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Loal transformations of units in Salar-TensorCosmologyR Catena1, M Pietroni2,L Sarabello31 Deutshes Elektronen-Synrotron DESY, 22603 Hamburg, Germany2 INFN, Sezione di Padova, via Marzolo 8, I-35131, Padova, Italy3 Dipartimento di Fisia Universit�a di Padova and INFN, Sezione di Padova, viaMarzolo 8, I-35131, Padova, ItalyAbstrat. The physial equivalene of Einstein and Jordan frame in Salar Tensortheories has been explained by Dike in 1962: they are related by a loal transformationof units. We disuss this point in a osmologial framework. Our main result is theonstrution of a formalism in whih all the physial observables are frame-invariant.The appliation of this approah to CMB odes is at present under analysis.1. IntrodutionSalar-Tensor theories (ST) an be onsidered as the simplest extension of GeneralRelativity (GR) that preserves a universal metri oupling between gravity and matter[1, 2, 3℄. In suh theories the gravitational interation is desribed in terms of both ametri tensor and a salar �eld. This feature, together with the relevane of salar �eldsin Cosmology, makes ST theories osmologially interesting [4, 5, 6, 7, 8, 9℄.ST theories an be formulated in di�erent frames. In the so-alled `Jordan frame',the Einstein-Hilbert ation of GR is modi�ed by the introdution of a salar �eld 'with a non-anonial kineti term and a potential. This �eld replaes the Plank mass,whih beomes a dynamial quantity. On the other hand, the matter part of the ationis just the standard one.By Weyl-resaling the Jordan metri ~g�� as in the following~g�� = e�2b(')g�� ; (1)one an express the ST ation in the so alled `Einstein Frame'. In the new variableg�� , the gravitational ation is just the Einstein-Hilbert one plus a salar �eld withanonially normalized kineti terms and an e�etive potential. On the other hand, inthe matter ation the salar �eld appears, through the resaling fator multiplying themetri tensor everywhere. As a onsequene, the matter energy-momentum tensor isnot ovariantly onserved, and partile physis parameters, like masses and dimensionfuloupling onstants are spae-time dependent.



Loal transformations of units in Salar-Tensor Cosmology 2The physial equivalene between the two frames was learly disussed by Dikein 1962 [10℄. He showed that the loal Weyl resaling of eq. (1) amounts to a loaltransformation of units; as a result the physial equivalene between di�erent frames istrivial. We develop here a formalism that makes transparent suh an equivalene: in ourlanguage all the observable quantities are manifestly frame-invariant (invariant underloal transformations of units). Setions 1,2,3 and 4 are devoted to the onstrution of aframe-invariant ation for ST theories. In setions 5 and 6 we disuss suh a formalismin a osmologial framework.2. Loal transformations of unitsWe start summarizing Dike's argument. Let's onsider the separation �AB between twospatial points A and B. The measure of �AB in the units u is given by l � �AB=u. Undera transformation of unitsu! ��1=2u (2)the tranformation properties of l are given by l ! �1=2l. The same argumet wejust applied to a spatial interval ould have been applied to a time interval. Thereforea spae-time interval ds = qg��dx�dx� transforms under a trasformation of units (2)in the following way ds ! �1=2ds. We should now remeber that by de�nition theoordinates x� are invariant under the transformation (2). As a result, the metritensor tranforms under the ation of (2) likeg�� ! �g�� : (3)Comparing now the last expression with eq. (1), we an onlude that the loal Weylresaling (1) has the meaning of a loal transformation of units with �(x�) = e�2b('(x�)).With similar arguments one ould derive the transformation properties of all theimportant quantities. For example one hasl! e�b(') l ; m! eb(')m; �! eb(') � ;  ! e3=2 ;A� ! A� ; P� ! P� ; �! eb(')� ; : : : (4)for a length, a mass, a salar �eld, a spinor, a vetor, the anoni momenta and arate respetively. It should be lear now that in the language of Dike to hoose a frameamounts to a loal hoie of units.3. Frame-invariant variablesKnowing the transformation properties of the important quantities, one an de�ne aset of frame-invariant variables through whih to onstrut a frame-invariant ation forST theories. Let's start introduing a referene length lR. Its transformation properties



Loal transformations of units in Salar-Tensor Cosmology 3under loal transformations of units are spei�ed in eq. (4). With this objet we anonstrut, for example, the following frame-invariant quantities�m � lRm; �� � lR � ; � � l3=2R  ;�� � lR � ; h�� � l�2R g�� ; : : : (5)We will disuss in more details the properties of the metri h�� when we will embedour disussion in a osmologial framework. We want to stress here that lR is not a newsale of the theory and it's not a dynamial �eld. From a mathematial point of view,it's just a quantity transforming like a length under a loal transformation of units thatwe use for the de�nitions (5). Physially, its meaning beomes lear if one observesthat only ratio between physial sales are really aessible to the experiments: lR,therefore, represents a onvenient referene magnitude appearing in suh a ratio at themoment of performing a measurement. As a result, the hoie of its value is ditatedby pratial onveniene. For instane, in astrophysis lR an be a referene atomiwavelength, in partile physis the inverse of some partile mass, or, in gravitationaltheories, the Plank length. ST theories are haraterized by the possibility to usespae-time dependent referene lenghts. As we will see in the next setion, in ourlanguage to hoose a frame amounts to a hoie of the funtion lR(x�).4. Frame-invariant ationSalar-tensor theories an be de�ned in terms of frame-independent quantities by theation S = SG[h��; '℄ + SM [h��e�2b('); �� ; � ; : : :℄ ; (6)where the frame-independent �elds �� ; � ; : : :, appearing in the matter ation SMare given by the ombinations in eq. (5). The gravity ation is given bySG = � Z d4xp�h [R(h)� 2h����'��'� 4U(')℄ : (7)In our language, hoosing a frame orresponds to �xing the funtion lR(x�)appropriately. The �rst possible hoie is to take a onstant lR(x�) = lP l, whihorresponds to the Einstein frame. The gravity ation takes the usual Einstein-Hilbertform SG = � l�2P l Z d4xp�g [R(g)� 2 g����'��'� 4V (')℄ ; (8)with V = l�2P l U . The ombination in front of the integral �xes the Einstein-framePlank mass, � l�2P l =M2�=2 = (16�G�)�2. The matter ation is obtained from the one ofquantum �eld theory by substituting the Minkowsky metri ��� with g��e�2b('). Sinein this frame the matter energy-momentum tensor is not onserved, partile physisquantities, like masses and wavelengths are not onstant.



