
*H
EP
-P
H/
06
∣2
∣8
4*

 DESY 06-235
ar

X
iv

:h
ep

-p
h/

06
12

18
4v

1 
  1

4 
D

ec
 2

00
6

DESY 06-235 ISSN 0418-9833hep-ph/0612184De
ember 2006
Two-loop virtual top-quark e�e
t on Higgs-bosonde
ay to bottom quarksMathias Butens
h�on, Frank Fugel, Bernd A. KniehlII. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, GermanyAbstra
tIn most of the mass range en
ompassed by the limits from the dire
t sear
h andthe ele
troweak pre
ision tests, the Higgs boson of the standard model preferablyde
ays to bottom quarks. We present, in analyti
 form, the dominant two-loopele
troweak 
orre
tion, of O(G2Fm4t ), to the partial width of this de
ay. It ampli�esthe familiar enhan
ement due to the O(GFm2t ) one-loop 
orre
tion by about +16%and thus more than 
ompensates the s
reening by about �8% through strong-intera
tion e�e
ts of order O(�sGFm2t ).PACS numbers: 11.10.Gh, 12.15.Ji, 12.15.Lk, 14.80.Bn
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The standard model (SM) of elementary-parti
le physi
s, whose fermion and gaugese
tors have been impressively 
on�rmed by an enormous wealth of experimental data,predi
ts the existen
e of a last undis
overed fundamental parti
le, the Higgs boson H,whose massMH is a free parameter of the theory. The dire
t sear
h for the Higgs boson atthe CERN Large Ele
tron-Positron Collider LEP 2 led to a lower bound ofMH > 114 GeVat 95% 
on�den
e level (CL) [1℄. On the other hand, high-pre
ision measurements, espe-
ially at LEP and the SLAC Linear Collider SLC, were sensitive to the Higgs-boson massvia ele
troweak radiative 
orre
tions, yielding to the value MH = �85+39�28� GeV togetherwith an upper limit ofMH < 166 GeV at 95% CL [2℄. The va
uum-stability and trivialitybounds suggest that 130�<MH�<180 GeV if the SM is valid up to the grand-uni�
ations
ale (for a review, see Ref. [3℄). If the Higgs me
hanism of spontaneous symmetry break-ing, as implemented in the SM, is realized in nature, then we are now being on the eveof a groundbreaking dis
overy, to be made at the CERN Large Hadron Collider (LHC),whi
h will go into operation in a just few months from now. After �nding a new s
alarparti
le, the burning question will be whether it is in fa
t the Higgs boson of the SM,or lives in some extended Higgs se
tor. Therefore, it is indispensable to know the SMpredi
tions for the produ
tion and de
ay rates of the SM Higgs boson with high pre
i-sion. Its de
ay to a bottom-quark pair, H ! bb, is of paramount interest, as it is by farthe dominant de
ay 
hannel for MH�<140 GeV (see, e.g., Ref. [4℄). On the other hand,the inverse pro
ess, bb ! H, was identi�ed to be a 
ru
ial hadroprodu
tion me
hanism,appre
iably enhan
ing the yield due to gluon fusion [5℄. Pre
ise knowledge of the bottomYukawa 
oupling is also requisite for reliable predi
tions of asso
iated hadroprodu
tion ofHiggs bosons and bottom quarks [6℄.The purpose of this Letter is to �ll a long-standing gap in our knowledge of thequantum 
orre
tions to the partial width �b of the H ! bb de
ay, by providing, in analyti
form, the dominant two-loop ele
troweak 
orre
tion, of O(G2Fm4t ), where GF is Fermi's
onstant and mt is the top-quark mass. This 
orre
tion also applies to the 
ross se
tionof bb ! H. Surprisingly, it turns out to be more than twi
e as large as the O(�sGFm2t )one, whi
h is formally enhan
ed by one power of the strong-
oupling 
onstant �s. Inthe dis
ussion of virtual top-quark e�e
ts, it is useful to distinguish between universal
orre
tions, whi
h are independent of the produ
ed fermion 
avor, and non-universal
orre
tions, whi
h are spe
i�
 for the H ! bb de
ay be
ause bottom is the weak-isospinpartner of top. Here, we have to 
onsider both types.Prior to going into details with our 
al
ulation, we brie
y review the 
urrent status ofthe radiative 
orre
tions to �b in the intermediate mass range, de�ned by MW < MH <2MW . As for e�e
ts arising solely from quantum 
hromodynami
s (QCD), the full mbdependen
e is known in O(�s) [7℄. In O(�2s), the leading [8℄ and next-to-leading [9℄ termsof the expansion in m2b=M2H of the Feynman diagrams without top quarks are available.Those involving top quarks either 
ontain gluon self-energy insertions or represent 
utsthrough three-loop double-triangle diagrams; the former 
ontribution is exa
tly known[10℄, while the four leading terms of the expansion in M2H=m2t are known in the latter
ase [11℄. In O(�3s), the diagrams 
ontaining only light degrees of freedom were evaluateddire
tly [12℄, while those involving the top quark were treated in the framework of an2



