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1 IntrodutionIn a previous publiation [22℄ we have started to study superintegrable systems on spaes ofnon-onstant urvature, i.e. Darboux spaes. These spaes were introdued by Kalnins et al.[27, 29℄. In the �rst paper we have studied the Darboux spaes D I and D II, and we ontinueour study by onsidering the two other Darboux spaes D III and D IV with �ve, respetively foursuperintegrable potentials as determined in [27℄.We �nd a rih struture of the spetrum of these potentials yielding bound and ontinuousstates. As it turns out, already the free motion on D III an give a positive ontinuous and anin�nite negative disrete spetrum. This situation is similar as for the quantum motion on theSU(1; 1) manifold [2℄, respetively on the SU(2; 2) [6℄ and SO(2; 2) manifolds [31℄.The notion of superintegrable systems was introdued by Winternitz and o-workers in [9,48℄, Wojiehowski [49℄, and was developed further later on also by Evans [7℄. Superintegrablepotentials have the property that one �nds additional onstants of motion. In two dimensions onehas in total three funtional independent onstants of motion and in three dimensions one has four(minimal superintegrable) and �ve (maximal superintegrable) funtional independent onstantsof motion. Well-known examples are the Coulomb potential with its Lenz{Runge vetor and theharmoni osillator with its quadrupole moment. Another property of superintegrable potentialsis that usually the orresponding equations in lassial and quantum mehanis separate in morethan one oordinate system.Similar studies of the quantum motion on spaes with and without urvature have beeninvestigated in [18℄ for two- and three-dimensional at spae, in [19℄ for the two- and three-dimensional sphere, and in [20℄ and [21℄ for the two- and three-dimensional hyperboloid. Inall these ases the path integral method [8, 23, 46, 40℄ was applied to �nd the bound andontinuous states, i.e., wave-funtions and the expliit form of the spetrum. We have notonsidered omplexi�ed spaes as in [38℄ for the two-dimensional omplex sphere or [35℄{[37℄for the two-dimensional omplex Eulidean spae. In partiular, in [35℄ oordinate systems onthe two-dimensional omplex sphere and orresponding superintegrable potentials, and in [37℄oordinate systems on the two-dimensional omplex plane and orresponding superintegrablepotentials were disussed. The goal of [35, 37℄ was to extend the notion of superintegrablepotentials of real spaes to the orresponding omplexi�ed spaes. The �ndings were on the realtwo-dimensional Eulidean plane that there are three more oordinate systems and three moresuperintegrable potentials. Similarly, in addition to the two oordinate systems on the real two-dimensional sphere there are three more oordinate systems on the omplex sphere and four moresuperintegrable potentials. This is not surprising beause the omplex plane ontains not onlythe Eulidean plane but also the pseudo-Eulidean plane (10 oordinate systems [13, 25, 24℄) andthe omplex sphere ontains not only the real sphere but also the two-dimensional hyperboloid(9 oordinate systems [13, 25, 30, 44℄).However, a omplexi�ed spae is an abstrat objet. In order to obtain the atual spetrumof a given potential formulated in a oordinate system one has to onsider a real version of theomplexi�ed spae, e.g. the omplex sphere: One has to determine whether one onsiders thepotential on the real sphere or on the real hyperboloid. The omplexi�ation serves only as atool for a uni�ed investigation.Further studies on superintegrability in spaes with onstant urvature are due to [32, 34℄(hyperboloid with new potentials), [33℄ (sphere and Eulidean spae), [38℄, and [39℄ with a general



1 INTRODUCTION 2theory about the onnetion of separation in non-subgroup oordinate systems of superintegrablesystems and quasi-exatly-solvable problems [47℄.An extension of the study of path integration on spaes of onstant urvature is the investi-gation of path integral formulations in spaes of non-onstant urvature. Kalnins et al. [27, 29℄denoted four types of two-dimensional spaes of non-onstant urvature, labeled by D I{D IV,whih are alled Darboux spaes [41℄. In terms of the in�nitesimal distane they are desribed by(the oordinates (u; v) will be alled the (u; v)-system; the (x; y)-system in turn an be alledlight-one oordinates):(I) ds2 = (x+ y)dxdy= 2u(du2 + dv2) ; (x = u + iv; y = u� iv) ; (1.1)(II) ds2 = � a(x� y)2 + b�dxdy= bu2 � au2 (du2 + dv2) ; �x = 12(v + iu); y = 12(v � iu)� ; (1.2)(III) ds2 = (a e�(x+y)=2 + b e�x�y)dxdy= e�2u(b+ a eu)(du2 + dv2) ; (x = u� iv; y = u+ iv) ; (1.3)(IV) ds2 = �a(e(x�y)=2 + e(y�x)=2) + b(e(x�y)=2 � e(y�x)=2)2 dxdy= � a+sin2 u + a�os2 u� (du2 + dv2) (x = u+ iv; y = u� iv) : (1.4)a and b are additional (real) parameters (a� = (a�2b)=4). These surfaes are also alled surfaesof revolution [5, 26, 27℄. Kalnins et al. [27, 29℄ studied not only the solution of the free motion,but also emphasized on the superintegrable systems in theses spaes.The Gaussian urvature in a spae with metri ds2 = g(u; v)(du2 + dv2) is given by (g =det g(u; v)) G = � 12g� �2�u2 + �2�v2� ln g : (1.5)Equation (1.5) will be used to disuss shortly the urvature properties of the Darboux spaes,inluding their limiting ases of onstant urvature.In the following setions we disuss superintegrable potentials in eah of the two Darbouxspaes D III and D IV, respetively. We set up the lassial Lagrangian and Hamiltonian, thequantum operator, and formulate and solve (if this is possible) the orresponding path integral.We also disuss some of the limiting ases of the Darboux-spaes, i.e. where we obtain a spae ofonstant (zero or negative) urvature. For the Darboux-spae D III the zero-urvature ase IR2emerges. In D IV we �nd a hyperboloid.In the last setion we summarize our results, where we inlude the �ndings of our previouspaper whih dealt with superintegrable potentials on D I and D II.In the �rst two appendies we add some additional material about the path integral evaluationof the free motion in D IV in degenerate ellipti oordinates. In the third appendix we summarizebriey the path integral investigation of some remaining superintegrable potentials on the two-dimensional Eulidean plane. Finally, in the fourth appendix an example of a potential on thetwo-dimensional omplex sphere will be given.



2 Superintegrable Potentials on Darboux Spae D IIIThe oordinate systems to be onsidered in the Darboux spae D III are as follows:((u; v)-System) x = v + iu; y = v � iu ; (2.1)(Polar:) � = % os'; � = % sin' ; (% > 0; ' 2 [0; 2�℄) ; (2.2)(Paraboli:) � = 2 e�u=2 os v2 � = 2 e�u=2 sin v2 ;u = ln 4�2 + �2 ; v = arsin 2���2 + �2 ; (� 2 IR; � > 0) ; (2.3)(Ellipti:) � = d osh! os'; � = d sinh! sin' ; (! > 0; ' 2 [��; �℄) ; (2.4)(Hyperboli:) � = �� �2p�� +p��; � = i �� �2p�� �p��! ; (�; � > 0) : (2.5)For the line element we get (we also display, where the metri is resaled in suh a way that weset a = b = 1 [27℄):ds2 = e�2u(b+ a eu)(du2 + dv2) = (e�u + e�2u)(du2 + dv2) (2.6)(Polar:) = (a+ b4%2)(d%2 + %2d'2) = (1 + 14%2)(d%2 + %2d'2) ; (2.7)(Paraboli:) = (a+ b4(�2 + �2))(d�2 + d�2) = (1 + 14(�2 + �2))(d�2 + d�2) ; (2.8)(Ellipti:) = (a+ b4d2(sinh2 ! + os2 '))d2(sinh2 ! + sin2 ')(d!2 + d'2) ; (2.9)(Hyperboli:) = (a+ b2(�� �))(�+ �) d�2�2 � d�2�2 ! : (2.10)For the Gaussian urvature we �ndG = � ab e�3u(b e�2u + a e�u)4 : (2.11)For e.g. a = 1; b = 0 we reover two-dimensional at spae with the orresponding oordinatesystems. To assure the positive de�niteness of the metri (1.3), we require a; b > 0.We introdue the following onstants of motion on D III:X1 = 14 e2ua+ b eu os v � p2u � 14 eu(eu + 2)a+ b eu os v � p2v + 12eu sin v � pupv ; (2.12)X2 = 14 e2ua+ b eu sin v � p2u � 14 eu(eu + 2)a+ b eu sin v � p2v + 12eu os v � pupv ; (2.13)K = pv : (2.14)These operators satisfy the Poisson relationsfK;X1g = �X2 ; fK;X2g = X1 ; fX1; X2g = K ~H0 ; (2.15)and the funtional relation X21 +X22 � ~H20 � ~H0K2 = 0 : (2.16)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 4Table 1: Constants of Motion and Limiting Cases of Coordinate Systems on D IIIMetri: Constant of Motion D III E2 (a = 1; b = 0)e�2u(b + a eu)(du2 + dv2) K2 (u; v)-System Cartesian(a+ b4%2)(d%2 + %2d'2 X2 Polar Polar(a+ b4(�2 + �2))(d�2 + d�2) X1 Paraboli Paraboli(a+ b4d2(sinh2 ! + os2'))d2�(sinh2 ! + sin2')(d!2 + d'2) d2X1 + 2K2 Ellipti ElliptiThe operators K;X1; X2 an be used to haraterize the separating oordinate systems on D III,as indiated in Table 1. The orresponding quantum operators are given byX1 = 14eu" eu os va+ b eu � �2u � eu + 2a+ b eu os v � �2v + (2 sin v � �u�v + os v � �u + sin v � �v)#;(2.17)X2 = 14eu" eu sin va+ b eu � �2u � eu + 2a+ b eu sin v � �2v � (2 osv � �u�v � sin v � �u + os v � �v)#;(2.18)K = �v : (2.19)These operators satisfy the ommutation relations[K; bX1℄ = � bX2 ; [K; bX2℄ = bX1 ; [ bX1; bX2℄ = K bH0 ; (2.20)and the relation bX21 + bX22 � bH20 � bH0K2 + 14 bH0 = 0 : (2.21)(Let us note that by ~H0 the lassial Hamiltonian without the 1=2m-fator is meant. Keepingthis fator is no problem, however, in the present form the algebra is simpler).We now state the superintegrable potentials on D III:V1(u; v) = 2k1 e�u os v2 + 2k2 e�u sin v2 + k3a+ b4 e�u ; (2.22)V2(u; v) = 1a+ b e�u "�� + eu ~28m�k21 � 14os2 v2 + k21 � 14os2 v2 �# ; (2.23)V3(u; v) = 1a+ b e�u "�� + ~22m4eu�21 e�iv � 22 e�2iv�# ; (2.24)V4(�; �) = 1(a+ b2(�� �))(�+ �)�d1� + d2� + m2 !2(�2 � �2)� ; (2.25)V5(u; v) = 1a+ b e�u ~2v202m : (2.26)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 5Table 2: Separation of variables for the superintegrable potentials on D IIIPotential Constants of Motion SeparatingoordinatesystemV1 R1 = X1 + 2k1�(2 + �2)� 2k2�(2 + �2) + k3(�2 � �2)4a+ b(�2 + �2) ParaboliR2 = X2 + k1�(�2 � �2 + 4) + k2�(�2 � �2 + 4) � 2k3��4a+ b(�2 + �2) Translatedparaboli(�; �! �� � )V2 R1 = X1 + ~2m �(k21 � 14)�2(�2 + 2)� (k22 � 14)�2(�2 + 2)�� �(�2 � �2)4a+ b(�2 + �2) (u; v)-SystemR2 = K2 + ~28m�(k21 � 14 )�2�2 + (k22 � 14) �2�2� PolarParaboliV3 R1 = X1 + iX2 � ���2�2 + 21�� � 22(1 + �� �)(a+ b2(� � �))(�+ �) PolarR2 = K2 � 21�� ��� + 2 (�� �)2�2�2 HyperboliV4 R1 = X1 + iX2 �K2 � ���d1(� � 2) + d2(�+ 2) +m!2(� � �+ ��)�(a+ b2(� � �))(�+ �) HyperboliR1 = X1 � iX2� (� � �)�(� � �)(d1�+ d2�)�m!2(�2 + �2 + ��(2 + �� �))�4(a+ b2(� � �))(�+ �) ElliptiV5 R1 = X1 + ~2v208m �2 � �2a + b4 (�2 + �2) (u; v)-SystemR2 = X1 � ~2v204m ��a + b4 (�2 + �2) PolarR3 = K = pv ParaboliElliptiHyperboliIn Table 2 we list the properties of these potentials on D III, where the oordinate systems werean expliit path integral solution is possible are underlined. We see that V5 is a speial ase,and it has three integrals of motion. We will threat this ase in some more detail as in the otherspaes, beause on D III the free quantum motion an give bound state solutions (provided theonstant are hosen properly). This feature has not been disussed in [14℄.



