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DESY 06-154SFB/CPP-06-40Planar two-loop master integrals for massive Bhabha sattering:Nf = 1 and Nf = 2Stefano Atisa, Miha l Czakonb, Janusz Gluza, Tord RiemannaaDeutshes Elektronen-Synhrotron, DESY, Platanenallee 6, D-15738 Zeuthen, GermanybInstitut f�ur Theoretishe Physik und Astrophysik, Universit�at W�urzburg, Am Hubland,D-97074 W�urzburg, GermanyInstitute of Physis, University of Silesia, Uniwersyteka 4, PL-40007 Katowie, PolandReent developments in the omputation of two-loop master integrals for massive Bhabha sattering are brieyreviewed. We apply a method based on expansions of exat Mellin-Barnes representations and evaluate all planarfour-point master integrals in the approximation of small eletron mass at �xed sattering angle for the one-avorase. The same tehnique is employed to derive and evaluate also all two-loop masters generated by additionalfermion avors. The approximation is suÆient for the determination of QED two-loop orretions for Bhabhasattering in the kinematis planned to be used for the luminosity determination at the ILC.1. IntrodutionBhabha sattering is the proess employed tomeasure the luminosity at eletron-positron ol-liders, beause of its lear experimental signature.At mahines operating at a 1 � 10 GeV entre-of-mass energy ps, the relevant kinemati regionis that of large-angle Bhabha sattering. Small-angle Bhabha sattering, instead, is an invaluableluminosity monitor at high-energy olliders in theTeV region.In order to minimize the luminosity error, apreise theoretial omputation of radiative or-retions to the Bhabha-sattering ross setionis required. The eletroweak next-to-leading or-der (NLO) orretions to Bhabha sattering wereomputed a long time ago in [1℄. In reentyears, studies have been fousing on pure quan-tum eletrodynamis (QED) ontributions be-yond the one-loop level. The two-loop virtualorretions for massless eletrons were obtainedin [2℄. However, this result was not immediatelyuseful sine the available Monte Carlo programsemploy a non-vanishing eletron mass m.

The virtual and real seond-order ontribu-tions to Bhabha sattering, enhaned by fatorsof ln(s=m2) and ln2(s=m2) were ompleted in[3,4,5,6℄. This result was reently improved in[7,8,9℄, where the photoni non-logarithmi termwas evaluated at leading order in the ratio m2=s.The diagrams with fermion loops remained un-overed in this approah.An important breakthrough in the �eld was theuse of the Laporta-Remiddi algorithm ([10,11℄),in order to redue the Bhabha-sattering rosssetion to a few Master Integrals (MIs). Thetehnique of di�erential equations proved use-ful in evaluating several MIs (see i.e. [12,13,14℄). The results were represented in terms ofHarmoni Polylogarithms (HPLs) introdued in[15℄ or of Generalized Harmoni Polylogarithms(GPLs) (details in the ontext of Bhabha sat-tering an be found in [16℄ and in referenestherein). These results led eventually to the ex-at result of [17,18℄ for the virtual and real next-to-next-to-leading order (NNLO) orretions tothe Bhabha-sattering ross setion involving oneeletron loop. Non-approximated expressions for
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all NNLO ontributions, exept for double boxdiagrams, an be found in [19,20℄. The MIs forthe loop-by-loop ontributions were studied e.g.in [21℄.The omplete set of the needed master inte-grals is known from [13℄. Table 1 reprodues alltwo-loop box master integrals for Nf = 1. Nota-tions are exatly those of [13℄. The B7l4m3d2 is,e.g., a box MI with 7 internal lines (7l), four ofthem being massive (4m), with a higher power ofone of the numerators (a line being dotted (d));it is one of several suh topologies and of severalones with dots, so '3d2'. In order to improve theBhabha-sattering theoretial predition, we in-vestigate two lasses of NNLO QED orretions.In Setion 2, we briey disuss a method basedon expansion of Mellin-Barnes (MB) representa-tions ([26,27,28,29℄) and review the results of [23℄,where all planar two-loop box MIs were obtained.The non-planar MIs are indiated in Table 1. InSetion 3, we apply the same method to evaluatethe MIs arising from diagrams ontaining heavyfermions, like muons and tau-leptons; in the fol-lowing, we will all them the Nf > 1 ontribu-tions. Their topologies are shown in Figure 1.The MB-representations are valid for arbitrarykinematis. Although their atual evaluations arerestrited to the high-energy limit (small leptonmasses at �xed sattering angle), they are wellsuited for pratial appliations. When dealingwith Nf > 1 MIs, a seond fermion mass Mis involved. Sine our purpose is to evaluatethe omplete QED Bhabha-sattering ross se-tion at high energies, we assume a hierarhy ofall three sales, namely m � M � s; t, wheret is the usual Mandelstam invariant related tothe sattering angle. With the summation teh-niques desribed in Setion 4, divergent partshave been evaluated exatly. Note that the treat-ment of hadroni ontributions is a separate prob-lem, whih is better solved by using dispersionrelations (see [30℄).
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Figure 1. The topologies of the eight master in-tegrals for the heavy-fermion orretions. Boldlines represent heavy fermions.

