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I. INTRODUCTIONThe phenomenology and the theory of pro
esses involving the produ
tion of heavyquarkonia have been vigorously developed for last de
ade following the measurement ofthe transverse-momentum (pT ) spe
tra of prompt J= mesons by the CDF Collaborationat the Tevatron Collider [1℄ and by the ZEUS and H1 Collaboration at the HERA Collider[2, 3℄. The 
olor-singlet model [4℄ previosly proposed to des
ribe a non-perturbative tran-sition of a Q �Q pair to �nal-state quarkonium was extended in a natural way within theformalism of nonrelativisti
 QCD (NRQCD) [5℄. The extended model takes into a

ountQ �Q-pair produ
tion not only in the 
olor-singlet state but also in the 
olor-o
tet state.The NRQCD formalismmakes it possible to 
al
ulate 
onsistently, by perturbation theoryin two small parameters (strong 
oupling 
onstant �s at the s
ale of the heavy-quark massand the relative velo
ity v of quarks in quarkonium), not only the parton 
ross se
tionsfor quarkonium produ
tion pro
esses through the fusion of Q and �Q quarks but also theuniversal fragmentation fun
tions for parton splitting into various quarkonium states [6℄.Usually it is assumed that, in the region of large quarkonium transverse momenta (pT �M , where M is the quarkonium mass), the fragmentation produ
tion me
hanism is moreadequate, be
ause it takes into a

ount e�e
tively high order 
orre
tions in �s, than theme
hanism asso
iated with the fusion of a heavy quark and a heavy antiquark produ
ed ina hard subpro
ess, whi
h is 
al
ulated in the lowest order (LO) in strong 
oupling 
onstant�s. However, the numeri
al value of the 
riti
al transverse momentum is unknown a'priori.In the energy region of the Tevatron and HERA Colliders the main 
ontribution to theheavy quarkonium produ
tion 
ross se
tions 
omes from the gluon-gluon or the photon-gluon fusion at the small values of the argument x of the gluon distribution fun
tion. Inthe 
onventional 
ollinear parton model [7℄, the initial-state gluon dynami
s is 
ontrolledby the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equation [8℄. In thisapproa
h, it is assumed that S > �2 � �2QCD, where pS is the invariant 
ollision energy,� is the typi
al energy s
ale of the hard intera
tion, and �QCD is the asymptoti
 s
aleparameter of QCD. In this way, the DGLAP evolution equation takes into a

ount only onebig logarithm, namely ln(�=�QCD). In fa
t, the 
ollinear-parton approximation is used, andthe transverse momenta of the in
oming gluons are negle
ted.In the high-energy limit, the 
ontribution from the partoni
 subpro
esses involving t-2




hannel gluon ex
hanges to the total 
ross se
tion 
an be
ome dominant. The summationof the large logarithms ln(pS=�) in the evolution equation 
an then be more importantthan the one of the ln(�=�QCD) terms. In this 
ase, the non-
ollinear gluon dynami
sis des
ribed by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution equation [9℄. In theregion under 
onsideration, the transverse momenta (kT ) of the in
oming gluons and their o�-shell properties 
an no longer be negle
ted, and we deal with reggeized t-
hannel gluons. Thetheoreti
al frameworks for this kind of high-energy phenomenology are the kT -fa
torizationapproa
h [10, 11℄ and the (quasi)-multi-Regge kinemati
s (QMRK) approa
h [12, 13℄. Lastone is based on e�e
tive quantum �eld theory implemented with the non-abelian gauge-invariant a
tion, as suggested a few years ago [14℄. However, the kT -fa
torization approa
hhas well-known prin
ipal diÆ
ulties [15℄ at next-to-leading order (NLO). By 
ontrast, theQMRK approa
h o�ers a 
on
eptual solution of the NLO problems [16℄.Our previous analysis of J= meson produ
tion at the Fermilab Tevatron Colliders usingthe high-energy fa
torization s
heme and the NRQCD formalism[17, 18, 19℄ has shown thedominant role of the 
olor-o
tet intermediate state 3S(8)1 
ontribution at the large pT re-gion in the fusion produ
tion and in the fragmentation produ
tion with the gluon splitting.We found also the good agreement between the values of non-perturbative matrix element(NME) hOJ= [3S(8)1 ℄i obtained by the �t in 
ollinear parton model and in the QMRK ap-proa
h. The similar analysis for the J= photoprodu
tion at the high energy is the subje
tof study in this paper. The situation should be di�erent be
ause of the 
�quark fragmen-tation via the 
olor-singlet state dominates over the gluon fragmentation via the 
olor-o
tetstate in J= photoprodu
tion.This paper is organized as follows. In Se
. II we dis
uss basi
 ideas and formulas of thefragmentation approa
h, in
luding the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)evolution equations for the 
�quark and gluon fragmentation fun
tions into J= meson. InSe
. III we present relevant LO squared amplitude in the QMRK approa
h and masterformulas for the di�erential 
ross se
tions. In Se
. IV we dis
uss our results for the J= photoprodu
tion at the HERA Collider. In Se
. V we summarize our 
on
lusions.
3



