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QMUL-PH-07-24DESY-07-188BCFT and Ribbon Graphs as tools foropen/losed string dualitiesValeria L. Gilia;1, Mauro Carforab;2, Claudio Dappiaggi;3a Centre for Researh in String Theory, Department of Physis,Queen Mary, University of London,Mile End Road, London, E1 4NS, UKb Dipartimento di Fisia Nuleare e Teoria,Universit�a degli Studi di Pavia and INFN,Via A.Bassi, 6, I-27100, Pavia, Italy II. Institut f�ur Theoretishe Physik,Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, DeutshlandTo appear in the Proeeding of the 7th International Workshop"Lie Theory and Its Appliations in Physis" (LT-7),18-24 June 2007, Varna, Bulgaria.AbstratIn the framework of simpliial models, we onstrut and we fully har-aterize a salar boundary onformal �eld theory on a triangulated Rie-mann surfae. The results are analysed from a string theory perspetiveas tools to deal with open/losed string dualities.Simpliial tehniques have being subjet of renewed attention sine it waslari�ed that they an play a role in the worldsheet desription of open/losedstring dualities [1℄. In this onnetion, the hypothesis that the link betweenSYM gauge and losed string worldsheet dynamis ould be explained throughthe ombinatorial data assoiated to Strebel di�erentials, suggests that we areunderovering some deep disrete foundation of string dualities, whih howeveris still far from being understood.Aiming to give further insights in this topi, we deided to explore the on-netion between ombinatorial data and string dualities from a more generalstandpoint. We onsidered a geometrial set-up in whih ribbon graphs aredual to triangulations with loalized urvature defets. These provide a naturalorder parameter whih allows to map a N -puntured losed Riemann surfae1Contributing author. Email: V.Gili�qmul.a.uk2Email: Mauro.Carfora�pv.infn.it3Email: Claudio.Dappiaggi�desy.de 1
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into an open one with N boundary omponents. An example of suh a mappinghas been given, in an hyperboli setting, in [2℄. A di�erent onstrution wasobtained desribing a random Regge triangulation (RRT) [3℄ as the uniformiza-tion of an open Riemann surfaeM� with a set of N annuli, ��"(p), p = 1; : : : ; Neah of whih is de�ned in the neighborhood of the p-th vertex of the originaltriangulation. Eah annulus is endowed with a orrespondent Eulidean ylin-drial metri and, via a onformal mapping an be equivalently interpreted asa ylinder of �nite height. The deorated Riemann surfae is subsequently on-struted glueing the above loal uniformizations along the pattern de�ned bythe ribbon graph barientrially dual to the parent triangulation.This geometrial setup, whih trades the loalised urvature degrees of free-dom of the parent triangulation into modular data of the new disrete surfae,is simpler than that analysed in [2℄, but it an be dynamially oupled withmatter �eld theory. In [4℄ we showed that this leads to the de�nition of a newkinematial bakground in whih it ould be possible to investigate dynamialproesses typial of open/losed string dualities.1 Boundary Insertion OperatorsThe geometry we dealt with is haraterized by N ylinders of �nite heights,whih an be interpreted as open string worldsheet, onneted through theirinner boundary to a ribbon graph. Hene, the latter is the natural lous whereN opies of a given Boundary Conformal Field Theory, eah de�ned on a singleylindrial end, interat.The quantization of a BCFT on a ylindrial domain is a deliate issuerelying on the knowledge of the data assoiated to the orrespondent bulk CFT.This is uniquely haraterized by two opies of a hiral algebra, W and W .Their generators, respetively W an and W an, are the Laurent's modes of theholomorphi and antiholomorphi hiral �elds of the theory, whih we will allW a(�) and W a(�) respetively. The extension of suh a bulk CFT to a BCFTon ��"(p) onsists in the hoie of a boundary ondition A(p) on ���"(p). This isusually done by speifying a glueing automorphism, 