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 62.1 The Superintegrable Potential V1 on D III.We state the potential V1 in the respetive oordinate systemsV1(u; v) = 2k1e�u os v2 + 2k2e�u sin v2 + k3a+ b4 e�u ; (2.27)= k1� + k2� + k3a+ b4(�2 + �2) ; (2.28)= k1� + k2� + (k1� k2+ k3)a + b4((� + )2 + (� � )2) : (2.29)and V1 is also separable in translated paraboli oordinates � ! �+ ; �! �� . The translatedparaboli oordinates just modi�es the solution of a shifted harmoni osillator, and this ase wedo not disuss separately.2.1.1 Separation of V1 in Paraboli Coordinates.The lassial Lagrangian and Hamiltonian in paraboli oordinates on D III are given byL(�; _�; �; _�) = m2 �a+ b4(�2 + �2)�( _�2 + _�2)� V (�; �); (2.30)H(�; p�; �; p�) = 12m 1a+ b4(�2 + �2)(p2� + p2�) + V (�; �) : (2.31)The anonial momenta are given byp� = ~i � ��� + b�a+ b4(�2 + �2)�; p� = ~i � ��� + b�a+ b4(�2 + �2)� : (2.32)and for the quantum Hamiltonian (produt ordering) we �ndH = � ~22m 1a+ b4(�2 + �2)��2�� + �2��2�+ V (�; �) ; (2.33)= 12ms 1a+ b4(�2 + �2) (p2� + p2�)s 1a+ b4(�2 + �2) + V (�; �) : (2.34)Therefore we obtain for the path integral formulation for V1K(V1)(�00; �0; �00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)�a+ b4(�2 + �2)�� exp( i~ Z T0 "�a+ b4(�2 + �2)�( _�2 + _�2)� k1� + k2� + k3(a+ b4(�2 + �2)# dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~�aE � k3 � k21 + k222m!2 �s00�K(V1)(�00; �0; �00; �0; s00) ; (2.35)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 7with the time-transformed path integral K(s00) given byK(V1)(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s)� exp( i~ Z s000 �m2 �( _�2 + _�2)� m2 !2(~�2 + ~�2)��ds) : (2.36)The transformed variable ~�; ~� are given by ~� = �+k1=m!2; ~� = �+k2=m!2, and !2 = �bE=2m.Similarly as in [14℄ we an determine the Green funtion to have the formG(V1)(�00; �0; �00; �0;E) = Z dE m�~2br� m2E ��12 + ~Eb~r� m2E ���12 + Eb~r� m2E ��D� 12+ ~Eb~p� m2E 0� 4s�8mEb2~2 ~�>1AD� 12+ ~Eb~p� m2E 0�� 4s�8mEb2~2 ~�<1A�D� 12+ Eb~p� m2E 0� 4s�8mEb2~2 ~�>1AD� 12+ Eb~p� m2E 0�� 4s�8mEb2~2 ~�<1A : (2.37)The D�(z) are paraboli ylinder-funtions [10, p.1064℄, and the ~E is de�ned by ~E = aE � k3 �(k21 + k22)=bE � E . On the other hand we an insert for the disrete part of the Green funtionthe harmoni osillator wave-funtions and obtainG(V1)disrete(�00; �0; �00; �0;E) = 1Xn�=0 1Xn�=0 N2n�n�En�n� �E�	(HO)n� (~�00)	(HO)n� (~�0)	(HO)n� (~�00)	(HO)n� (~�0) : (2.38)The wave-funtions for the harmoni osillator are given by the well-known form in terms ofHermite-polynomials [10℄	(HO)n (x) = �m!�~ �1=4� 12nn!�1=2Hn�rm!~ x� exp�� m!2~ x2� : (2.39)En�n� is determined by the equationaE � k3 � k21 + k222m!2 � ~(n� + n� + 1)s� bE2m = 0 (2.40)whih is atually an equation of fourth order in EE4n�n� + � b~22ma2 (n� + n� + 1)2 � 2k3a �E3n�n���2k21 + k22ab � k23a2�E2n�n� + 2k3k21 + k22a2b En�n� � (k21 + k22)2a2b2 = 0 : (2.41)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 8This equation we dot not solve. Note that for k1 = k2 = k3 = 0 a disrete spetrum emerges forthe free motion on D III, a feature whih we will disuss in more detail in the subsetion for V5.For the speial ase k1 = k2 = 0 we obtain the solution (N = n� + n� + 1)En�n�� = �b~2N24ma2 + k3a � 1as�b~2N24am �2 � bk3~2N22am � k23 : (2.42)Note that !n�n� must be taken on !n�n� = q�bEn�n�=2m. The normalization Nn�n� is deter-mined by the residuum in G(V1)(E). If one �xes the parameters a and b and the spei� surfaeof revolution, a more detailed investigation an be performed (speial ases, limiting ases, whihsign of the square-root gives a positive de�nite Hilbert spae, et.). Beause we do not �x theseparameters, we keep both signs of the square root-expression (reall that the free motion on D IIIallows already a disrete spetrum reahing to �1).Note that for the translated paraboli oordinates, the variables ~�; ~� are translated by �,respetively, and the quantity E by an additional Eb2=2.2.2 The Superintegrable Potential V2 on D III.We state the potential V2 in the respetive oordinate systemsV2(u; v) = 1a+ b e�u "�� + eu ~28m�k21 � 14os2 v2 + k21 � 14os2 v2 �# ; (2.43)= 1a+ b4%2 "�� + ~22m%2�k21 � 14os2 ' + k22 � 14sin2 ' �# ; (2.44)= 1a+ b4(�2 + �2) "�� + ~22m�k21 � 14�2 + k22 � 14�2 �# ; (2.45)= 1a+ b e�u "�� + ~22md2� k21 � 14osh2 ! os2 ' + k22 � 14sinh2 ! sin2'�# : (2.46)V2 is obviously separable in ellipti oordinates, but the orresponding path integral is notsolvable; this ase will be omitted.2.2.1 Separation of V2 in the (u; v)-System.The lassial Lagrangian and Hamiltonian are given by:L(u; _u; v; _v) = m2 b+ a eue2u ( _u2 + _v2)� V (u; v); (2.47)H(u; pu; v; pv) = 12m e2ub+ a eu (p2u + p2v) + V (u; v) : (2.48)The anonial momenta are given bypu = ~i � ��u � 12 a e�u + 2b e�2ua e�u + b e�2u �; pv = ~i ��v ; (2.49)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 9and for the quantum Hamiltonian we �ndH = � ~22m 1a e�u + b e�2u� �2�u2 + �2�v2�+ V (u; v) ; (2.50)= 12ms 1a e�u + b e�2u �p2u + p2v�s 1a e�u + b e�2u + V (u; v) : (2.51)Therefore we obtain for the path integral (f(u) = a e�u + b e�2u)K(V2)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)(a e�u + b e�2u)� exp i~ Z T0 ((a e�u + b e�2u)( _u2 + _v2)� 1a + b e�u "� � + eu ~28m k21 � 14os2 v2 + k21 � 14os2 v2 !#)dt!= 1[f(u0)f(u00)℄1=4 1Xl=0�(k2;k1)l (v002 )�(k2;k1)l (v02 )� u(t00)=u00Zu(t0)=u0 Du(t)(a e�u + b e�2u)1=2 exp i~ Z T0 ((a e�u + b e�2u) _u2� 1a + b e�u "� � + eu ~28m(2l+ 1 + jk1j+ jk2j)#)dt!= Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp �� i~ ~28m(2l+ 1+ jk1j+ jk2j)2s00�K(V2)l (u00; u0; s00) ; (2.52)with the time-transformed path integral Kl(s00) given byK(V2)l (u00; u0; s00) = u(s00)=u00Zu(0)=u0 Du(s) exp " i~ Z s000 �m2 _u2 +Eb e�2u + (aE � �) e�u�ds# : (2.53)The �(k1;k2)n (�) are the wave-funtions of the P�oshl{Teller potential, whih are given byV (x) = ~22m��2 � 14sin2 x + �2 � 14os2 x � (2.54)�(�;�)n (x) = �2(�+ � + 2l+ 1) l!�(�+ � + l + 1)�(�+ l+ 1)�(� + l + 1)�1=2�(sin x)�+1=2(osx)�+1=2P (�;�)n (os 2x) : (2.55)Equation (2.53) is a path integral for the Morse potential. Inserting the orresponding solution[23℄ we obtainG(V2)(u00; u0; v00; v0;E) = 1Xl=0 �(k2;k1)l (v002 )�(k2;k1)l (v02 )



