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A BRIEF ACCOUNT OF B ! K�`+`� DECAY IN SOFT-COLLINEAREFFECTIVE THEORYA. ALI�Theory Group, Deuts
hes Elektronen-Syn
hrotron DESY,Notkestrasse 85, 22603 Hamburg, Germany�E-mail: ahmed.ali�desy.deA brief a

ount of the study of rare B de
ay B ! K�`+`� using soft-
ollinear e�e
tive theory(SCET) is presented. Theoreti
al underpinning of this work is a fa
torization formula, derived toleading power in 1=mb and valid to all orders in �s. Partially integrated bran
hing ratio in thedilepton squaredmass range 1 GeV2 � q2 � 7 GeV2 and the forward-ba
kward (FB) asymmetry ofthe leptons are 
al
ulated. For the zero-point of the FB asymmetry, we get q20 = (4:07+0:16�0:13) GeV2.The s
ale-related un
ertainty of q20 is improved 
ompared to the earlier estimate of the same.1. Fa
torization in SCETThe emergen
e of an e�e
tive theory, 
alledsoft-
ollinear e�e
tive theory (SCET) 1, pro-vides a systemati
 way to deal with the per-turbative strong intera
tion e�e
ts in B de-
ays in the heavy-quark expansion. SCEThas been used extensively in the so-
alledheavy-to-light transitions in B de
ays. Inparti
ular, this framework was used to provethe fa
torization of radiative B ! K�
 de-
ay at leading power in 1=mb and to all or-ders in �s 2;3. In a re
ent paper 4, summa-rized below, the related de
ay B ! K�`+`�has been studied using the SCET approa
h.For the b ! s transitions, the weak ef-fe
tive Hamiltonian 
an be written as 5Heff = �GFp2V �tsVtb 10Xi=1 Ci(�)Qi(�) ; (1)negle
ting terms proportional to V �usVub andusing the unitarity of the CKM matrix.Restri
ting to the kinemati
 regionwhere the K� meson 
an be viewed approx-imately as a 
ollinear parti
le, a fa
toriza-tion formula for the de
ay amplitude of B !K�`+`�, to leading power in 1=mb and all

orders of �s, has been derived in SCET 4:hK�a`+`�jHeff jBi = T Ia (q2)�a(q2) +X� Z 10 d!!��B�(!) Z 10 du �aK�(u)T IIa;�(!; u; q2) ; (2)where a =k;? denotes the polarization ofthe K� meson. The fun
tions T I and T IIare perturbatively 
al
ulable; �a(q2) are thesoft form fa
tors de�ned in SCET while�B�(!) and �aK�(u) are the light-
one distri-bution amplitudes (LCDAs) for the B andK� mesons, respe
tively. The expression (2)
oin
ides formally with the one obtained byBeneke et al. 5 in O(�s) a

ura
y, using theQCD fa
torization approa
h 6. We 
al
ulatethe partial dilepton invariant mass spe
trumand the forward-ba
kward (FB) asymmetry,and 
ompare our results with the existingdata 7;8 and the earlier theoreti
al analy-sis 5.2. B ! K�`+`� in SCETAs SCET 
ontains two kinds of 
ollinear�elds, 
alled hard-
ollinear and 
ollinear�elds, normally an intermediate e�e
tive the-ory, SCETI , is introdu
ed whi
h 
ontainsonly soft and hard-
ollinear �elds. Whilethe �nal e�e
tive theory, 
alled SCETII , 
on-2



3tains only soft and 
ollinear �elds. One un-dertakes a two-step mat
hing from QCD !SCETI ! SCETII 9.2.1. QCD to SCETI mat
hingIn SCETI , the K� meson is taken as a hard-
ollinear parti
le. The mat
hing from QCDto SCETI at leading power is expressed asHeff ! �GFp2V �tsVtb 4Xi=1 Z ds eCAi (s)JAi (s)+ 4Xj=1 Z ds Z dr eCBj (s; r)JBj (s; r)+ Z ds Z dr Z dt eCC(s; r; t)JC(s; r; t)� ;(3)where eC(A;B)i and eCC are Wilson 
oeÆ
ientsin the position spa
e. The operators JAi andJBi represent the 
ases that the lepton pair isemitted from the b ! s transition 
urrents,while JC represents the diagrams in whi
hthe lepton pair is emitted from the spe
tatorquark of the B meson. Their expli
it expres-sions are given in our paper 4. It is more
onvenient to de�ne the Wilson 
oeÆ
ientsin the momentum spa
e. The 
orrespond-ing 
oeÆ
ient fun
tions are 
alled CAi (E),CBj (E; u), andCC(E; u), with E � n�v�n�P=2and the velo
ity of the B meson is de�ned asv = PB=mB . To get the order �s 
orre
tionsto the de
ay amplitude, we need the Wilson
oeÆ
ients CAi to one-loop level and CBj andCC to tree level.2.2. SCETI ! SCETII mat
hingand SCET matrix elementsOne may de�ne the matrix elements of theA-type SCETI 
urrents as non-perturbativeinput sin
e the non-fa
torizable parts of theform fa
tors are all 
ontained in su
h matrix

