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DESY 06 { 211Aspets of a supersymmetri Brans-Dike theoryRiardo CatenaDeutshes Elektronen-Synrotron (DESY),22603 Hamburg, Germany(atena�mail.desy.de)We onsider a loally supersymmetri theory where the Plank mass is replaed by a dynam-ial super�eld. This model an be thought of as the Minimal Supersymmetri extension of theBrans-Dike theory (MSBD). The motivation that underlies this analysis is the researh of possibleonnetions between Dark Energy models based on Brans-Dike-like theories and supersymmetriDark Matter senarios. We �nd that the phenomenology assoiated with the MSBD model is verydi�erent ompared to the one of the original Brans-Dike theory: the gravitational setor doesnot ouple to the matter setor in a universal metri way. This feature ould make the minimalsupersymmetri extension of the BD idea phenomenologially inonsistent.I. INTRODUCTIONDuring the last deade of osmologial observations,the piture of a Universe dominated by Dark Matter andDark Energy has emerged [1℄. Although a real under-standing of the mirosopi nature of suh osmologi-al omponents is still missing, di�erent theories are atpresent under analysis.Conerning Dark Matter partiles, their indiretly ob-served interation properties naturally �t those of thelightest state of supersymmetri models with onservedR�parity [2℄. If supersymmetry really exists, a simpleand well motivated osmologial model should inlude asupersymmetri dark matter partile.Dark Energy interation properties are even more ob-sure than the Dark Matter ones. An example of this lakof knowledge is the diÆulty to explain the extremelysmall value of its mass sale that, in a phenomenolog-ially onsistent model, should be of the order of thepresent value of the Hubble parameter [3℄. As a onse-quene, diret ouplings of Dark Energy to matter �eldsare strongly onstrained by �fth fore searhes [4℄. Apossible way to avoid suh onstraints is to work in theframework of Salar-Tensor theories [5℄. In these theo-ries the gravitational interation is desribed in terms ofboth a metri tensor and a salar �eld. Moreover, theenergy density of this extra salar degree of freedom anbe easily identi�ed with Dark Energy [6℄. An interestingfeature of suh models is that the gravitational setor(that also inludes the Dark Energy salar) ouples tothe matter setor in a universal metri way so that �fthfore bounds are satis�ed by onstrution [4℄. If Dark En-ergy has a salar nature, Salar-Tensor theories providea natural framework to disuss its properties.The interesting possibility to relate a Salar-Tensor in-terpretation of Dark Energy to a supersymmetri desrip-tion of Dark Matter leads to study supersymmetri ex-tensions of Salar-Tensor theories. This is the topi of thepresent paper. As we will see, the results of this analy-sis do not rely on the partiular hoie of the underlyingSalar-Tensor theory; for this reason we will onsider thesimplest one, i.e. the Brans-Dike (BD) theory [7℄.