Figure 2. The diagrams for Bhabha satteringwith two fermion avors. Internal fermioni loopsrepresent heavy leptons and the other fermionlines are eletrons.



Table 1The Nf = 1 four-point master integrals entering the six basi two-loop box diagrams. NP denotesnon-planar topologies, and referenes with a dagger give divergent parts only.MI B1 B2 B3 B4 B5 B6B7l4m1 + { { { { { [22,23℄B7l4m1N + { { { { { [24,23℄B7l4m2 { + { { { { [24,23℄B7l4m2[d1-d3℄ { + { { { { [23℄B7l4m3 { { + { { { NP [24℄yB7l4m3[d1-d2℄ { { + { { { NPB6l3m1 + { + { { { [23℄B6l3m1d + { + { { { [23℄B6l3m2 { + { + { { [23℄B6l3m2d { + { + { { [23℄B6l3m3 { { + { { { NPB6l3m3[d1-d5℄ { { + { { { NPB5l2m1 + { + { { { [25℄B5l2m2 { + { + { + [23℄B5l2m2[d1-d2℄ { + { + { + [23℄B5l2m3 + { + { { { [23℄B5l2m3[d1-d3℄ + { + { { { [23℄B5l3m { + + + { { [23℄B5l3m[d1-d3℄ { + + + { { [23℄B5l4m { + + + + { [12℄B5l4md { + + + + { [25℄2. The planar two-loop boxes for Nf = 1There are 24 planar two-loop box MIs to bedetermined for the Nf = 1 ase, see Table 1. Sofar, we ould not determine all of them analyti-ally with the exat mass dependene; the statusis reviewed in [31℄. For this reason, we deidedto treat these MIs uniquely in the approximationof small m at �xed sattering angle. The resultshave been published in the mean time [23℄, sowe will make here only few introdutory remarksand show one example. In the list of MIs, we pre-ferred to inlude Feynman integrals without anynumerators. The pragmati reason was the inde-pendene of their de�ntion on the internal owof momenta. It is suÆient to indiate the lineswith dots. Performing expliit alulations, oneis, of ourse, faed with the observation that thesingularities of dotted MIs and those with numer-ators are quite di�erent. Evaluating the smallmass expansions, we preferred in some ases to

treat instead of dotted integrals those with nu-merators. Due to unique algebrai relations be-tween all the integrals, there is no prinipal di�er-ene in these two approahes, and further detailsare disussed in [23℄. Another observation on-erns the MB-representations. In priniple, onemay use the representations for the basi 7-lineboxes as given e.g. in [32℄ and shrink lines. How-ever, when alulating MIs with numerators, ad-ditional representations have to be determined.We observed further, that it is sometimes notevident how to get an e�etive represenation fordotted MIs from more general ones. For the MIB5l2m2 (a 5-liner) we got, by shrinking of linesin B7l4m1 (�rst planar double box)and after ex-panding in ", 11 MB-integrals with at most 4 in-tegrations. From our diret derivation, we got 4integrals, at most 3-dimensional. For the relateddotted MI B5l2m2d2, we got from line shrinking102 integrals, and by diret derivation only one,
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Figure 3. The 5-line topology B5l2m3. The mo-mentum distribution has been hosen to make thederivation of the MB representation easier.again 3-dimensional.As an example, we reprodue here for the MIB5l2m3(k2p3), shown in Figure 3, the basi d-dimensional MB-represenation:B5l2m3(pe � k2)= (�1)a12345 e2"EQ5j=1 �[ai℄�[4� 2"� a123℄(2�i)4Z +i1�i1 d� Z +i1�i1 d� Z +i1�i1 d Z +i1�i1 dÆ(�s) (�t)(4�2��a12345���Æ�)�[��℄ �[�℄ �[�Æ℄ �[a3 + � + 2 �℄�[2� �� a45 + �� Æ � ℄�[7� 3�� a12345 � �℄�[2� �� a13 � �℄ �[2� �� a23 � �� �℄�[a5 � � + 2 ℄ �[1 + a5 � � + 2 ℄�[�4 + 2 � + a12345 + � + Æ + ℄��[4� 2 �� a1235 � � � Æ � ℄�(pe � p2) �[1 + a5 + ℄ �[�� + ℄�(pe � p1) �[a5 + ℄ �[1� � + ℄��[a5 � � + 2 ℄ �[1 + a5 � � + 2 Æ + 2 ℄+[(pe � p3)� (pe � p1)℄�[5� 2�� a1235 � � � Æ � ℄�[a5 + ℄ �[�� + ℄ �[1 + a5 � � + 2 ℄

