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t. The QCDSF/UKQCD 
ollaboration has an ongoing program to 
al
ulate nu
leon matrix ele-ments with two 
avours of dynami
al O(a) improved Wilson fermions. Here we present re
ent results onthe ele
tromagneti
 form fa
tors, the quark momentum fra
tion hxi and the �rst three moments of thenu
leon's spin-averaged and spin-dependent generalised parton distributions, in
luding preliminary resultswith pion masses as low as 320 MeV.PACS. 12.38.G
 Latti
e QCD 
al
ulations { 13.40.Gp Ele
tromagneti
 form fa
tors1 Introdu
tionThe ability of generalised parton distributions (GPDs) [1℄to des
ribe both ex
lusive and in
lusive pro
esses has ledto an enormous amount of interest in these fun
tions bothexperimentally and theoreti
ally. Not only do GPDs en-
ompass the ordinary ele
tromagneti
 form fa
tors andparton distribution fun
tions, but they also allow for the
omputation of the total quark 
ontribution to the nu
leonspin [2℄ as well as revealing important information on thetransverse stru
ture of the nu
leon [3,4℄. A full mappingof the parameter spa
e spanned by GPDs is an extremelyextensive task whi
h needs support from non-perturbativete
hniques like latti
e simulations.Substantial progress has already been made in 
om-puting the �rst three moments of unpolarised, polarised[5,6,7℄ and tensor [8℄ GPDs on the latti
e.In this paper we present re
ent results from the QCDSF/UKQCD 
ollaboration. In se
tion 2 we investigate the q2dependen
e of the Dira
 and Pauli ele
tromagneti
 formfa
tors, while se
tion 3 
ontains preliminary results forthe average fra
tion of the nu
leon's momentum 
arriedby the quarks, hxi. Finally, in se
tion 4 we present resultsfor the �rst three moments of the GPDs H and ~H.2 Ele
tromagneti
 form fa
torsThe study of the ele
tromagneti
 properties of hadronsprovides important insights into the non-perturbative stru
-a Presented by J.M. Zanotti. at PAVI '06, Milos, Gree
e.

ture of QCD. The EM form fa
tors reveal important infor-mation on the internal stru
ture of hadrons in
luding theirsize, 
harge distribution and magnetisation. Phenomeno-logi
al interest in these form fa
tors has been revived byre
ent Je�erson Lab polarisation experiments [9℄ measur-ing the ratio of the proton ele
tri
 to magneti
 form fa
-tors, �(p)G(p)e (q2)=G(p)m (q2). These experiments show thatthis ratio unexpe
tedly de
reases almost linearly with in-
reasing q2, indi
ating that the proton's ele
tri
 form fa
-tor falls o� faster than the magneti
 form fa
tor.A latti
e 
al
ulation of the q2 dependen
e of the pro-ton's ele
tromagneti
 form fa
tors 
an not only allow for a
omparison with experiment, but also help in the under-standing of the asymptoti
 behaviour of these form fa
-tors. Su
h a latti
e 
al
ulation would also allow for theextra
tion of other phenomenologi
ally interesting quan-tities su
h as magneti
 and ele
tri
 
harge radii and mag-neti
 moments.2.1 Latti
e Te
hniquesOn the latti
e, we determine the form fa
tors F1(q2) andF2(q2) by 
al
ulating the following matrix element of theele
tromagneti
 
urrenthp0; s0jj�jp; si = �u(p0; s0)�
�F1(q2)+ i��� q�2mN F2(q2)�u(p; s) ; (1)
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ewhere u(p; s) is a Dira
 spinor with momentum p andspin polarisation s, q = p0 � p is the momentum transferwith Q2 = �q2, mN is the nu
leon mass and j� is theele
tromagneti
 
urrent.The form fa
tors of the proton are obtained by usingj(p)� = 23 �u
�u� 13 �d
�d ; (2)while for iso-ve
tor (i.e. proton � neutron) form fa
torsjv� = �u
�u� �d
�d : (3)It is 
ommon to rewrite the form fa
tors F1 and F2 asGe(q2) = F1(q2) + q2(2mN )2F2(q2); (4)Gm(q2) = F1(q2) + F2(q2); (5)whi
h are known as the ele
tri
 and magneti
 Sa
hs formfa
tors, respe
tively.At zero momentum transfer, F1(0) = Ge(0) gives theele
tri
 
