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Confronting fragmentation fun
tion universality with singlehadron in
lusive produ
tion at HERA and e+e� 
ollidersS. Albino, B. A. Kniehl, G. Kramer, and C. SandovalII. Institute for Theoreti
al Physi
s, University of Hamburg,Luruper Chaussee 149, 22761 Hamburg, Germany(Dated: November 2, 2006)Abstra
tPredi
tions for light 
harged hadron produ
tion data in the 
urrent fragmentation region ofdeeply inelasti
 s
attering from the H1 and ZEUS experiments are 
al
ulated using perturbativeQuantum Chromodynami
s at next-to-leading order, and using fragmentation fun
tions obtainedby �tting to similar data from e+e� rea
tions. General good agreement is found when the magni-tude Q2 of the hard photon's virtuality is suÆ
iently large. The dis
repan
y at low Q and smalls
aled momentum xp is redu
ed by in
orporating mass e�e
ts of the dete
ted hadron. By perform-ing quark tagging, the 
ontributions to the overall fragmentation from the various quark 
avoursin the ep rea
tions are studied and 
ompared to the 
ontributions in e+e� rea
tions. The yields ofthe various hadron spe
ies are also 
al
ulated.
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I. INTRODUCTIONDue to their high a

ura
y, data for single hadron in
lusive produ
tion in high energye+e� rea
tions have been used within the framework of the fa
torization theorem of QuantumChromodynami
s (QCD) at leading twist and at next-to-leading order (NLO) to 
onstrainfragmentation fun
tions (FFs) for 
harge summed light 
harged hadrons (��, K� and p=�p) inRefs. [1, 2, 3, 4℄. The bene�ts of su
h an extra
tion are twofold. First, a test of perturbativeQCD is provided and 
onsequently imposes a 
onstraint on the strong 
oupling 
onstant�s(MZ) at the Z boson mass s
ale MZ . Se
ond, sin
e the universality prin
iple of thefa
torization theorem implies that the FFs are independent of the initial state, FFs extra
tedin this way 
an be used to make predi
tions for other hadron produ
tion pro
esses su
h asthose arising from ep rea
tions in the 
urrent fragmentation region and from pp and p�prea
tions.Tests of universality were performed in Ref. [5℄ by 
onfronting predi
tions obtained fromthe KKP FF set [1℄ with 
orresponding measurements of rapidity (y) and transverse mo-mentum (pT ) distributions for unidenti�ed light 
harged hadron produ
tion in p�p rea
tionsat UA1, UA2 and CDF, 
p rea
tions at H1 and ZEUS, and 

 rea
tions at OPAL. Withinthe theoreti
al and experimental errors the des
ription of all data sets was good. However,the predi
tions for the p�p rea
tions have large theoreti
al errors arising from s
ale varia-tions, and the experimental errors are largest at large pT where additional non-perturbativeinformation su
h as higher twist is expe
ted to be least important. The 
p and 

 rea
tiondata su�er from similar problems, but in addition the predi
tions gain large errors from therather badly 
onstrained parton distribution fun
tions (PDFs) of the photon. Distributionsin y generally have even larger theoreti
al errors. More stringent tests of universality wereperformed in Refs. [6, 7, 8℄ through analysis of pseudorapidity and pT distributions from H1for the pro
ess ep ! e + �0 +X, and in Ref. [6℄ through analysis of pT distributions fromZEUS for the pro
ess ep! e+h+X, whi
h did not require the use of photon PDFs (ex
eptin the low Q region [9℄). The disagreement found with the ZEUS data was redu
ed in Ref.[10℄ through resummation of multiple parton radiation at low pT .In this paper we 
onfront predi
tions of normalized light 
harged hadron s
aled mo-mentum (xp) distributions with single hadron in
lusive produ
tion measurements in deeplyinelasti
 s
attering at the H1 [11℄ and ZEUS [12, 13℄ experiments (the more re
ent ZEUS2



