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ations in Physi
s" (LT-7),18-24 June 2007, Varna, Bulgaria.Abstra
tIn the framework of simpli
ial models, we 
onstru
t and we fully 
har-a
terize a s
alar boundary 
onformal �eld theory on a triangulated Rie-mann surfa
e. The results are analysed from a string theory perspe
tiveas tools to deal with open/
losed string dualities.Simpli
ial te
hniques have being subje
t of renewed attention sin
e it was
lari�ed that they 
an play a role in the worldsheet des
ription of open/
losedstring dualities [1℄. In this 
onne
tion, the hypothesis that the link betweenSYM gauge and 
losed string worldsheet dynami
s 
ould be explained throughthe 
ombinatorial data asso
iated to Strebel di�erentials, suggests that we areunder
overing some deep dis
rete foundation of string dualities, whi
h howeveris still far from being understood.Aiming to give further insights in this topi
, we de
ided to explore the 
on-ne
tion between 
ombinatorial data and string dualities from a more generalstandpoint. We 
onsidered a geometri
al set-up in whi
h ribbon graphs aredual to triangulations with lo
alized 
urvature defe
ts. These provide a naturalorder parameter whi
h allows to map a N -pun
tured 
losed Riemann surfa
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into an open one with N boundary 
omponents. An example of su
h a mappinghas been given, in an hyperboli
 setting, in [2℄. A di�erent 
onstru
tion wasobtained des
ribing a random Regge triangulation (RRT) [3℄ as the uniformiza-tion of an open Riemann surfa
eM� with a set of N annuli, ��"(p), p = 1; : : : ; Nea
h of whi
h is de�ned in the neighborhood of the p-th vertex of the originaltriangulation. Ea
h annulus is endowed with a 
orrespondent Eu
lidean 
ylin-dri
al metri
 and, via a 
onformal mapping 
an be equivalently interpreted asa 
ylinder of �nite height. The de
orated Riemann surfa
e is subsequently 
on-stru
ted glueing the above lo
al uniformizations along the pattern de�ned bythe ribbon graph bari
entri
ally dual to the parent triangulation.This geometri
al setup, whi
h trades the lo
alised 
urvature degrees of free-dom of the parent triangulation into modular data of the new dis
rete surfa
e,is simpler than that analysed in [2℄, but it 
an be dynami
ally 
oupled withmatter �eld theory. In [4℄ we showed that this leads to the de�nition of a newkinemati
al ba
kground in whi
h it 
ould be possible to investigate dynami
alpro
esses typi
al of open/
losed string dualities.1 Boundary Insertion OperatorsThe geometry we dealt with is 
hara
terized by N 
ylinders of �nite heights,whi
h 
an be interpreted as open string worldsheet, 
onne
ted through theirinner boundary to a ribbon graph. Hen
e, the latter is the natural lo
us whereN 
opies of a given Boundary Conformal Field Theory, ea
h de�ned on a single
ylindri
al end, intera
t.The quantization of a BCFT on a 
ylindri
al domain is a deli
ate issuerelying on the knowledge of the data asso
iated to the 
orrespondent bulk CFT.This is uniquely 
hara
terized by two 
opies of a 
hiral algebra, W and W .Their generators, respe
tively W an and W an, are the Laurent's modes of theholomorphi
 and antiholomorphi
 
hiral �elds of the theory, whi
h we will 
allW a(�) and W a(�) respe
tively. The extension of su
h a bulk CFT to a BCFTon ��"(p) 
onsists in the 
hoi
e of a boundary 
ondition A(p) on ���"(p). This isusually done by spe
ifying a glueing automorphism, 
A(p), whi
h, relating theholomorphi
 and anti-holomorphi
 