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 10�r� m2bE m��12 + �+ aE��~ p�m=2bE �~�(1 + 2�) e(u0+u00)=2�WaE��~ p�m=2bE;��p�8mbE~ e�u<�MaE��~ p�m=2bE;��p�8mbE~ e�u>� : (2.56)Inserting the bound state wave-funtions for the Morse-potential gives the bound state ontri-bution of G(V2)(E)G(V2)disrete(u00; u0; v00; v0;E) = 1Xl=0 �(k2;k1)l (v002 )�(k2;k1)l (v02 ) 1Xl=0 N2nlEnl �E	(MP )n (u00)	(MP )n (u0) ;(2.57)	(MP )n (u) = Nnl 264 � 2mbEnl~2 !aEnl��~ p�m=2bEnl�n�1=2 � �aEnl��~ q� m2bEnl � 2n� 1���aEnl��~ q� 2mbEnl � n� 3751=2� exp "(u0 + u00)�aEnl � �~ r� m2bEnl � n� 12�� p�2mbEnl~ eu#�L(aEnl��~ p�2m=bEnl�2n�1)n ��8mbEnl~ eu� : (2.58)The L(�)n (z) are Laguerre polynomials [10℄. Here, the spetrum Enl is determined byaEnl � � � ~s�bEnl2m (2n+ 2l+ jk1j+ jk2j+ 2) ; (2.59)whih is a quadrati equation in Enl with solution (N = 2n+ 2l+ jk1j+ jk2j+ 2)Enl� = 12a2 "� b~22mN2 � 2a�!� b~22mN2r1� 8a�mb~2N2 # ; (2.60)and the the normalization onstants Nnl are determined by the residuum of (2.56). For large n; lwe have Enl� ' �b~2m (2n+ 2l+ jk1j+ jk2j+ 2)2 ; (2.61)Enl+ ' � m�22b~2(2n+ 2l+ jk1j+ jk2j+ 2)2 ; (2.62)with Enl+ showing a Coulomb-like behavior.2.2.2 Separation of V2 in Polar CoordinatesIn the oordinates (%; ') the lassial Lagrangian and Hamiltonian take on the formL(%; _%; '; _') = m2 (a+ b4%2)( _%2 + %2 _'2)� V (%; '); (2.63)H(%; p%; '; p') = 12m 1a+ b4%2�p2% + 1%2 p2'�+ V (%; ') : (2.64)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 11The anonial momenta are given byp% = ~i � ��% + b%4a+ b%2 + 12%�; p' = ~i ��' : (2.65)Therefore the quantum Hamiltonian is given by:H = � ~22m 1a+ b4%2� �2�%2 + 1% ��% + 1%2 �2�'2�+ V (%; ') (2.66)= 12ms 1a+ b4%2�p2% + 1%2 p2'�s 1a+ b4%2 + V (%; ')� (a+ b4%2)�1 ~28m%2 ; (2.67)and in this ase we have an additional quantum potential / ~2. This gives for the path integral(f(%) = a+ b4%2)K(V2)(%00; %0; '00; '0;T ) = %(t00)=%00Z%(t0)=%0 D%(t) '(t00)='00Z'(t0)='0 D'(t)f(%)%� exp i~ Z T0 (m2 f(%)( _%2+ %2 _'2)� 1f(%)"� � + ~22m%2�k21 � 14os2 ' + k22 � 14sin2 ' � 14�#)dt!= 1Xl=0�(k2;k1)l ('00)�(k2;k1)l ('0) 1[(%0%00)2f(%0)f(%00)℄1=4� %(t00)=%00Z%(t0)=%0 D%(t)f1=2(%) exp( i~ Z T0 "m2 f(%) _%2� 1f(%) � �+ ~22m�2 � 14%2 !#dt)= 1p%0%00 1Xl=0�(k2;k1)l ('00)�(k2;k1)l ('0)� Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~ (aE � �)s00�K(V2)l (%00; %0; s00) ; (2.68)with the time-transformed path integral Kl(s00) given by (� = 2l + jk1j+ jk2j+ 1)K(V2)l (%00; %0; s00) = %(s00)=%00Z%(0)=%0 D%(s) exp" i~ Z s000 �m2 _%2 + Eb4 %2 � ~22m�2 � 14%2 �ds#= m!p%0%00i~ sin!s00 exp �� m!2i~ (%02 + %002) ot!s00�I�� m!%0%00i~ sin !s00� : (2.69)Performing the s00-integration yields the Green funtionG(V2)(%00; %0; '00; '0;E) = 1Xl=0�(k2;k1)l ('00)�(k2;k1)l ('0)�r�2mEb �h12�1 + �� 1~(aE � �)p�2m=bE �i�(1 + �)p%0%00�MaE��2~ p� 2mbE ;�2 0�m~ s� bE2m %2<1AMaE��2~ p� 2mbE ;�2 0�m~ s� bE2m %2>1A : (2.70)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 12Inserting the expansion into Laguerre polynomial yields the disrete ontribution of the Green-funtion G(V2)dis:(%00; %0; '00; '0;E)= 1p%0%00 1Xl=0�(k2;k1)l ('00)�(k2;k1)l ('0) 1Xn=0 N2nlEnl �E	(RHO;�)n (%00)	(RHO;�)n (%0) : (2.71)The wave-funtions for the radial harmoni osillator V (r) = m2 !2 � ~22m �2�1=4r2 have the form[23, 45℄	(RHO;�)n (r) = s2m~ n!�(n+ �+ 1) r�m!~ r��=2 exp�� m!2~ r2�L(�)n �m!~ r2� (2.72)The spetrum Enl is determined byaEnl � � � ~s�bEnl2m (2n+ 2l+ jk1j+ jk2j+ 2) ; (2.73)whih is the same as in (2.60). In the wave-funtions 	(RHO;�)n (%) the quantity ! has to be takenon ! = p�bEnl=2m, and the the normalization onstants Nnl are determined by the residuumof (2.69).2.2.3 Separation of V2 in Paraboli CoordinatesWe insert the potential V2 into the path integral and obtain (f = a+ b4(�2 + �2))K(V2)(�00; �0; �00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)f(�; �)� exp i~ Z T0 (f(�; �)( _�2+ _�2)� 1f(�; �) "�� + ~22m�k21 � 14�2 + k22 � 14�2 �#) dt!= Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~(aE � �)s00�K(V2)(�00; �0; �00; �0; s00) ; (2.74)with the time-transformed path integral K(V2)(s00) given by (!2 = �bE=2m)K(V2)(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s)� exp( i~ Z s000 �m2 �( _�2 + _�2)� m2 !2(�2 + �2)� ~22m�k21 � 14�2 + k22 � 14�2 ��ds)= m!p�0�00i~ sin !s00 exp �� m!i~ sin!s00 (�02 + �002 ot!s00�Ik2� m!�0�00i~ sin!s00��m!p�0�00i~ sin!s00 exp �� m!i~ sin !s00 (�02 + �002 ot!s00�Ik1� m!�0�00i~ sin!s00� : (2.75)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 13Performing the s00-integration yields the Green funtion ( ~E = aE � � � E)G(V2)(�00; �0; �00; �0;E) = Z dEr�2mbE �[12(1 + jk1j � Ep�2m=bE=~)℄~�(1 + jk1j)p�0�00�WEp�2m=bE=2~;jk1j=20�m~ s� bE2m �2>1AMEp�2m=bE=2~;jk1j=20�m~ s� bE2m �2<1A�r�2mbE �[12(1 + jk2j � ~Ep�2m=bE=~)℄~�(1 + jk2j)p�0�00�W ~Ep�2m=bE=2~;jk2j=20�m~ s� bE2m �2>1AM ~Ep�2m=bE=2~;jk2j=20�m~ s� bE2m �2<1A :(2.76)On the other we insert the expansion of the bound states of the radial harmoni osillator andobtain for the disrete spetrum ontribution of the Green funtion:G(V2)(�00; �0; �00; �0;E) = 1Xn�=0 1Xn�=0 N2n� ;n�En� ;n� � E�	(RHO;jk1j)n� (�00)	(RHO;jk2j)n� (�0)	(RHO;jk2j)n� (�00)	(RHO;jk1j)n� (�0) ; (2.77)where the energy En� ;n� is determined by the equation2n� + 2n� + jk1j+ jk2j+ 2 = aEn� ;n� � �~ s� 2mbEn� ;n� ; (2.78)whih is equivalent with (2.60). The normalization onstants Nn�n� are determined by theresiduum of (2.56), and ! in the 	(RHO;jk2j)n� 	(RHO;jk1j)n� has to be taken on !n� ;n� = q�bEn� ;n�=2m.2.3 The Superintegrable Potential V3 on D III.First we state the potential V3 in the respetive oordinate systemsV3(u; v) = 1a+ b e�u "�� + ~22m4eu�21 e�iv � 22 e�2iv�# ; (2.79)= 1a+ b4%2 "��+ ~22m%24�21 e�2i' � 22 e�4i'�# (2.80)= ��(� + �) + 21�+ ��� � 2�2 � �2�2�2(a+ b2(�� �))(�+ �) : (2.81)In hyperboli oordinates no losed solution an be obtained due to the involved mixture of linear,quadrati, inverse-linear and inverse-quadrati terms. In polar oordinates the path integral in% turns out to be a path integral for the radial harmoni osillator. Note that the (u; v)-systemis equivalent to polar oordinates.