appropriate e�e
tive �eld theory [13℄. As for purely ele
troweak 
orre
tions, the one-loop result is 
ompletely known [14℄. At two loops, the dominant universal 
orre
tion,of O(G2Fm4t ), was already studied in Ref. [15℄, while the non-universal one is 
onsideredhere for the �rst time. As for mixed 
orre
tions, the universal [16℄ and non-universal [17℄O(�sGFm2t ) terms at two loops and the universal [18℄ and non-universal [19℄ O(�2sGFm2t )terms at three loops are available.We now outline the 
ourse of our 
al
ulation and exhibit the stru
ture of our results.Full details will be presented in a forth
oming 
ommuni
ation [20℄. For 
onvenien
e,we work in 't Hooft-Feynman gauge. As usual, we extra
t the ultraviolet divergen
esby means of dimensional regularization, with D = 4 � 2� spa
e-time dimensions and't Hooft mass s
ale �. We do not en
ounter ambiguities related to the treatment of 
5in D dimensions and are thus entitled to use the anti-
ommuting de�nition. We adoptSirlin's formulation of the ele
troweak on-shell renormalization s
heme [21℄, whi
h uses GFand the physi
al parti
le masses as basi
 parameters. We take the Cabibbo-Kobayashi-Maskawa quark mixing matrix to be unity, whi
h is well justi�ed be
ause the third quarkgeneration is, to good approximation, de
oupled from the �rst two [22℄. For 
onvenien
e,we renormalize the Higgs se
tor by introdu
ing 
ounterterm verti
es involving tadpole andHiggs-boson mass 
ounterterms, Æt and ÆMH , respe
tively [23℄. Spe
i�
ally, Æt is adjustedso that it exa
tly 
an
els the sum of all one-parti
le-irredu
ible tadpole diagrams.Detailed inspe
tion reveals that, to the orders 
onsidered here, the amputated matrixelement of H ! bb exhibits the simple stru
tureA = A+B �=p� =p�!�; (1)where !� = (1�
5)=2 are the heli
ity proje
tion operators, p and p are the four-momentaof b and b, respe
tively, and A and B are Lorentz s
alars. In
luding the wave-fun
tionrenormalizations of the external parti
les and employing the Dira
 equation, we �nd thetransition matrix element to beT = qZH �qZb;LZb;RA +mbZb;LB� s; (2)where s = u(p; r)v(p; r), with r and r being spin labels. Owing to parity violation, theleft- and right-handed 
omponents of the bottom-quark �eld, bL;R = !�b, parti
ipate dif-ferently in the ele
troweak intera
tions and thus re
eive di�erent wave-fun
tion renormal-izations, Zb;L=R. At tree-level, we have A(0) = �mb=v and B(0) = 0, where v = 2�1=4G�1=2Fis the Higgs va
uum expe
tation value. Here and in the following, supers
ripts en
losedin parentheses denote the loop order. In Sirlin's formulation of the ele
troweak on-shells
heme, where Fermi's 
onstant is introdu
ed to the SM through a 
harged-
urrent pro-
ess, namely muon de
ay, the SU(2) gauge 
oupling g = 2MW=v does not re
eive power
orre
tions in mt, so that [24℄ MW;0v0 = MWv (3)to the orders 
onsidered here, whi
h implies that the renormalization of v is redu
ed tothe one of MW . Here and in the following, bare quantities 
arry the subs
ript 0. It hen
e3



