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DESY 06-148Gauge Coupling Uni�ation in a 6D SO(10) Orbifold GUTHyun Min LeeDeutshes Elektronen-Synhrotron DESY, 22603 Hamburg, Germany(e-mail address: hyun.min.lee�desy.de)
AbstratWe onsider the gauge oupling running in a six-dimensional SO(10) orbifold GUTmodel. The bulk gauge symmetry is broken down to the standard model gauge groupwith an extra U(1)X by orbifold boundary onditions and the extra U(1)X is furtherbroken through the U(1)B�L breaking with bulk hyper multiplets. We obtain theorretions of Kaluza-Klein massive modes to the running of the gauge ouplings anddisuss their impliation to the suessful gauge oupling uni�ation.



Grand Uni�ed Theories(GUTs) have been revived reently in the models of extra di-mensions whih are ompati�ed on orbifolds, the so alled GUT orbifolds [1,2℄. Thanks toorbifold boundary onditions in extra dimensions, a GUT gauge symmetry an be brokendown to the Standard Model(SM) gauge group without the need of a GUT Higgs �eld inthe large representation and the doublet-triplet splitting problem an be solved easily.On an orbifold M=� with M a ompat manifold and � a point group, there are �xedpoints whih transform into themselves under �. When the orbifolding breaks the gaugesymmetry, there are some of �xed points where the ative gauge symmetry is redued.Although the non-universal gauge kineti terms loalized at the �xed points an be in-trodued at tree level and generated even by loop orretions [3{5℄, those e�ets may beignored by making the strong oupling assumption at the GUT sale with a large volume ofextra dimensions [6℄. Thus, due to ontributions oming from Kaluza-Klein(KK) massivemodes, the GUT orbifolds an provide a minimal setup to predit the QCD oupling for asuessful gauge oupling uni�ation.In this paper, we onsider the running of the gauge ouplings in the six-dimensionalSO(10) orbifold GUT model proposed in Ref. [7℄. This is the minimal setup to breakSO(10) down to the SM gauge group up to a U(1) fator only by orbifold boundaryonditions without obtaining massless modes from the extra omponent of gauge bosons.We ompute the threshold orretions due to KK massive modes to the gauge ouplingrunning for a number of hyper multiplets with arbitrary parities. By taking the 5D limitwhere the bulk gauge group beomes the Pati-Salam SU(4)� SU(2)L � SU(2)R, we showthat the shape dependent term of the KK threshold orretions gives rise to the 5D power-like threshold orretions with non-universal oeÆient. In this paper, fousing on the asethat the logarithmi threshold orretions are important, we disuss about the possibilityof having a large volume of extra dimensions ompatible with the suess of the gaugeoupling uni�ation in spei� realizations of the MSSM.In our ase, after the orbifolding, on top of the SM gauge group, there is an extra U(1)Xgauge symmetry whih has to be broken by a usual Higgs breaking of the U(1)B�L [8, 9℄.In so doing, 16 Higgs multiplets are introdued in the bulk, so one ends up with extraolor triplets as zero modes. Although the extra olor triplets an get masses of orderthe B � L breaking sale MB�L at the �xed points, they ould give a large thresholdorretion to the gauge ouplings. We show that the KK threshold orretions an omewith opposite sign to the threshold orretions of the olor triplets. Thus, even if MB�Lis muh smaller than the GUT sale, we an get the suessful gauge oupling uni�ationdue to the anellation between the large threshold orretions. In this ase, the volumeof extra dimensions an be large enough for satisfying the strong oupling assumption. Wetake some spei� examples of embedding hyper multiplets to show expliitly that this isthe ase for MB�L being smaller than the ompati�ation sale. There are an extensivelist of referenes [10℄ where related disussions on the gauge oupling uni�ation have beendone mainly in the ontext of a 5D SO(10) orbifold GUT.Two extra dimensions are ompati�ed on a torus and they are identi�ed by a Z2reetion symmetry to make up a T 2=Z2 orbifold. For the extra oordinates z = x5 + ix6,there are double periodiities in extra dimensions suh as z � z + 2�R5 � z +2i�R6. Due2