harge (e.g. 1 for the proton), whileG(p)m (0) = �(p) = 1 + �(p) ; (6)gives the magneti
 moment, where F (p)2 (0) = �(p) is theanomalous magneti
 moment.In order to extra
t the non-forward matrix elementsfrom our latti
e simulations, we 
ompute ratios of three-and two-point fun
tionsR(t; � ;p 0;p;O) = C� (t; � ;p 0;p;O)C2(t;p 0) (7)� �C2(�;p 0)C2(t;p 0)C2(t� �;p )C2(�;p )C2(t;p )C2(t� �;p 0) � 12whi
h for large time separations, 0� � � t . 12LT , whereLT is the temporal extent of our latti
e, is proportionalto the matrix element we are interested in, hp0jOqjpi. Thenu
leon two- and three-point fun
tions are given, respe
-tively, by C2(�;p) = Tr ��unpolhB(�;p)B(0;p)i� ;C� (t; � ;p 0;p;O) = Tr �� hB(t;p 0)O(� )B(0;p)i� : (8)Here t and � are the Eu
lidean times of the nu
leon sinkand operator insertion, respe
tively, p 0 (p) is the nu
leonmomentum at the sink (sour
e), and O is the lo
al ve
tor
urrent O(� ) =  (� )
� (� ) ; (9)whi
h we renormalise non-perturbatively [10℄. The tra
e inEq. (8) is over spinor indi
es and the � matrix determinesthe polarisation of the nu
leon with �unpol = 12(1 + 
4).We note here that in the 
al
ulation of nu
leon matrixelements, we negle
t 
ontributions 
oming from dis
on-ne
ted quark diagrams as these are extremely 
omputa-tionally demanding. Hen
e, in the following we mainly re-stri
t ourselves to the 
al
ulation of iso-ve
tor matrix ele-ments where the dis
onne
ted quark 
ontributions 
an
el.Finally, we use the Sommer parameter, r0, to set thes
ale with r0 = 0:5 fm.
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a=0.068 fmFig. 1. pQ2 F2=F1 form fa
tor ratio on three datasets withthe same pion mass (� 550 MeV), but with di�erent latti
espa
ings, a = 0:085; 0:080; 0:068 fm.2.2 ResultsOf parti
ular interest is the need to understand the be-haviour of the form fa
tor F2(Q2). The question ariseswhi
h is the best way to �t the form fa
tor sin
e su
h a�tting fun
tion also allows an extrapolation of the formfa
tor to Q2 = 0. This is a ne
essary ingredient to �ndthe anomalous magneti
 moment of the nu
leon, �.Based on perturbative QCD, F1 should s
ale asymp-toti
ally as 1=Q4, while F2 � 1=Q6 [11,12℄. It is diÆ
ultto obtain latti
e data with high enough pre
ision over alarge enough range of Q2 values to distinguish between adipole or tripole behaviour. It may, however, be instru
-tive to 
onsider the form fa
tor ratio F2(Q2)=F1(Q2) sin
easymptoti
ally this ratio should s
ale as 1=Q2. Spin po-larisation experiments have instead found that the data is
ompatible with F2(Q2)F1(Q2) � 1pQ2 : (10)To investigate the asymptoti
 behaviour of the formfa
tor ratio F2(Q2)=F1(Q2), we plot in Fig. 1 the resultsfor pQ2F2=F1 obtained at three working points with ap-proximately the same pion mass, but with di�erent valuesof the latti
e spa
ing. Here we observe the latti
e data tobe 
onsistent with a 
onstant for Q2 > 1:5GeV2, similarto the experimental data. Multiplying these results by anextra fa
tor of pQ2, as suggested by perturbative QCD,would 
learly destroy the plateau. Quantitatively, though,the latti
e data is higher than the 
orresponding experi-mental ratios, 
f [13℄. This shows that the latti
e simula-tions are able to reprodu
e the qualitative features of theexperimental data, but for a quantitative reprodu
tion thepion mass is still unrealisti
ally large.In the following we �t F1 and F2 with a dipole ansatzF (v)i (q2) = Fi(0)(1� q2=M2i )2 (11)where F (v)1 (0) = 1, F (v)2 (0) = �(v) and Mi is the �tteddipole mass for the form fa
tor, i.
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2  [GeV2]Fig. 2. Results for the isove
tor magneti
 moment as a fun
-tion of m2�. The experimental value is denoted by the star.We display our results for the isove
tor magneti
 mo-ment in Fig. 2 as a fun
tion ofm2� . Our results are in goodagreement with re
ent quen
hed [14,15,16℄ and Nf = 2[16℄ results, whi
h indi
ates that there appears to be lit-tle e�e
t due to quen
hing on the magneti
 moments, aspredi
ted in [17℄. The experimental value is indi
ated bya star at the physi
al pion mass. We 
learly see that alinear extrapolation would miss the experimental point.This, however, is not 
ompletely unexpe
ted as resultsfrom 
hiral perturbation theory suggest that we shouldobserve a dramati
 in
rease in the results at lighter pionmasses [14,17℄. The new points at lighter pion masses,m2� < 0:2 GeV2, are beginning to show a hint of su
h 
ur-vature, although more work needs to be done to redu
ethe error bars.3 Quark momentum fra
tion, hxiForward matrix elements (no momentum transfer) pro-vide moments of quark distributions in some s
heme, S,at some s
ale, M :hN (p)jOf�1����ngq jN (p)iS = 2v(q)Sn (gS (M )) p�1 � � �p�n ;(12)where Of�1 ����ngq = q in�1 
f�1 $D�2 � � �$D�ngq ; (13)$D = 12 (!D �  D) and f� � �g indi
ates symmetrisation ofindi
es and removal of tra
es.Matrix elements with no momentumtransfer are deter-mined from a simpli�ed version of the ratio of three-pointto two-point 
orrelation fun
tions given in Eq. (7). See[18℄ for additional details.We use non-perturbative renormalisation as outlinedin Se
tion 5.2.3 of [18℄ to 
onvert our latti
e results to theMS s
heme at �2 = 4 GeV2.In the language of the parton model, vqn is often de-noted by hxn�1iqhxn�1iq = Z 10 dxxn�1 [q(x) + (�1)n�q(x)℄ = vqn : (14)
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2  [GeV2]Fig. 3. Isove
tor hxi as a fun
tion of m2� in the MS s
heme at�2 = 4 GeV2. These preliminary results are obtained at fourdi�erent latti
e spa
ings (in fm): 0.092 (triangles), 0.085 (dia-monds), 0.080 (
ir
les) and 0.068 (squares). The star indi
atesthe phenomenologi
al result of the MRST analysis [20℄ as givenin [18℄. This is in agreement with a re
ent higher order analysis[21℄.Of parti
ular interest is the �rst (n = 2) moment,vq2 = hxiq, whi
h determines the fra
tion of the nu
leon'smomentum 
arried by the quark, q. This quantity is noto-rious on the latti
e for produ
ing values mu
h larger thanphenominologi
ally a