A(p), whih, relating theholomorphi and anti-holomorphi hiral �elds on the boundary itself, avoidsux of informations through it. This proess allows to de�ne, out of W a(�) andW a(�), a single hiral �eld, W 
(p) (�). This is ontinuous on the full omplexplane and it ontains the information about the boundary ondition. Its Laurentmodes lose a single opy of the hiral algebra, whose irreduible representationsde�ne the Hilbert spae of states of the boundary theory.In the framework dual to a RRT, eah (p; q)-edge of the ribbon graph isonneted to two ylindrial ends, ��"(p) and ��"(q). Hene, its oriented bound-aries are deorated by two di�erent boundary onditions, say A(p) and B(q)respetively. In this piture, we do not have a jump between two boundaryonditions taking plae in a preise boundary's point. Therefore, we annotapply standard BCFT rules whih, assuming the existene of a vauum statenot invariant under translations, allow a boundary ondition to hange along asingle boundary omponent.In order to mediate between adjaent boundary onditions, we have thusintrodued a di�erent proess whih, restoring the ux of information troughthe boundaries onneted to the ribbon graph, allows to desribe the interation2



of the di�erent BCFTs on the ribbon graph. In the limit when the thikness ofthe graph goes to zero, we introdued, for eah pair (p; q) of adjaent BCFTs,a further glueing automorphism 
A(p)B(q). This deforms W 
A(p) into W 
B(q)ontinuously on the graph's edge and vieversa. This ultimately means thatwe are assoiating to eah (p; q) edge of the ribbon graph a unique opy ofthe hiral algebra. Sine the latter enodes the information about both theboundary onditions applied on the adjaent polytopes, it is natural to hoosethe highest weight operators of its irreduible representation as objets whihmediates between adjaent boundary onditions. We alled this new lass of�elds Boundary Insertion Operators.2 BIO in the rational limitBIOs as desribed in last setion are purely formal objets. However we har-aterized expliitly their algebrai and analyti struture in partiular limits ofthe BCFT. We onsidered a D-dimensional bosoni �eld theory, X� :M� ! T ,� = 1; : : : ; D, where the geometry of the target spae T is enoded, in the k-thylindrial end, by the bakground matrix E(k) = G(k) +B(k). We foused ona at toroidal bakground, where the D diretions are ompati�ed and E(k)'somponents are X-independent. Within this framework, eah ylindrial end isan open-string worldsheet whose outer boundary an lay on a stak of N D-branes. While, on the one hand, the latters allow to deorate eah open stringwith a suitable assignment of Chan-Paton fators, on the other hand they atas soure of gauge �elds as well. In the ase of stati brane and onstant gauge�eld strength, the gauge dynami an be enoded by the toroidal bakgroundvia the identi�ation F�� = 14�B�� . This translates the problem of ouplingthe model with a dynami gauge �eld into piking up a speial point in thetoroidal ompati�ations moduli spae suh that only the omponent of theKalb-Ramond �eld along the diretions parallel to the brane are non zero.Moreover, if we break U(N) ! U(1)N , and we �x the metri and theantisymmetri �eld in funtion of the Cartan matrix of a semi-simple simplylaed Lie algebra of total rank D, gD, we are hoosing those points in the modulispae whih are �xed under the ation of the generalized T -duality group. Theresultant theory of D ompati�ed bosons turns out to be rational, sine it isquantum equivalent to the ĝk=1-WZW model, where ĝk=1 is the aÆne extensionof gD at level k = 1.In this onnetion, we showed that we an parameterize the entire set ofboundary onditions we an apply on the boundary of ��"(k) by the pair [k!