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 142.3.1 Separation of V3 in Polar CoordinatesWe insert the potential V3 into the path integral and get (f(%) = a+ b4%2 = pg)K(V3)(%00; %0; '00; '0;T ) = %(t00)=%00Z%(t0)=%0 D%(t) '(t00)='00Z'(t0)='0 D'(t)f(%)%� exp i~ Z T0 (m2 f(%)( _%2+ %2 _'2)� 1f(%)"� �+ ~22m%2421�e�4i' � 2221 e�2i' � 14�#)dt!= 1Xl=0�(1;2)[MP ℄;l('00)�(1;2)[MP ℄;l('0) 1[(%0%00)2f(%0)f(%00)℄1=4� %(t00)=%00Z%(t0)=%0 D%(t)f1=2(%) exp( i~ Z T0 "m2 f(%) _%2� 1f(%) � � + ~22m (l+ 221 + 12)2 � 14%2 !#dt)= 1p%0%00 1Xl=0 �(1;2)[MP ℄;l('00)�(1;2)[MP ℄;l('0)� Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~ (aE � �)s00�K(V3)l (%00; %0; s00) ; (2.82)with the time-transformed path integral Kl(s00) given byK(V3)l (%00; %0; s00) = %(s00)=%00Z%(0)=%0 D%(s) exp" i~ Z s000  m2 _%2 + Eb4 %2 � ~22m (l+ 221 + 12)2 � 14%2 !ds#= m!p%0%00i~ sin !s00 exp �� m!2i~ (%02 + %002) ot!s00�Il+ 221 + 12� m!%0%00i~ sin!s00� (2.83)By �(1;2)[MP ℄;l(') we denote the wave-funtions of the omplex periodi Morse potential in thevariable ' with spetrum El = ~2(l+ 2 21 + 12)2=2m [1, 3, 43, 37, 51, 52℄, .f. Appendix C:�(1;2)[MP ℄;l(') = (4 21 � 2n� 1)n!�(4 21 � 2n) �421�4 21�2n�1� exp �� 2i�221 � n� 12�'� 21 e�2i'�L(4 21�2n�1)n (41e�2i') : (2.84)Performing the s00-integration gives the Green funtionG(V3)(%00; %0; '00; '0;E) = 1Xl=0 �(1;2)[MP ℄;l('00)�(1;2)[MP ℄;l('0)�r�2mEb �h12�l + 2 21 + 32 � 1~(aE � �)p�2m=bE�i�(l+ 2 21 + 32)p%0%00�MaE��2~ p� 2mbE ; 12 (l+2 21+ 12 )0�m~ s� bE2m %2<1AMaE��2~ p� 2mbE ; 12 (l+2 21+ 12 )0�m~ s� bE2m %2>1A : (2.85)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 15Inserting the expansion into Laguerre polynomials yields the disrete ontribution of the Green-funtion (� = l+ 221 + 12)G(V3)dis:(%00; %0; '00; '0;E)= 1p%0%00 1Xl=0�(1;2)[MP ℄;l('00)�(1;2)[MP ℄;l('0) 1Xn=0 N2nlEnl �E	(RHO;�)n (%00)	(RHO;�)n (%0) : (2.86)and the the normalization onstants Nnl are determined by the residuum of (2.85). Here, thespetrum Enl is determined byaEnl � �� ~s�bEnl2m �2n + 2l+ 21 + 1� : (2.87)whih is quadrati equation in Enl with solution (N = 2n+ 2l+ 21 + 1)Enl� = 12a2 "� b~22mN2 � 2a�!� b~22mN2r1� 8a�mb~2N2 # ; (2.88)In the wave-funtions 	(RHO;�)n (%) the quantity ! has to be taken on ! = p�bEnl=2m. Forlarge n; l we have Enl� ' �b~2m (2n+ 2l + 1)2 ; (2.89)Enl+ ' � m�22b~2(2n+ 2l+ 1)2 ; (2.90)with Enl+ showing a Coulomb-like behavior.2.4 The Superintegrable Potential V4 on D III.V4(�; �) = 1(a+ b2(�� �))(�+ �)�d1� + d2� + m2 !2(�2 � �2)� (2.91)= 1a+ b e�u �2(d1 + d2)(os2'� osh 2!) + 2(d1 � d2)(2i sin 2'+ sinh 2!)+2d3(2i sin 2'+ sinh 4!)� : (2.92)We an evaluate the path integral in hyperboli oordinates (appliation of the Morse potential);in ellipti oordinates no losed solution an be found.2.4.1 Separation of V4 in Hyperboli CoordinatesThe lassial Lagrangian and Hamiltonian have the formL(�; _�; �; _�) = m2 �a+ b2(�� �)�(�+ �)� _�2�2 � _�2�2�� V (�; �); (2.93)H(�; p�; �; p� = 12m �2p2� � �2p2��a+ b2(�� �)�(�+ �) + V (�; �) : (2.94)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 16The anonial momentum operators are given byp� = ~i � ��� + 12�+ 1�+ � + ba+ b2(�� �) � 1���; (2.95)p� = ~i � ��� + 12�+ 1�+ � � ba+ b2(�� �) � 1��� ; (2.96)and the quantum Hamiltonian has the formH = � ~22m 1�a+ b2(� � �)�(�+ �) "�2� �2��2 � 1� ����� �2� �2��2 � 1� ����# + V (�; �) (2.97)= 12m 2664 �r�a+ b2(�� �)�(�+ �)p2� �r�a+ b2(�� �)�(�+ �)� �r�a+ b2(�� �)�(�+ �)p2� �r�a+ b2(�� �)�(�+ �)3775+ V (�; �) : (2.98)Note that from eah oordinate there omes a quantum potential �V = ~2=8m, however theyare aneling eah other due to the minus-sign in the metri in �.We insert the potential V4 into the path integral whih has the form (f(�; �) = �a + b2(� ��)�(�+ �))K(V4)(�00; �0; �00; � 0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)f(�; �)��� exp( i~ Z T0 "m2 f(�; �)� _�2�2 � _�2�2�� 1f(�; �)�d1� + d2� + m2 !2(�2 � �2)�# dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00K(V4)(�00; �0; � 00; �0; s00) ; (2.99)and the path integral K(V4)(s00) is given byK(V4)(�00; �0; �00; � 0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s) 1��� exp( i~ Z s000 "m2 � _�2�2 � _�2�2�+aE(�+ �) + 12bE(�2 � �2)� �d1� + d2� + m2 !2(�2 � �2)�#ds) :(2.100)Eah of the last path integrals has a similar form as the one disussed in [14℄. One an performthe transformation � = ex, � = ey . Then the path-integration in (�; �) gives a path-integrationin (x; y) of the following form



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 17K(V4)(x00; x0; y00; y0; s00)= x(s00)=x00Zx(0)=x0 Dx(s) exp( i~ Z s000 �m2 _x2 � 12(m!2 � bE) e2x � (d1 � aE) ex)�ds)� y(s00)=y00Zy(0)=y0 Dy(s) exp(� i~ Z s000 �m2 _y2 � 12(m!2 � bE) e2y � (d2 + aE) ey�ds) ; (2.101)and we �nd the produt of two path integrals for the Morse potential. This an be evaluated asfollows. We introdue the abbreviationsV 20 = m~2 (m!2 � bE); �x;y = � d1;2 � aEm!2 � bE : (2.102)We expand eah path integral into the disrete spetrum ontribution by means of the knownsolution of the Morse potential in terms of Laguerre polynomials with the quantum numbers nand l, respetively, and the orresponding energy-spetra. The s00-integration gives the energy-spetrum En;l = m!2b � m4b~2 (d1 + d2)2(n+ l + 1)2 ; (2.103)together with the wave-funtions (Nn;l is determined by the orresponding residuum)	n;l(x; y) = Nn;l	(MP )n (x) �	(MP )n (y) (2.104)	(MP )k (z) = �2�zV0 � 2k � 1k!�(2�zV0 � k)�1=2(2V0)�zV0�k�1=2e(�zV0�k�1=2)z�V0ezL(2�zV0�2k�1)k (2V0 ez) ;(2.105)for z = x; y with k = n; l. The ontinuous spetrum is examined in an analogous way yieldingE = ~2p22m ; (2.106)with the wave-funtions	p;�(x; y) = 	(MP )p;� (x) �	(MP )p;� (y) (2.107)	(MP )p;� (z) = �p� sinh 2�p�2�2V0 �1=2����(ip� � �z + 12)���e�zW�zV0;ip�(2V0 ex) : (2.108)with p� = p� � for z = x; y. The entire Green funtion has the formG(�00; �0; �00; � 0;E) =Xn;l 	n;l(�00; � 00)	n;l(�0; �0)En;l � E + Z dp Z d�	p;�(�00; �00)	�p;�(�0; �0)~2p22m � E ; (2.109)together with the replaement � = ex, � = ey . This onludes the disussion.



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 182.5 The Superintegrable Potential V5 on D III.We display the potential V5 in the respetive oordinate systemsV5(u; v) = 1a+ b e�u ~2v202m (2.110)= 1a+ b4%2 ~2v202m (2.111)= 1a+ b4(�2 + �2) ~2v202m (2.112)= 1a+ b4d2(sinh2 ! + os2 ') ~2v202m (2.113)= 1(a+ b2(�� �))(�+ �) ~2v202m : (2.114)We disuss the path integral solution of V5 in some extend, where the ase of ellipti oordinatesis omitted due to intratability of this system in the path integral. Provided that b > 0, there isin the ase of the free motion a disrete spetrumEN = � ~22m ba2 (2N + 1)2 ; (2.115)with the prinipal quantum number N 2 IN.2.5.1 Separation of V5 in the (u; v)-System.We insert the potential V5 into the path integral for the (u; v)-system and obtainK(V5)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)(a e�u + b e�2u)� exp( i~ Z T0 �m2 (a e�u + b e�2u)( _u2 + _v2)� 1a+ b e�u ~2v202m �dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00e�i~v20s00=2mK(V5)(u00; u0; v00; v0; s00) ; (2.116)with the time-transformed path integral K(V5)(s00) given byK(V5)(u00; u0; v00; v0; s00) = u(s00)=u00Zu(0)=u0 Du(s) v(s00)=v00Zv(0)=v0 Dv(s)� exp i~ Z s000 (m2 ( _u2 + _v2) + Eb "e�2u + �aE � ~2v20=2mEb �e�u#) ds!= 1Xl=0 eil(v00�v0)2� e�i~l2s00=2m� u(s00)=u00Zu(0)=u0 Du(s) exp i~ Z s000 (m2 _u2 +Eb "e�2u + �aE � ~2v20=2mEb �e�u#) ds! : (2.117)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 19The path integral in u is a path integral for the Morse potential. Performing the s00-integrationgives, .f.[14℄, the Green funtion as follows (E = [Ea� (~2v20=2m)℄p�2m=bE=2~)G(V5)(u00; u0; v00; v0;E) = 1Xl=�1 eil(v00�v0)2� m�(12 + l� E)~p�2mbE �(1 + 2l) e(u0+u00)=2�WE ;l�p�8mbE~ e�u<�ME ;l�p�8mbE~ e�u>� : (2.118)The orresponding ontinuous part of the Green funtion is evaluated as [14℄G(V5)ont:(u00; u0; v00; v0;E) = 1Xl=�1 eil(v00�v0)2� e(u0+u00)=2� Z 10 e�p=2dp~2p22m � E j�(12 + l+ ip)j22��2(1 + 2l) Mip=2;l�� 2ip e�u0�M�ip=2;l�2ip e�u00� : (2.119)In addition, we have a disrete spetrum. This is found by analyzing the poles of the Greenfuntion (2.118): 12 + l � aEnl � ~2v202m2~ s� 2mbEnl = �n ; (2.120)In the ase of v0 = 0 this simpli�es ton+ l+ 12 � a2~s� 2mbEnl = 0 ; (2.121)with the solution Enl = � ~22m ba2 (2n+ 2l + 1)2 : (2.122)yielding for b > 0 an in�nite number of bound states. For v0 6= 0 the equation for Enl is aquadrati equation in E with solutionEnl� = � ~22m 12a2 24b(2n+ 2l+ 1)2 � 2av20 � b(2n+ 2l+ 1)2s1� 4av20b(2n+ 2l+ 1)2 35 ;(2.123)Enl+ (n;l)!1= � ~22m ba2"(2n+ 2l+ 1)2 � 2ab v20# ; (2.124)Enl� (n;l)!1= � ~22bm v40(2n+ 2l+ 1)2 : (2.125)For v0 = 0, there is only Enl+. For (2n+ 2l + 1)2 < 4av20=b there are semi-bound states loatedapproximately around E0 = �~2v20=2ma.Therefore we have for the disrete spetrum ontributionG(V5)disrete(u00; u0; v00; v0;E) = 1Xl=�1 eil(v00�v0)2� 1Xn=0 1Enl � E	(V5)nl (u00)	(V5)nl (u0) ; (2.126)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 20with the funtions 	(V5)nl (u) given by (E as in (2.118))	(V5)nl (u) = Nnl (2E � 2n� 1)n!�(2E � n) �p�8mbEnl~ �E�n�1=2�e(E�n�1=2)u�p�8mbEnl eu=~L(2E�2n�1)n �p�8mbEnl~ eu� : (2.127)The onstant Nnl is determined by taking the Green funtion at the residuum Enl. The wave-funtions vanish for u!1 due to e�p�8mbEnl eu=~ = e�2b~(2n+2l+1)eu=a ! 0 for u!1, providedb=a > 0 for all n 2 IN, whih shows that the disrete spetrum is indeed in�nite.12.5.2 Separation of V5 in Polar Coordinates.We insert the potential V5 into the path integral in polar oordinates and obtain:K(V5)(%00; %0; '00; '0;T ) = %(t00)=%00Z%(t0)=%0 D%(t) '(t00)='00Z'(t0)='0 D'(t)(a+ b4%2)%� exp( i~ Z T0 "m2 (a+ b4%2)( _%2+ %2 _'2) + (a+ b4%2)�1 ~22m�v20 + 14%2�# dt)= Z 1�1 dE2�~ e�iET=~G(V5)(%00; %0; '00; '0;E) ; (2.128)and the Green funtion is evaluated to have the form [14℄ (E = (aE � ~2v202m )=~!, !2 = �bE=2m)G(V5)(%00; %0; '00; '0;E) 1Xl=�1 eil('00�'0)2� 1%0%00 �r�2m2E �[12(1 + l � E)℄�(1 + l)�WE=2; l2 0�s�2mbE~2 %>1AME=2; l2 0�s�2mbE~2 %<1A : (2.129)The Green funtion has poles whih are determined by2n+ l + 1� 1~�aEnl � v20~22m �s� 2mEbnl = 0 : (2.130)In the ase of v0 = 0 this simpli�es to(2n+ l + 1)� a~s� 2mEnlb = 0 ; (2.131)with the solution Enl = � ~22m ba2 (2n+ l+ 1)2 : (2.132)1The feature that an homogeneous spae with urvature has at the same time a disrete and a ontinuousspetrum is already know from the path integration on the SU(1; 1) group manifold [23℄. Atually, this propertyallows the analysis of the modi�ed P�oshl{Teller potential with its ontinuous and (�nite) disrete spetrum.