�[a5 � � + 2 (Æ + )℄�The small mass expansion of the result is:B5l2m3(k2 � p2) = 14 � su�2 �L2 (6 x �2+2 x ln(x) + 2 x2 ln(x) + x ln2(x))+L (16 x �2 � 8 x2 �2�4 x �3 � 2 ln(x) + 2 x2 ln(x)+4 x �2 ln(x) + 2 x ln2(x)� 2 x2 ln2(x)�12 x �2 ln(1 + x)�2 x ln2(x) ln(1 + x)� 4 x ln(x) Li2(�x)+4 x Li3(�x))�+ 1120 � su�2�+120 �2+360 x �2�120 x2 �2 � 1560 x �4 � 480 x �3�240 x2 �3 � 240 x �2 ln(x)�480 x2 �2 ln(x)� 360 x �3 ln(x)+30 ln2(x) + 60 x ln2(x) � 30 x2 ln2(x)�180 x �2 ln2(x)�20 x ln3(x)� 20 x2 ln3(x) � 5 x ln4(x)+720 x2 �2 ln(1 + x)+120 x �3 ln(1 + x)�120 x �2 ln(x) ln(1 + x)+120 x2 ln2(x) ln(1 + x)+180 x �2 ln2(1 + x)+30 x ln2(x) ln2(1 + x)+120 x ln(x) S1;2(�x)+60 x (�8 �2 � ln2(x) + 2 ln(x)(2 x + ln(1 + x))) Li2(�x)�240 x2 Li3(�x) + 240 x ln(x) Li3(�x)�120 x ln(1 + x) Li3(�x)�360 x Li4(�x)� 120 x S2;2(�x)�The expression is more ompliated than thosefor the planar 7-line MIs onerning both thefuntions appearing as well as the dependeneon all three Mandelstam variables s; t; u; the lat-



ter is typial for non-planar diagrams, where theB5l2m3 topology ontributes.3. The master integrals for the Nf > 1 or-retionsThe di�erential Bhabha-sattering ross se-tion with respet to the solid angle 
 an be writ-ten by means of an expansion in the �ne-strutureonstant �,d�d
 = d�0d
 +���� d�1d
 +����2 d�2d
 + : : : ; (1)where �0 is the Born ontribution and �i (i =1; 2; : : :) represent the higher-order radiative or-retions. If we are interested in the NNLO virtualontributions, we need to evaluate the diagramsof Figure 2, where the fermion self-energy is re-quired for wave-funtion renormalization. Notethat results for the photoni vauum polarizationdiagrams an be found in [33℄.After interfering the two-loop amplitude withthe tree-level one, summing over the spins of the�nal state and averaging over those of the initialstate, we get a large number of integrals. Weuse the DiaGen/IdSolver [34℄ implementation ofthe Laporta-Remiddi algorithm [10℄ in order toredue all the needed Feynman integrals to a lim-ited set of MIs. Apart from produts of one-loopintegrals, we get the eight MIs of Figure 1, asalready pointed out in [13℄. The orrespondingFeynman integrals with n propagators Di are de-�ned as follows:D(f�ign) = � (e)2"�d Z ddk1ddk2Qni D�ii ; (2)where  is the Euler-Masheroni onstant and weintrodued the shorthand notationsf�gn � �1; : : : ; �n;�ab::: � �a + �b + : : : + �: (3)In ontrast to [23℄, we do not onsider MIs withsalar produts in the numerators. We have thento allow for higher powers of propagators. Ofourse, there are algebrai relations between MIswith salar produts in the numerators and MIswith propagators raised to higher powers.

