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1. Introduction

The b-quark mass is a fundamental parameter of QCD, anddtsate knowledge is needed
for theoretical predictions of B meson decay rates. The ratdeding of the latter is a very active
field of high energy physics research. At the same time the &mdecay constant plays a crucial
role in the description of these phenomena.

We focus our attention on the pseudoscalantgson, a system characterized by two different
scales: the heavy quark mass,(~ 5 GeV) and the typical QCD scale. The mass of the strange
quark is around or below the latter. We fix it to its physicdlresthroughmy as in [1].

2. HQET and step scaling method (SSM)

We deal with these two scales in (quenched) lattice QCD wi¢hSSM introduced in[4] 3],
but constraining the large mass behaviour by HQET [4]. Thematation of an observabi@(m,)
using the SSM is based on the identity

O(mh, Ly O(mh,Ln) O(Mh, L

O(I’T)m LOO) = O(I’T)m LO) OEI’T},, LO; U O(I'(Th, LN—)l) OEI’T},, LN; ) (2'1)
wheremy, stands generically for a heavy quark mass whose precisétitefis needed only later. In
order to be able to extract each factor in the continuum Jithé starting volumé, has to be small
enough to properly account for the dynamics of the b-quaskggia relativistic @a)-improved
action. A good choice ikg = 0.4 fm [B,[3], where easily lattice spacingsafc 0.012 fm can be
used. (Physical units are set usig= 0.5 fm [B,[6,[7]). Furthermore.., has to be large enough
such that finite size effects @(my, L.,) are negligible. In practise we will ude, ~ L, = 1.6 fm.
We will choose a fixed ratis= L;/L;_1 in the step scaling functions

O(my, L)
L) = =714 2.2
%o(Mh L) = o, L) @2
The numbemN and the scale ratig of the steps are in principle dependent on the considered
observable and on the desired level of accuracy. It has besm §2[B] thatN,s) = (2,2) is a
suitable choice for the mass and decay constant of ghad3on.

In HQET the step scaling functions are expanded as

o
0o (M, Li) = Gé)o)(Li)+—C)i(|_TLI)+O<(Li;h)2> 2.3)

at fixedL;. We will see that the correction terms to the leading ordersamall for the masses of
interest.

We first consider the case of a finite volume pseudoscalarmesss,O(my, L) = Mps(m, L),
which will be defined in the following section. In this cas%o) = 1 and the first non-trivial term
aél) is computable in the static approximation of HQET. We furtihefine

— 1 _ 1 1
X(mh, L) = LMps(my,L) — Lm, +O<(th)2> 7 24)
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as the natural non-perturbative dimensionless mass Variabhe step scaling function for the
meson mass is then written as

Om(%,Lj) = %_14— oS x4+ 002), X = X(MhLi) 2.5)

It is defined for allx, L. The idea for its numerical evaluation is to compaf&(L) explicitly in the
static approximation and fix the small remainder by the rékitc QCD data with quarks of masses
of the physical charm quark and higher. In other words wepatiate to the physical b-quark mas.
With the experimental mass of the Bieson Mg, = 5.367518) GeV we fixx; = 1/L,Mg, and the
physical points corresponding to the b-quark are then dgiyen

Xo =1/(LoMg,), Xi—1=20m(X,Li) X (2.6)
The numerical results will have to be evaluated at thesetpoin the smallest volume we relate

the meson mass to the renormalization group invariant (RGa&yk massM, defining

p(x.Lg) = MesiiLol — pi0)(15) 1 pB(Lo) -x+-0(x2). 2.7)

We thus have the connection of theBeson mass and the RGI b-quark mass

Mg,

Mp = . 2.
= p(X.Lo) - Om(x1, L1) - Om(%, [2) (2.8)
For the decay constant the step scaling function
or(x L) = fps(mh, Li) v/ Mps(my, L) osteiL )—I—G( )( L) - x+O(R) (2.9)

fps(Mh, Li—1) v/Mps(mh, Li—1)

yields straightforwardly the connection between the fimdkime decay constant and the infinite
volume one. Note that the only approximation made in the ateguations is to neglect finite size
effects on mass and decay constant in the volume of lineant.

3. Finitevolume observables

3.1 RéativisticQCD

Suitable finite volume observables are defined in the QCDdlbhger functional [[8[]9] with
a space-time topology® x T, whereT = 2L andC = C' = 0 is chosen for the boundary gauge
fields, andd = O for the phase in the spatial quark boundary conditions.
The O(a)-improved correlation functiorig(my, L, Xo), fp(mn, L, %o) and f1(my, L) are defined and
renormalized as in[]2], allowing to compute the pseudoscatson decay constant

_ f L,L o
fos(Mh, L) = 2 A(Mp, L L) myomy fo, (L) 12 fo, (3.1)
\/L3|\/||:13(I'T')(~,7 L) \/fl(rnﬂv L)
and the pseudoscalar meson mass
1.1 fa (mh,L,L—a) my—my L—oo

w
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For all observables computed in relativistic (quenchedDQ@& employ the non-perturbatively
O(a)-improved Wilson actiof[1,]L1]. The data at finite hequark mass were published ifi [2, 3].
They have been reanalyzed, taking into account the coelaetween observables computed on
the same gauge configurations. The statistical unceraioti the renormalization constants and
the lattice spacing are included before performing theinomim limit extrapolations; they do not
appear as a separate uncertainty.

