicit
expressions for the resulting Wilson coefficients are given in Sectionll We conclude in Section @

Appendix A contains exact expressions for the coefficients of the expansions in (1 — Mg, /m?)
and MG, /m?.

2 The effective theory

Since our approach follows Ref. [H] very closely, we shall not repeat all the details given there.
While the present article is self-contained as far as the notation is concerned, Sections 2 and 5
of Ref. [F] are referred to for pedagogical explanations.
The effective theory that we consider arises from the SM after decoupling of the heavy
electroweak bosons and the top quark. Its off-shell Lagrangian reads
4G E

Eeff - EQCDXQED(U7 d7 s, C, b) + W Z {Vc’;Vchic + Vt:thCZt Ziij7 (2-1)
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where Gy is the Fermi constant and V' stands for the Cabibbo-Kobayashi-Maskawa (CKM)
matrix. The operators P; can be found in Eqs. (2), (73) and (101) of Ref. [H]." The ones that

are relevant for our present matching computation read

Pr= (spyT%er)(ey"T"br),

Py = (spyuer)(eybr),
Po= ndh) Y (@),
q=u,d,s,c,b

P7 = Zg_2 e—nzb(gLO'M/bR)Fm,,

g
P = Zg_2 ﬂ(ELO'M/TUL[)R)GZU,

g
Piio= (Sryuny,Ten) ey vy T br) — 16 Py. (2.2)

Their Wilson coefficients can be perturbatively expanded as follows

c? = PO 4 5,0°M £ 52000 4 3PP 4 o, Q=ct. (2.3)

K3

where a, = a,/(47) = ¢*/(4m)? and C? originate from n-loop matching conditions. We
neglect the O( e ) corrections to the r.h.s. of the above equation as well as additional operators
that arise at higher orders in the electroweak interactions.

The goal of the present paper is finding CS(S) and 05(3) at the renormalization scale
to ~ (my or My ). As we shall see, it is convenient to consider different scales o for @ = ¢
and () = t. This is the reason why we refrain from applying unitarity of the CKM matrix
throughout the paper.

The renormalization constants Z;; that enter Eq. (El) are all known to sufficiently high
orders from previous calculations [l4LEH]. The ones that are necessary here read (in the MS
scheme with D =4 — 2¢)

Ziw = —55&2 4062, Zis = gm0 +0(a7),

Zn = geal+ (-5EE+ ) al+ O, Zs = a4 (-rmer + ) a2+ 0@,
AT a— _2ige&z + O(a2), Zig = —%5‘3 + O(az2),

Zane = il +0@y), Zans = — il + O@), .
Zre = 1-Za+ (B +2) a2+ 0@k, 7 = 0,

Zer = —Ma,+ (W) a2 4 0@, Zss = 1— 26+ (18 +125) &2 4 O(a2).

Their overall signs correspond to the following sign convention inside the covariant derivative
acting on a quark field :

Dy = (0, +igGaT” +ieQyuA,) v (2.5)

! For simplicity, we set V,; to zero here, which makes irrelevant the operators Pj from Ref. [B]. The operators
P from that paper are denoted by P; here. Our final results are insensitive to whether Vy,;, vanishes or not.




For completeness, one should also mention the MS renormalization constant for the QCD gauge

coupling in the five-flavour effective theory (ghare = Z49)
~ ~2 ~3
Zy=1-2a,+ (325 - 2)a2 +0(al). (2.6)
Following Ref. [H], we ignore the quark-mass and wave-function renormalization constants in the

effective theory? because their effects cancel anyway in the matching condition with analogous
contributions on the full SM side. Only the top-quark contributions to these renormalization
constants will be included in the SM counterterms (see Section H).

The coefficients C,i(n) vanish for k& = 1,2,11. At the tree-level, only C°©)(yy) = —1 is
different from zero. All the CZ»Q(l)(/,LO) and CZ»Q(Z)(/,LO) were found in Ref. [H] up to O(¢) and

O(1), respectively. In particular, CQC(I)(/,LO) = 0 and

2 39 7.[.2 MZ MZ
ce) — 15— 6In 10 _ T s B g2 Bo) Loy, (27
1 (MO) n MI%V +e 9 9 n MI%V n MI%V + (6 )7 ( )
T2 ud (A Y 77 S | i
o) = ——Zlpto SERL T A N P a0 O(e? 2.8
+ (o) TR VA Y I T R VPR S VoA (<), (28)
Ci) = ~2-wdB o), (29)
2 My,
2 —922 4+ 16x —4 zc—1 Tx® + 212% — 420 — 4
i — (14emte
v (o) e 6(z — 1)1 7 36(x — 1)°
—452% 4+ 38z + 28 2322 + 9322 + 662 — 308
| O(e?), (2.10
6( (e -1 T 216(x — 1) +0(€), (2.10)
where
mz(MO)
T 54%/ (2.11)
has been introduced. For later convenience we also define the variables
M2 M2 M
w:(l— QW), r=— W y=— (2.12)
mi(po) mi(po) Gy

In the following, the MS-renormalized top-quark mass m;(po) will often be denoted by just m.