We onstrut our MB representations usingthe standard approah desribed in [32℄. TheFeynman-parameter integrals are derived one af-ter the other for the two subloops. In eah step wereplae the sum over monomials in the Feynmanparameters by an appropriate MB representation.Due to the relatively simple struture of the on-sidered diagrams, it is easier to begin with thepropagator-type subloop.As far as the eletron self-energy is onerned,we only need the sunrise topology with the ele-tron on its mass shell, p21 = m2. A number ofresults for this mass on�guration of the sunrisediagram an be found in the literature. Analytiexpressions for the residues of the poles in di-mensional regularization and the �nite parts weregiven already in [35℄. The expliit result for theO(�) terms, where � � (4 � d)=2 and d are thespae-time dimensions, an be found in [36℄. Notethat the inlusion of the O(�) terms for the sun-rise MIs is mandatory when deriving the om-plete squared amplitude, sine the redution toMIs generates inverse powers of �.For the self energy, we use our MB represen-tation in order to reprodue the known result forthe MIs. Its general form, for arbitrary powers �iof the propagators, is given bySE3l2M1m(f�g3) = (m2)4��123�2�� (�1)�123e2�Q3i=1 �(�i) Z dz2�i �m2M2�z+�12�2+�� Q6i=1 �i�(2z + �12)�(z � �3 + 4� 2�) : (4)Furthermore, we de�ned�1 � �(�z);�2 � �(z + �1);�3 � �(z + �2);�4 � �(�z + �3 � 2 + �);�5 � �(2z � �3 + 4� 2�);�6 � �(z + �12 � 2 + �): (5)The integration ontour is a straight line parallelto the imaginary axis separating the poles gener-ated by �1 and �4 from those oming from �2,�3, �5 and �6.



The two sunrise MIs are de�ned by the follow-ing values for the powers of the propagators,SE3l2M1m � SE3l2M1m(1; 1; 1);SE3l2M1md � SE3l2M1m(1; 2; 1): (6)Having a MB representation at hand, one needsto perform an analyti ontinuation in " from arange where the integral is regular to the viin-ity of the origin, unovering the singular stru-ture on the way. This is done by an automatizedproedure implemented in the Mathematia pak-age MB.m [37℄. The resulting MB representationsare veri�ed numerially in the Eulidean regionagainst the setor deomposition approah as de-sribed in [38℄.For the sunrise MIs, a straightforward appli-ation of the Cauhy theorem to the MB repre-sentation of Eq. (4) leads to a sum over residuawhih an be easily evaluated. Therefore, we re-produed the results of [36℄. In general, however,one has to deal with multiple MB representations.For the vertex and box MIs, the evaluation of theneeded sums is far from being trivial.As explained in the introdution, our purpose isto alulate the integrals by assuming a hierarhyof all sales, namely m2 � M2 � s; t. First ofall we identify the leading ontributions in theeletron mass following the proedure desribedin [23℄. Then, by using the Cauhy theorem toexpress the integrals through sums over residua,we evaluate these sums with the aid of XSUMMER[39℄.For the sunrise MIs the results depend on onevariable, R � m2=M2, and read asSE3l2M1m = M2 (m2)�2��h 1Xk=�2 Sk �k + O(�2)i;S�2 = 1; (7)S�1 = 3 + 2 ln (R) ;S0 = 7 + �2 + 6 ln (R) + 2 ln2 (R) ;S1 = 15 + 3�2 � 23�3 + (14 + 2�2)� ln (R) + 6 ln2 (R) + 43 ln3 (R) ;