to the orbifold ation, there are four �xed points or branes, z0 = 0, z1 = �R5, z2 = i�R6and z3 = �R5 + i�R6.A bulk vetor multiplet is omposed of a vetor multiplet V and an adjoint hiralmultiplet � in 4D N = 1 language. In order to break the bulk gauge symmetry down tothe SM gauge group, we introdue a nontrivial boundary ondition at eah �xed point fora bulk vetor multiplet by the parity matries [7℄,PiV (�z + zi)P�1i = V (z + zi); (1)Pi�(�z + zi)P�1i = ��(z + zi); i = 0; 1; 2; 3; (2)where P0 = I10�10; (3)P1 = diag(�1;�1;�1; 1; 1)� �0; (4)P2 = diag(1; 1; 1; 1; 1)� �2; (5)and P3 = P1P2 from the onsisteny ondition on the orbifold. Then, the parity operationsP1; P2 break SO(10) down to its maximal subgroups, Pati-Salam group SU(4)�SU(2)L�SU(2)R and Georgi-Glashow group SU(5)� U(1)X , respetively. The parity operation P3also breaks SO(10) down to ipped SU(5) but it is not an independent breaking. Thus, theintersetion of two maximal surviving subgroups leads to SU(3)C�SU(2)L�U(1)Y �U(1)Xas the remaining gauge group. This an be seen from the gauge bosons with positiveparities: 45 is deomposed into (15; 1; 1)+ + (6; 2; 2)� + (1; 3; 1)+ + (1; 1; 3)+ under P1(where � indiate the parities) and 240;++ 10�4;�+ 104;�+ 10;+ under P2. Then, �nally,the extra U(1)X or U(1)B�L has to be broken further by the VEV of bulk or brane Higgs�elds.A bulk hyper multiplet is omposed of two hiral multiplets with opposite harges(H;H 0) and it satis�es the orbifold boundary onditions�iPiH(�z + zi) = H(z + zi); (6)�iPiH 0(�z + zi) = �H 0(z + zi); i = 0; 1; 2; 3; (7)with �2i = 1. Here �0 = 1 and �3 = �1�2, independent of the representation of thehyper multiplet. We onsider a set of hyper multiplets, N10 10's and N16 16's satisfyingN10 = 2 + N16 for no irreduible anomalies [11, 12℄. We also note that both N10 and N16have to be even for the absene of loalized anomalies unless there are split multiplets atthe �xed points [12℄. 10 = (H;G;H; G) is deomposed into (6; 1; 1)� + (1; 2; 2)+ underP1 and 5�2;�+�52;+ under P2. On the other hand, 16 = (Q;L; U; E;D; N ) is deomposedinto (4; 2; 1)+ + (�4; 2; 1)� under P1 and 101;� + �5�3;+ + 15;+ under P2.In a 6D non-Abelian gauge theory on orbifolds, where there is no orbifold breaking of thegauge symmetry, the one-loop e�etive ation for the gauge �eld has been obtained [4℄. Theanalysis has been extended to 6D GUTs with the orbifold breaking of GUT symmetry [5℄.By using the general result in the latter analysis, we study the running of the 4D e�etive3



gauge ouplings of the SM gauge group muh below the ompati�ation sale in 6DSO(10) GUTs. After inluding all possible ontributions, the running of the low-energygauge ouplings are governed in dimensional regularization by4�g2e�;a(k2) = 4�g2u + 14�~ba ln M2�M2B�L + 14�b0a lnM2B�Lk2� 14��X�� b��a L�� +X�� b��a L��� + 12� (�la +�B�La ) (8)whereM� is the 6D fundamental sale,MB�L is the B�L breaking sale, gu is the universalrenormalized gauge oupling1 and �la are orretions due to renormalized gauge ouplingsloalized at the Pati-Salam and ipped SU(5) �xed points. �B�La stands for the e�etdue to the modi�ation of the KK masses due to the B�L breaking brane-loalized massterms. Note further that b0a = (33=5; 1;�3) is the beta funtion in the MSSM as givenbelow the B � L breaking sale while ~ba is the beta funtion above the B � L breakingsale. More importantly, L��(L��) are the logarithmi KK threshold orretions with