For our present purpose, Cgél) and C%(;Z) are needed up to O(e?) and O(e), respectively. In
practice, this implies a necessity or repeating the one- and two-loop matching computations for
these coefficients from scratch. We shall describe this calculation together with the three-loop
one in the following three sections.

Zalthough their non-vanishing values were relevant in the calculations of 7;; (E3) and 7, (&)
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Figure 2: One-loop 1Pl diagrams for b — sy in the SM. There is no W*¢T~ coupling in the
background field gauge.

3 The unrenormalized SM amplitudes

We have to consider all the one-, two- and three-loop one-particle-irreducible (1PI) diagrams
contributing to the processes b — sy and b — sg. The one-loop b — sv diagrams are shown in
Fig.B Higher-order diagrams are found by adding internal gluons together with loop corrections
on their propagators.

We use the 't Hooft-Feynman version of the background field gauge for the electroweak
interactions and QCD. Before performing the loop integration, the Feynman integrands are
Taylor-expanded up to second order in the (off-shell) external momenta, and to the first or-
der in the b-quark mass. Thus, effectively, the only massive particles in our calculation are
the top quark, the W boson and the charged pseudogoldstone scalar ¢. The amputated 1PI
b — sy Green function can be cast into the following form:

4Gy eP
@\/5(4:2 cbZYC )S; +\4§wa¥ , (3.1)
7=1

with Pr = (14 75)/2,

Yi(e) = Y Arart v, (3.2)
n>1

Vi) = Y Arart v, (3.3)
n>1

A, = 8 o= and Ay = 47”;3 e””, where v is the Fuler constant. The symbols 5; stand for dif-
mi

w
ferent Dirac structures that depend on the incoming b-quark momentum p and on the outgoing
photon momentum £

S] = (Vup%v Y (p'k)v ,mp27 7#k27 pkuv pp;m %pm %kuv
mb%%ﬂ mb%ﬂ%v mbﬁ%ﬂ mb’mpv MI%V’YM)]A (3'4)

The first two terms in the expansion of Y7 (BEZ) are z-independent, but the third (three-loop)
and higher terms do depend on =x.
By analogy, the b — sg Green function reads

4GF gPRT c
] — \/§ (47‘(‘) { cbZG S —I_VtthbZG } , (35)

7=1
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with

Go(x) = Yo Arart G (a), (3.6)
n>1

Gi(z) = Y Arar G (). (3.7)
n>1

As shown in Refs. L8 H], only the following linear combinations of Y]Q(n) and G?(n) are
sufficient for finding the coefficients C7 (o) and Cs(po):

n 1 n n

O R (T (3.8)
n 1 n n

Cotate = 705" + G, (3.9)

The calculation of C;?,ﬁile up to O(e) requires supplementing Eqs. (57) and (58) of Ref. [F]
by higher orders in ¢, which yields®

(2) - (_1)N—|—1 (1 + 26)N—5(1 + 6)n2+n3—3(1 - 6)1—712(1 B 6)1—713 F(l + QG)F(l B 6) (310)
N2 g =0 (nl — 1)!(712 - 1)!(713 - 1)!(1 - 6) F(l + 6)
and
1 14+ 2 . 1
(2 _ 2
0= srgmag o o+ (st s 20t (1)

+2¢(1 — 1) [Lig (1 —r)—Lis (1 — %) — Liy (1 — %) In r] + ¢ (r — %) In®r + 0(62)}, (3.11)

for the generic two-loop integral

2\N —442¢ 4—2¢€ 4—2¢€
o (mi) /( _ g d g (3.12)
g —m

ninans d—2e F(l + 6)2 %)nl (q% _ m%)?’LQ[(ql _ q2)2]n37

where r = m3/m}, N = n; + ny + n3 and (a), = I'(a + n)/T'(n). Otherwise, the calculation
proceeds precisely as described in Section 5 of that paper. The unrenormalized one- and two-
loop results read

Cile = B4 4x 4300 4 200 4 0(), (3.13)
Clhe = 3HE+TE+5 +0(), (3.14)
O, = M- 48— 4 2”4 o), (3.15)
OB, = 2808 140y Berd | (2, (3.16)
Clhwe = (1+55) (355 =22 + mosiperpeens)

3All the other equations in Section 5.1 of Ref. [H] are valid to all orders in e.



te (—18x3+150x2—157x+46 =1 + 122x3—933x2+975x—290)
72(z—1)* € 432(z—1)3

2 { —1082°+9182>—97724290 6942°—56192° 459374 —1750 3
+e ( 432(z—1)4 Inz+ 2592(z—1)3 + 0(6 )v (3-17)

C;(l) _ (l—l- %) (4—39524 z=1 5x3—9x2+30x—8)

,bare (z—1) € 24(z—-1)°3

te —1522—14z+48 -1 + 132°4+152°+186x—88
24(z—1)* € 144(z—1)3

e (Sl | g 20000} | (), (3.18)