SE3l2M1md = (m2)�2�h 1Xk=�2Sdk�k +O(�2)i;Sd�2 = 12 ; (8)Sd�1 = 12h1 + 2 ln (R)i;Sd0 = 12 (1 + �2) + ln (R) + ln2 (R) ;Sd1 = 16 (3 + 3�2 � 2�3) + (1 + �2)� ln (R) + ln2 (R) + 23 ln3 (R) :For verties, the external eletrons are on theirmass shell, p2i = m2, i = 1; 2, and we introduethe Mandelstam invariant s � (p1+p2)2 (see Fig-ure 1). Sine eah of the two verties is relatedto two MIs, we have to onsiderV4l2M1m � V4l2M1m(1; 1; 1; 1);V4l2M1md � V4l2M1m(1; 1; 1; 2);V4l2M2m � V4l2M2m(1; 1; 1; 1);V4l2M2md � V4l2M2m(1; 2; 1; 1): (9)We follow the same strategy employed for thesunrise diagrams. First of all we derive the exatmulti-dimensional MB representation, and thenwe perform �rst a small-mass expansions in ms,and then in Ms, de�ned as the ratios of thefermion masses and the entre-of-mass energy,ms � �m2=s, Ms � �M2=s. The MB repre-sentations read asV4l2M1m(f�g4) = (m2)4��1234�2�� (�1)�1234e2�Q4i=1 �(�i) Z dz1dz2(2�i)2�mz2�4+�1234+2�s M�z1+2��12��s� Q8i=1 �i�(2z1 + �12)�(z1 � �34 + 4� 2�) ; (10)with �1 � �(z1 + �1);�2 � �(z1 + �2);�3 � �(z1 + �12 � 2 + �);



�4 � �(�z2);�5 � �(2z2 + �4);�6 � �(�z2 � �34 + 2� �);�7 � �(z1 � z2 � �4 + 2� �);�8 � �(�z1 + z2 + �34 � 2 + �); (11)and V4l2M2m(f�g4) = (m2)4��1234�2�� (�1)�1234e2�Q4i=1 �(�i) Z dz1dz2(2�i)2�mz2�4+�1234+2�s M�z1+2��12��s� Q9i=1 �iQ12j=10 �j ; (12)with �1 � �(�z1);�2 � �(z1 + �1);�3 � �(z1 + �2);�4 � �(z1 + �12 � 2 + �);�5 � �(2z1 � �34 + 4� 2�);�6 � �(�z2);�7 � �(z1 � z2 � �3 + 2� �);�8 � �(z1 � z2 � �4 + 2� �);�9 � �(�z1 + z2 + �34 � 2 + �);�10 � �(2z1 + �12);�11 � �(z1 � �34 + 4� 2�);�12 � �(2z1 � 2z2 � �34 + 4� 2�): (13)A areful analysis of the powers of ms and Msunder the MB integrals leads to the following re-sults,V4l2M1m = (m2)�2�h 0Xk=�2V 1k �k +O(�)i;V 1�2 = 12 ;V 1�1 = 52 ; (14)V 10 = 12 �19� 3�2 � ln2(ms)� ;

V4l2M1md = (m2)�2�m2 h 0Xk=�2 V 1dk �k +O(�)i;V 1d�2 = 12 ;V 1d�1 = 1 + 12 ln(ms); (15)V 1d0 = 2� �2 + ln(ms) + 14 ln2(ms);V4l2M2m = (m2)�2�h 0Xk=�2V 2k �k +O(�)i;V 2�2 = 12 ;V 2�1 = 52 + ln(ms);V 20 = 12(19 + �2) + 5 ln(ms)+ ln2(ms); (16)V4l2M2md = (m2)�2� 1shV 2d0 +O(�)i;V 2d0 = 16h12�3 � 6�2 ln(Ms)� ln3(Ms)i: (17)For box diagrams, the external momenta areagain on their mass shell, and we have addition-ally (p1�p3)2 = t. After introduing Mt � �M2=t, the appropriate MB representation is given byB5l2M2m(f�g5) = (m2)4��12345�2�� (�1)�12345e2�Q5i=1 �(�i) Z dz1dz2dz3(2�i)3�M�z1+2��12��t mz3�4+�12345+2�s� � ts�z2�z1+2��12�� Q11i=1 �iQ14j=12 �j ; (18)with �1 � �(z1 + �1); (19)�2 � �(z1 + �2);�3 � �(z1 + �12 � 2 + �);�4 � �(�z2);�5 � �(z2 + �4);