data of Ref. [14℄ are unfortunately unavailable) at high Q in the 
urrent fragmentation re-gion, where the dete
ted hadron originates from the fragmentation of a parton at high s
ale.These hadrons 
an be reliably distinguished from those in the target fragmentation region byworking in the Breit frame, where the stru
k quark, whi
h subsequently fragments, movesin the opposite dire
tion to the proton remnants, so that xp distributions in the 
urrentfragmentation region are 
losely related to xp distributions in any one of the two eventhemispheres of e+e� rea
tions. Consequently, 
omparison of predi
tions for ep rea
tion datausing FFs 
onstrained from e+e� rea
tion data allows for more dire
t tests of universality.Sin
e the data are normalized, un
ertainties from the proton PDFs and their perturbativeevolution are redu
ed, as well as the dependen
e on Bjorken x.The 
harge-squared weighted FFs are weighted equally in e+e� rea
tions. In parti
ular,this implies that FFs for massless d and s quarks 
annot be separated if they are notseparately tagged, so that, sin
e no individually tagged light quark 
avour data was usedin the analyses of Refs. [1, 2, 3℄, additional theoreti
al 
onstraints on the d quark had tobe imposed. However, 
al
ulation of hadron produ
tion pro
esses from proton initiatedrea
tions at fa
ilities su
h as HERA (e+p), the Tevatron (p�p), RHIC and the LHC (pp),where the 
harge-squared weighted FFs for quarks of ea
h 
avour have an independentweighting provided by the PDFs, may demand some degree of knowledge of the individualquark FFs, parti
ularly in the light quark se
tor.In the determination of the AKK FF set for light 
harged hadrons [4℄, a more phenomeno-logi
al separation of the light quark 
avour FFs was pursued using the individually quark
avour tagged probabilities measured by the OPAL 
ollaboration [15℄. These probabilitieswere 
onstrained by single and double hadron in
lusive produ
tion measurements for whi
hlight quarks are favoured, together with the well justi�ed theoreti
al assumptions of SU(2)isospin invarian
e between u and d quarks for the quark 
ompositions of ��, and the bran
h-ing ratios of the Z boson into quark-antiquark pairs of ea
h quark 
avour from perturbativeQCD. Small xp subtleties in double hadron in
lusive produ
tion are relatively unimportantsin
e the data are in the range xp > 0:2. Su
h a separation should make little di�eren
eto the 
urrent knowledge of �� FFs, sin
e the SU(2) isospin relation was also used in theextra
tion of the KKP FF set to 
onstrain the d quark. Thus, predi
tions for �� data shouldnot depend too mu
h on the 
hoi
e of FF set. The same applies to unidenti�ed light 
hargedhadron data, albeit to a slightly less degree, sin
e �� dominates the sample on a

ount of its3



low mass. However, the anti
ipated strange quark suppression in K� produ
tion observedin the OPAL experiment gave more realisti
 K� produ
tion FFs for d and s quarks in theAKK set than those in the KKP set, where the FF for s was set equal to the FF for u forsimpli
ity. Finally, the light quark separation of the AKK FFs for p=�p produ
tion may alsobe signi�
ant, although it was limited by the large experimental un
ertainties of the OPALtagging probabilities.These expe
tations are found to some degree in the 
omparisons of theoreti
al predi
tionswith pp initiated single hadron in
lusive produ
tion data [16, 17℄ from the STAR 
ollabora-tion. In Ref. [16℄, both the AKK and KKP FF sets lead to similar and good des
riptions ofthe �� yield, while the theoreti
al predi
tion gives better agreement (at s
ale � = pT ) withthe measured p=�p produ
tion when the p=�p FFs are employed from the AKK set than fromthe KKP set. The AKK set for K� and K0S [18℄ also resulted in an improvement [19℄ in thetheoreti
al des
ription of the K0S produ
tion measurements of Ref. [17℄.The paper is organized as follows. We �rst present the formalism behind our 
al
ulationsin se
tion II. We de�ne the observable we are studying, and give the form of the 
ross se
tionin terms of the FFs to underline the similarities among, and di�eren
es between, singlehadron in
lusive produ
tion in e+e� and ep rea
tions. Then we dis
uss the modi�
ationto the 
ross se
tion when the dete
ted hadron's mass is not negligible, sin
e this e�e
t isimportant at suÆ
iently small xp and low Q. Se
tion III 
ontains our 
omparisons with thedata, and we examine the un
ertainties arising from the arbitrary 
hoi
e of s
ale, of PDF setand of FF set, as well as the importan
e of gluon fragmentation and of the dete
ted hadronmass e�e
t. Furthermore, although the 
orresponding data is absent, the 
ontributionsfrom the individual fragmenting parton and dete
ted hadron spe
ies to the 
ross se
tionare 
al
ulated to further determine di�eren
es and similarities of the FF sets. In se
tionIV we present our 
on
lusions. Finally, the appendix gives details on the 
uts used in theexperiments.II. THEORETICAL FORMALISMWe are 
on
erned with the pro
ess ep ! e + h + X, where h is a dete
ted hadron andX is the remaining unobserved part of the �nal state, whose kinemati
 variables will beassigned a