Ct(Z) = 1(14 27 —6a1 —465> 12822 #°—1 + 342441012° 440222 3972476
7,bare T ¢ 6 3(z—1)5 € 27(z—1)*
—162*—1222°4802%—8x —3332*—25292° 4688524778z —224 € —1
+ 9(a—1)t H(z,€) + 81(z—1) ¢

_I_—220x4+12952x3—9882x2+2407x—397 +e 1461’4—4289x3+2736x2+14x—224Li 1— l
243(z—1)7 81 (z—1)4 2 T

—879* —503192>+35810z° — 588424428 —43811’4—I—1482521’3—893911’2—|—8797x—745} 2
+ 486(z—1)7 Inz 4 1458(z—1)1 +0(e7), (3.19)

(2) _ 1 ( 527r2) (17x3+31x2 =1 35x4—170x3—447x2—338x+56)
CS,bare o« L+ 6 2(z—1)> ¢ + 36(x—1)4
—40* 44025 4412242 —144244+47072° 4888722 1220 —368 z<—1
+ 6(z—1)1 H(z,€) + 216(z—1)5 ¢

—13672*—96462° —76869x° 4+ 74425+ 2680 6412*+1842° 4800122 —2202—368 Li 1
—I_ 4 —I_ € 4 12 1 -
1296(z—1) 216(x—1) T

298224 4+308432° 414743752 — 78462 —6664 —227031’4—566741’3—9347011’2—46090x+59656} 2
+ 1296(z—1)° Inz + TTT6(z—1)2 +0(€%), (3.20)

where
H(z,e) = Lip(1—1)+e[Lis(1—a) = Lis (1 = 1) + Lip (1 — ) Ina + LIn®2] . (3.21)

In addition to the bare coeflicients, we shall also need those parts of Ci(blgre that originate from

the mj-dependent Dirac structure Sy, as they play a separate role when m,; gets renormalized.

They read

Br = ViV = (14 95) (3 o=t 4 =) o (255 =22 + He=i)
+é? (%ﬁff Inx + Zg’(l’;__f)ﬁ) +O(e%), (3.22)
B = G = (L+55) (i ==+ i) + < (i =24 + 55)

+¢ (s Ine + 5525) + O(<). (3.23)
The renormalization of m; will not matter in the charm sector because cho(l) = Gi(ol) = 0.

Let us now turn to the main purpose of our paper, i.e. to the three-loop calculation. One
of the O(10°) diagrams that we have calculated at this level is shown in Fig. [l Obviously,
when the virtual top quark is present in the open fermion line, we have to deal with three-loop
vacuum integrals involving two mass scales, m; and My . However, such double-scale integrals



are encountered in the charm-quark sector, too, when closed top-quark loops arise on the virtual
gluon lines.

At present, complete three-loop algorithms exist for vacuum integrals involving only a single
mass scale. We have reduced our calculation to such integrals by performing expansions around
the point my; = My and for m; > My . In the latter case, the method of asymptotic expansions
of Feynman integrals has been applied [[Z]. At the physical point where My /m; &~ 0.5, both
expansions work reasonably well (see Section H).

Two different approaches have been used for the calculation of the three-loop diagrams.
The first one is based on a completely automated set-up where the diagrams are generated by
QGRAF [i¥], further processed with q2e i) and exp [ZH], and finally evaluated and expanded in
¢ with the help of the package MATAD 3] written in Form [ZI]. MATAD is designed to compute
single-scale vacuum integrals up to three loops. The individual packages work hand in hand,
and thus no additional manipulation from outside is necessary. Moreover, all the auxiliary files,
e.g. make-files to control the calculation or files to sum the individual diagrams, are generated
automatically.

The program exp is designed to automatically apply the rules of asymptotic expansions in the
limit of large external momenta or masses. Thus, its output crucially depends on the limit we
consider. For the expansion around m; = My, the asymptotic expansion reduces to the usual
Taylor expansion in powers of w = (1 — M7, /m?) and thus exp essentially rewrites the output
of q2e to a format suitable for MATAD. However, for m; > My, next to the Taylor expansion in
z = M3 /m?, more diagrams expanded in various small quantities contribute according to the
rules of asymptotic expansions. The package exp provides a proper input for MATAD which then
performs the expansions up to the required depth, and computes the resulting scalar vacuum
integrals. The mass scale of the latter is either given by m; or Myy.

An important element of the calculation are the so-called projection operations that pick only
the two Dirac structures we need (see Eqs. (BE3) and (BEH)), and thus bypass the time-consuming
tensor algebra.

Using this method, we evaluated the expansions in z and w up to orders z* and w®, respec-
tively. Furthermore, it was possible to compute the first few expansion terms for general gauge
parameter £, in order to check that it drops out in the sum of all bare three-loop diagrams.
This imposes a strong check on the correctness of our results.

In the second approach, MATAD was also used for three-loop scalar integrals involving a single
mass scale. However, the diagrams were generated using FeynArts [Z4. The remaining part of
the calculation was performed with the help of self-written programs, largely overlapping with
those used several years ago for the calculation of three-loop anomalous dimension matrices [[iZ].
No projection operations were used, and all the Dirac structures (except for the ones quadratic
in k) appeared in the results, which allowed for performing several consistency checks. This
approach was obviously much slower, and was finally brought through thanks to the use of the
Z-Box computer? at the University of Ziirich. Only the expansion around m; = My (up to w®)
was calculated using this method.