̂Iii;�(p)℄.The �rst element of the pair, k!̂Iii, is a Cardy boundary state of the WZWmodel. It is uniquely assoiated to the Î-th level one irreps. of ĝk=1. The seondelement, �(p), is an element of the quotient of the universal overing group of gDby its entre, �(p) 2 GDB(GD) . This parameterization allowed to give a desriptionof the model as a deformation of the ĝk=1-WZW model desribed �a la Cardy bymeans of a preise boundary ation S� = R du�aJa(u). In the last formula, oeÆ-ients �a are de�ned via a suitable immersion of �(p) into the universal overinggroup GD . This desription led to the haraterization of the glueing automor-phism assoiated to the (p; q)-edge of the ribbon graph, 
[Ĵ2�2℄(q)[Ĵ1�1℄(p), bymeans of the fusion oeÆient of the WZW model, N Ĵ2(q)Ĵ1(p)Î(p;q), and by a defor-3



mation indued by the rotation �(p; q) = �2(q)�1(p)�1. As a onsequene, wewrote the omponents of Boundary Insertion Operators in the rational limit ofthe onformal theory as  [Ĵ2;�2℄(q) [Ĵ1;�1℄(p)[Î; m℄(p;q) = PdimjÎjn=0 RÎ(p;q)mn(p;q)(�2�1�1) Ĵ2(q) Ĵ1(p)[Î; n℄(p;q) ,where  Ĵ(p) Ĵ(q)Ĵ(p;q) (x(p; q)) = N Ĵ(q)Ĵ(p) Î(p;q)  Î(p;q)(x(p; q)) and where RÎ(p;q)mn(p;q) is the a-tion of �2�1�1 in a given representation. In this ase, BIOs algebra is set interms of the unperturbed WZW model fusion rules. This property is partiu-larly manifest in the algebrai form for the expansion oeÆients of the OPEbetween  [Ĵ1;�1℄(p) [Ĵ3;�3℄(r)Î1(r;p) and  [Ĵ3;�3℄(r) [Ĵ2;�2℄(q)Î2(q;r) in terms of  [Ĵ1;�1℄(p) [Ĵ2;�2℄(q)Î3(q;p) ,namely CĴ1(p) Ĵ3(r) Ĵ2(q)Î1(r;p) Î2(q;r) Î3(q;p), whose labellings are left untouhed by the deforma-tions. The variable onnetivity of the ribbon graph, whih has been inheritedby the original triangulation, allowed to identify the above oeÆients withthe ĝ-WZW model fusion matries [5, 6, 7℄, namely the quantum 6-j symbolsCĴ1(p) Ĵ2(q) Ĵ3(s)Î1(q;p) Î2(s;q) Î3(s;p) = n Î1(q;p) Ĵ1(p) Ĵ2(q)Ĵ3(s) Î2(s;q) Î3(s;p)oQ= e 2�i1+h_ [8℄.3 Disussion and ConlusionsThe last formula provides an expliit expression for the formal rules desribingthe interplay among BCFT de�ned on the adjaent ylinders whih build thedisrete surfaeM� . In this sense, it ompletes the desription of the dynamialoupling between the disrete geometri set-up developed in [3℄ and a matter�eld theory. Out of this, in [4℄ we wrote a full amplitude on a �xed geometryspei�ed by a hoie for the ribbon graph and for a set of loalized urvatureassignations.Our aim for the future is to generalize this senario to the non-Abelian ase,in whih the U(N) symmetry arried by the D-Branes is not broken. In thisonnetion, the open string interpretation would provide naturally a non-trivialgauge olouring of the ribbon graph. This ultimately leads to the de�nition of agenuine 't Hooft diagram and, hene, of new kinematial bakground in whihit would be possible to investigate dynamial proesses proper of open/losedstring dualities. AknowledgmentsV.L.G. would like to thank the Foundation Bonompagni-Ludovisi, n�ee bildt,for �nanially supporting her stay at Queen Mary, University of London.The work of C. D. has been supported by the Alexander Von HumboldtFoundation.Referenes[1℄ D. Gaiotto and L. Rastelli, JHEP 0507 (2005) 053 [arXiv:hep-th/0312196℄.R. Gopakumar, Phys. Rev. D 70 (2004) 025009 [arXiv:hep-th/0308184℄;Phys. Rev. D 70 (2004) 025010 [arXiv:hep-th/0402063℄; Phys. Rev. D 72(2005) 066008 4
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