In the BD theory the Plank mass is replaed by adynamial salar �eld. In this paper we onsider the su-persymmetri analogous of this mehanism: we replaein the supergravity Lagrangian the Plank mass with ahiral super�eld, the \Plank super�eld". Suh a replae-ment de�nes the \natural" supersymmetri extension ofthe BD theory. Let us refer to it as the Minimal Super-symmetri Brans-Dike theory (MSBD) to distinguish itfrom other possible approahes. We �nd that, ontraryto the original BD theory, in the MSBD the gravitationalsetor does not ouple to the matter setor in a universalmetri way. As a result, possible violations of the weakequivalene priniple ould make the minimal supersym-metri extension of the BD idea phenomenologially in-onsistent.In spite of this onlusion, we �nd the subjet a goodlaboratory for studying realisti models of Dark Matter-Dark Energy uni�ation. For instane, alternative ap-proahes to the problem ould provide a onsistent se-nario where Dark Matter and Dark Energy are identi�edwith di�erent omponents of the Plank multiplet.The plan of this paper is as follows. In setion II andIII we introdue notation and review the BD model andthe onept of universal metri oupling. Setion IV isdevoted to the MSBD theory; we will speially underlinethe di�erenes between its phenomenology and the oneof the original BD theory. Setion V is onerned withsome tehnial details, related with the omponent �eldsformalism, that should make the arguments of setionIV more preise. The results are disussed in setion VI.Finally, we list in the appendix useful expressions thatwe used during the omputations.II. NOTATIONWe will use in the following the same notation andonventions of [8℄. We list here for larity some of them.The superspae is desribed in terms of the oordi-nates (ym; ��). Greek indexes label two omponentsWeyl spinors while latin indexes the omponents of four-vetors. Indexes transforming under loal oordinates
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2transformations in superspae are alled Einstein indexesand are taken from the end of the alphabet, for example(m; n; : : : ). Instead, indexes transforming under loalLorentz transformations are alled Lorentz indexes andare taken from the beginning of the alphabet, for example(a; b; : : : ). The power series expansion in �� of a hiralsuper�eld � is given by�(ym; ��) = A(ym) +p2 ����(ym) + ����F (ym) (1)where A(ym) and F (ym) are omplex salars and ��(ym)a Weyl spinor. We will ouple matter super�elds to theminimal supergravity multiplet. This ontains the viel-bein eam, the gravitino  a� and two auxiliary �elds: avetor ba and a salar M . Finally, ovariant derivativeswith respet to supergravity transformations are denotedby D�, �D _� and Dm.III. THE BRANS-DICKE THEORY AND THEUNIVERSAL METRIC COUPLINGIn General Relativity the oupling between gravity andmatter is desribed by the following LagrangianLEH = �12 eM2PlR+ LM[eam;	℄ ; (2)where e � det(eam), R is the Rii salar and 	 symbol-ially represents all matter �elds involved in the theory.In the BD approah to the gravitational interation thePlank mass appearing in eq. (2) beomes dynamial bymeans of the substitutionM2Pl =) '2(ym) ; (3)where '(ym) is a real salar �eld. As a onsequeneeq. (2) is replaed byLBD = L'[eam; '℄ + LM[eam;	℄= �12 e �'2R+ ! �m'�m'�+ LM[eam;	℄ ; (4)where the fator ! that multiplies the kineti term of' has to be tuned to �t the post-newtonian bounds [9℄.Eq. (4) gives the so alled \Jordan frame" formulation ofthe theory. In this frame the BD salar does not appearin the matter Lagrangian and partile physis is just thestandard one. The theory an be formulated in otherframes related to the Jordan one by a Weyl resaling ofthe vielbein suh as eam ! eam el('), where l(') is some'-dependent funtion. In these alternative formulationsthe matter Lagrangian aquires an expliit funtional de-pendene from ', i.e. LM = LM[eam el(');	℄. However,the inverse Weyl resaling eam ! eam e�l(') always bringsbak the theory to its original version in whih partilephysis is just the standard one.Eq. (4) shows that in the BD theory all matter �eldsfeel the gravitational interation through the same viel-bein, the Jordan frame vielbein. For this reason suh a

matter-gravity oupling is also alled universal and met-ri. This is a non trivial property and has very importantphenomenologial impliations. It an be shown, for in-stane, that in a theory where matter ouples to gravityin a universal metri way the weak equivalene prinipleis satis�ed by onstrution [4℄.A typial example of non universal metri oupling isthe following. Let us introdue in the gravitational setora long range salar �eld � that ouples like a dilaton tothe �eld strength F�� of some (for simpliity) abeliangauge group with gauge oupling �gS�FF = � 14�g2 Z d4xp�g g��g���F��F�� (5)where g�� is the metri tensor and g � det(g��). Sinein four dimensions the ombination p�g g��g�� is Weylinvariant, the salar �eld � an not be reabsorbed bymeans of a resaling of the metri. Therefore, in this ex-ample the gauge �eld strength F�� feels gravity throughthe metri g�� and the salar �. In other words, sine noWeyl resaling of g�� an \remove" � from the mattersetor (S�FF), it is not possible in this ase to de�ne aJordan frame. Suh a non metri and universal ouplingan be easily interpreted in terms of an e�etive, salar-�eld dependent, gauge oupling, i.e. �g�2e� (�) � �g�2�.Moreover, it an be shown that in this piture also themasses of the partiles beome �-dependent. Howeverthe proton and neutron masses, for instane, aquire dif-ferent dependenes from �. This is a onsequene of thefat that a gauge interation ontributes di�erently tothe proton and neutron binding energies. As a result,the theory manifestly violates the weak equivalene prin-iple [4℄.IV. THE MINIMAL SUPERSYMMETRICBRANS-DICKE THEORYEq. (3) gives a presription to onstrut the BD La-grangian starting from the Einstein-Hilbert one. In thissetion we apply an analogous presription to the super-gravity LagrangianLsg = �3M2Pl Z d2� 2ER+ LM[H;	℄ + h.. ; (6)whereH is the supergravity multiplet, E is the hiral den-sity and R represents the urvature super�eld, de�ned asthe ovariant derivative of the spin onnetion.Let us start introduing a hiral super�eld � with om-ponents given in the power series expansion (1). We willall � the Plank super�eld. This dynamial objet al-lows the natural supersymmetri extension of the substi-tution (3) M2Pl =) �2(ym; ��) : (7)