Although our results for the three-loop diagrams are known in terms of expansions only,

4 1ttp:.//krone.phvsik.unizh.ch/~stadel/zBo3>
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we are able to determine the exact z-dependence of their pole parts by using the matching
equation discussed in Section B Of course, we have verified that these pole parts have precisely
the same expansions in z and w as found from the direct calculation up to z* and w?®.

Our results for Cgl()ile and 03(3) take the following form:

bare
10798 1 215 8 224
e L [___ 4 ] : 3.24
7bare ot T Tee " dose Ta ) TR (3:24)
4675 1711783 169 46
e _[ _ 2 ] c 3.25
8 bare s Tl olm  mo0r e e @), (3.25)
Cihe = ) + fil2), (3.26)
Ciie = Phlx) + fil2), (3.27)
where the pole parts in the top sector read
—5725 4 % — 2 —4x €
pé(:)c) _ }2{ 57254634 329159—111)6 104422 —4 (1n:1;—|—51n2 :1;)
_I_380x5—1099x4—8521x3—4385x2+5797x—812]
54(z—1)3
_ 25 o 23— 22 ST 1
-I-%[ 56025+190 42-71(2;2)5 62002° 44962 3 (1 . 5)
— z5 4 o= z2— x
4 =355862° +223524 -|-1314t155286&_1)204386 554250420852 |, .
— 8 zo— zt z3— 72 T
4 =3251325°4 7070681 726224:1537446;1;12_316;5 1121874552+15438822+864 : (3.28)
pt(x) _ 1 {—1991’4—30181’3—25351’2—81’ (1n:1;—|— € n? :1;)
3 2 12(z—1)° 2
+ 2054x5—11080x4+52535x3+105505x2+26875x—3089]
360(z—1)3

-I-l —140254-96421 —48132:% —34402° —59z Lis (1 = l
c 18(x—1)% 2 T

— 7584325 —118352%—99467902° —80788502:24114225:4+114293 1
+ 9720(z—1)° na

+ —556183725443929552° +397608280x*+7609105702°> — 7970378522 — 4603813445630 (3 29)
583200z (z—1)5 : :

For the UV- and IR-finite functions f,?(:z;), we write the expansions as follows:

1 m
L) = Yao 22

fi@) = Yo6° (1—é)n = Y % w". (3.31)

The values of a*? and b*% that we have found are listed in Appendix A.

= > d? (-1 "z, (m <3), (3.30)



4 The SM counterterms

The renormalization scheme that we apply on the SM side is chosen in such a way that values
of the renormalized «, the light-quark wave-functions and masses overlap with their MS coun-
terparts in the five-flavour effective theory. Thus, o, means o (1) throughout the paper. The
one-loop renormalization constant of the QCD gauge coupling in the SM reads (cf. Eq. (E0))

a 23 1

ZM =142 (-— —NE) O(a?). 4.1

Mo B (2N po@) (4.)
Here, N, parametrizes the one-loop threshold correction that arises in the relation between o(®)
and o{®, i.e. when the top quark is decoupled from a,. A collection of explicit expressions for
such corrections (also called “decoupling constants”) up to three loops can be found in Ref. [Z3].

The value

N, = (4”’;3)6 (1 + ) (4.2)

my

is found (exactly in €) from the requirement that the top-quark loop contribution to the off-shell
background gluon propagator with momentum ¢ is renormalized away, up to effects of order
q?/m? that match onto higher-dimensional operators in the effective theory.

The same requirement applied to the light-quark propagators at two loops leads to the

following expressions for the renormalization constants of their wave-functions and masses

(¢bare — Zdﬂl% Mpare = me)

2 5
AZy = ZM - zgt e = GIN? (§ —~ 5) + 0(a2,¢), (4.3)
4 10 89
AZm = ZSM . Zeff. theory _ ~2N2 (__ -V _) ~3 ) 4.4
m m as € 362 —I_ 96 27 —I_ O(as7 6) ( )

In our calculation, the latter renormalization constant matters for the b-quark only, because we
include linear terms in my, while all the other light particles are treated as massless.

The differences AZ,; and AZ,, are everything we need to know about the renormalization
of the light-quark wave functions and masses. Since the wave-function renormalization matters
for external fields only, the remaining parts of the considered renormalization constants cancel
out in the matching equation, i.e. in the difference between the full SM and the effective theory
off-shell amplitudes. It is worth noticing that since AZ, and AZ,, arise at O(a?) only, they
had no effect on the two-loop matching computation in Ref. [E].