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 21yielding for b > 0 an in�nite number of bound states. For v0 6= 0 the equation for Enl is aquadrati equation in E with solutionEnl� = � ~22m 12a2 24b(2n+ l + 1)2 � 2av20 � b(2n+ l + 1)2s1� 4av20b(2n+ l+ 1)2 35 : (2.133)The limit of N; l!1 yieldsEnl+ ' � ~22m " ba2 (2n+ l + 1)2 + v20a # ; (2.134)Enl� ' � ~22m v204b(2n+ l+ 1)2 ; (2.135)and Enl+ orresponds in this limit to the spetrum of the free motion.2.5.3 Separation of V5 in Paraboli Coordinates.We insert the potential V5 into the path integral in paraboli oordinates and obtain:K(V5)(�00; �0; �00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)�a+ b4(�2 + �2)�� exp( i~ Z T0 "m2 (a+ b4(�2 + �2))( _�2 + _�2)� 1a+ b4(�2 + �2) ~2v202m #dt)= Z 1�1 dE2�~ e�iET=~G(V5)(�00; �0; �00; �0;E) ; (2.136)with the time-transformed path integral K(s00) given byK(V5)(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s)� exp( i~ Z s000 �m2 ( _�2 + _�2) + Eb4(�2 + �2)�ds + i~�aE � ~2v202m �ds) : (2.137)The only di�erene in omparison the the result in [14℄ is the the additional ~2v202m term in thes00-integration. In order to �nd the disrete spetrum we insert the solution for the harmoniosillator, and getG(V5)dis:(�00; �0; �00; �0;E) = 1Xn�=0 1Xn�=0 N2n�n�En�n� � E	(HO)n� (�00)	(HO)n� (�00)	(HO)n� (�00)	(HO)n� (�00) ;(2.138)where En�n� is determined by the equation(n� + n� + 1)� 1~�aE � ~2v202m �s� bE2m = 0 : (2.139)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D III 22whih is (up to a di�erent ounting in the quantum numbers) idential with (2.131). The nor-malization Nn�n� is determined by the residuum in G(V5)(E). The ontinuous spetrum part wedo not state, it an be derived from [14℄ by the replaement aE ! aE � ~2v20=2m2.5.4 Separation of V5 in Hyperboli Coordinates.We insert the potential V5 into the path integral in hyperboli oordinates and obtain: The pathintegral has the formK(V5)(�00; �0; � 00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)�a+ b2(�� �)�(� + �)��� exp( i~ Z T0 "�a+ b2(� � �)�(�+ �)� _�2�2 � _�2�2�� 1(a+ b2(�� �))(�+ �) ~2v202m # dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00K(V5)(�00; �0; � 00; �0; s00) ; (2.140)and the path integral K(V5)(s00) is given byK(V5)(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) �(s00)=�00Z�(0)=�0 D�(s) 1��� exp( i~ Z s000 "m2 � _�2�2 � _�2�2�+ (�+ �)�aE � ~2v202m �+ 12bE(�2 � �2)# ds) : (2.141)Eah of the last path integrals has a similar form as the one disussed in [11℄. One an performthe transformation � = ex, � = ey yieldingK(V5)(x00; x0; y00; y0; s00) = x(s00)=x00Zx(0)=x0 Dx(s) exp( i~ Z s000 �m2 _x2 + �E b2 e2x + (aE � ~2v202m ) ex��ds)� y(s00)=y00Zy(0)=y0 Dy(s) exp(� i~ Z s000 �m2 _y2 + �E b2 e2y � (aE � ~2v202m ) ey��ds) (2.142)and we �nd the produt of two path integrals for the Morse potential, however more ompliatedas in [14℄. The ontinuous part of the spetrum an be analyzed similarly as in [14℄ yieldingproduts of M -Whittaker funtions. Analyzing the disrete spetrum ontribution from theMorse potential we �nd the quantization ondition(n� + n� + 1)� 1~�aE � ~2v202m �s� 4mEnlb = 0 ; (2.143)whih is up to a di�erent ounting in the quantum numbers equivalent with (2.131). Thisonludes the disussion.



3 Superintegrable Potentials on Darboux Spae D IVFinally, we onsider the Darboux spae D IV. We have the oordinate systems:((u; v)-System:) x = v + iu; y = v � iu ; (u 2 (0; �2 ); v 2 IR) ; (3.1)(Equidistant:) u = artan(e�); v = �2 ; (� 2 IR; � 2 IR) ; (3.2)(Horospherial:) x = log � � i�2 ; y = log �+ i�2 ; (�; � > 0) ; (3.3)� = 2ev os u; � = �2ev sin u ; (3.4)(Ellipti:) � = d osh! os'; � = d sinh! sin' ; (! > 0; ' 2 (0; �2 )) : (3.5)We obtain the following forms of the line-element (a > 2b, a� = (a� 2b)=4):ds2 = 2b osu+ a4 sin2 u (du2 + dv2)= � a+sin2 u + a�os2 u� (du2 + dv2) (resaling u2 ! u:) ; (3.6)(Equidistant:) = a� 2b tanh�4 (d�2 + osh2 �d�2) ; (3.7)(Horospherial:) = �a+�2 + a��2 � (d�2 + d�2) ; (3.8)(Ellipti:) = � a�osh2 ! os2 ' + a+sinh2 ! sin2'� (osh2 ! � os2 ')(d!2 + d'2) ;= � a+sin2 ' + a�os2 ' + a+sinh2 ! � a�osh2 !� (d!2 + d'2) ; (3.9)(Degenerate Ellipti I:) = "a�� 1sinh2 !̂ + 1sin2 '̂�� a+� 1osh2 !̂ � 1os2 '̂�#(d!̂2 + d'̂2);( = 1) : (3.10)(Degenerate Ellipti II:) = 14 � a�sinh2 ~! + a+sin2 ~'� (d~!2 + d~'2) ; ( = 2) : (3.11)We observe that the diagonal term in the metri orresponds in most ases to a ombinationof a P�oshl{Teller potential and a modi�ed P�oshl{Teller, respetively. In partiular, the (u; v)and the equidistant systems are the same, they just di�er in the parameterization. The limitingases a = 2b and b = 0 give partiular ases for the metri on the two-dimensional hyperboloid.We have also displayed two versions of degenerate ellipti oordinates. They ome from theobservation that for the representativesK2; X2; X2+K2; X1 +X2 + K2 ; (3.12)one an distinguish the ases  = 0,  = 2, and  6= 0; 2. For  6= 0; 2, one has oordinate systemswhih an be expliitly formulated in terms of the ellipti funtions sn(�; k); n(�; k), and onlyfor a speial hoie of the parameter k they an be simpli�ed in trigonometri and hyperbolifuntions. Then the line element has the formds2 = 14 [a+k4sn2(�; k)� sn2(�; k) + k2a�℄(d�2 + d�2) ; (3.13)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 24and separated equations are versions of Lame's equation, if we assume an Ansatz of the form	 = A(�)B(�) [29℄: �2A(�)��2 + ��14k4Ea+sn2(�; k)� �1�A(�) = 0 ; (3.14)�2B(�)��2 + ��14k4Ea+sn2(�; k)� �2�B(�) = 0 ; (3.15)where �1 � �2 = �Ea�k2=4. k denotes the modulus of the ellipti funtions.In partiular for the potential V2 one has the possibilities taking  = 0, and  = 2. For = 0, the modulus k of the ellipti funtions equals k = �i. We do not treat V2 in these elliptioordinates, but only the degenerate ase of  = 2.For the potential V3, however, the ellipti systems with  = 1 an be expliitly workedout. We have stated the respetive line elements for these two ases. Note that for  = 2 theoordinate transformation an be put intox = ln h tan( ~'� i~!)i; y = ln h tan( ~'+ i~!)i; (~! > 0; ~' 2 (0; �4 )) : (3.16)We do not dwell into a disussion of ellipti systems any further, for details we refer to [27℄. Letus �nally note that the notion ellipti is also used for the (!; ')-system, and they must not beonfused with the general ellipti oordinates just disussed.Beause we have not worked out the path integral for the free motion in these two furtheroordinates systems, this will be done in the appendix,For the Gaussian urvature we obtain e.g. in the (u; v)-systemG = � a2+sin6 u + a2�os6 u + a�a+sin4 u os4 u� a+sin2 u + a�os2 u�3 : (3.17)The ase a = 2b yields a� = 0, and G = �1b ; (3.18)and therefore again a spae of onstant urvature, the hyperboloid �(2) is given for b > 0. Wehave set the sign in the metri (1.4) in suh a way that from a = 2b > 0 the hyperboloid �(2)emerges. We ould also hoose the metri (1.4) with the opposite sign, then a = 2b < 0 wouldgive the same result. In the following it is understood that we make this restrition of positivede�niteness of the metri and we do not dwell into the problem of ontinuation into non-positivede�niteness. Beause the (u; v)-oordinates and the equidistant system are the same, we do notevaluate the path integral in the equidistant system. In the following we assume a+ > 0 anda+ > a�.We introdue the following three onstants of motion on D IV:X1 = e2v(� ~H0 + os 2u � p2u + sin 2u � pupv) ; (3.19)X2 = e2v(� ~H0 + os 2u � p2u � sin 2u � pupv) : (3.20)K = pv : (3.21)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 25Table 3: Constants of Motion and Limiting Cases of Coordinate Systems on D IVMetri: Constant D IV �(2); (a = 2b) �(2); (b = 0)of Motion2b osu+ a4 sin2 u (du2 + dv2) K2 (u; v)-System Equidistant Equidistant�a+�2 + a��2 �(d�2 + d�2) X2 Horospherial Horiyli Semi-irularparaboli� a�osh2 ! os2' + a+sinh2 ! sin2 '� K2 + d2X2 Ellipti Ellipti- Hyperboli-�(osh2 ! � os2 ')(d!2 + d'2) Paraboli paraboliha+k2�sn2(�; k)� sn2(�; k)�+ a�i X1 +X2 + K2 Ellipti Ellipti Ellipti�k24 (d2�+ d2�)These integrals of motion satisfy the Poisson relationsfK;X1g = 2X1 ; fK;X2g = �2X2 ; fX1; X2g = �K3 � 4aKH0 ; (3.22)and satisfy the relation X1X2 �K4 � aK2H0 �H20 = 0 : (3.23)The orresponding quantum operators have the formbH0 = sin2 2u2 os 2u+ a(�2u + �2v ) ; (3.24)bX1 = e2v(� bH0 + os 2u � (�2u + �v) + sin 2u � (�u�v + �u) ; (3.25)bX2 = e2v(� bH0 + os 2u � (�2u � �v)� sin 2u � (�u�v � �u) ; (3.26)and the ommutation relations read[K; bX1℄ = 2 bX1 ; [K; bX2℄ = �2 bX2 ; [ bX1; bX2℄ = �8K3 � 4aK bH0 � 4K ; (3.27)and satisfy the operator relation12f bX1; bX2g � K4 � a bH0K2 � 5K2 � bH20 � a bH0 = 0 : (3.28)In Table 3 we list the onnetion with these operators and the orresponding oordinate systemson D IV.We state the superintegrable potentials on D IV:V1(u; v) = � a+sin2 u + a�os2 u��1 " ~22m�k2 � 14os2 u + k2 � 14sin2 u �� 4�e2v + 8m!2e4v# (3.29)V2(u; v) = � a+sin2 u + a�os2 u��1 " ~22m�k21 � 14sinh2 v � k22 � 14osh2 v�� �4� 1sin2 u + 1os2 u�# (3.30)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 26Table 4: Separation of variables for the superintegrable potentials on D IVPotential Constants of Motion SeparatingoordinatesystemV1 R1 = K2 � �(�2 + �2) + m2 !2(�2 + �2) (u; v)-SystemR2 = X2 + �2�(a+�2 � a��2) + 8(k2 � 14 )~2m + 2m!2(a+�4 � a��4)a+�2 + a��2 HorospherialElliptiV2 R1 = X1 +X2 + (2 os u+ a)�1 ~22m�(k21 + k22 � 12 )� 2(k23 � 12 ) osh 2v (u; v)-System+(os 4u+ 2a os 2u+ 3)�k21 � 14sinh2 v � k22 � 14osh2 v�� DegenerateR2 = K2 + ~22m�k21 � 14sinh2 v + k22 � 14osh2 v� ellipti IV3 R1 = X1 +X2 + 2K2 + aH + ~22m� a+sinh2 2~! + a�sinh2 ~!��1 Degenerate�� a+sinh2 2~!� 3sin2 ~' + 1sin2 ~'�+ a�sinh2 2 ~'� 3sinh2 ~! � 2os2 ~!�� ellipti I & IIR2 = X1 �X2 + ~22m� a+sinh2 2~! + a�sinh2 ~!��1�� a+sinh2 2~!�1 osh 2~! tan2 ~' � 2 os 2 ~'� 3(2 os2 ~'(sinh2 ~! � sin2 ~') + 1sin2 ~' �+ a�sin2 2 ~'�2 os 2 ~' tanh2 ~! + 1 osh 2~! � 3(2 osh2 ~!(sinh2 ~! � sin2 ~') + 1sinh2 ~! ��V4 R1 = X1 + 2~2m (k20 � 14 )(�2 + �2)a+�2 + a��2 (u; v)-SystemR2 = X2 + 32~2m (k20 � 14 )a+�2 + a��2 HorospherialR3 = �p� + �p� ElliptiV3(~!; ~') = ~22m � a+sinh2 ~! � a+osh2 ~! + a�sin2 ~' + a�os2 ~'��1�" 3sin2 ~' + 2os2 ~' � 3sinh2 ~! + 2osh2 ~!# ; (3.31)V4(�; �) = �a+�2 + a��2 ��1 ~22m(k20 � 14)� 1�2 + 1�2� : (3.32)In Table 4 we list the properties of these potentials on D IV. We see that V4 is a speial ase,and it has three integrals of motion. The variables ~!; ~' are de�ned byx = log[tan( ~'� i~!)℄ ; y = log[tan( ~'+ i~!)℄ : (3.33)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 27In terms of these oordinates the line element is given byds2 = a+ 2bsinh2 2~! + a + 2bsin2 2 ~'= a+sinh2 ~! � a+osh2 ~! � a�sin2 ~' + a�os2 ~' : (3.34)3.1 The Superintegrable Potential V1 on D IV.We start by stating the potential V1 in the respetive oordinate systemsV1(u; v) = � a+sin2 u + a�os2 u��1 " ~22m�k2 � 14os2 u + k2 � 14sin2 u �� 4�e2v + 8m!2e4v# (3.35)= �a+�2 + a��2 ��1 "�� + ~22m�k2 � 14�2 + k2 � 14�2 �+ m2 !2(�2 + �2)# (3.36)= d2� a+sinh2 ! sin2 ' + a�osh2 ! os2 '��1�"� �+ ~22m� k2 � 14sinh2 ! sin2 ' + k2 � 14osh2 ! os2 '�+ m2 !2d2(osh2 ! � sin2')#:(3.37)The path integral for the potential V1 an be solved in the (u; v)-system and in horospherialoordinates. We also keep the parameters k1 and k2 di�erent in omparison to Kalnins et al.3.1.1 Separation of V1 in the (u; v)-System.The lassial Lagrangian and Hamiltonian are given byL(u; _u; v; _v) = m2 2b os2u+ asin2 2u ( _u2 + _v2) + V (u; v) ; (3.38)H(u; pu; v; pv) = 12m sin2 2u2b os 2u+ a(p2u + p2v) + V (u; v) : (3.39)The anonial momentum operators are given bypu = ~i � ��u + 2 ot2u� 2b sin 2u2b os2u+ a�; pv = ~i ��v ; (3.40)and the Hamiltonian operator has the formH = � ~22m sin2 2u2b os2u+ a� �2�u2 + �2�v2�+ V (u; v) (3.41)= 12m sin 2up2b os 2u+ a(p2u + p2v) sin 2up2b os 2u+ a + V (u; v) : (3.42)We insert V1 into the path integral and obtain (f = a+=sin2 u+ a�=os2 u)K(V1)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)f(u)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 28� exp i~ Z T0 (m2 f( _u2 + _v2)� 1f " ~22m�k21 � 14os2 u � k22 � 14sin2 u �+ 8m!2�e4v � �2m!2e2v�#)dt!:(3.43)We see that the v-dependene has the form of a Morse-potential (~� = �=4m!2):V (MP )(x) = ~2V 202M �e2x � 2~�ex� ; (3.44)where the (�nite) disrete energy spetrum is given byEl = � ~22M (~� � l � 12)2 : (3.45)Proeeding in the usual way we obtain for the time-transformed path integralK(V1)(u00; u0; v00; v0; s00) = u(s00)=u00Zu(0)=u0 Du(s) v(s00)=v00Zv(0)=v0 Dv(s)� exp( i~ Z T0 "m2 ( _u2 + _v2)� ~22m��21 � 14os2 u � �22 � 14sin2 u �� 8m!2�e4v � �2m!2e2v�#ds):=Xn �(�2;�1)n (u00)�(�2;�1)n (u0) exp �� i~ ~22m(�1 + �2 + 2n + 1)2s00��(Z d�	(MP )� (v00)�(MP )�� (u0)e�i~�2s00=2m+Xl 	(MP )l (v00)�(MP �)l (u0) exp � i~ ~22m(~�� l � 12)2�): (3.46)Here, �21;2 = k21;2 � 2ma�;+E=~2, and in the variable v we have used the solution of the Morsepotential and in the variable u the solution of the P�oshl{Teller potential, respetively. This formof the solution is onvenient to obtain the bound state solutions. The bound state energy-levelsare determined by: 2(n+ l + 1) + �1 + �2 � �~! = 0 : (3.47)By denoting Nn;l = �2(n+ l + 1)� �~!�2 � (k21 + k22) (3.48)the quadrati equation in E an be solved to give (with the further abbreviation Ka = 4(a+k21+a�k22)) En;l = ~24mb2 n�q(aNn;l +Ka)2 � 4b2(N2n;l � 4k21k22)� (aNn;l +Ka)o : (3.49)We keep the �-sign to allow for di�erent boundary onditions whih may depend on the param-eters a and b. For instane, for a = 2b we get the the limiting ase:En;l = � ~22ma��2(n+ l+ 1) + k21 � �~!�2 � k22�: (3.50)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 29For k2 = �12 it has the form of the usual zero-energy on the two-dimensional hyperboloid.In order to obtain the ontinuous spetrum, the formulation in (u; v)-oordinates is inonve-nient. Following [12℄ we perform the oordinate transformation os u = tanh � , and additionallywe make a time-transformation with the time-transformation funtion f = a+=sin2 u+a�=os2 u.Due to the oordinate transformation osu = tanh � additional quantum terms appear aordingto exp im2�~ (�u(j))2osu(j�1) os u(j)! _= exp � im2�~(�� (j))2 � i ~8m �1 + 1osh2 � (j)�� : (3.51)We get for the path integral (3.43)K(V1)(u00; u0; v00; v0;T ) = Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~�a+E � ~2k222m ��K(V1)(� 00; � 0; v00; v0; s00) ;(3.52)and the time-transformed path integral K(V1)(s00) is given byK(V1)(� 00; � 0; v00; v0; s00) = (osh � 0 osh � 00)�1=2�"Xl 	(MP )l (v0)	(MP )l (v00)Kl(� 00; � 0; s00) + Z d�	(MP ) �� (v0)	(MP )� (v00)K�(� 00; � 0; s00)#(3.53)K(V1)l;� (� 00; � 0; s00)= �(s00)=� 00Z�(0)=� 0 D�(s) exp( i~ Z s000 "m2 _�2 � ~22m  �21 � 14sinh2 � � �2l;� � 14osh2 � !