ording to the external parti
les of the general graph in Fig. 1. The kinemati
4
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PFIG. 1: General graph for the leading twist 
ontributions to the pro
ess e(k)p(P )! e(k0)+h(ph)+X. Parallel trios of lines signify unobserved �nal states.degrees of freedom are 
hosen to be the 
entre-of-mass (
.m.) energy ps of the initial stateele
tron-proton system, whi
h is given by s = (P + k)2 and whi
h is kept �xed in theexperiments, the magnitude of the hard photon's virtuality Q2 = �q2, the Bjorken s
alingvariable x = Q2=(2P � q) and the s
aled dete
ted hadron momentum xp = 2ph � q=q2. Thenormalized 
ross se
tion (with the s dependen
e omitted for brevity) takes the formF proton h(
uts; xpA; xpB) = R
uts dQ2dx R xpBxpA dxp dOproton hdxp (x; xp; Q2)R
uts dQ2dxOproton(x;Q2) ; (1)where, for 
onvenien
e later, we use the shorthand O for d2�=(dxdQ2), where \
uts" refers toa spe
i�ed region in the (x;Q2) plane (see the appendix for the various 
uts used by H1 andZEUS), and where xpA(B) is the lower (upper) edge of the xp bin. The 
ross se
tion and thekinemati
 variables are frame invariant, and are measured in the Breit frame, de�ned to bethe frame where the photon energy vanishes. In this frame the target fragmentation region(xp < 0) 
ontains the proton remnants, while the stru
k parton fragments into the 
urrentfragmentation region (xp > 0), and the latter pro
ess is equivalent to the fragmentation ofa parton into an event hemisphere in e+e� rea
tions.A. QCD fa
torization theoremThe fa
torization theorem di
tates that the leading twist 
omponent of the fa
torized
ross se
tion in the numerator of Eq. (1) is 
al
ulated from pro
esses of the form shown in5



Fig. 1 and takes the formdOproton hdxp (x; xp; Q2) = Z 1x dyy Z 1xp dzz Xij d bOijdz �y; z; Q2�2 ; as(�2)�� xy fprotoni �xy ; �2� xpz Dhj �xpz ; �2� : (2)In this framework, the in
oming parton i has momentum p = (x=y)P and the outgoingparton j has momentum p0 = (z=xp)ph. fprotoni is the PDF of parton i in the proton, Dhjis the FF of parton j to the hadron h, bOij is the equivalent fa
torized partoni
 observablegiven to NLO in Ref. [20℄, � is the fa
torization / renormalization s
ale whi
h distinguishesthe soft from the hard subpro
esses and as(�2) = �s(�)=(2�). The more 
ommonly writtenform of Eq. (2) 
an be obtained by 
hanging the integration variables to bx = x=y andbxp = xp=z, whi
h a

entuates the role of the PDFs and FFs as probability densities. Usingthe momentum sum rule Xh Z 10 dzzDhj (z; �2) = 1; (3)the integration over xp from 0 to 1 and the sum over h of Eq. (2) yields the fa
torized 
rossse
tion in the denominator of Eq. (1), viz.Oproton(x;Q2) = Z 1x dyy Xi bOi�y; Q2�2 ; as(�2)� xy fprotoni �xy ; �2� : (4)B. Comparison with e+e� ! h+XWe now perform a pedagogi
al study of the FF dependen
e of F proton h. Therefore, andin this subse
tion only, we work to leading order (LO) (however, all 
al
ulations used forour numeri
al analysis of se
tion III will be performed to NLO), whered bOijdz �y; z; Q2�2 ; as(�2)� = d�0dQ2 (Q2)XI ÆijÆiIe2qI (Q2)Æ(1� y)Æ(1� z) (5)and bOi�y; Q2�2 ; as(�2)� = d�0dQ2 (Q2)XI ÆiIe2qI (Q2)Æ(1� y): (6)In these expressions, �0 is the 
ross se
tion for the elasti
 pro
ess e� ! e� for one photonex
hange in the t-
hannel, and I indexes the quark of e�e
tive ele
troweak 
harge eqI (Q2).As a further simpli�
ation, we will negle
t the bin width inQ sin
e F proton h is approximately6