II. FRAGMENTATION MODELWithin the framework of the NRQCD, the fragmentation fun
tion for quarkonium Hprodu
tion 
an be expressed as a sum of terms, whi
h are fa
torized into a short-distan
e
oeÆ
ient and a long distant matrix element [5℄:D(a! H) =Xn D(a! Q �Q[n℄)hOH [n℄i: (1)Here the n denotes the set of 
olor and angular momentum numbers of the Q �Q pair, in whi
hthe fragmentation fun
tion is D(a! Q �Q[n℄). The last one 
an be 
al
ulated perturbativelyin the strong 
oupling 
onstant �s. The non-perturbative transition of the Q �Q pair intoH is des
ribed by the NMEs hOH[n℄i, whi
h 
an be extra
ted from experimental data. ToLO in v, we need to in
lude the 
�
 Fo
k states n = 3S(1)1 ; 3S(8)1 ; 1S(8)0 ; 3P (8)J if H = J= ( 0).The re
ipes of 
al
ulations for heavy quarkonium fragmentation fun
tions at the initial s
ale� = �0 = 2m
 in LO NRQCD formalism are well known [6℄ and detailed formulas for thegluon and 
�quark fragmentation via the di�erent intermediate states are presented, forexample, in Ref.[20℄.To 
al
ulate the J= produ
tion spe
tra, we need the fragmentation fun
tions at thefa
torization s
ale � � M . Then, large logarithms in �=M appear, whi
h have to beressumed. It is a
hieved by using the DGLAP equations�2dd�2Da!H(�; �) =Xb Z 1� dxx Pba( �x; �s(�))Db!H(x; �); (2)where Pba( �x; �s(�)) are the timelike splitting fun
tions of parton a into parton b. The initial
onditions Da!H(�; �0) for a = 
; g and H = J= ( 0) are taken from Ref. [20℄. The initiallight-quark fragmentation fun
tions are set equal to zero. They are generated at larger s
ale�. However, in the 
ase of J= produ
tion at the HERA Collider their 
ontribution is verysmall. Here, a = g; 
; �
. To illustrate the � and � dependen
e of the relevant fragmentationfun
tions we show in Figs. 1 and 2 the 
�quark and the gluon fragmentation fun
tions atthe di�erent values of �. We use LO in �s approximation for the splitting fun
tions. Thedashed 
urves are obtained negle
ting the 
 � g 
oupling during the evolution (a = 
 ora = g), the solid 
urves are obtained using the system (2), whi
h takes into a