# ds) : (3.54)The parameters �1;2 are the same as in the previous paragraph and � is given be�l = ����2l+ 1� �~! ���� (disrete); �� = i� (ontinuous); (3.55)where disrete and ontinuous means the disrete and ontinuous ontribution of the Morsepotential. Of ourse, the analysis of the disrete spetrum gives the same result as before.The kernel K(V1)l;� (s00) now allow us to write down the entire kernel K(V1)(T ) in terms of Morsewave-funtions and modi�ed P�oshl{Teller wave-funtions in the following form:K(V1)(u00; u0; v00; v0;T ) = (osh � 0 osh � 00)�1=2�(Xln N2ln	(MP ) �l (v0)	(MP )l (v00)	(�1;�l) �n (� 0)	(�1;�l)n (� 00)e�iElnT=~+ Z dpXl N2lp	(MP )�l (v0)	(MP )l (v00)	(�1;�l)�p (� 0)	(�1;�l)p (� 00)e�iEpT=~+ Z dp Z d�N2�p	(MP ) �� (v0)	(MP )� (v00)	(�1;i�) �p (� 0)	(�1;i�)p (� 00)e�iEpT=~); (3.56)with the proper normalization onstants Nln; Nlp; N�p, where e.g. Nln is determined by theresiduum orresponding to Eln in the Green funtion, and with the ontinuous spetrumEp = ~22ma+ (p2 + k22) : (3.57)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 30Note that for k2 = 1=2 we obtain the well-known zero-energy on the two-dimensional hyperboloid,whih appears here in a natural way after performing the oordinate transformation osu =tanh � .The 	(�;�)p (!) are the modi�ed P�oshl{Teller funtions, whih are given by	(�;�)n (r) = N (�;�)n (sinh r)2k2� 12 (osh r)�2k1+ 32�2F1(�k1 + k2 + �;�k1 + k2 � �+ 1; 2k2;� sinh2 r) (3.58)N (�;�)n = 1�(2k2)�2(2�� 1)�(k1 + k2 � �)�(k1 + k2 + � � 1)�(k1 � k2 + �)�(k1 � k2 � �+ 1) �1=2 : (3.59)The sattering states are given by:V (r) = ~22m��2 � 14sinh2 r � �2 � 14osh2 r�	(�;�)p (r) = N (�;�)p (osh r)2k1� 12 (sinh r)2k2� 12�2F1(k1 + k2 � �; k1 + k2 + �� 1; 2k2;� sinh2 r) (3.60)N (�;�)p = 1�(2k2)sp sinh �p2�2 h�(k1 + k2 � �)�(�k1 + k2 + �)��(k1 + k2 + �� 1)�(�k1 + k2 � �+ 1)i1=2 ; (3.61)k1; k2 de�ned by: k1 = 12(1� �), k2 = 12(1� �), where the orret sign depends on the boundary-onditions for r! 0 and r!1, respetively. The number NM denotes the maximal number ofstates with 0; 1; : : : ; NM < k1 � k2 � 12 . � = k1 � k2 � n for the bound states and � = 12(1 + ip)for the sattering states. 2F1(a; b; ; z) is the hypergeometri funtion [10, p.1057℄.3.1.2 Separation of V1 in Horospherial Coordinates.We evaluate the path integral for V1 in horospherial oordinates. The lassial Lagrangian andHamiltonian are given byL(�; _�; �; _�) = m2 �a+�2 + a��2 �( _�2 + _�2)� V (�; �) ; (3.62)H(�; p�; �; p�) = 12m�2�2(p2� + p2�)a+�2 + a��2 + V (�; �) : (3.63)For the anonial momentum operators we havep� = ~i � ��� � �2a�=�a+�2 + a��2� ; (3.64)p� = ~i � ��� � �2a+=�a+�2 + a��2� ; (3.65)and for the quantum Hamiltonian we getH = � ~22m �2�2a+�2 + a��2� �2��2 + �2��2�+ V (�; �) (3.66)= 12ms �2�2a+�2 + a��2 (p2� + p2�)s �2�2a+�2 + a��2 + V (�; �) : (3.67)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 31We insert V1 into the path integral and obtain (f = a+=�2 + a�=�2 and keeping to onstantsk1;2) K(V1)(�00; �0; � 00; � 0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)f(�; �)� exp( i~ Z T0 "m2 f(�; �)( _�2 + _�2)� 1f(�; �) m2 !2(�2 + �2)� �+ ~22m�k21 � 14�2 + k22 � 14�2 �!#dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00ei�s00=~K(V1)(�00; �0; �00; �0; s00) ; (3.68)and the time-transformed path integral K(V1)(s00) is given byK(V1)(�00; �0; �00; �0; s00)= �(s00)=�00Z�(0)=�0 D�(s) exp( i~ Z s000 "m2 ( _�2 � !2�2)� ~22mk21 � 2ma�E=~2 � 14�2 # ds)� �(s00)=�00Z�(0)=�0 D�(s) exp( i~ Z s000 "m2 ( _�2 � !2�2)� ~22m k22 � 2ma+E=~2 � 14�2 # ds)= m2!2p�0�00�0�00i2~2 sin2 !s00 exp �� m!2i~ (�02 + �002 + �02 + �002) ot!s00�I�1� m!�0�00i~ sin!s00�I�2� m!�0�00i~ sin !s00� ;(3.69)where �1;2 = k21;2 � 2ma�E=~2. We an extrat the bound state wave-funtions for the boundstate ontribution of the Green funtion aording to:G(V1)(�00; �0; �00; �0;E)= 1Xn�=0 1Xn�=0 N2n�n�En�n� �E	(RHO;�1)n� (�0)	(RHO;�1)n� (�00)	(RHO;�2)n� (�0)	(RHO;�2)n� (�00) : (3.70)The bound states are determined by the equation�~! � 2(n� + n� + 1) = sk21 � 2ma�E~2 +sk22 � 2ma+E~2 : (3.71)This quadrati equation in E is idential with (3.47).3.2 The Superintegrable Potential V2 on D IV.We state the potential in the respetive oordinate systemsV2(u; v) = � a+sin2 u + a�os2 u��1 ~22m "k21 � 14sinh2 v � k22 � 14osh2 v + (k23 � 14)� 1sin2 u + 1os2 u�# (3.72)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 32= 4� a+sinh2 2~! + a�sin2 2 ~'��1 ~22m"(k23 � 14)� 1sinh2 2~! + 1sin2 2 ~'�+� k22 � 14os2 2 ~' � k21 � 14osh2 2~!�# : (3.73)It is possible to evaluate the path integral for V2 in the (u; v) and the degenerate ellipti systemwith  = 2. The ellipti system with  = 0 is not treated.3.2.1 Separation of V2 in the (u; v)-System.We insert V2 into the path integral and obtain (f = a+=sin2 u+ a�=os2 u)K(V2)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)f(u)� exp( i~ Z T0 "m2 f( _u2 + _v2)� ~22mf  k21 � 14sinh2 v � k22 � 14osh2 v + (k23 � 14)� 1sin2 u + 1os2 u�!#dt):(3.74)This formulation in (u; v)-oordinates is inonvenient. Following the proedure as for V1 in the(u; v)-system we perform the oordinate transformation osu = tanh � , and get for the pathintegral (3.74)K(V2)(u00; u0; v00; v0;T ) = Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~�a+E � ~2k232m ��K(� 00; � 0; v00; v0; s00) ;(3.75)and the time-transformed path integral K(V2)(s00) is given byK(V2)(� 00; � 0; v00; v0; s00) = (osh � 0 osh � 00)�1=2 NmaxXnv=0	(k1;k2)nv (v0)	(k1;k2)nv (v00)� �(s00)=� 00Z�(0)=� 0 D�(s) exp( i~ Z s000 "m2 _�2 � ~22m  �22 � 14sinh2 � � �21 � 14osh2 � !# ds)+(osh � 0 osh � 00)�1=2 Z dkv	(k1;k2)kv (v0)	(k1 ;k2)kv (v00)� �(s00)=� 00Z�(0)=� 0 D�(s) exp( i~ Z s000 "m2 _�2 � ~22m  �22 � 14sinh2 � � �k2v � 14osh2 � !#ds) : (3.76)(�21 = (2nv + jk1j � jk2j+ 1)2, �22 = k23 � 2ma�E=~2).The v-path integration gives a disrete and a ontinuous spetrum, thus two di�erent partsfor the � -path integration. We therfore �nd for the Green funtionG(V2)(� 00; � 0; v00; v0;E) = (osh � 0 osh � 00)�1=2 NmaxXnv=0	(k1;k2)nv (v0)	(k1;k2)nv (v00)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 33�m~2 �(m1 � L�1)�(L�1 +m1 + 1)�(m1 +m2 + 1)�(m1 �m2 + 1)(osh � 0 osh � 00)�(k1�k2)(tanh � 0 tanh � 00)m1+m2+1=2�2F1�� L�1 +m1; L�1 +m1 + 1;m1 �m2 + 1; 1osh2 �<��2F1�� L�1 +m1; L�1 +m1 + 1;m1 +m2 + 1; tanh2 �>�+(osh � 0 osh � 00)�1=2 Z dkv	(k1;k2)kv (v0)	(k1;k2)kv (v00)�m~2 �(m1 � Lkv)�(Lkv +m1 + 1)�(m1 +m2 + 1)�(m1 �m2 + 1)(osh � 0 osh � 00)�(k1�k2)(tanh � 0 tanh � 00)m1+m2+1=2�2F1�� Lkv +m1; Lkv +m1 + 1;m1 �m2 + 1; 1osh2 �<��2F1�� Lkv +m1; Lkv +m1 + 1;m1 +m2 + 1; tanh2 �>� : (3.77)(m1;2 = 12(�2 �p2mE=~), L�1 = 12(�1 � 1), Lkv = 12(ikv � 1), E = a+E � ~2k23=2m.A disrete spetrum is only possible for the �rst summand in (3.76). First, we an analyzethe disrete spetrum by looking at the poles in (3.77) whih gives the equation2(n� + nv) + �+ + �� + jk2j � jk1j = 0 (3.78)(�2� = k23 � 2ma�E=~2). This gives a quadrati equation in E with solution (Nk = 2n� � 2nv �jk1j+ jk2j) En�nv = �a~2N2k4b2  1�s1 + 4b2a2 � k23N2k � 1�! : (3.79)The entire Green funtion in terms of the wave-funtions is given byG(V2)(� 00; � 0; v00; v0;E) = (osh � 0 osh � 00)�1=2 Z dp N2pkvEp � E Z dkv�	(k1;k2)kv (v0)	(k1;k2)kv (v00)	(�2;ikv)p (� 0)	(�2;ikv) �p (� 00)+(osh � 0 osh � 00)�1=2 1Xn�=0 1Xnv=0	(k1 ;k2)nv (v0)	(k1;k2)nv (v00)�( NmaxXn�=0 N2n�nvEn�nv �E	(�2;�1)n� (� 0)	(�2;�1)n� (� 00) + Z dp N2pnvEp � E	(�2;�1)p (� 0)	(�2;�1) �p (� 00)) ;(3.80)where Nn�nv ; Nk�nv is determined by the residuum in (3.77). The ontinuous spetrum has theform Ep = ~22ma+ (p2 + k23) : (3.81)For k3 = �12 we obtain the usual zero-point energy on the two-dimensional hyperboloid. Re-inserting os u = tanh v gives the Green funtion in the (u; v)-system.