independent of Q up to O(1= lnQ) 
orre
tions. (However, we will not negle
t the bin widthsin Q in se
tion III.) The result isF proton h(
uts; xpA; xpB) = R xpBxpA dxpPI e2qI (Q2)GI(Q2)xpDhI (xp; Q2)PJ e2qJ (Q2)GJ(Q2) ; (7)where GI(Q2) = R
uts dx xfprotonI (x;Q2). If the GI are independent of I, the numerator ofEq. (7) is equal to the equivalent LO result for e+e� ! h+X. It is therefore essentially thedi�eren
es between the GI whi
h distinguishes the two types of observables. The relativesizes of the 
omponents of the ep 
ross se
tion where the quark dire
tly 
onne
ted to theele
troweak boson is tagged help to determine the relative importan
e of the fragmentationof individual quark 
avours in the untagged 
ross se
tion in ep rea
tions, and 
onsequentlyto what extent these data 
ould 
omplement the untagged and tagged data from e+e�rea
tions in understanding fragmentation from the various quark 
avours. The ep 
rossse
tion for whi
h quark I is tagged 
an be obtained by setting the remaining quark 
hargesto zero in the 
al
ulation, implying that it is s
ale independent and is given at LO bye2qI (Q2)GI(Q2)xpDhI (xp; Q2). Then the largest 
omponent is the tagged 
ross se
tion forwhi
h I = u, due to the valen
e stru
ture of the proton, the larger 
harge of the u quarkrelative to the d quark and, to some extent, be
ause the u quark is the most favoured onein the produ
tion of light 
harged hadrons. By the nature of data from e+e� rea
tions,the u quark fragmentation is 
urrently also the most 
onstrained 
omponent, in parti
ularfor �� produ
tion whi
h 
onstitutes most of the sample, while the most un
onstrained
omponent is the di�eren
e between the d and s quark fragmentations due to their similare�e
tive ele
troweak 
harges. Consequently, in the absen
e of suÆ
iently pre
ise data for eprea
tions, uds (or equivalently 
 and b) tagging would therefore be valuable sin
e togetherwith e+e� rea
tion data it would provide some 
onstraint on the separation between d ands quark fragmentation, by virtue of the di�eren
e between Gd and Gs. So far only 
harmquark tagging through D�� produ
tion measurements [21℄ has been performed in the fullyin
lusive 
ase to obtain F 
2 . Separate u, d and s tagging as performed in e+e� rea
tions [15℄would 
onstitute a further improvement, but may not be possible at present.Gluon fragmentation is not so well 
onstrained by e+e� rea
tions sin
e the gluon doesnot 
ouple dire
tly to the ele
troweak boson. Although the proton is an abundant sour
eof gluons, this un
ertainty is unlikely to 
ontaminate the measurements from ep rea
tionsfor the same reason. This 
ontrasts with p�p and pp rea
tions, where gluon fragmentation is7



very important be
ause a gluon or quark from one (anti)proton 
an probe a gluon from theother (anti)proton dire
tly and with a mu
h stronger 
oupling.C. Dete
ted hadron mass e�e
tThe produ
tion rate of the dete
ted hadron falls as its mass mh in
reases due to theredu
tion in the size of the available phase spa
e. This e�e
t is parti
ularly pronoun
edat small xp and low Q, where mh 
annot be negle
ted relative to the hadron's spatialmomentum. Treatment of the hadron mass e�e
t in the timelike 
ase was 
overed in Ref.[22℄; here we derive the modi�
ation to Eq. (2) in the spa
elike 
ase. The result is essentiallyequivalent to that of Ref. [22℄ after making the repla
ement s ! Q2, where ps is the 
.m.energy of the e+e� system.In general, the s
aling variables of the fa
torization theorem are given by ratios of thelight 
one momenta. To �nd the general relation between the true s
aling variable of frag-mentation and the measured variable xp in the presen
e of hadron mass, we work in the
lass of frames in whi
h the spatial momenta of the virtual photon and the dete
ted hadronare parallel, but is otherwise 
ompletely general. It 
ontains, but is not limited to, the Breitframe, whi
h is a
hieved by a boost in the dire
tion of the two momenta. The 3-axis is
hosen to be aligned anti-parallel with this dire
tion, with no loss of generality. In light 
one
oordinates V = (V +; V �;VT ), where V � = (1=p2)(V 0 � V 3) and VT = (V1; V2), we thenhave q = �� Q22q� ; q�; 0� ; (8)and the momentum of the dete
ted hadron with non-zero mass in terms of the s
alingvariable �p = p�h =q�, whi
h is invariant with respe
t to boosts along the 3-axis, isph = � m2h2�pq� ; �pq�; 0� : (9)This immediately implies that �p is related to the measured variable xp throughxp = �p�1� m2hQ2�2p� : (10)In Eq. (2), the partoni
 momentum must be 
hosen asp0 = zxp (0; p�h ; 0); (11)8



and �p must repla
e xp everywhere. The left hand side, dOproton h=d�p, is related to theexperimentally measured quantity dOproton h=dxp bydOproton hdxp (x; xp; Q2) = 11 + m2hQ2�2p(xp) dOhd�p (x; �p(xp); Q2): (12)This normalization of the theoreti
al 
ross se
tion agrees with one whi
h has alreadybeen proposed [23℄, and applied in analyses of experimental data [14, 24℄, up to termsof O((m2h=(�2pQ2))2).In prin
iple, the e�e
t of the initial state proton mass, whi
h is most important at largex and low Q, should also be a