3Applying the substitution (7) to eq. (6) one �ndsLMSBD = L�[H;�℄ + LM[H;	℄= �3 Z d2��2 2ER�� 18 Z d2� 2E � �D _� �D _� � 8R��y�++ LM [H;	℄ + h.. ; (8)where in the third line, in analogy with eq. (4), we intro-dued a kineti term for �. To be as general as possiblewe do not assume any partiular form for LM .Eq. (8) de�nes the Minimal Supersymmetri BransDike theory (MSBD). Its invariane under supergrav-ity transformations follows from the properties of hiraldensities. By de�nitions, hiral densities transform liketotal derivatives in the spae (ym; ��) and the produt ofa hiral density and a hiral super�eld is again a hiraldensity [8℄. Moreover, the super�elds � �D �D � 8R��y�and �2 are hiral if � is hiral. This proves the invari-ane of the Lagrangian (8) under supergravity transfor-mations.Let us fous now on its phenomenology. As we willsee expliitly in the next setion, the omponent �eldsexpansion of eq. (8) gives rise to a Lagrangian with thefollowing strutureLMSBD = L�[eam;  a�; ba;M;A; ��; F ℄+ LM[eam;  a�; ba;M;	℄ ; (9)where eah �elds was already introdued during the pre-vious setions. Eq. (9) is the supersymmetri versionof eq. (4). The ruial di�erene between the two La-grangians is that in the supersymmetri one LM and L�ommuniate also through the auxiliary �elds ba and M .This has deep phenomenologial onsequenes when theauxiliary �elds are removed by means of their equationsof motion. To show this point, let us write the generalsolution of the equations of motion for M and ba as fol-lows ba = h1(: : : ; A; ��) ;M = h2(: : : ; A; ��) ; (10)where h1 and h2 are two appropriate funtions of the�elds involved in the theory. In eq. (10) we underlinedthe ruial dependene of h1 and h2 from A and ��.Now, replaing the solutions (10) in the Lagrangian (9),the degrees of freedom of the Plank multiplet expliitlyappear in the matter Lagrangian. Sine no Weyl resal-ing of the vielbein an remove the auxiliary �elds fromLM, it follows that the Plank multiplet ouples intrinsi-ally to matter. Therefore, there is no way to write thematter Lagrangian as LM[eam;  a�;	℄ by means of a suit-able vielbein rede�nition of the form eam ! eam el(A;��;F ),where l is an appropriate funtion of the omponents of�. In other words, a Jordan frame does not exist for suha theory. The main onsequene is that in the MSBD

theory the weak equivalene priniple is not satis�ed byonstrution and time variations of masses and ouplingsare not under ontrol. In the next setion we will givethe expliit expressions for eqs. (9) and (10).V. COMPONENT FIELDSThe Lagrangians given in this setion are obtained us-ing the results summarized in the appendix. Let us startwith the �rst term of eq. (8). Its omponent �elds ex-pansion reads�3 Z d2��2 2ER+ h.. =�14 e(A2 +A2�)R+12 e"abd � � a��bD dA2 �  a�bD � dA2��+ 116 e(A2 �A2�)"abd � � a��bD d +  a�bD � d�� 1p2 eA��a��b ab � 1p2 eA� ����a�b � ab�16 e(A2 +A2�)MM� + 16 e(A2 +A2�)baba� i2 e ema Dmba(A2 �A2�)�14 e a�a � bbb(A2 � A2�)� 14 e � a��a bbb(A2 �A2�)� ip2 eA� aba + ip2 eA� �� � aba�12 e��M � 12 e����M� + eAFM + eA�F �M� ; (11)where  �nm = Dn �m �Dm �n ;Dn �m = �n �m +  �m! �n� ;and ! �n� is the algebra-valued spin onnetion.Now we fous on the kineti term of the Plank super-�eld. Its omponent �elds expansion is given by�18 Z d2� 2E � �D _� �D _� � 8R��y� =+16 ejAj2R� e �mA�mA�� i2 e (��mDm ��+ ����mDm�)�16 ejAj2"abd � � a��bD d �  a�bD � d�+p23 e �A���ab ab +A����ab � ab��p22 e � � a��b�a ���bA+ ��a��b a�bA��+14 e"abd (A��aA�A�aA�) b� � d