epted results. These dis
repan
ies
an possibly be explained by the fa
t that all latti
e 
al
u-lations to date have been performed at quark masses thatare mu
h larger than the physi
al masses [19℄. Hen
e, it isa 
hallenge for 
urrent latti
e simulations to 
al
ulate hxiat small enough quark masses in order to sear
h for thesevere 
urvature predi
ted in Ref. [19℄.Figure 3 displays preliminary results for hxi(u�d) withpion masses as low as � 320 MeV. Before we 
an drawany 
on
lusions on the behaviour at small quark masses,we need to study s
aling violations and �nite size e�e
tsmore 
arefully. Indeed, it has been suggested [22,23℄ thata volume of at least (4 fm)3 is required to 
on�rm thepredi
ted 
hiral 
urvature.4 Generalised parton distributions4.1 Matrix Elements And Moments of GPDsFor a latti
e 
al
ulation of GPDs, we work in Mellin-spa
eto relate matrix elements of lo
al operators to Mellin mo-ments of the GPDs. The non-forward matrix elements ofthe twist-2 operator in Eq. (13) spe
i�es the (n � 1)thmoments of the spin-averaged generalised parton distri-butions. Repla
ing 
 with 
5
 leads to moments of thespin-dependent GPDs. In parti
ular, for the unpolarisedGPDs, we haveZ 1�1 dxxn�1Hq(x; �; t) = Hqn(�; t) ;Z 1�1 dxxn�1Eq = Eqn ;(15)
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Fig. 4. Generalised form fa
tors Au�d10 ; Au�d20 , Au�d30 togetherwith a dipole �t. All form fa
tors have been normalised tounity.where [2℄Hqn(�; t) = bn�12 
Xi=0 Aqn;2i(t)(�2�)2i + Cqn(t)(�2�)njn even ;Eqn(�; t) = bn�12 
Xi=0 Bqn;2i(t)(�2�)2i �Cqn(t)(�2�)njn even :(16)Here we denote the invariant of the momentum transfer byt = �2 = (p0 � p)2. The generalised form fa
tors Aqn;2i(t),Bqn;2i(t) and Cqn(t) for the lowest three moments are ex-tra
ted from non-forward nu
leon matrix elements of theoperators in Eq. (13) [6℄.For the lowest moment,A10 and B10 are just the Dira
and Pauli form fa
tors F1 and F2, respe
tivelyZ 1�1 dxHq(x; �; t) = Aq10(t) = F1(t) ; (17)Z 1�1 dxEq(x; �; t) = Bq10(t) = F2(t) ; (18)while eA10 and eB10 are the usual axial-ve
tor and pseu-dos
alar form fa
tors, respe
tivelyZ 1�1 dx eHq(x; �; t) = eAq10(t) = gA(t) ; (19)Z 1�1 dx eEq(x; �; t) = eBq10(t) = gP (t) : (20)We also observe that in the forward limit (t = � = 0),the moments of Hq redu
e to the moments of the unpo-larised parton distribution An0(0) = hxn�1i.4.2 Results For Generalised Form Fa
torsBurkardt [4℄ has shown that the spin-independent andspin-dependent generalised parton distributions H(x; 0; t)and eH(x; 0; t) gain a probability interpretation when Four-ier transformed to impa
t parameter spa
e at longitudinal