As far as the top-quark mass is concerned, we renormalize it in the MS scheme, at the scale
o, in the six-flavour QCD. The corresponding renormalization constant, when expressed in
terms of &, = &%) (yo), takes the following form (exactly in ¢)

Zme =1+ 6,70+ 6220+ 0@%) = 1 - e+ (7—4 _ iNE) a4+ 0(&%).  (4.5)

€ 3¢? € 3e

Two more QCD renormalization constants need to be thought about in the context of our
calculation. The first of them is the external gluon wave-function renormalization constant in
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the b — sg case. In the background field gauge, it just cancels with the renormalization of
the gauge coupling in the vertex where the external gluon is emitted.® The second one is the
renormahzatlon Constant of the QCD gauge-fixing parameter £. It plays no role either, because
07 bare and CSQ are ¢{-independent.®

Tast but not least, one needs to consider possible electroweak counterterms. Since we work
at the leading order in the electroweak interactions, the only electroweak counterterms that

bare

may matter for us must have the sb flavour content. Their dimensionality cannot exceed 4,
and they must be invariant under the QCD and QED gauge transformations. These conditions
leave out only two possible electroweak counterterms: s b and sb. They originate from the
flavour-off-diagonal renormalization of the quark wave-functions and Yukawa matrices. Since
we refrain from applying unitarity of the CKM matrix (but set V,; to zero), we write the
corresponding electroweak counterterm Lagrangian as follows:

e =~ VAV AL (1750 — Zirms) b+ ViV i 5 (28D — Zomi) 8], (46)

™2

with the factors A, and A; that have been defined below Eq. (BE&). The renormalization
constants ngb and Z&b are fixed by the requirement that the renormalized off-shell light-
quark propagators with momentum ¢ remain flavour-diagonal, up to effects of order ¢?/MZ, that
match onto higher-dimensional operators in the effective theory. A simple one-loop calculation

gives
B = —22__2; I'(e), .
o = 0, s
R A =
+é (% Inx + %) + 0(63)] , (4.9)

zZl . = 4.10

0,sb (1 _ 6)(1‘ _ 1) ( )
Higher-order (in &) contributions to ngb and Z&b are irrelevant to us, because the coun-
terterms () affect our calculation only when inserted into two-loop diagrams containing
top-quark loops on the gluon lines. Otherwise, the loop integrals vanish in dimensional regu-
larization after expanding them in external momenta, because all the propagator denominators

are massless. As far as the tree-level diagrams are concerned, they give no contribution to the
relevant structures Sy and Sy in Eq. (EZH).

°In the usual (non-background) ’t Hooft-Feynman gauge, we would need to introduce, by analogy to Eqs. (B

and (B2, A (Z,/Z) = a2N2 (—3/(4€%) 4+ 5/(8¢) — 89/48) + O(a3, ¢).

SContrary to the bare two-loop Wilson coefficients of the EOM—Vanishing operators (Eq. (73) of Ref. [H]).
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5 Matching

We are now ready to write down the matching equation that follows from the requirement
of equality of the effective theory and the full SM amputated 1PI Green functions. The for-
mer ones originate from tree-level diagrams only, because all the loop integrals with massless
denominators vanish in dimensional regularization, after expanding them in external momenta.

For the coefficients CZ»Q (1 = 7,8), the matching equation up to three loops takes the following
form:

— 3 n—
(Z@) " S0 = (x sz et () agedin +aon)

7,bare
k
+'CAINZ, By + LAXAG 62 (25, K + 25, 1) + O(G?). (5.1)

Non-vanishing contributions on the l.h.s. arise for £k = 1,2,4,7,8,11 that we have considered
in Section B The effect of m,-renormalization is contained in the AZ,, B; term, where B; have

been given in Eqs. (BEZ) and (BEZ3).

The quantities Ti(n) originate from the top-quark mass renormalization. Replacing in the

bare results m; by Z,,,m; and Taylor-expanding in &y, one finds Ti(l) =0,

W>:mww&g—%ﬂ$, (5:2)
t ax )
) 9 2 0* 0
0 = a7 g o)+ () (2 (s e,
0
‘I’QA?EZT(nlt) (l’a— — 26) C;(szzre . (53)
x ?

The explicit factors of ¢ in the above equation are due to the fact that A; depends on my, too.

The quantities K; and R; on the r.h.s. of Eq. (B2) originate from two-loop b — sy and b — sg
diagrams with insertions of the electroweak counterterm () and with closed top-quark loops
on the gluon lines. We find

K, = —4%4‘ 88 ¢ +O(e), Ky = _@_I_103335_|_O(62)7

6075 2160 64300 (5 4)
_ 2 _ 1 193 8441 ¢ m2e 2 )
R = 0(6 )7 Ry = 10: T 1200 — 36000 T 200 T 0(6 )

It is interesting to notice that the mysb counterterm from Eq. () is irrelevant for C;(S)

(because Rr = O(c?)) and for the charm sector (because Z5,, = 0). Thus, it matters for Cé(
only.