3.2 HQET

In the static approximation of HQET, unrenormalized catieh functionsf3'and f5® are
defined in complete analogy to the relativistic ones, fdp [A%in this reference, we use the RGI
static axial current, related to the bare one by a faZgj. It serves to define the RGI ratio,

Yrai(L) = ZRGlm ; (3.3)
Vi
which is related to the QCD decay constégg via
fps(l’ﬂm L) L3|V|ps(L) = _ZCPS(AM_s/Mh) X YR(3|(L) + O(l/mh) . (34)

The functionCps(Ajzs/Mn), defined in [1R], can be accurately evaluated in perturbatieory;
we use the 3-loop anomalous dimensjéfi computed in[1B3]. Just likérg, it is needed only for
fps(Mh, Lo); it cancels out in the step scaling functions.

In analogy to eq.[(3]2) we further defiigiafL) = = In[f3@(L,L—a)/fS¥{L,L+a)]. The
static step scaling functions then read

Yrai(L
07 L) = Sasih . oFL) = LilMafl) ~Taaflig)], Li=2La. @5)

These quantities will be precisely computed by using thicstation denoted by HYP2 irf [lL4]
(see also[[15]), and the correspondingaimprovement coefficients for the static axial current.
The regularization independent part of the fadgg, is known from [12], while the regularization
dependent one is computed in this work.

4. Numerical resultsfor theb quark mass

The computation o, (X, L) is performed at finite quark mass on lattices with= 5.960,
6.211 6.420 and resolutionk,/a = 16, 24, 32; the continuum limits for the three heaviest
quark masses are shown on the left of Figgre 1. For the staficssaling function we took the
results forL = L, from an extensiofi[16] of the work of the ALPHA collaborat|fdi], while in the
intermediate volumel() we simulated lattices with.860< 3 < 6.737. The continuum limit

o38Y(,) = 1.549(33), (4.1)

is used in the interpolation af, (X, L2) between values of corresponding to about the mass of
the charm quark and the limit, (0, L) = 1. It constrains the slope of the fitting curve to the cone
shown in Figurd]1. The result of the quadratic fikireads

Om(X2,L2) = 1.0328(11) , 4.2)



my and g, from a combination of HQET and QCD Damiano Guazzini

o LM=16.2
1.06¢ LM=126|]
o LM=109
1.04Ls . . . . ;
0 1 2 3 4 5 0.98 . . . . . . .
2 -3 0 001 002 003 004 005 006 007 008
(a/L2) x 10 x

Figure1: Continuum limit extrapolation and interpolationaf,(x, L2)
hardly distinguishable from a purely static result. Anaogly the interpolation of the step scaling
function for the intermediate volume gives
Om(X1,L1) = 1.009218). (4.3)

In the small volume only the relativistic data are neededstaldish a finite volume relation-
ship between the meson and the heavy quark masses. The edization is hon-perturbatively
achieved through the renormalization facZgi(go) and the Qa)-improvement terms computed in

[L8.[19.[20]. Using eq[(2.8), the interpolated value
p(x0,Lo) = 0.74811), (4.4)
is combined with the above step scaling functions to find tiadesand scheme independent number

My = 6.888(105 GeV = m, (M, js) = 4.421(67) GeV. (4.5)

5. Numerical resultsfor the decay constant

For the computation ofit (x, L,) the relativistic data originate from the same gauge cordigur
tions used earlier, while in the static case the decay constéhe bigger volume,

Yrai(Lz) = —4.63(19) (5.1)

was again computed and extrapolated to the continuum lisnéraextension [16] of [17]. The
continuum extrapolation of the same quantity in the intefiaie volume Il = L,) is shown on the
left of Figure[. The result

Yrei(L1) = —1.628(19) (5.2)

is used together wit (3.1) and the relativistic data, asvshan FigurgP (right), to get
o7?(Ly) = 1.006(44), Ot (X2, L2) = 0.974(30) . (5.3)

Similarly, but by extrapolating the step scaling functiorthe continuum limit rather tharke(L1)
andYggi(Lo) separately, we obtain

o*BY(Ly) = 0.433744), 0t(x1,L1) = 0.426031) . (5.4)
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Figure 2: Continuum extrapolation ofsg(L1) and interpolation obk(x, L2)

With the small volume results (see Fig{ire 3)

— fa,(Lo)y/ LiMps(Lo)

Yrai(Lo) = —1.347(13), Yps(Xo,Lo) = 2Cos( Mg/ M)

—-1.280(17), (5.5)

we finally arrive at the result
fg, = 191(6) MeV. (5.6)

6. Conclusions

The combination of the Tor Vergata strategy to compute ptagseof heavy-light mesons
[B, B] with the expansion of all quantities in HQET [4], chasgextrapolations in the former com-
putations into interpolations. As expected, our numenieallts demonstrate that these are very
well behaved. Indeed the higher order mass dependence stijhacaling functions is very weak,
and in all but one steps the static approximation alone giegg accurate results. In the one
exception ¥ps(Xo, Lo), Fig.[3) the @1/my) corrections are around 5%.

Our results do not suffer from any systematic errors aparhfthe use of the quenched ap-
proximation; small systematic errors quoted [ []2, 3] faz &xtrapolation uncertainties have been
eliminated. Our results are in agreement with the oneg]o,[27.[2]L], within the errors.
Concerning dynamical fermion computations, the challéngleis strategy is to simulate in a large
volume (such ak;) with small enough lattice spacings, where quark massesahadmgharmand
higher can be simulated with confidence.
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