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.5  1  1.5  2  2.5  3

A~
i0

(q
2 )

-t [GeV]2

A
~

10

A
~

20

A
~

30

Fig. 5. Generalised form fa
tors eAu�d10 ; eAu�d20 , eAu�d30 togetherwith a dipole �t. All form fa
tors have been normalised tounity.momentum transfer � = 0q(x; b?) = Z d2�?(2�)2 e�ib?��?H(x; 0;��2?) ; (21)(and similar for the polarised �q(x; b?)) where q(x; b?) isthe probability density for a quark with longitudinal mo-mentum fra
tion x and at transverse position (or impa
tparameter) b?.Burkardt [4℄ also argued that H(x; 0;��2?) be
omes�2?-independent as x! 1 sin
e, physi
ally, we expe
t thetransverse size of the nu
leon to de
rease as x in
reases,i.e. limx!1 q(x; b?) / Æ2(b?). As a result, we expe
t theslopes of the moments of H(x; 0;��2?) in �2? to de
reaseas we pro
eed to higher moments. This is also true for thepolarised moments of eH(x; 0;��2?), so from Eq. (16) with� = 0, we expe
t that the slopes of the generalised formfa
tors An0(t) and eAn0(t) should de
rease with in
reasingn. In Figs. 4 and 5, we show the t-dependen
e of An0(t)and eAn0(t), respe
tively, n = 1; 2; 3, for � = 5:40, �sea =�val = 0:13500. The form fa
tors have been normalised tounity to make a 
omparison of the slopes easier and we�t the form fa
tors with a dipole form as in Eq. (11). Weobserve here that the form fa
tors for the unpolarised mo-ments are well separated and that their slopes do indeedde
rease with in
reasing n as predi
ted. For the polarisedmoments, we observe a similar s
enario, however here the
hange in slope between the form fa
tors is not as large.The 
attening of the GFFs An0(t) has �rst been observedin Ref. [7℄, where at the same time pra
ti
ally no 
hangein slope was seen going from eA20(t) to eA30(t).Although �tting the form fa
tors with a dipole is purelyphenomenologi
al (see Ref. [24℄ for an alternative ansatz),it does provide us with a useful means to measure the
hange in slope of the form fa
tors by monitoring the ex-tra
ted dipole masses as we pro
eed to higher moments.We have 
al
ulated these generalised form fa
tors on asubset of our full 
omplement of (�; �) 
ombinations andhave extra
ted the 
orresponding dipole masses. Re
allthat A10 is the Dira
 form fa
tor F1, while ~A10 is the
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Fig. 6. The lowest three moments of the GPD H(x;� = 0; t)(top) and eH(x;� = 0; t) (bottom) in impa
t parameter spa
eas a fun
tion of impa
t parameter, b.axial form fa
tor gA. Hen
e the dipole �ts 
an be 
om-pared with experiment. A linear extrapolation produ
es aresult larger than experiment for both the polarised andunpolarised 
ase, although the �ndings of Ref. [25℄ suggestthat the 
hiral extrapolation of the dipole masses of theele
tromagneti
 form fa
tors may be non-linear.In Fig. 6 we show the lowest three moments of theGPD H(x; � = 0; t) (top) and eH(x; � = 0; t) (bottom)in impa
t parameter spa
e. The 
urves 
orrespond to theFourier-transformation of our dipole ansatz Eq. (11), withthe dipole masses extrapolated linearly to the 
hiral limit,to b?-spa
e, and the shaded error band is a result of theerrors in the extrapolated dipole masses at the physi
alpion mass. The 
urves have been normalised so that theyrepresent line densities with R db qn(b) = 1. The top �gureof Fig. 6 
learly shows how the u � d quark distributionnarrows as we pro
eed to higher moments n and therebylarger values of the average momentum fra
tion, while forthe polarised 
ase in the bottom �gure, the narrowing ofthe distribution is not so severe.A
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