ount 
rosstransitions between gluons and 
�quarks during the evolution.4



III. BASIC FORMULASBe
ause we take into a

ount the gluon and 
�quark fragmentation into the J= mesons,we need to sum 
ontributions from LO partoni
 subpro
esses in whi
h these ones are pro-du
ed.In the 
ollinear parton model we take into 
onsideration the following subpro
esses:
 + g ! 
+ �
; (3)
 + q(�q) ! g + q(�q); (4)where q = u; d; s. The squared amplitudes of the subpro
esses (3) and (4) are well known.In the 
ase of QMRK approa
h we have only one dominant LO partoni
 subpro
ess:
 +R! 
+ �
; (5)whi
h is des
ribed by the Feynman diagrams shown in Fig. 3. Here R is the reggeized gluon.A

ordingly [13℄, amplitude of the subpro
ess (5) 
an be presented as follows:A(
 +R! 
+ �
) = �igse
eT a �U(p1; m
)[
� p̂1 � q̂1 +m
(p1 � q1)2 �m2
 
� ++
� p̂1 � q̂2 +m
(p1 � q2)2 �m2
 
�℄V (p2; m
)"�(q1)(n�)�; (6)where (n�)� = P �N=EN , P �N = EN(1; 0; 0; 1) is the four-momentum of the proton, EN is theenergy of the proton, "�(q1) is the polarization four-ve
tor of the photon. For any four-momentum k�, we de�ne k� = (k � n�). Note, that reggeized gluon four-momentum 
an bewritten as q�2 = x2EN (n�)� + q�2T ; (7)where q�2T = (0;q2T ; 0), q22 = q22T = �q22T and x2 is the fra
tion of the proton longitudinalmomentum passed on to the reggeized gluons.The squared amplitude obtained from (6) reads:jA(
 +R! 
+ �
)j2 = 64�2e2
�s�~t2~u2 [2m2
(~tp�1 � ~up�2 )2 + q22T ~u~t((p�1 )2 + (p�2 )2)℄; (8)where the bar indi
ates average (summation) over initial-state (�nal-state) spins and 
olors,~u = û�m2
 , ~t = t̂�m2
 , û = (q1 � p2)2, t̂ = (q1 � p1)2, � = e2=4�, �s = g2s=4�, e
 = +2=3.The obtained result (8) satis�es gauge invariant 
onditions,limq22T!0 jA(
 +R! 
+ �
)j2 = 0;5



and agrees with the kT -fa
torization formula from Ref. [25℄ if we take into a

ount relationbetween amplitudes in the QMRK and the kT�fa
torization approa
h [24℄:jAKT (
 +R! 
+ �
)j2 = (x2EN )2q22T jA(
 +R! 
+ �
)j2: (9)At HERA, the 
ross se
tion of prompt J= produ
tion was measured in a wide rangeof the kinemati
 variables W 2 = (PN + q1)2, Q2 = �q21 , x1 = (PN � q1)=(PN � k), z =(PN � p)=(PN � q1), and pT , where P �N , k�, k0�, q�1 = k� � k0�, and p� are the four-momentaof the in
oming proton, in
oming lepton, s
attered lepton, virtual photon, and produ
edJ= meson, respe
tively, both in photoprodu
tion [2℄, at small values of Q2, and deep-inelasti
 s
attering (DIS) [3℄, at large values of Q2. At suÆ
iently large values of Q2, thevirtual photon behaves like a point-like obje
t, while, at low values of Q2, it 
an either a
tas a point-like obje
t (dire
t photoprodu
tion) or intera
t via its quark and gluon 
ontent(resolved photoprodu
tion). Resolved photoprodu
tion is only important at low values of zand pT . The subje
t of our study is large pT photoprodu
tion pro
esses at the Q2 � 0 only.In the region of pT � m
 we 
onsider 
-quark and J= -meson as massless parti
les, sothat the fragmentation parameter � is related to the 
�quark and J= �meson four-momentaas follows: p� = �p�1 : (10)We only used non-zero 
�quark mass in the initial fa
torization s
ale �0 = M = 2m
 and,
orrespondingly, in the de�nition of the � = qp2T + 4m2
.Let us �rst present the relevant formula for the double di�erential 
ross se
tions of J= dire
t photoprodu
tion in the 
ollinear parton model via the partoni
 subpro
ess (3):d�epdzdp2T = Z 1x1;min dx1f
=e(x1) Z 1�min d�� D
!J= (�; �) jM(
 + g ! 
+ �
)j2x2G(x2; �)16�z(� � z)(x1x2S)2 ; (11)where x2 = p2Tzx1S(� � z) ; x1;min = p2TzS(1� z) ; �min = z + p2Tx1zS ;G(x2; �) is the gluon 
ollinear distribution fun
tion in the proton, for whi
h we use numeri
alCTEQ parameterization [21℄ and f
=e(x1) is the quasi-real photon 
ux. In the Weiz�a
ker-Williams approximation, the latter takes the formf
=e(x1) = �2� "1 + (1� x1)2x1 ln Q2maxQ2min + 2m2ex1  1Q2min � 1Q2max!# ; (12)6