elements 9;10. Thus 2:hK�`+`�jJA1 jBi= �2E�?(g��? � i���? )"�?� �̀
�` ;hK�`+`�jJA2 jBi= �2E�k n�n � v �̀
�` ; (4)where g��? � g�� � (n��n� + �n�n�)=2 and���? � �����v�n�=(n � v), and we use the
onvention �0123 = +1. The matrix el-ements of the other two A-type 
urrents,hK�`+`�jJA3 jBi and hK�`+`�jJA4 jBi, areobtained from the above matrix elements bythe repla
ement �̀
�`! �̀
�
5`, respe
tively.The B-type SCETI operatorsare mat
hed onto the SCETII operators OBi(i = 1; :::; 4). Their matrix elements involvethe meson LCDAs, and two di�erent K�-distribution amplitudes (�kK�(u; �) for � = 1and �?K�(u; �) for � = 
?) with their 
orre-sponding de
ay 
onstants fkK� and f?K�(�),respe
tively, are required. With the aboveLCDAs, one has 4hK�`+`�jCB1 OB1 jBi= �F (�)m3=2B4 (1 � ŝ)(g��? � i���? )� "�?� �̀
�` �B+ 
 fK�?�K�? 
J? 
CB1 ; (5)hK�`+`�jCB2 OB2 jBi = �F (�)m3=2B4 (1 � ŝ)� n�n � v �̀
�`�B+ 
 fK�k�K�k 
Jk 
CB2 ; (6)where 
 represent 
onvolution in the appro-priate variables, F (�) is related to the Bmeson de
ay 
onstant fB up to higher or-ders in 1=mb, and the jet fun
tions Ji arisefrom the SCETI ! SCETII mat
hing, withJ1 = J3 � J? and J2 = J4 � Jk. Thematrix element of CB3 OB3 (CB4 OB4 ) 
an be ob-tained by repla
ing the lepton 
urrent �̀
�`on the right hand side of the above equa-tions by �̀
�
5` and also repla
ing CB1 ! CB3(CB2 ! CB4 ).



4 Finally, the C-type SCETI 
urrent ismat
hed onto the SCETII operator OC, withits Wilson 
oeÆ
ient de�ned in the momen-tum spa
e, DC(!; u; ŝ; �), and we de�ne anauxiliary fun
tion DC � bDC=(! � q2=mb �i�). With this, the matrix element of OC isobtained in SCET, with the result 4hK�`+`�jDCOC jBi = �F (�)m3=2B4 (1� ŝ)� �n��n � v �̀
�` !�B�! � q2=mb � i� 
 fK�k�K�k 
 bDC :(7)Sin
e �B�(!) does not vanish as ! approa
heszero, the integral R d! �B�(!)=(! � q2=mb)would be divergent if q2 ! 0. This endpointsingularity will violate the SCETII fa
toriza-tion, and we should restri
t the kinemati
 re-gion so that the invariant mass of the leptonpair is not too small, say q2 � 1 GeV2.2.3. Resummation of logarithmsin SCETThe two-step mat
hing pro
edure QCD !SCETI ! SCETII introdu
es two mat
hings
ales, �h � mb at whi
h QCD is mat
hedonto SCETI , and �l � pmb�h at whi
hSCETI is mat
hed onto SCETII (�h repre-sents a typi
al hadroni
 s
ale). The large log-arithms due to di�erent s
ales are resummedusing the renormalization-group equations(RGE) of SCETI to evolve from �h to �l.For the A-type SCET 
urrents, only thes
ale �h is involved. For the B-type 
urrents,the RGE of SCETI 
an be obtained by 
al
u-lating the anomalous dimensions of the rele-vant SCET operators 11, and the mat
hing
oeÆ
ients at any s
ale � 
an be obtainedby an evolution from the mat
hing s
ale �h.The resulting evolution equation has beensolved numeri
ally 4.Finally, for the C-type SCET 
urrentJC , its anomalous dimension just equals thesum of the anomalous dimensions of the K�meson LCDA �K� and the B meson LCDA