follows that we need to perform a genuine two-loop renormalization of ZH , mb, Zb;L=R, andMW , while a one-loop renormalization of MH and mt is suÆ
ient. As usual, we denotethe sums of all one-parti
le-irredu
ible H, f (f = b; t), and W self-energy diagrams atfour-momentum transfer q as i�H(q2), i[=q(!��f;L(q2) + !+�f;R(q2)) +mf;0�f;S(q2)℄, and�i[(g�� � q�q�=q2)�W;T (q2) + (q�q�=q2)�W;L(q2)℄, and split the bare masses as M2H=W;0 =M2H=W + ÆM2H=W and mf;0 = mf + Æmf . Imposing the on-shell renormalization 
onditionson the dressed propagators then yieldsÆM2H = �H(M2H);ZH = 11 + �0H(M2H) ;Æmfmf = 1qf(m2f) � 1;Zf;L=R = 1�1 + �f;L=R(m2f)� �1�m2f f 0(m2f )f(m2f ) � ;ÆM2W = �W;T (M2W ); (4)where f(q2) = (1� �f;S(q2))2(1 + �f;L(q2))(1 + �f;R(q2)) : (5)Relations that, to the order of our analysis, are equivalent to Eq. (4) were found in Ref. [25℄using an alternative approa
h.Performing a loop expansion and eliminating all bare masses, we thus obtainT (0)s = A(0);T (1)s = A(1) +mbB(1) + A(0) �Æ(1)u +X(1)� ;T (2)s = A(2) +mbB(2) + A(1)X(1) +mbB(1)ÆZ(1)b;L+ �A(1) +mbB(1) + A(0)X(1)� 24Æ(1)u + 2(1� �)Æm(1)tmt� ÆM2(1)WM2W 35 + A(0) 24Æ(2)u +X(2) + 12 Æm(1)bmb �ÆZ(1)b;L+ ÆZ(1)b;R�� 18 �ÆZ(1)b;L � ÆZ(1)b;R�2 35 ; (6)where Æ(1)u = 12ÆZ(1)H � 12 ÆM2(1)WM2W ;4



Æ(2)u = 12ÆZ(2)H � 12 ÆM2(2)WM2W + Æ(1)u 24�12Æ(1)u + 2(1� �)� Æm(1)tmt � 2ÆM2(1)WM2W 35� 12 0�ÆM2(1)WM2W 1A2 (7)are the universal 
orre
tions andX(i) = Æm(i)bmb + 12 �ÆZ(i)b;L + ÆZ(i)b;R� : (8)The Feynman diagrams 
ontributing to A(2)0 and B(2)0 are depi
ted in Fig. 1. Theyare generated and drawn using the program FeynArts [26℄ and evaluated using the pro-gram MATAD [27℄, whi
h is written in the programming language FORM [28℄, by applyingthe asymptoti
-expansion te
hnique (for a 
areful introdu
tion, see Ref. [29℄). Here, �and � denote the neutral and 
harged Higgs-Kibble ghosts with masses MZ and MW ,respe
tively. The 
rosses in Figs. 1(s) and (t) indi
ate the insertions of the Higgs-bosonmass and tadpole 
ounterterms iÆt=v0 and �i (Æt=v0 + ÆM2H) =v0 in a �-boson line anda H�� vertex, respe
tively. In the soft-Higgs limit, MH � mt, whi
h is underlying ouranalysis, the diagrams in Figs. 1(a){(s) 
an also be evaluated by applying a low-energytheorem (see Ref. [30℄ and referen
es 
ited therein) to the 
orresponding b-quark self-energy diagrams that emerge by removing the external Higgs-boson line. This providesa powerful 
he
k for our 
al
ulation. Apart from the diagrams in Fig. 1, we also need to
al
ulate the relevant one-parti
le-irredu
ible H, b, and W self-energy diagrams at twoloops. Furthermore, we need to expand all the relevant one-loop diagrams through O(�).We are now in a position to present our �nal results for the universal 
orre
tionparameter Æu and the relative 
orre
tion to �b. They readÆu = xtN
76 + x2tN
 �292 � 6�(2) +N
4924�+ xt�s� CFN
  1912 � �(2)2 ! ; (9)�b�(0)b = xt ��6 +N
73�+ x2t ��20 +N
(29� 12�(2))+ N2
 499 �+ xt�s� CF ��36 +N
 �15712 � �(2)�� ; (10)where N
 = 3 and CF = (N2
 � 1)=(2N
) = 4=3 are 
olor fa
tors, xt = (GFm2t )=(8�2p2),�(2) = �2=6, and �(0)b = p2N
GFMHm2b8�  1� 4m2bM2H !3=2 : (11)If we 
onvert Eq. (9) to a mixed renormalization s
heme whi
h uses the on-shell de�nitionsfor the parti
le masses and the de�nitions of the modi�ed minimal-subtra
tion (MS)5
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Figure 1: Diagrams 
ontributing to H ! bb at O(G2Fm4t ).s
heme for all other basi
 parameters, then we �nd agreement with Eq. (15) for x = 0 inthe paper by Djouadi et al. [15℄. However, the 
orresponding result for the ele
troweakon-shell s
heme presented in their Eq. (27) for x = 0 disagrees with our Eq. (9). We
an tra
e this dis
repan
y to the absen
e in their Eq. (25) of the additional �nite termÆ̂(1)u ��(1) whi
h arises from the renormalization of the one-loop result in their Eq. (7)a