where Q2min = m2ex21=(1 � x1) and Q2max is determined by the experimental set-up, e.g.Q2max = 1 GeV2 [2℄.The formulae in the 
ase of the partoni
 subpro
ess (4) looks like (11). The J= mesonsare produ
ed also via de
ays of ex
ited 
harmonium states and B�mesons. In fa
t, only the
ontribution of the de
ays  0 ! J= X is large at the relevant kinemati
 
ondition. In theapproximation used here we 
an estimate this one simply:d�(ep! J= X) = d�dire
t(ep! J= X) + d�dire
t(ep!  0X)Br( 0 ! J= X); (13)where Br( 0 ! J= X) is the in
lusive de
ay bran
hing fra
tions, d�dire
t(ep !  0X) 
anbe obtained formally from d�dire
t(ep! J= X) after repla
ement hOJ= [n℄i ! hO 0 [n℄i.In the QMRK approa
h the double di�erential 
ross se
tions of J= dire
t photoprodu
-tion reads: d�epdzdp2T = 18(2�)2 Z d�2 Z dq22Tq22T Z dx1f
=e(x1) Z d�� D
!J= (�; �)��(x2EN )2�(x2;q22T ; �)z(� � z)(x1x2S)2 jA(
 +R! 
+ �
)j2; (14)where �2 is the angle between q2T and the transverse momentum pT of the J= meson,�(x2;q22T ; �) is the unintegrated reggeized gluon distribution fun
tion. The 
ollinear andthe unintegrated gluon distribution fun
tions are formally related as:x2G(x2; �) = Z �20 dq22T�(x2;q22T ; �); (15)so that the normalizations of Eqs. (14) and (11) agree. In our numeri
al 
al
ulations, weuse the unintegrated gluon distribution fun
tion by Kimber, Martin, and Ryskin (KMR)[22℄, whi
h gives the best des
ription in the framework of QMRK approa
h [17, 24℄ of theheavy quarkonium produ
tion spe
tra measured at the Tevatron [1, 23℄ .To 
ompare predi
tions of the fragmentation and the fusion me
hanisms we need to
al
ulate J= photoprodu
tion 
ross se
tion using the fusion model too. In the 
ase ofthe LO 
ollinear parton model 
al
ulation we use squared amplitudes for the 
olor-singlet
ontribution from Ref. [4℄ and for the 
olor-o
tet 
ontribution from Ref. [26℄. Working in theQMRK approa
h with the fusion model we use analyti
al results obtained in Refs. [17, 28℄.All numeri
al values of parameters are the same as in the Ref. [17℄.7