4�19 ejAj2baba + i3 e ba (A�aA� �A��aA)�16 e ��aba ��� ip26 eba �A � a ���A� a��+e FF � + 19 ejAj2jM j2 � 13 eMA�F � 13 eM�F �A+L4 ; (12)where L4 inludes only 4�fermions interations and itwill be given afterwords.Using eqs. (11) and (12) one an write the expliitomponent �elds expansion of eq. (8). For simpliity wedeompose the �nal Lagrangian as followsLMSBD = LK + Lint + L4 + Laux ; (13)where LK is the Lagrangian for the kineti terms of the�elds ontained in the Plank and supergravity multi-plets, Lint desribes the interations between the Plankand supergravity multiplets not inluded in L4 and Lauxis the Lagrangian for the auxiliary �elds where we alsoabsorbed LM. We list in the following their expliit ex-pressions. LK readsLK = �14 ef(A;A�)R� e �mA�mA�� i2 e (��mDm ��+ ����mDm�)+ e"abd�g1(A;A�) � a��bD d+ g2(A;A�) a�bD � d� ; (14)where the funtions f , g1 and g2 are de�ned as followsf(A;A�) = A2 +A2� � 23 jAj2 ;g1(A;A�) = 916A2 � 116A2� � 16 jAj2 ;g2(A;A�) = 116A2 � 916A2� + 16 jAj2 : (15)The Lagrangian Lint is given byLint = p23 e �A���ab ab +A����ab � ab�� p22 e � � a��b�a ���bA+ ��a��b a�bA��+ 14 e"abd (A��aA�A�aA�) b� � d� 1p2 eA��a��b ab � 1p2 eA� ����a�b � ab : (16)The 4�fermions interations L4 readL4 = +14 e����b  � b ��� iep28 � a���b�a+ ��a���b�  � b ��A + h.. ; (17)

and �nally,Laux = 16 ef(A;A�)baba + i3 e ba (A�aA� �A��aA)�16 e ��aba ��� ip26 eba �A � a ���A� a��� i2 e ema Dmba(A2 �A2�)�14 e a�a � bbb(A2 �A2�)� 14 e � a��a bbb(A2 �A2�)� ip2 eA� aba + ip2 eA� �� � aba�16 e f(A;A�)jM j2 + e FF � � 13 eMA�F � 13 eM�F �A�12 e��M � 12 e����M� + eAFM + eA�F �M�+LM[eam;  a�; ba;M;	℄ : (18)To reover a omplete analogy with eq. (4) one hasto perform in eq. (13) a Weyl resaling of the vielbeinin order to have a kineti term for the graviton of theform �1=2 ejAj2R. However, LM also inludes a on-tribution proportional to R; as a onsequene suh aresaling should be performed only after having spei-�ed LM. Adding LM to eq. (11) and taking the limitA = A� =MPl and F = � = 0, one gets the expression�12 eM2PlR+12 eM2Pl"abd � � a��bD d �  a�bD � d��13 eM2PlMM� + 13 eM2Plbaba+LM[eam;  a�; ba;M;	℄ : (19)that, in agreement with [8℄, gives the omponent �eldsexpansion of the Lagrangian (6).As usual, auxiliary �elds an be expressed in termsof other �elds involved in the theory by means of theirequations of motion. Using the Lagrangian (18) one �ndsba = �i 1f (A��aA�A��aA) + 12f ��a ��+ip22f (A � a ���A� a�) + i 3p2f (A� a �A� �� � a)+ 34f (A2 �A2�)( a�a � b + � a��a b)+i 32f ! mma � i 32f �m[ema (A2 �A2�)℄� 3ef �LM�ba ;M = C1��3 ����+ 6e �LM�M�� ;F � = C2 ��3 ����+ 6e �LM�M�� ; (20)