hiral �elds on the boundary itself, avoids
ux of informations through it. This pro
ess allows to de�ne, out of W a(�) andW a(�), a single 
hiral �eld, W 
(p) (�). This is 
ontinuous on the full 
omplexplane and it 
ontains the information about the boundary 
ondition. Its Laurentmodes 
lose a single 
opy of the 
hiral algebra, whose irredu
ible representationsde�ne the Hilbert spa
e of states of the boundary theory.In the framework dual to a RRT, ea
h (p; q)-edge of the ribbon graph is
onne
ted to two 
ylindri
al ends, ��"(p) and ��"(q). Hen
e, its oriented bound-aries are de
orated by two di�erent boundary 
onditions, say A(p) and B(q)respe
tively. In this pi
ture, we do not have a jump between two boundary
onditions taking pla
e in a pre
ise boundary's point. Therefore, we 
annotapply standard BCFT rules whi
h, assuming the existen
e of a va
uum statenot invariant under translations, allow a boundary 
ondition to 
hange along asingle boundary 
omponent.In order to mediate between adja
ent boundary 
onditions, we have thusintrodu
ed a di�erent pro
ess whi
h, restoring the 
ux of information troughthe boundaries 
onne
ted to the ribbon graph, allows to des
ribe the intera
tion2



of the di�erent BCFTs on the ribbon graph. In the limit when the thi
kness ofthe graph goes to zero, we introdu
ed, for ea
h pair (p; q) of adja
ent BCFTs,a further glueing automorphism 
A(p)B(q). This deforms W 
A(p) into W 
B(q)
ontinuously on the graph's edge and vi
eversa. This ultimately means thatwe are asso
iating to ea
h (p; q) edge of the ribbon graph a unique 
opy ofthe 
hiral algebra. Sin
e the latter en
odes the information about both theboundary 
onditions applied on the adja
ent polytopes, it is natural to 
hoosethe highest weight operators of its irredu
ible representation as obje
ts whi
hmediates between adja
ent boundary 
onditions. We 
alled this new 
lass of�elds Boundary Insertion Operators.2 BIO in the rational limitBIOs as des
ribed in last se
tion are purely formal obje
ts. However we 
har-a
terized expli
itly their algebrai
 and analyti
 stru
ture in parti
ular limits ofthe BCFT. We 
onsidered a D-dimensional bosoni
 �eld theory, X� :M� ! T ,� = 1; : : : ; D, where the geometry of the target spa
e T is en
oded, in the k-th
ylindri
al end, by the ba
kground matrix E(k) = G(k) +B(k). We fo
used ona 
at toroidal ba
kground, where the D dire
tions are 
ompa
ti�ed and E(k)'s
omponents are X-independent. Within this framework, ea
h 
ylindri
al end isan open-string worldsheet whose outer boundary 
an lay on a sta
k of N
 D-branes. While, on the one hand, the latters allow to de
orate ea
h open stringwith a suitable assignment of Chan-Paton fa
tors, on the other hand they a
tas sour
e of gauge �elds as well. In the 
ase of stati
 brane and 
onstant gauge�eld strength, the gauge dynami
 
an be en
oded by the toroidal ba
kgroundvia the identi�
ation F�� = 14�B�� . This translates the problem of 
ouplingthe model with a dynami
 gauge �eld into pi
king up a spe
ial point in thetoroidal 
ompa
ti�
ations moduli spa
e su
h that only the 
omponent of theKalb-Ramond �eld along the dire
tions parallel to the brane are non zero.Moreover, if we break U(N
) ! U(1)N
 , and we �x the metri
 and theantisymmetri
 �eld in fun
tion of the Cartan matrix of a semi-simple simplyla
ed Lie algebra of total rank D, gD, we are 
hoosing those points in the modulispa
e whi
h are �xed under the a
tion of the generalized T -duality group. Theresultant theory of D 
ompa
ti�ed bosons turns out to be rational, sin
e it isquantum equivalent to the ĝk=1-WZW model, where ĝk=1 is the aÆne extensionof gD at level k = 1.In this 
onne
tion, we showed that we 
an parameterize the entire set ofboundary 
onditions we 
an apply on the boundary of ��"(k) by the pair [k!̂Iii;�(p)℄.The �rst element of the pair, k!̂Iii, is a Cardy boundary state of the WZWmodel. It is uniquely asso
iated to the Î-th level one irreps. of ĝk=1. The se
ondelement, �(p), is an element of the quotient of the universal 
overing group of gDby its 
entre, �(p) 2 GDB(GD) . This parameterization allowed to give a des
riptionof the model as a deformation of the ĝk=1-WZW model des
ribed �a la Cardy bymeans of a pre
ise boundary a
tion S� = R du�aJa(u). In the last formula, 
oeÆ-
ients �a are de�ned via a suitable immersion of �(p) into the universal 
overinggroup GD . This des
ription led to the 
hara
terization of the glueing automor-phism asso
iated to the (p; q)-edge of the ribbon graph, 
[Ĵ2�2℄(q)[Ĵ1�1℄(p), bymeans of the fusion 
oeÆ
ient of the WZW model, N Ĵ2(q)Ĵ1(p)Î(p;q), and by a defor-3