ounted for. However, sin
e the data we will study are mostlyextra
ted at small x values, and sin
e this e�e
t modi�es the numerator and denominatorof Eq. (1) in similar ways, we will negle
t it.III. COMPARISONS WITH HERA DATAIn this se
tion we present our numeri
al results for the single hadron in
lusive produ
tionmeasurements from H1 and ZEUS. The kinemati
 regions of these data are dis
ussed in theappendix. In FF �ts, un
ertainties at small xp, su
h as higher twist e�e
ts, quark and hadronmass e�e
ts and unresummed soft gluon logarithms in the evolution of the FFs, render thetheoreti
al 
al
ulations for hadron produ
tion data from e+e� rea
tions unreliable when thes
aled momentum, given in this 
ase by xp = 2ph=ps, where ph is the 
.m. momentum of thedete
ted hadron, falls below 0.1. Be
ause of the resulting un
ertainties in the FFs at smallxp, and be
ause ep rea
tion data su�er from similar un
ertainties at small xp, we only studyep rea
tion data for whi
h xp > 0:1. Cross se
tions are 
al
ulated to NLO in the MS s
hemeusing the CYCLOPS software [25℄. We set the number of a
tive quark 
avours nf = 5.To a

ount for the initial state proton, we use the CTEQ6M PDF set of Ref. [26℄ unlessotherwise stated. We use their value �(5)QCD = 226 MeV. Although this does not 
oin
idewith the values at whi
h the various FF sets are obtained, within this range of values thedependen
e on �(5)QCD is rather small. The fa
torization / renormalization s
ale is 
hosenas � = Q unless stated otherwise. The dete
ted hadron's mass mh is set to zero unlessotherwise stated.
9



A. S
aled momentum distributionsIn this subse
tion we 
ompare theoreti
al predi
tions with single hadron in
lusive pro-du
tion xp distributions measured by H1 [11℄ (see Fig. 22 for the kinemati
al 
onstraints)and ZEUS [12℄ (see Fig. 23). The predi
tions generally agree well with the ZEUS data (Fig.2). The predi
tions using the Kretzer FF set [2℄ are similar to those in Ref. [10℄, wherethe CTEQ5M1 PDF set was used. A similar 
omparison was performed in Ref. [27℄ usingthe BKK FF set [28℄, and the agreements were good when the CTEQ3M and MRSA0 PDFsets were used. For both the H1 (Figs. 3 and 4) and ZEUS data, the predi
tions using
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dσ
/d

x p
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FIG. 2: Comparisons of theoreti
al predi
tions using the AKK, Kretzer and KKP FF sets withthe xp distribution from ZEUS [12℄.the KKP FF set are the most gradual in xp, while the Kretzer predi
tions are the steepest.The predi
tions from the AKK and Kretzer sets are quite similar, parti
ularly at large xpand for all xp values of the high Q H1 data (Fig. 4). The un
ertainty from the freedomin the 
hoi
e of FF set is largest at large xp, sin
e the data from e+e� rea
tions is mostina

urate and most s
ar
e at large xp. The predi
tions for the low Q H1 data (Fig. 3) showan undershoot at large xp. This behaviour may result from unresummed logarithms at largexp in the partoni
 
ross se
tion, sin
e resummation tends to enhan
e the 
ross se
tion. Theovershoot from the low Q H1 data at small xp may be due to the theoreti
al errors in eprea
tion data dis
ussed above. Indeed, better agreement is found at small xp with the high10



Q H1 data (Fig. 4), where resummation is less ne
essary and where higher twist and masse�e
ts are signi�
antly redu
ed.We now study various modi�
ations to the predi
tions for the low and high Q H1 data inorder to understand the e�e
t of in
reasingQ on the theoreti
al and propagated experimental
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FIG. 3: As in Fig. 2, for the low Q H1 xp distribution [11℄.
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FIG. 4: As in Fig. 2, for the high Q H1 xp distribution [11℄.
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errors. First we modify our theoreti
al approa
h to in
orporate the dete
ted hadron massa

ording to the method of subse
tion IIC. Sin
e the hadron sample is dominated by pions,the \average" hadron mass is expe
ted to be around mh = 0:2 � 0:3 GeV. However, toexaggerate the e�e
t of hadron mass for illustration, we 
hoose the larger value mh = 0:5GeV. At small xp, this e�e
t improves the des
ription of the low Q H1 data (Fig. 5), whilemaking negligible di�eren
e to the highQ H1 data (Fig. 6) over the whole xp range. However,this improvement should not be taken too seriously, sin
e other low Q, small xp e�e
ts mayalso be relevant. In addition, the FFs from the various sets are arti�
ially suppressed atsmall xp sin
e the hadron mass e�e
t was not a