�6 � �(�z3);�7 � �(�z1 + z2);�8 � �(2z1�2z2 � �3445 + 4� 2�);�9 � �(z1 � z2 � z3 � �34 + 2� �);�10 � �(z1�z2�z3 � �45 + 2� �);�11 � �(�z1 + z2 + z3 + �345 � 2 + �);�12 � �(2z1 + �12);�13 � �(z1 � �345 + 4� 2�);�14 � �(2(z1�z2�z3)� �3445 + 4� 2�):We have to ompute two MIs,B5l2M2m � B5l2M2m(1; 1; 1; 1; 1);B5l2M2md � B5l2M2m(1; 2; 1; 1; 1); (20)and an expansion in the high-energy limit of theappropriate three-fold MB representations leadsto the following results,B5l2M2m = (m2)�2�h 0Xk=�2Bk�k +O(�)i;B�2 = 1s ln(ms);B�1 = 1s���2 + 2 ln(ms) + 12 ln2(ms)+ ln(ms) ln(mt)�;B0 = 1s h�2�2 � 2�3 + 4 ln(ms) + ln2(ms)+ 13 ln3(ms)� 4�2 ln(mt)+ 2 ln(ms) ln(mt) + ln(ms) ln2(mt)� 16 ln3(mt)� �3�2 + 12 ln2(ms)� ln(ms) ln(mt)+ 12 ln2(mt)� ln�1 + ts�� �ln(ms)� ln(mt)�Li2�� ts�+ Li3 �� ts�i; (21)B5l2M2md = (m2)�2�h 0Xk=�1Bdk�k +O(�)i;

Bd�1 = � 1sthln(ms) ln(mt)� ln(ms)L(R)i;Bd0 = 1stn�2�3 + �2 ln(ms) + 4�2 ln(mt)� 2 ln(ms) ln2(mt) + 16 ln3(mt)� 2�2L(R) + 2 ln(ms) ln(mt)L(R)� 16L3(R) (22)+ �3�2 + 12 ln2(ms)� ln(ms) ln(mt)+ 12 ln2(mt)� ln�1 + ts�+ �ln(ms)� ln(mt)�Li2�� ts�� Li3�� ts�o:4. Summation tehniquesIn any realisti omputation we have to hekthe struture of the ultraviolet (UV) and infrared(IR) divergenies. By ombining the Mellin-Barnes method with reently developed summa-tion tehniques we are able to evaluate exatly(i.e. without a high-energy approximation) theresidues of the UV and IR poles for eah MI.A simple example is enough to illustrate ourproedure. We onsider the following one-fold in-tegral in the omplex plane, related to the singlepole of V4l2M1md,I � 12�i Z +i1�i1 dz M�zs Q3i=1 �i�(2z + 2) ; (23)where we reall that Ms � �M2=s, the integra-tion ontour is a straight line parallel to the imag-inary axis,  = �1=2 and we introdued�1 � �(�z);�2 � �(z);�3 � �2(z + 1): (24)After losing the integration ontour to the rightof the omplex plane and taking residua, the in-tegral I an be written by means of two inverse



binomial sums,I = 1Xn=1 (�1)n M�ns 1�2nn � � 1n � 22n + 1�� 2� ln (Ms) : (25)Inverse binomial sums were reently studied bymeans of the log-sine approah in [40℄. Anotherapproah was developed in [41℄ by generalizingthe summation algorithms introdued in [42℄. Astraightforward appliation of these tehniquesleads to a ompat result,I = 1� xM1 + xM ln(yM ) (1 + 4Ms)� ln (Ms) ; (26)where we introdued the variables xM and yM ,xM � p4M2 � s�p�sp4M2 � s +p�s ;yM � p4M2 � t�p�tp4M2 � t +p�t : (27)As an example, after additionally introduingthe following variables,xm � p4m2 � s�p�sp4m2 � s +p�s;ym � p4m2 � t�p�tp4m2 � t +p�t ; (28)we get the non-approximated expressions for theresidues of the poles of the two box diagrams de-�ned in Eq. (20),B�2 = � 1m2 xm1� x2mH(0;xm);B�1 = 12m2 xm1� x2mn�H2(0;xm)+ 2h�2 � 2H(0;�1;xm)i+ 2H(0;xm)h2H(�1;xm)� 1 + yM1� yM H(0; yM )� 2� ln�m2M2�io; (29)and Bd�1 = � 1m2M2 xm yM(1� x2m)(1� y2M )
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