�B�. As the evolution equation of �B� is stillunknown, the perturbative logarithms for theJC 
urrent are not resummed. Numeri
allythe 
ontribution from the JC 
urrent to thede
ay amplitude in B ! K�`+`� is small.Furthermore, the JC 
urrent is irrelevant forthe FB asymmetry of the 
harged leptons.3. Dilepton invariant mass andFB asymmetryThe dilepton invariant mass spe
trum andthe FB asymmetry in B ! K�`+`� have thefollowing expressions in SCET:dBrdq2 = �BG2F jV �tsVtbj296�3 ��em4� �2m3B j�K� j� (1� q2m2B )2N (q2; �2?; �2k) ;dAFBdq2 = �6(q2=m2B)�2?Re(C?9 )C?10N (q2; �2?; �2k ) : (8)where the fun
tionN (q2; �2?; �2k) is de�ned asN (q2; �2?; �2k) � 4 q2m2B��2?(jC?9 j2 + (C?10)2) + �2k(jCk9 j2 + (Ck10)2) :(9)The expressions for the "e�e
tive" Wilson 
o-eÆ
ients C?;k9 and C?;k10 in SCET, valid atleading power in 1=mb and to all orders in�s, 
an be seen in our paper 4.3.1. Numeri
al resultsWe use the radiative B ! K�
 de
ay rate,whi
h has been measured quite pre
isely, tonormalize the soft form fa
tor at q2 = 0, ob-taining �?(0) = 0:32 � 0:02. The longitudi-nal soft form fa
tor �k(q2) is obtained fromthe full QCD form fa
tor AB!K�0 (q2), esti-mated using the LCSRs 12, yielding �k(0) =0:40 � 0:05. For both the soft form fa
tors,we assume that their q2-dependen
e 
an bereliably obtained from the LCSRs 12. Therest of the input parameters and the values



5for the Wilson 
oeÆ
ients 
an be seen in ourpaper 4. We obtain7 GeV2Z1 GeV2 dq2dBr(B+ ! K�+`+`�)dq2 =(2:92+0:57�0:50j�k +0:30�0:28jCKM +0:18�0:20)� 10�7 ; (10)making expli
it the un
ertainties from thesoft form fa
tor �k and the CKM fa
torjV �tsVtbj. The last error re
e
ts the un
er-tainty due to the variation of the other in-put parameters and the residual s
ale depen-den
e. For B0 de
ay, the bran
hing ratio isabout 7% lower due to the lifetime di�eren
e(ignoring the small isospin-violating 
orre
-tions from the matrix elements). One of theBelle observations 8 of our interest is8 GeV2Z4 GeV2 dq2dBr(B ! K�`+`�)dq2 =(4:8+1:4�1:2jstat. � 0:3jsyst. � 0:3jmodel) � 10�7;(11)for whi
h we predi
t 4 (1:94+0:44�0:40) � 10�7,whi
h is smaller than the published Belledata by a fa
tor of about 2.5. How-ever, BaBar 
ollaboration measures the to-tal bran
hing ratio of B ! K�`+`� to be 7(7:8+1:9�1:7�1:2)�10�7, whi
h is about a fa
tor2 smaller than the Belle measurement of thesame 8, (16:5+2:3�2:2�0:9�0:4)�10�7. Clearly,more data is required to test the theory pre-
isely.The zero of the FB asymmetry is deter-mined by Re(C?9 ) = 0. In
luding the or-der �s 
orre
tions, our analysis estimates thezero-point of the FB asymmetry to be 4q20 = (4:07+0:16�0:13) GeV2 ; (12)of whi
h the s
ale-related un
ertainty is�(q20)s
ale =+0:08�0:05 GeV2 for the rangemb=2 ��h � 2mb together with the jet fun
tion s
ale�l = p�h � 0:5 GeV. This is to be 
om-pared with the result given in Eq. (74) ofBeneke et al. 5, also obtained in the absen
eof 1=mb 
orre
tions: q20 = (4:39+0:38�0:35) GeV2.Of this the largest single un
ertainty (about

q2[GeV
2]

dAFB/dq2

Figure 1. The di�erential FB asymmetrydAFB(B ! K�`+`�)=dq2. Solid line 
orresponds tothe input parameters taken at their 
entral values,while the gray band re
e
ts the un
ertainties frominput parameters and s
ale dependen
e. The dottedline represents the LO predi
tions (from Ref. 4 .)�0:25 GeV2) is attributed to the s
ale depen-den
e. The di�eren
e in the estimates of thes
ale dependen
e of q20 here and by Benekeet al. 5 is mainly due to the in
orporationof the SCET logarithmi
 resummation 4 andto a lesser extent to the di�erent (s
heme-dependent) de�nitions of the e�e
tive formfa
tors for the SCET 
urrents. Power 
or-re
tions in 1=mb are probably 
omparable tothe O(�s) 
orre
tions 5; it remains to be seenhow a model-independent 
al
ulation of thesame e�e
t the numeri
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