mation indu
ed by the rotation �(p; q) = �2(q)�1(p)�1. As a 
onsequen
e, wewrote the 
omponents of Boundary Insertion Operators in the rational limit ofthe 
onformal theory as  [Ĵ2;�2℄(q) [Ĵ1;�1℄(p)[Î; m℄(p;q) = PdimjÎjn=0 RÎ(p;q)mn(p;q)(�2�1�1) Ĵ2(q) Ĵ1(p)[Î; n℄(p;q) ,where  Ĵ(p) Ĵ(q)Ĵ(p;q) (x(p; q)) = N Ĵ(q)Ĵ(p) Î(p;q)  Î(p;q)(x(p; q)) and where RÎ(p;q)mn(p;q) is the a
-tion of �2�1�1 in a given representation. In this 
ase, BIOs algebra is set interms of the unperturbed WZW model fusion rules. This property is parti
u-larly manifest in the algebrai
 form for the expansion 
oeÆ
ients of the OPEbetween  [Ĵ1;�1℄(p) [Ĵ3;�3℄(r)Î1(r;p) and  [Ĵ3;�3℄(r) [Ĵ2;�2℄(q)Î2(q;r) in terms of  [Ĵ1;�1℄(p) [Ĵ2;�2℄(q)Î3(q;p) ,namely CĴ1(p) Ĵ3(r) Ĵ2(q)Î1(r;p) Î2(q;r) Î3(q;p), whose labellings are left untou
hed by the deforma-tions. The variable 
onne
tivity of the ribbon graph, whi
h has been inheritedby the original triangulation, allowed to identify the above 
oeÆ
ients withthe ĝ-WZW model fusion matri
es [5, 6, 7℄, namely the quantum 6-j symbolsCĴ1(p) Ĵ2(q) Ĵ3(s)Î1(q;p) Î2(s;q) Î3(s;p) = n Î1(q;p) Ĵ1(p) Ĵ2(q)Ĵ3(s) Î2(s;q) Î3(s;p)oQ= e 2�i1+h_ [8℄.3 Dis
ussion and Con
lusionsThe last formula provides an expli
it expression for the formal rules des
ribingthe interplay among BCFT de�ned on the adja
ent 
ylinders whi
h build thedis
rete surfa
eM� . In this sense, it 
ompletes the des
ription of the dynami
al
oupling between the dis
rete geometri
 set-up developed in [3℄ and a matter�eld theory. Out of this, in [4℄ we wrote a full amplitude on a �xed geometryspe
i�ed by a 
hoi
e for the ribbon graph and for a set of lo
alized 
urvatureassignations.Our aim for the future is to generalize this s
enario to the non-Abelian 
ase,in whi
h the U(N
) symmetry 
arried by the D-Branes is not broken. In this
onne
tion, the open string interpretation would provide naturally a non-trivialgauge 
olouring of the ribbon graph. This ultimately leads to the de�nition of agenuine 't Hooft diagram and, hen
e, of new kinemati
al ba
kground in whi
hit would be possible to investigate dynami
al pro
esses proper of open/
losedstring dualities. A
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