At this point, all the ingredients of the r.h.s. of the Eq. (B2) have been explicitly specified.
As far as the L.h.s. of this equation is concerned, Section B provides us with all the necessary

3)

renormalization constants and Wilson coefficients, except for C? and Cg. Thus, we can find
Cf(”) and CSQ(n) for n = 1,2, 3 by solving our matching equation (B=l) order-by-order in as. All
the 1/¢? and 1/¢ poles cancel during this operation, as they should. The resulting finite Wilson
coefficients are presented in the next section.
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6 Results

Our final results for the renormalized Wilson coefficients of the operators P; and Fs are as
follows:

i) = Be(E+2

e (mrem 22 44) +0(¢),(6.1)

) = §+e(%+%1nﬁ—§v)+ (108+36+“1 W) ol 62)

(2) _ 73 7357 | 3772 820 110 2 uo
C7 (ko) = 243 1458 81 243 In +O(e ) (6.3)
(2) _ 91 | 4 6289 371 1y 25 2 uo
Cs(po) = —3i+ a7l (1944 + 5 + i In g 7 In + O(e), (6.4)
<(3) _ <(3) _ 13763 814 7,2 uo
07 (MO) - 07 (MO - MW) + 2187 In —I' 7291 —I' O( ) (6'5)
c(3) _ c(3) _ 16607 397 1.2 M
08 (MO) - 08 (MO - MW) + 5332 In ﬁln M2, + 0(6)7 (66)
#(1) _ e 292 5 2x2 (35%-222 2—1 | 2223—15322+1592—16
Cr(po) = (L+¢€ln m2 +3 In m2 + 13 4(z—1)% ¢ + 72(w—1)3
2 3 2 € 3 2
Hg N\ [ —180° 415022 1570446 o°—1 | 1220°—933z249750—290
t+e (1 +eln m2) ( 72(z—1)% € + 432(z—1)3 )
2 [ —1082°49182%—977x+290 6942° —5619224+59372—1750 3
+e ( 432(z—1)3 I+ 2592(z—1)° +0(e), (6.7)
(1) _ ﬁ 2 1,.2 ﬁ i —322  z-1 522 —9x2 43028
Cg (o) = (1 +eln m2 +3 In m2 + 13 a(z—1)% ¢ + 24(w—1)3
2 2 € 3 2
Mo —15x*—142+48 z°—1 13x° 415241862 —88
+e (1 +eln m?) ( 24(z—1)* € + 144(z—1)3 )
2 [ —8122—-1302+88 3523427322 4+11102—680 3
+e ( 144(z—1)2 Inz + 864(z—1)° +0(¢), (6.8)
(2) _ —16z%—1224248042 -8z " —38724—141352499722—65z+4 z¢—1
C 7 (o) = 9(e—1)" H(z,e€) (14 2¢ln ) T 81(z—1)° e
9404 4186655 — 206822249113z —2006 {1461’ —42895° 4273602+ 140—224 ( . l)
+ 186(z—1)" +e 81(z—1)* Liz(1
+ —1203z* —433532° +370310° ~ 10531241640 |, .. + —6128z* 42528392 —1839124°4 436070 — 7910}
486(x—1)% 2916(z—1)*
2 4 3 2
Hg ( —7202* —39422° +168542+ 713z —220 —3460* +445697° — 4044652 +139272—2800
+cln m? ( 81(z—1)5 Inz + 486(z—1)* )
2
Mg 35 2 pg —6a1 —465> 42822 #°—1 34x4+101x3+402x2—397x+76) 2
+ (lﬂ m? In —I_ ) ( 3(z—1)5 € + 27(z—1)* + O(E )7 (69)
(2) _ —4zt44058 4410240 ( uo) —1440* +31770° 4366122 42500—32 &°—1
Cs (po) = 6(z—1) H(z,¢) {1+ 2¢ln + 216(z—1)° ¢
+ 24774 —11890z° —317792% 429662 —1016 iy 64124 4+1840° 4800102 — 2205 — 36877, (1 — 1
1296(x—1)* 216(z—1)%
+ 2982042258124 1097510°~ 10187~ 2968 |, .. + —185572* —385900° —66183922—100078x+31096
1296(x—1)° 7776(z—1)*
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2 4 3 2 4 3 2
o =722*419712° 4313722 +322—100 —140z%—2692z° —1358122413012+208
+eln m? ( 54(z—1)5 Inz 4 162(z—1)* )

2 2
By | 31,2 Mg | er? 17z°43122 z€—1 3524 —1702°% —4475%2 —338z+56 2
+(In 2543 &+ 52 ( + +O(e?),  (6.10)

2(z—1)° € 36(z—1)*
t(3) _ t(3) _ pe [ —59225 22244 128142° 63762245122 T - 1
Cr7(po) = O (po = my) +1n 75 (1) Liz (I =2
—26838x°+25938z44+6273672° —3319562° 4169891 —460
+ In
729(z—1)8
344002°+276644x* —26683242° +16944372° —32335404+53077
_|_
2187(z—1)%
2
2ty | =632°5+53224420892° —111822
+1In 2 { T In
11862°—27052% —247912°—160992° 4192295 —2740
T 162(a—1)° + O(e), (6.11)
t(3) _ t(3) _ g [ —14825410522% — 4811435202261z T 1
Cs (o) = Cs™(po = me) +1n 75 5(e—1)7 Lip (1 — 2
+ —159842°+1523792x* —13580602°—12016532°— 741902+ 9188 Inz
1944(z—1)€