Loal transformations of units in Salar-Tensor Cosmology 4The other hoie orresponds to the Jordan frame, whih is obtained if one hoseslR(x�) = ~lP (x�) = lP l e�b('(x�)), where lP l is the previously de�ned Plank length in theEinstein frame. With this hoie the matter ation takes the standard form of quantum�eld theory (with ��� ! g��), whereas the gravity ation isSG = M2�2 Z d4xq�~g e2b(') hR(~g)� 2 ~g����'��' (1� 3�2)� 4~V (')i ; (9)where ~V = ~l�2P U , ~g�� is de�ned in (1) and � � dbd' . Notie that, in this frame, therôle of the Plank mass is played by the spae-time dependent quantity M�eb('). Sineb(') disappears from the matter ation, the energy-momentum tensor is now ovariantlyonserved.5. Bakground osmologyAssuming a FRW struture for the metri g�� in eq. (5) we an onsistently write theframe-invariant metri h�� in the following waydh2 = �a2(� )hli�2R (� )(d� 2 � Æijdxidxj) ; (10)where dh2 = h��dx�dx� and we took in to aount that in a generi framelR(x�) = hliR(� )+ÆlR(x�) an eventually be spae-time dependent. The quantity hliR(� )represents a spatial average on a time-slie for an observer in the CMB rest-frame.The metri (10) implies the following redshift-sale fator relation1 + z(� ) = a(�0)a(� ) �lat(� )�lat(�0) : (11)Here we wrote lR = lat to underline that in redshift measurement an atomiwavelength is tipially used as referene length. The standard relation between theredshift and the sale fator, i.e. 1 + z = a(�0)=a(� ) is reovered only in that frame inwhih the referene wavelength lat is onstant in time and spae. In ST theories this isthe ase of the Jordan frame.Bakground uids motion is desribed in the frame invariant phase spae (xi; Pj). Onthis phase spae one an de�ne a frame-invariant distribution funtion F (xi; Pj ; � ) andonsequently a frame-invariant energy-momentum tensor�T�� = l4Rgs Z d3P(2�)3 (�g)�1=2 P�P�P 0 F (xi; P;; � ) ; (12)where d3P = dP1dP2dP3 and gs ounts the spin degrees of freedom.From the last expression we an read the frame-invariant energy density �� = � �T 00and pressure �p Æij = � �T ij . By variation of eq. (6) is now possible to derive the frame-invariant equations of motion in a onsistent frame-invariant FRW bakground. Theresults are given in [12℄.



Loal transformations of units in Salar-Tensor Cosmology 56. Cosmologial perturbationsWe extend here the formalism we developed so far to �rst order in perturbation theory.Let's start inluding �rst order perturbations of the metri (10)dh2 = a2(� )=hli2R "� 1 + 2	 � 2 ÆlRlR ! d� 2+ 1� 2� � 2 ÆlRlR ! Æijdxidxj# : (13)From eq. (13) we an read the de�nitions of frame-invariant sale fator andpotentials �a � a=�lR ; �	 � 	� ÆlRlR ; �� � � + ÆlRlR : (14)The �rst order equations of motions obtained by eqs. (6) and (13) are given in [12℄.In the next setion we will apply the formalism we developed so far to the Boltzmannequation. This an be of interest in many �elds of Cosmology.7. The Boltzmann equationThe evolution of the phase spae density of a partile  , F (xi ; P  j ; � ) is given by theBoltzmann equation�F  �� + dxi d� �F  �xi + dP  jd� �F  �P  j = "dF  d� #C : (15)The frame-invariane of the LHS is triavially heked. Working with our variables,it's an immediate onsequene of the manifest frame-invariane of the geodesi equation[12℄ dP  jd� � P  0 �j( �	 + log �m) = 0 : (16)The ollisional term for a generi proess  + a+ b+ � � � $ i+ j + � � � reads"dF d� #C (xi ; P  j ; � ) = 12P  0 Z d�ad�b � � � d�id�j � � �� (2�)4Æ4(P  + P a + P b � � � � P i � P j � � �)� hjMj2 +a+b+���!i+j+���F FaFb � � � (1 � Fi)(1 � Fj) � � ��jMj2i+j+���! +a+b+���FiFj � � � (1 � F )(1 � Fa)(1� Fb) � � �i ; (17)where the 00+00 applies to bosons and the 00�00 to fermions, and d� is the frame-invariant quantity
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