IV. RESULTSWe now present and dis
uss our numeri
al results.Let us 
ompare J= meson pT spe
tra obtained using the fragmentation and fusion modelswhithin the QMRK approa
h. As it was shown re
ently [17, 28℄, we 
an des
ribe theexperimental data from HERA Collider [2, 3℄ in the fusion model without the 
olor-o
tet
ontribution, g.e. in the 
olor-singlet model [4℄ (see the 
urve 1 in the Fig. 4). The agreementis good for the all measured J= transverse momenta up to p2T = 50 GeV2. The predi
tionof the fragmentation model is shown in Fig. 4 for p2T > 10 GeV2 only (the 
urve 2). Wesee that the 
urve 2 tends to the 
urve 1 as p2T in
reases but it is being lower at all relevantp2T till p2T = 103 GeV2. The result is the same as in the hadroni
 J= produ
tion [17, 18℄although in the photoprodu
tion the 
�quark fragmentation via the 
olor-singlet state 3S(1)1is dominant, oppo
ite to the hadroprodu
tion where the gluon fragmentation via the 
olor-o
tet state 3S(8)1 is dominant. So, we see that in the QMRK approa
h the slope of the pTspe
tra suÆ
iently depends on the initial reggeized gluon transver
e momentum, whi
h isordered by the unintegrated distribution fun
tion, and both produ
tion me
hanismes, thefusion and the fragmentation, have similar pT�slopes at the large transverse momentum ofthe J= meson.The situation in the relevant LO 
al
ulations within the 
ollinear parton model wasstudied earlier in Refs. [20, 27℄. It was shown that at approximately p2T � 100 GeV2the 
ontribution of the 
�quark fragmentation produ
tion exeeds the 
ontribution of thefusion me
hanism with the 
olor-singlet LO amplitudes. Note, that in both of the dis
ussedapproa
hes, the fragmentation and the fusion within the CSM in LO, do not des
ribe data.However, if we take into a

ount the 
olor-o
tet 
ontribution, with the values of the 
olor-o
tet NMEs �xed at the Tevatron, we see that the fusion model des
ribes data well, as it isshown in Fig. 5 (the 
urve 1). The 
ontribution of the fragmentation model in
reases too,be
ause of the additional pie
e 
oming from the gluon fragmentation via 3S(8)1 state in thepartoni
 subpro
esses 
 + q ! g + q (the 
urve 6 in Fig. 5). Moreover, at p2T > 500 GeV2the gluon fragmentation dominates over the 
�quark fragmentation (the 
urve 5), but theirsum (the 
urve 4) is still less than the fusion model predi
tion in the NRQCD approa
h upto p2T = 2 � 103 GeV2.For 
ompleteness, we present here the z�spe
tra of J= 
al
ulated in the QMRK ap-8



proa
h (Fig. 6) and in the 
ollinear parton model (Fig. 7) with the experimental data fromHERA Collider at the pT > 3 GeV [3℄. We see that in both approa
hes the fusion me
hanismis dominant for all z, ex
epting the region of very small z < 0:1. It is well known that atsmall z the resolved J= meson photoprodu
tion be
omes important. However, it is evidentthat in the resolved photoprodu
tion the relation between the fusion and fragmentationme
hanisms will be the same as in the dire
t photoprodu
tion.V. CONCLUSIONSIt was shown that working within NRQCD both in the 
ollinear parton model and theQMRK approa
h, we have predi
ted the dominant role of the fusion me
hanism as 
om-pared to the fragmentation one in the J= meson photoprodu
tion at all relevant valuesof 
harmonium transverse momenta. Therefore, it is impossible to extra
t the 
�quark orgluon fragmentation fun
tion into J= meson from the photoprodu
tion data similar as inthe hadroprodu
tion pro
esses, as it was shown previosly [18℄. Opposite to the assumptionin the 
ollinear fa
torization, that the fragmentation 
ontribution is enhan
ed by powers of(p2T=m2
) relative to the 
ontribution of the fusion model, we have demonstrated that su
han enhan
ement is absent in the non-
ollinear fa
torization approa
h, QMRK. We have ob-tained equal slopes of the pT�spe
tra for both produ
tion me
hanisms at the asymptoti
allylarge pT in the QMRK approa
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