theorresponding beta funtions b��a (b��a ). These are a purely bulk ontribution [5℄.Here we present the details of the beta funtions in eq. (8). We split ~ba into ~ba =ba � a + bma . Here ba is the ontribution from zero modes whih are distributed both inthe bulk and at the �xed points [4, 5℄. It is given byba = bVa + b10a + b16a (9)with bVa = (0;�6;�9); (10)b10a = 14N10(1; 1; 1) + 14X10 �101 (15 ; 1;�1); (11)b16a = 14(2N16 �X16 �162 )(1; 1; 1) + 14X16 �161 (�65 ; 2; 0)+14X16 �161 �162 (75 ;�1;�1) (12)where �10i and �16i with (�10i )2 = (�16i )2 = 1(i = 1; 2) are the parities for 10 and 16,respetively. a is the beta funtion for vetor-like massless modes whih would get tree-level brane masses of order the GUT sale. Moreover, bma is the beta funtion for thebrane-loalized �elds. Depending on the parities, we get the di�erent logarithms for theKK threshold orretions asL++ = ln h4e�2j�(iu)j4uVM2� i; (13)1Although there are also power-like threshold orretions in the uto� regularization [4,13℄, they don'tontribute to the di�erential running of gauge ouplings. Nevertheless, the power-like ontributions mayhave the net e�et of plaing an upper limit on the possible volume of the extra dimensions [14℄.4



L�+ = ln he�24 ���#1(12 jiu)���4uVM2� i; (14)L+� = ln he�24 ���#1(�12 iujiu)���4uVM2� i; (15)L�� = ln he�24 ���#1(12 � 12 iujiu)���4uVM2� i (16)where u = R6=R5, V = 4�2R5R6, � and #1 are the Dedekind eta funtion and the Jaobitheta funtion, respetively. The beta funtion for KK massive modes isb++a = 14(�8 +N10 + 2N16)(1; 1; 1); (17)b�+a = 14(125 ; 4; 0) + 14X10 �101 (15 ; 1;�1) + 14X16 �161 (�65 ; 2; 0); (18)b+�a = 14(2 +X16 �162 )(�1;�1;�1); (19)b��a = 14(385 ;�2;�2) + 14X16 �161 �162 (75 ;�1;�1): (20)Compared to eq. (9), we obtain the relation between beta funtions asba = (0;�4;�6) + b++a + b�+a + b+�a + b��a (21)where the �rst term is due to the di�erene between the beta funtions of N = 1 vetormultiplets and N = 2 vetor multiplets for the SM gauge group. Consequently, from thebeta funtions (11), (12), (18) and (20), one an �nd that the part proportional to �R1 or�R1 �R2 is non-universal. So, beause of the orbifold ations assoiated with Pati-Salam andipped SU(5) gauge groups, both massless and massive mode ontributions an a�et thedi�erential running of the gauge ouplings.For a number of hyper multiplets with arbitrary parities, we assume that both vetor-like partiles (getting brane masses of order the GUT sale) and brane-loalized partiles�ll GUT multiplets, i.e. a and bma are universal. In this ase, those partiles do not a�etthe uni�ation of the one-loop gauge ouplings. Then, we get the general formula for thedi�erential running of gauge ouplings as1g23 � 127 1g22 + 57 1g21 = 18�2�~b ln M�MB�L � 12b�+L�+ � 12b��L�� + ~�l + ~�B�L� (22)where ~b = 97 � 914X10 �101 � 1514X16 �161 + 37X16 �161 �162 ; (23)b�+ = �97 � 914X10 �101 � 1514X16 �161 ; (24)b�� = 127 + 37X16 �161 �162 : (25)5



Thus, we �nd a general relation between oeÆients as~b = 67 + b�+ + b��: (26)Then, from eq. (22) with the relation (26), we �nd the deviation from the 4D SGUTpredition of the QCD oupling at MZ , i.e. ��s � �KKs � �SGUT;0s as��s(MZ) � � 12��2s(MZ)n~b ln M�MB�L � (~b� 67) ln(M�pV )�12b�+ ln he�24 ���#1(12 jiu)���4ui�12(~b� 67 � b�+) ln he�24 ���#1(12 � 12 iujiu)���4ui+~�l + ~�B�Lo: (27)The �rst term orresponds to the ontribution due to the extra partiles above the B � Lsale. The seond term is the volume dependent orretion due to the KK massive modeswhile the third part ontaining the theta funtions is the shape dependent orretion. Thelast two terms ~�l and ~�B�L are the e�et of the brane-loalized gauge ouplings and theB � L breaking brane-loalized mass terms, respetively.Suppose to take the 5D limit with u = R6=R5 � 1, in whih ase the bulk gaugegroup