ording to the pres
ription in their Eq. (18). The O(G2Fm4t ) term in Eq. (10) representsa new result.In Eqs. (9) and (10), we have also in
luded the two-loop O(�sGFm2t ) 
orre
tions[16,17℄, whi
h we reprodu
ed using our 
al
ulational te
hniques. As for the QCD renor-malization, it is understood that mb appearing in Eq. (11) is de�ned in the MS s
hemeas mb = mb(MH), while the ele
troweak part of the renormalization remains in the on-shell s
heme. This modi�
ation ensures that large logarithms of the type ln (M2H=m2b)that would otherwise appear already at O(�s) and spoil the 
onvergen
e behavior of theperturbation expansion are properly resummed a

ording to the renormalization group(RG) [7℄. Sin
e we wish to treat mt on the same footing as mb, we adopt this mixeds
heme for mt as well. The analysis at O(�2sGFm2t ) [18,19℄ reveals that Eqs. (9) and (10)may be further RG-improved by taking mt and �s to be mt = mt(mt) and �s = �(6)s (mt),respe
tively.Finally, we explore the phenomenologi
al impli
ations of our results. Adopting fromRef. [22℄ the values GF = 1:16637�10�5 GeV�2, �(5)s (MZ) = 0:1176, MZ = 91:1876 GeV,6



Table 1: Relative 
orre
tions to �� , �
, and �b at O(GFm2t ), O(G2Fm4t ), and O(�sGFm2t ).Order ��=�(0)� �
=�(0)
 �b=�(0)bO(GFm2t ) +2:021% +2:021% +0:289%O(G2Fm4t ) +0:064% +0:064% +0:047%O(�sGFm2t ) +0:060% +0:452% �0:022%and mpolet = 174:2 GeV for our input parameters, so that �(6)s (mt) = 0:1076 and mt =166:2 GeV, we evaluate Eqs. (9) and (10) to O(GFm2t ), O(G2Fm4t ), and O(�sGFm2t ). For
omparison, we also evaluate the relative 
orre
tions to �l and �q, where l = e; �; � andq = u; d; s; 
, whi
h, to the orders 
onsidered here, are given by�l�(0)l = (1 + Æu)2 � 1; (12)�q�(0)q = (1 + �QCD)(1 + Æu)2 � 1; (13)where [7℄ �QCD = �s� CF 174 (14)is the O(�s) 
orre
tion in the limit mq �MH .The results are listed in Table 1. We observe that the O(G2Fm4t ) 
orre
tion to �bin
reases the enhan
ement due to the O(GFm2t ) one by about 16% and has more thantwi
e the magnitude of the negative O(�sGFm2t ) one. Also in the 
ase of �l, the O(G2Fm4t )
orre
tion ex
eeds the O(�sGFm2t ) one. The situation is quite di�erent for the 
ase of�q, whi
h is due to the additional appearan
e of the sizeable produ
t term 2�QCDÆ(1)u inEq. (13).In 
on
lusion, we analyti
ally 
al
ulated the dominant ele
troweak two-loop 
orre
-tion, of order O(G2Fm4t ), to the H ! bb de
ay width �b of an intermediate-mass Higgsboson, with MH � mt. We performed various 
he
ks for our analysis. The ultraviolet di-vergen
es 
an
elled through genuine two-loop renormalization. Our �nal result is devoidof infrared divergen
es related to in�nitesimal s
alar-boson masses. We reprodu
ed thoseHbb vertex diagrams where the external Higgs boson is 
oupled to an internal top-quarkline, whi
h we had 
omputed dire
tly, through appli
ation of a low-energy theorem. Afterswit
hing to a hybrid renormalization s
heme, our O(G2Fm4t ) result for the universal 
or-re
tion Æu agrees with Ref. [15℄. Using our 
omputational te
hniques, we also re
overedthe O(�sGFm2t ) 
orre
tions to Æu and �b. The O(G2Fm4t ) 
orre
tion to �b ampli�es thefamiliar enhan
ement due to the O(GFm2t ) 
orre
tion by about +16% and thus more than
ompensates the s
reening by about �8% through QCD e�e
ts of O(�sGFm2t ).We like to thank Paolo Gambino and Matthias Steinhauser for fruitful dis
ussions.This work was supported in part by the German Federal Ministry for Edu
ation and Re-sear
h BMBF through Grant No. 05 HT6GUA and by the German Resear
h FoundationDFG through Graduate S
hool No. GRK 602 Future Developments in Parti
le Physi
s.7
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