ounted for in the analyses of Refs. [1, 2, 4℄.
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FIG. 5: As in Fig. 3, using only the AKK FF set. The modi�
ations to the default predi
tions(solid line) arising from the repla
ement of the CTEQ6M PDF set by the MRST2001 PDF set ofRef. [29℄, from the removal of the evolved gluon, and from the in
orporation of the hadron masse�e
t are shown.The error due to the freedom in the 
hoi
e of PDF set, whi
h we determine by 
al
u-lating the predi
tions using the MRST2001 PDF set [29℄, is rather small, parti
ularly forintermediate xp values and for the high Q data.The gluon 
ontribution (also shown in Fig. 5) is 
learly negative, although the evolvedgluon FF is positive. This quantity is 
al
ulated by setting the evolved quark FFs to zero12
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FIG. 6: As in Fig. 5, for the high Q H1 xp distribution.in F proton h. Although it is s
heme and s
ale dependent, its de�nition is the same for all3 FF sets, and therefore its variation with respe
t to the 
hoi
e of set is due only to thedi�erent 
hoi
es of e+e� rea
tion data used in the �ts. In general, the gluon fragmentationis unimportant, parti
ularly away from the smaller xp range and for the high Q H1 mea-surements. For the low Q H1 data (Fig. 7), the un
ertainty from the gluon fragmentationfrom its average is about �4% at the smallest xp range and about �2% at xp � 0:5. Thisredu
es to �2% and �1% at the same respe
tive xp values for the high Q H1 data. Thegluon FF is least important for the Kretzer predi
tions, and most important for the AKKones.For the low Q H1 data, the un
ertainty from the freedom in the s
ale 
hoi
e is largestat the smaller and larger xp values (Fig. 8). In addition, sin
e Q is low, our negle
t of
harm quark threshold e�e
ts is expe
ted to 
ontribute signi�
ant errors at small xp. Theseun
ertainties are most likely dominated by unresummed logarithms at small and large xpdis
ussed above sin
e, for the high Q H1 data (Fig. 9), the error at small xp is mu
h smaller,while the error at large xp still remains sizeable. In general, in
reasing the s
ale steepensthe drop in the 
ross se
tion with in
reasing xp.To determine how the relative importan
es of the fragmentations from the various quark
avours di�er between the ep and e+e� rea
tion data, we study the quark 
avour tagged13
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ale variation.
omponents of the 
ross se
tion in Fig. 10 (the low Q predi
tions are not 
onsidered sin
e,as we have just seen, the theoreti
al errors are larger), and 
ompare with the quark tagged
ross se
tions versus xp in e+e� rea
tions (Fig. 11). The latter rea
tion was 
al
ulated14