+ 1096692°—111267524462393772°+ 8967623524 7687222 —42796
11664(z—1)°

2
2 uy | =139z* —29382° 268342
+In 2 { T2 (=1 Inz

12952° —7009x* 4+294952°46451322 4174582 —2072
T 216(z—1)° + O(e). (6.12)

As far as the three-loop quantities C;(S)(/,LO = Mw), 080(3)(#() = Mw), C;(S)(/,Lo = m;) and
05(3)(/,“) = my) are concerned, the matching calculation described in the previous sections gives
us expressions for their expansions at @ — 1 and @ — co. Denoting, as before, z = 1/x and
w=1—z, we find
CEO (o = M) ~ 1.525 — 0.1165z + 0.01975z In = + 0.062832% + 0.00534922 In =

+0.010052% In® z — 0.042022° 4 0.01535z° In = — 0.003292° In* =

+0.002372z* — 0.0007910z* In 2 + O(2°), (6.13)

1.432 4 0.06709w + 0.01257w? 4 0.004710w” + 0.002373w"
+0.001406w” +0.0009216w° +0.00064730w" +0.0004779w® +O(w?), (6.14)

C:uo = Miw)

I

CE (o = M) ~ —1.870 4 0.1010z — 0.1218z In = + 0.10452 — 0.037482% In =
40.011512% In? 2 — 0.010232° 4 0.0043422° In 2z + 0.00030312° In* »
—0.0015372" 4 0.00075322" In = + O(27), (6.15)
CE® (o = My) ~ —1.676 — 0.1179w — 0.02926w® — 0.01297w® — 0.007296w*
—0.004672w° — 0.003248w® — 0.002389w” — 0.001831w® + O(w?), (6.16)
CE (1o = my) =~ 12.06 +12.93z + 3.0132 In = + 96.712% + 52.732% In = + 147.95°
+187.72% In z — 144.92* 4 236.12* In z + O(2°), (6.17)
CE (1 = my) =~ 11.74 4 0.3642w + 0.1155w® — 0.003145w” — 0.03263w* — 0.03528w”
—0.03076w° — 0.02504w" — 0.01985w® + O(w?), (6.18)
C® g =my) ~ —0.8954 — 7.043z — 98.342% — 46.212% In = — 127.12°
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Figure 3: The coefficients 03(”)(/,L0) as functions of y = My /m(po). The (blue) dot-dashed lines
correspond to their expansions in y up to y®. The (red) dashed lines describe the expansions in
(1 —y?) up to (1 — y*)®. The (black) solid lines in the one- and two-loop cases correspond to the
known exact expressions. The (yellow) vertical strips indicate the experimental range for y.

—181.62°In 2 + 535.82* — 76.762" In 2 + O(2°), (6.19)
Ci® (o = my) =~ —0.6141 — 0.8975w — 0.03492w> + 0.06791w> + 0.07966w*
40.07226w° + 0.06132w° + 0.05096w" + 0.04216w0° 4+ O(w?). (6.20)

While only numerical values of the expansion coefficients have been given above, their exact
values can easily be found from similar expansions for the unrenormalized three-loop results
(Appendix A) and from the formulae of Sections BHA

In Figs. Hand @ the top-mass dependent coefficients C;(n)(/,co = m;) and CZ»C(S)(/,LO = Mw)
for ¢ = 7,8 are plotted as functions of y = My /m:(uo). The different choice of renormalization
scales in the top and charm sectors allows us to avoid logarithmic divergences at large m; and,
consequently, achieve better control over the behaviour of the expansions. This is the main
reason why o has been normalized to My in the charm sector and to m; in the top sector, in
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Figure 4: Same as Fig. Bl but for 03(”)(/,L0).

all our intermediate and final expressions.”

The variable y changes from 0 to 1, i.e. both starting points of our expansions are present
in the figures. Note the relatively narrow ranges of the coefficient values on the vertical axes.
The large m, expansions (up to y®) are depicted by the dot-dashed lines, while the expansions
around m; = My (up to (1 — y*)®) are given by the dashed ones. In the one- and two-loop
cases, solid curves show the exact results. The vertical strips mark the experimental values for
y that we take (0.488 4+ 0.015) for po = my, and (0.461 +0.015) for po = M.

Comparing the three curves in the one- and two-loop cases (the two upper plots in both
figures), one can conclude that a combination of the two expansions at hand gives a good
determination of the studied coefficients in the whole considered range of y. However, the
expansion starting from y = 1 works somewhat better for the physical values of m; and M.
Most probably, including more terms in the the large m; expansion could improve its behaviour

around y = 0.5.

"Apart from that, many of the top-sector expressions would be significantly longer if po was normalized to

Mw there.
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Although we do not know the exact curves in the three-loop case, the same pattern seems
to repeat. In fact, the charm-sector expansions perfectly overlap in the physical region. In the
top sector, one can (conservatively) conclude that

C' o =my) = 12.05 £0.05, (6.21)
CiP (o =my) = —1.240.1, (6.22)

which is perfectly accurate for any phenomenological application. Let us note that a change
of C;(S)(/,Lo = my) from 12 to 13 would affect the b — sy decay width by only 0.02%, while a
similar variation of 05(3)(/,@ = m;) would cause even a smaller effect.