5where C1(A;A�) � 16jAj2 �A2 �A2� ;C2(A;A�) � C1(A;A�)�13 A� �A� :In eqs. (20) we omitted the dependene from A andA� of the funtions f , C1 and C2. When LM is spei�ed,from eqs. (20) one an expliitly ompute the funtionsh1 and h2 introdued in setion IV.VI. CONCLUSIONSIn this paper we have studied the minimal supersym-metri extension of the BD theory (MSBD) de�ned byeq. (8). The underlying motivation was the researh ofpossible onnetions between a Salar-Tensor interpre-tation of Dark Energy and a supersymmetri desrip-tion of Dark Matter. Eq. (8) is obtained replaing thePlank mass with a hiral super�eld in the supergrav-ity Lagrangian (6). We alled this extra super�eld thePlank super�eld. Although this approah looks verynatural, the resulting phenomenology is radially di�er-ent from the one of the original BD theory. In the MSBDtheory the extra degrees of freedom of the Plank super-�eld intrinsially ouple to matter and a Jordan frameformulation an not be ahieved through a suitable viel-bein rede�nition. As a onsequene, this theory does notsatisfy the weak equivalene priniple by onstrution.This onlusion ould make the minimal supersymmetriextension of the BD idea phenomenologially inonsis-tent. 1In spite of this result, we �nd that if a onsistent su-persymmetri Salar-Tensor theory were onstruted, itould provide a natural framework to ahieve a DarkMatter-Dark Energy uni�ation. For instane, in suha senario Dark Matter and Dark Energy ould be iden-ti�ed with di�erent omponents of the Plank super�eld.This issue is at present under analysis.APPENDIXWe list here some useful � expansions that we used forderiving the Lagrangians of setion V. Let us start withthe hiral density E . Its omponent �elds expansion isgiven by [8℄2 E = e �1 + i��a � a � ��(M� + � a��ab � b)� : (A.1)The urvature super�eld has the following power seriesexpansion [8℄R = �16(M + � �a��b ab � i�a � aM + i aba!+ ��"� 12R+ i � a��b ab + 23MM� + 13baba

� i e ma Dmba + 12 � � M � 12 a�a � b+ 18"abd � a��b d +  a�b � d!#) : (A.2)Finally, the ation of the hiral projetor� �D _� �D _� � 8R� on the �eld �y is given by [8℄� �D _� �D _� � 8R��y =�4F � + 43MA� + �"� 4ip2�D̂ ��� 23p2�aba ��+43A� 2�ab ab � i�a � aM + i aba!#+��(� 4 e ma DmD̂aA� � 83 ibaD̂aA��23p2 � ab��ab ��+ 2p2 � aD̂a ��� 83M�F ��23 ip2 � a ��ba + 13 ip2 � a��a� ��b+43A�"� 12R+ i � a��b ab + 23MM� + 13baba�i e ma Dmba + 12 � � M � 12 a�a � b+18"abd � a��b d +  a�b � d!#) ; (A.3)where D̂aA� = e ma �mA� � 12p2 � a _� �� _�D̂a �� _� = e ma Dm �� _� � i2p2��b _�Æ aÆD̂bA�� 12p2 � _�aF � : (A.4)ACKNOWLEDGMENTSI sinerely thank Massimo Pietroni for many usefulsuggestions and disussions on Salar-Tensor theories andtheir possible supersymmetri extensions. I would alsolike to thank Wilfried Buhmueller for interesting disus-sions on the topi and Massimo Pietroni and GonzaloPalma for having read and ommented on a draft of thepaper. I �nally aknowledges a Researh Grant fundedby the VIPAC Institute.



61 Here by \inonsistent" we mean that the weak equivalene prin-iple is not satis�ed by onstrution. For any other possibleinonsisteny or onstraint that apply to ST theories, see for instane [4℄ and referenes therein.
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