beomes the Pati-Salam and there remain only two �xed points with the Pati-Salamgroup and the SM gauge group enlarged with a U(1) fator. Then, sine j#1(zjiu)j �2e��u=4j sin(�z)j for u � 1, the shape dependent terms ould give a signi�ant e�eton the gauge oupling uni�ation by the non-universal power-like threshold orretionsproportional to u as in the ase with the bulk VEV of extra omponents of gauge bosons fora simple gauge group [18℄. In this ase, the e�etive 5D gauge oupling(1=g25 = 1=(g24R6))gets a power-like threshold orretion like u=R6 � 1=R5 whih is set by the mass sale ofheavy gauge bosons belonging to SO(10)=SU(4)� SU(2)L � SU(2)R.On the other hand, when u � 1, the shape dependent term is subdominant omparedto the other logarithmi terms. As an be shown expliitly in the spei� models, the lasttwo terms an be also ignored by making a strong oupling assumption and hoosing theB�L breaking sale to be smaller than the ompati�ation, respetively. Then, the �rsttwo logarithms beome a dominant ontribution. For ~b(~b � 67) > 0, we an see that theindividual logarithm an be large, being ompatible with the gauge oupling uni�ation dueto a anellation. We will fous on this possibility later on. The ase with the anisotropiompati�ation u� 1 will be disussed in detail elsewhere in Ref. [5℄.Now we are in a position to apply our general formula (27) to partiular ases for theuni�ation of the SM gauge ouplings. To this purpose, we onsider some known SO(10)models of embedding the MSSM into the extra dimensions. In the minimal model(: modelI) [8℄ that ontains Higgs �elds in the bulk for breaking U(1)B�L and the SM gauge group2,2In order to anel the bulk anomalies due to one 45, we need to add in the bulk two 10's. So, it is6
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Figure 1: The 1� and 2� band of ��s: the model I on the left and the model II on theright for u = R6=R5 � 1. The dashed lines and the thin lines denote 1� and 2� bounds ofthe experimental data, respetively.there are 4 10's with parities (�1; �2) suh as H1 = (+;+), H2 = (+;�), H3 = (�;+) andH4 = (�;�), and one pair of 16 and 16 with parities � = (�;+), � = (�;+). Then,the resulting massless modes are two doublet Higgs �elds H1 and H2 from H1 and H2,and G3; G4; (D; N ); (D;N) from H3; H4;� and � in order. Moreover, eah family ofquarks and leptons is introdued as a 16 being loalized at the �xed point without SO(10)gauge symmetry. After the B � L breaking via the bulk 16's with hNi = hN i 6= 0,neutrino masses are generated at the �xed points by a usual see-saw mehanism. Moreover,G3; G4; (D; N ); (D;N) an aquire masses of order the B�L breaking sale by the branesuperpotential [8, 9℄ W = �NDG3 + �0N DG4 for hNi = hN i 6= 0. In this ase, sineP10 �101 = 0, P16 �161 = P16 �161 �162 = �2, we get the values ~b = 187 ; b�+ = b�� = 67 ineq. (27).We onsider another 6D SO(10) GUT model where the realisti avor struture of theSM was disussed(: model II) [9℄. In this ase, on top of the minimal model, there are morehyper multiplets: 2 10's suh as H5 = (�;+) and H6 = (�;�), and one pair of 16 and16 with � = (+;+) and � = (+;+). Then, there are additional zero modes G5; G6; L; Lfrom H5; H6; � and � in order. They are assumed to get brane masses of order theGUT sale. Thus, the running of gauge ouplings between the GUT sale and the B � Lbreaking sale is the same as in the minimal model. In this ase, sine P10 �101 = �2,P16 �161 =P16 �161 �162 = 0, we get the values ~b = 187 ; b�+ = 0 and b�� = 127 in eq. (27).Consequently, in both ases, we an see that logarithmi ontributions of zero modesand those of KK massive modes appear with opposite signs so that there is a possibilityof having the large volume of extra dimensions onsistent with perturbativity and gaugeoupling uni�ation. From the data of the eletroweak gauge ouplings at the sale of theneessary to have two Higgs doublets of the 10's in the bulk unlike in 5D ase [2℄. Moreover, in order tobreak the U(1)B�L, we need one 16 in the bulk. However, for anellation of loalized and bulk anomalies,one needs one 16 and two more 10's. 7