For the three-loop charm-sector coefficients, the uncertainty from the expansions is smaller
than the one from the experimental error in m;. Thus, one can safely use Eqs. (B=Il)—(B=IH)
as they stand, without any additional uncertainty. Accurate values in the range 0.4 < y < 0.6

can also be found from the following fits:

3 my 0.0338
CEO (g = My) = 1.458 (M—W) : (6.23)
0.0598
CS (o = My) = —1.718 (Mivtv) . (6.24)

It is instructive to study the behaviour of the three-loop top-sector coefficients in a plot
where subsequent terms of our expansions are successively taken into account. This is shown
in Fig. Bl The quality of the two expansions in various regions of y is transparent there.

—~ 122
12.15
121
12.05
12
11.95
11.9
11.85
118
11.75

= mt)

Ci¥(up=m
CE (1

17 701020304 0506070809 1
y y

Figure 5: The three-loop top-sector coefficients. The solid lines represent the highest orders we
know (as in Figs. Hand H). The dashed and dot-dashed lines show the lower orders.
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7 Conclusions

The three-loop matching conditions found in the present paper complete the first out of three
steps (matching, mixing and matrix elements) that are necessary for finding the NNLO QCD
corrections to B — X,v. The effect of the NNLO matching alone is scheme- and scale-
dependent. In the MS scheme with My < puo < my, it stays within 2% of the decay width,
i.e. it is significantly smaller than the total higher-order perturbative uncertainty that was
estimated in Ref. []. This uncertainty is expected to get significantly suppressed in the near
future, after the remaining two steps of the NNLO calculation are performed.

The methods that we have applied in the present work are, in principle, applicable to any
three-loop matching computation involving several different mass scales. A detailed description
that we have presented for each step of our procedure can serve as a guideline for treating similar
problems in various domains of particle phenomenology.
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Appendix A: Three-loop expansion terms

In this appendix, we present our results for the coefficients ¢*¢ and b9 from Eqs. (E=3)
and (BEI) up to n = 4 and n = 8§, respectively. They are glven in terms of the following
symbols (see also Eq. (16) of Ref. [E]):

15 2
Dy = 66- =0l (3)]

2 13 e
B, = —4§21n22+§1n42—?C4+16L14 (5)
gt
2 9\/— 2
G 763 9mV3In*3 357°V3 @C 5C iC
2T 3 16 48 2 T
45\/_ ‘ e—z7r/6
+—Cl2 (§) — 27v/3Im [ng( 7 )] ,
. 45  m/3In*3
T = —— -1 -
2 8
357339 T e=im/6
— — = I, (=) — 6v/3Im |Li Al
516 2(2+§3+6\/§Cz<3) 6\/§ml13(\/§)]7 (A1)
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where Cly(z) = Im [Li, (€)].

The expansion coefficients that we have found read

7t 70¢(3) 158755 437* 41634172 46D4 92By4 820640533
dgg = + 243 + 280 + 405 + 612360 + 81 81 + 9185400
a?t . _|_307721c(3) _ 6TTY 2843275, + 9695974 538802517 + 6755 + 680D; _ 1360B4 _ 2469729799
10 - 324 18 840 116640 816480 27 81 81 4082400
ot = 2015, + 4972 2669

1 — 4 54 810 7

Tt 11
19 — —%

Tt 19
13 = T8>

7t 138245¢(3) 4073Tf 33306355 1228217 731685772 814657 1981904129
dyo = + 54 81 110 T “53320 steas T oam T 34D5 — 688,

Tt 40735, 394372 306769
Gy = 6 + 162 + 1215

Tt 4613
Cl22 - 81

Tt 146
Aoz = 57
P - _|_138120863C(3) _ 3547685TF 988422535, + 17476801 7% + 28444828372 + 354768555

30 — 26244 13122 9720 9447840 3149280 19683

_|_7432D3 _14864B4 32458492807
81 81 1574640

Tt _ 35476855 50675372 46342189
a3 = 972 + 2916 + 17496

Tt 1751809
Az = + 5516 >

Tt 251
ass = +757,
Py — _|_257322953C(3) 1249109977 56280515535, _ 54918881x? + 1268575533772 + 1249109953
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_1627¢(3) + 2558372 + 9148337
162 5832 104976
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_23
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*’324007
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13282901
8644482000 °
1879
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8¢ 65¢(3) 503395 75172 1260331
b2 - 73 + 22402 + 181440 + 60480 7

8¢ __ 259¢(3) 644178, 1172 4083773
63 - T 9 + 13442 T 108864 + 181440

Rc 323¢(3) 108715 307651
b4 ) + 144 >+ 12960

8¢ 452235 4783799
b5 = _43C(3) + 432 “ + 194400

8 451¢(3 24315, 816431
bg" = — 9()+ s T 52400

8 515¢(3) |, 3773167S 10434863
b7 - 9 + 22680 “+ 408240

8c 193¢(3 1080125895 252135383
bS - 3( ) + 544320 “+ 9797760 (A.9)
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