using the method of Ref. [4℄. As anti
ipated from the valen
e stru
ture of the initial stateproton in subse
tion IIB, the 
ontribution to the overall fragmentation from the u quarkfragmentation 
onstitutes a signi�
ant amount (50% or more) of the H1 and ZEUS data,while the 
ontribution from d quark fragmentation is mu
h less. In the e+e� rea
tion data,the u and d quark fragmentations feature in roughly equal proportions sin
e their FFs andele
troweak 
harges are similar, and together 
ontribute 50% or less to the produ
tion.Fragmentation from s quarks is more important in e+e� rea
tions, parti
ularly at largexp, while fragmentation from the 
 quark 
onstitutes similar fra
tions in both rea
tions.Generally, the part of the fragmentation arising from the b quark is small due to its small
harge and high mass. However, while it 
an be relevant in e+e� rea
tions at small xp,it is always negligible in ep rea
tions due to its low density in the proton. In the singlehadron in
lusive produ
tion data for ep rea
tions at large xp, the 
ontribution to the overallfragmentation from the s quark is more important in the predi
tions of AKK and Kretzerthan in the KKP predi
tions. On the other hand, as expe
ted, all FF sets lead to similar
ontributions from the u, d + s and 
 quark fragmentations, and b quark fragmentation isalways negligible.The relative importan
es of the fragmentations into the various light 
harged hadrons inep rea
tions 
an be determined from the 
omposition of the dete
ted hadron sample with
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ations arising from s
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respe
t to the hadron spe
ies (Fig. 12). (The Kretzer p=�p FFs were 
al
ulated by subtra
tionof the �� and K� FFs from the FFs for all light 
harged hadrons | no p=�p produ
tion datawas used in the extra
tion of the Kretzer FFs.) The un
ertainty in the di�erent yields isestimated by the spread of the results for the di�erent FF sets, and is largest at large xpand smallest at intermediate xp. The AKK and Kretzer sets give rather similar des
riptionsof the �� and K� yields for all xp values shown, while the KKP set gives larger yields atlarge xp. Fragmentation to p=�p at large xp, where all three predi
tions di�er 
onsiderably,is 
learly diÆ
ult to 
al
ulate reliably. The �� yield in ep rea
tions (Fig. 13), as for
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FIG. 10: The ratios of the quark tagged 
omponents of the 
ross se
tion to the untagged 
rossse
tion for the high Q H1 data, using the AKK, Kretzer and KKP FF sets. The lowest 3 
urvesshow the 
ontribution from the u quark tagged 
omponent only, the next 3 
urves above the sumof the u and d 
omponents, the next 3 u, d and s et
.e+e� rea
tions (Fig. 14), is the largest one due to the low mass of the 
harged pion. Thefra
tion of K� is slightly larger in e+e� rea
tions than in ep rea
tions, possibly be
ause squark fragmentation is more important in the former data: The most important sour
e ofK� is the s quark, sin
e the other favoured quark, u, has to extra
t a heavier s quark fromthe sea.
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B. Distributions in photon virtualityNext we 
ompare theoreti
al predi
tions with the single hadron in
lusive produ
tionmeasurements at various Q values from H1 [11℄ (see Fig. 22) and ZEUS [13℄ (see Fig. 24).The predi
tions agree well with the ZEUS data (Fig. 15), ex
ept for, at low Q, the overshootat small xp and the undershoot at large xp. Similar behaviour is found with the less pre
iseH1 data (Fig. 16). Note that the theoreti
al predi
tions are rather 
onstant over the wholeQ range of both data sets, as foreseen in subse
tion IIB. Ex
ept at the lower Q and smallerxp region, the AKK predi
tions tend to be 
loser to the Kretzer predi
tions than to theKKP ones.The hadron mass e�e
t brings the predi
tion 
loser to the data (Figs. 17 and 18) at lowQ and small xp. In this region 
harm threshold e�e
ts are expe
ted to be important, andthis may explain the large average hadron mass required to obtain 
onvergen
e of the theorywith the data. Good agreement with the H1 data was obtained in Ref. [24℄ by essentially
hoosing mh = 0:66 GeV.The un
ertainty from the freedom in the 
hoi
e of PDF set for the proton (Fig. 18) iseverywhere insigni�
ant. At smaller xp values, the gluon fragmentation and the un
ertaintywith respe
t to the arbitrary s
ale 
hoi
e (Fig. 19) be
ome less relevant with in
reasing Q,and are unimportant for all Q at the other xp values. The large deviation of the predi
tionfor � = Q=2 (dotted line) from the one for � = Q is 
aused by the vanishing of the 
 quarkFF below threshold. This behaviour is not physi
al sin
e we have negle
ted 
harm masse�e
ts. The pro
edure for in
orporating these e�e
ts is given in Ref. [30℄, whi
h amountsto retaining the heavy quark mass dependen
e in the heavy quark 
avour 
reation fromphoton-gluon fusion, and using the same s
aling variable that results in the latter pro
essfor the heavy quark 
avour ex
itation. Furthermore, the mat
hing 
onditions of Ref. [31℄must be imposed on the FFs at the quark 
avour thresholds. In any 
ase, our results at lowQ su�er other theoreti
al errors mentioned earlier, su
h as higher twist.At the lower Q values, the se
ond most important sour
e of fragmentation after the uquark is the fragmentation from the 
 quark (Fig. 20), although, for the H1 data, this fallswith rising Q until the d quark fragmentation be
omes more important.The relative yield of ea
h hadron spe
ies does not 
hange signi�
antly with Q (Fig. 21),whi
h is expe
ted from perturbation theory at high Q.19
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FIG. 15: Comparisons of theoreti
al predi
tions using the AKK, Kretzer and KKP FF sets withthe ZEUS data [13℄. Ea
h data set is measured in a spe
i�
 x-bin and, together with its predi
tions,is shifted upwards relative to the one below by the indi
ated value for �.IV. CONCLUSIONSWe have performed a 
omprehensive analysis of single hadron in
lusive produ
tion data atHERA, by 
al
ulating the theoreti
al predi
tions using FF sets that were obtained by �ttingto a

urate e+e� data. In general, good agreement was found using the AKK, Kretzer andKKP FF sets. However, at low Q and small xp the predi
tions overshoot the data, a problemwhi
h is partially remedied by in
luding the dete
ted hadron mass e�e
t. Unresummed softgluon logarithms may also 
ontribute to this dis
repan
y, as suggested by the in
reasingvariation with respe
t to the s
ale for de
reasing xp and Q, as well as higher twist and quarkmass e�e
ts. A more 
omplete treatment whi
h takes into a