Z mass, one an ompare the predited value of the QCD oupling in a theory to a measureone [15℄ �exps = 0:1176� 0:0020. In the 4D supersymmetri GUTs, the predition withoutthreshold orretions for the QCD oupling is �SGUT;0s = 0:130� 0:004. Thus, in this ase,there is a disrepany from the experimental data as Æ�s = �SGUT;0s ��exps = 0:0124�0:0045.For the models that we onsidered above, ignoring the unknown brane-loalized gaugeouplings and the B � L breaking e�et, we depit in Fig. 1 the parameter spae of(M;MB�L) with M � 1=pV and u � 1, being ompatible with the experimental data.Taking M�=M � 63=pC � 22 with the group theory fator C = 8 for strong ouplingassumption at the 6D fundamental sale, the orretion due to the brane-loalized gaugeouplings is ~�l = O(1) so it is negligible to the KK threshold orretions whih is oforder ln(M�=M) � 3. For MB�L � M, it has been shown [17℄ that the KK massivemodes of the olor triplets are modi�ed to m2n5;n6 � (n5=2R5)2+(n6=2R6)2+ M2B�L where is of order unity independent of the KK level for R5 6= R6. In this ase, the B � Lbreaking e�et to the di�erential running (22) is estimated as ~�B�L � M2B�L=M2 . In themodel I(II), for M�=M � 22, MB�L=M an be as small as 0:23(0:12) at the 2� level sothat the B � L breaking an be suppressed ompared to the KK threshold orretions.Apart from the two models, we an onsider other possibilities of embedding the matterrepresentations into extra dimensions, like in the �eld-theory limit of a suessful stringorbifold ompati�ation [16℄ where there are two families at the �xed points and onefamily in the bulk. In view of the general formula (27), however, as far as an extra partileontributes to the running of the gauge ouplings above the B � L breaking sale, MB�Ltends to be lose to M for the suess of the gauge oupling uni�ation, independent ofthe details of the model.To onlude, we have obtained the KK massive mode orretions as a dominant on-tribution to the gauge oupling running in a six-dimensional SO(10) orbifold GUT model.The shape dependent orretion of the KKmassive modes an be dominant in the anisotropiompati�ation of the extra dimensions. Compared to the 5D ase, the 5D limit of ouromputation shows that the 5D power-like threshold orretions an be omputed to benon-universal for the SM gauge ouplings. Fousing on the isotropi ompati�ation of theextra dimensions, we have shown that there is a generi anellation between the dominantlogarithmi orretions to the di�erential logarithmi running of the SM gauge ouplings:one is the ontribution of the extra partiles above the B � L sale and the other is theKK massive mode ontribution. In the models that we onsidered, extra olor triplets on-tribute to the running of the gauge ouplings above the B�L sale but the KK thresholdorretions an be large enough to anel the ontribution of the extra olor triplets for thelarge volume of extra dimensions. Therefore, the B � L sale an be muh smaller thanthe GUT sale.Sine the B�L breaking sale tends to be lose to or larger than the ompati�ationsale as shown in the allowed parameter spae of Fig. 1, it may be also important to seehow muh the modi�ed KK massive modes of the olor triplets due to the brane-loalizedmass terms an a�et the running of the gauge ouplings. On the other hand, one anlook for a onsistent model where the olor triplets make up GUT multiplets together withsome extra doublets, i.e. ~b = 0. Then, the B � L breaking would not be relevant for8
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