ount all these e�e
ts is neededto improve the understanding of fragmentation in this region. At large xp, an undershooto

urs in the H1 data, whi
h may be avoidable by resumming the logarithms at large xp,as suggested by the small rise in the variation with respe
t to the s
ale as xp in
reases and20
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FIG. 16: As in Fig. 15, for the H1 data [11℄.Q de
reases. As is the 
ase for e+e� rea
tions, gluon fragmentation is not important in eprea
tion data, at least for suÆ
iently large xp and Q.Fragmentation from the u quark gives the largest 
ontribution to the overall fragmentationin ep rea
tions, followed by 
 and d quark fragmentation (
 quark fragmentation being moreimportant at lower Q), and �nally from the s quark. Fragmentation from the b quark isnegligible. This should be 
ontrasted with the situation in e+e� rea
tions, where the u and dquark fragmentations are of similar importan
e, while fragmentation from 
 is less importantthan from s, and b quark fragmentation has some relevan
e at smaller xp. Therefore, evensuÆ
iently a

urate untagged e+e� and ep rea
tion data taken over a large enough range ofthe kinemati
 variables would improve the 
onstraints on the individual quark 
avour FFs,although quark tagging is more valuable for this purpose.The fra
tional yields of ea
h of the light 
harged hadron spe
ies in ep rea
tions dependstrongly on xp, but to a mu
h lesser extent on Q. They are similar to the fra
tional yieldsin e+e� rea
tions.Relative to the experimental a

ura
y of the data sets, the AKK and Kretzer predi
tions,as well as their quark tagged 
omponents and �� and K� yields (but not the evolved gluon21
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FIG. 17: As in Fig. 16 for the data measured in the interval 0:1 < xp < 0:2, using only the AKKFF set and for di�erent values of mh.fra
tions and the p=�p yields) are very similar for all data 
onsidered. At the time of writing,the H1 and ZEUS 
ollaborations are planning an extra
tion of very a

urate data using,respe
tively, improved triggering and higher luminosity, whi
h 
ould allow for a 
omparisonof the reliablility of the FF sets.APPENDIX: EXPERIMENTAL CUTSIn this se
tion we present the regions in (x;Q2) used by the H1 and ZEUS 
ollaborationsfrom whi
h the measured 
ross se
tions are extra
ted. These regions are bounded a

ordingto 
uts on x, Q2, the squared 
.m. energy of the virtual photon-proton system,W 2 = (P + q)2 = Q2�1x � 1� ; (A.1)and the fra
tion of the energy of the initial ele
tron (we do not distinguish between ele
tronsand positrons) whi
h is lost in the rest frame of the proton,y = P � qP � k = Q2xs : (A.2)22
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FIG. 18: As in Fig. 15, using the AKK FF set. The modi�
ations to the default predi
tions (solidline) arising from the repla
ement of the CTEQ6M PDF set by the MRST2001 PDF set of Ref.[29℄, from the removal of the evolved gluon, and from the in
orporation of hadron mass e�e
ts areshown.A lower bound on the s
attered ele
tron's energyE 0 = E �Q2� Exs � 14E� ; (A.3)where E is the energy of the initial ele
tron, is sometimes imposed to prevent the s
atteredele
tron being falsely identi�ed with isolated low energy deposits in the 
alorimeter whilethe true s
attered ele
tron passes undete
ted down the beam pipe. The H1 
ollaborationimposes additional 
uts [32℄ on the angle of de
e
tion of the ele
tron and stru
k parton,respe
tively �e and �p, to maintain good dete
tor a

eptan
e. In the laboratory frame, theseare given in terms of x and Q2 by
os �e = xs (4E2 �Q2)� 4E2Q2xs (4E2 +Q2)� 4E2Q2 (A.4)23
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FIG. 19: As in Fig. 18, for the modi�
ations arising from s
ale variation.and 
os �p = xs(xs�Q2)� 4E2Q2xs(xs�Q2) + 4E2Q2 : (A.5)The 
uts used by H1 in Ref. [11℄ are shown in Fig. 22. The lower bound on �e = 10Æ doesnot bound any of the regions of measurement. The Q bins in this analysis are very narrowand are not shown. The 
uts used by ZEUS in Ref. [12℄ are shown in Fig. 23. It is 
learthat only the 
uts in W and Q border the region of measurement. Figure 24 shows that theupper bound on y is irrelevant in the extra
tion of the data of Ref. [13℄.
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