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 343.2.2 Separation of V2 in Degenerate Ellipti Coordinates.We insert the potential V2 in degenerate ellipti oordinates into the path integral and obtain(f(~!; ~') = 4(a+= sinh2 2~! + a�= sin2 2 ~'))K(V2)(~!00; ~!0; ~'00; ~'0;T )= ~!(t00)=~!00Z~!(t0)=~!0 D~!(t) ~'(t00)= ~'00Z~'(t0)= ~'0 D ~'(t)f(~!; ~') exp( i~ Z T0 "m2 f(~!; ~')( _~!2 + _~'2)�4 ~22mf(~!; ~') k21 � 14sinh2 2~! � k22 � 14osh2 2~! + k23 � 14sin2 2 ~' + k22 � 14os2 2 ~'!#dt): (3.82)The alulation is similar as in the ase of the (u; v)-system: First, we re-sale 2~! ! ~!; 2 ~'! ~',then we perform the transformation os ~' = tanh ~� . Finally, we perform a time-transformationin the path integral with the time-transformation f(~!; ~')! f(~!; ~�) yieldingG(V2)(~� 00; ~� 0; ~!00; ~!0;E) = Z 10 ds00 exp � i~s00�Ea� � ~2k232m ��K(V2)(~� 00; ~� 0; ~!00; ~!0; s00) (3.83)with the transformed path integral K(V2)(s00) given byK(V2)(~� 00; ~� 0; ~!00; ~!0; s00) = ~�(s00)=~� 00Z~�(0)=~� 0 D~� (s) ~!(s00)=~!00Z~!(0)=~!0 D~!(s) exp( i~ Z T0 "m2 ( _~�2 + osh2 ~� _~!2)� ~22m k21 � 14sinh2 ~� + 1osh2 ~� ��2+ � 14sinh2 ~! � k22 � 14osh2 ~! + 14�!#ds) : (3.84)Again we evaluate this path integral by a suessive ~!- and ~� -path integration. Performing �nallythe s00-integration we obtainG(V2)(~� 00; ~� 0; ~!00; ~!0;E) = (osh ~� 0 osh ~� 00)�1=2�( Z dp N2k~!pEp � E Z dk~!	(k1;ik~!)p (~� 0)	(k1;ik~!)�p (~� 00)	(�1;k2)k~! (~!0)	(�1;k2) �k~! (~!00)+ Z dpNmaxXn~!=0 N2n~!pEp �E	(k1;�n~! )p (~� 0)	(k1 ;�n~! ) �p (~� 00)	(�1;k2)n~! (~!0)	(�1;k2)n~! (~!00)+NmaxXn~�=0 NmaxXn~!=0 N2n~�n~!En~�n~! �E	(k1 ;�n~! )n~� (~� 0)	(k1;�n~! )n~� (~� 00)	(�1;k2)n~! (~!0)	(�1;k2)n~! (~!00)): (3.85)The normalization onstants Nk~!p; Nk~!p; Nn~�n~! are determined by the respetive residuum inG(V2)(E) and the disrete spetrum is determined by the quadrati equation (3.78). The ontin-uous spetrum has the form Ep = ~22ma� (p2 + k23) : (3.86)The di�erene of Ep in omparison to the (u; v)-system an be resolved by making in the (u; v)-system the transformation sin u = tanh � whih hanges the sign in the energy term. Thisonludes the disussion of V2 on D IV.



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 353.3 The Superintegrable Potential V3 on D IV.We state the potential in the respetive oordinate systemsV3(~!; ~') = ~22m� 4a+sinh2 2~! + 4a�sinh2 ~'��1" 1os2 ~' + 2osh2 ~! + 3� 1sin2 ~' � 1sinh2 ~!�#: (3.87)= ~22m �a+� 1osh2 !̂ � 1os2 '̂�� a�� 1sinh2 !̂ + 1sin2 '̂���1�" 3sinh2 !̂ + 2osh2 !̂ + 3� 1sin2 '̂ � 1os2 '̂�# ; (3.88)It is possible to evaluate the path integral for V3 in both separating oordinate systems. However,due to the similarity in the evaluations, only the degenerate ellipti II ase will be presented.3.3.1 Separation of V3 in Degenerate Ellipti Coordinates II.We insert the potential V3 in the path integral formulation for degenerate ellipti oordinates onD IV and obtain f(~!; ~') = 4(a+= sinh2 2~! + a�= sin2 2 ~'))K(V3)(~!00; ~!0; ~'00; ~'0;T ) = ~!(t00)=~!00Z~!(t0)=~!0 D~!(t) ~'(t00)= ~'00Z~'(t0)= ~'0 D ~'(t)f(~!; ~')� exp( i~ Z T0 "m2 f(~!; ~')( _~!2 + _~'2)� ~22mf(~!; ~') 1os2 ~' + 2osh2 ~! + 3� 1sin2 ~' � 1sinh2 ~!�!#dt) : (3.89)In order to obtain a onvenient form to evaluate (3.89) we perform the oordinate transformationos ~' = tanh ~� in the same way as for V2. Performing also the orresponding time-transformationgives K(V3)(~!00; ~!0; ~� 00; ~� 0;T ) = Z 1�1 dE2�~ e�iET=~� Z 10 ds00 exp � i~� ~22m�23+a���K(V3)(~!00; ~!0; ~� 00; ~� 0; s00) ; (3.90)and the time-transformed path integral K(V3)(s00) is given byK(V3)(~!00; ~!0; ~� 00; ~� 0; s00) = ~!(s00)=~!00Z~!(0)=~!0 D~!(s) ~�(s00)=~� 00Z~�(0)=~� 0 D~�(s) osh ~�� exp8<: i~ Z s000 24m2 ( _~�2 + osh2 ~� _~!2)� ~22m�21+a� � 14sinh2 ~�� ~22m osh2 ~� 0B��23�a+ � 14sinh2 ~! � �22�a+ � 14osh2 ~! + 141CA375ds9>=>; (3.91)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 36(�2i�a� = 14 � i � 2ma�E=~2, i = 1; 2; 3). The latter path integral has the form of two suessivemodi�ed P�oshl{Teller path integrations in ~! and ~� . In the !-path integration we get a ontribu-tion form the ontinuous and from the disrete spetrum. The ontinuous ontribution gives inthe ~� -path integration only a ontinuous part, whereas the other gives a disrete and ontinuousontribution in ~� . We denote the ontinuous parameter in ~! by p~!, the disrete parameter in ~!by �n~! = 2n~! + �3�a+ � �2�a+ � 1, the ontinuous parameter in ~� by p, the disrete parameter in~� by �n~� = 2n~� + �1+a� � �n~! � 1, therefore:K(V3)(~!00; ~!0; ~� 00; ~� 0; s00) = (osh ~� 0 osh ~� 00)�1=2 Z 10 dp!	(�3�a+ ;�2�a+ )p~! (~!0)	(�3�a+ ;�2�a+ ) �p~! (~!00)� ~�(s00)=~� 00Z~�(0)=~� 0 D~�(s) exp8<: i~ Z s000 24m2 _~�2 � ~22m 0��21+a� � 14sinh2 ~� + p2~! + 14osh2 ~�1A35ds9=;+(osh ~� 0 osh ~� 00)�1=2 NmaxXn~!=0	(�3�a+ ;�2�a+ )n~! (~!0)	(�3�a+ ;�2�a+ )n~! (~!00)� ~�(s00)=~� 00Z~�(0)=~� 0 D~�(s) exp8<: i~ Z s000 24m2 _~�2 � ~22m 0��21+a� � 14sinh2 ~� � �2n~! � 14osh2 ~� 1A35ds9=;= (osh ~� 0 osh ~� 00)�1=2 Z 10 dpt!	(�3�a+ ;�2�a+ )p~! (~!0)	(�3�a+ ;�2�a+ ) �p~! (~!00)� Z 10 dp	(�1+a� ;ip~!)p (~!0)	(�1+a� ;ip~!) �p (~!00) e�is00~p2=2m+(osh ~� 0 osh ~� 00)�1=2 NmaxXn~!=0	(�3�a+ ;�2�a+ )n~! (~!0)	(�3�a+ ;�2�a+ )n~! (~!00)�(Z 10 dp	(�1+a� ;�n~! )p (~!0)	(�1+a� ;�n~! ) �p (~!00) e�is00~p2=2m+ NmaxXn!=0	(�1+a� ;�n~! )n� (~� 0)	(�1+a� ;�n~! )n� (~� 00) e�i~s00�2n~� =2m9=; : (3.92)Performing the s00-integration gives the spetrum. For the ontinuous spetrum we obtainEp = ~22ma� (p2 + 14 � 3) : (3.93)The disrete spetrum is determined by2(n~! + n~� ) + �1+a� + �3�a+ � �2�a� � 2 = �3+a� : (3.94)This is an equation in E in eighth order whih we will not solve.3.4 The Superintegrable Potential V4 on D IV.We state the potential in the respetive oordinate systemsV4(�; �) = � a+sin2 u + a�os2 u��1 ~22m(k20 � 14)� 1sin2 u + 1os2 u� (3.95)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D IV 37= �a+�2 + a��2 ��1 ~22m(k20 � 14)� 1�2 + 1�2� (3.96)= ~22md2� a+ 2bsinh2 2!0 + a� 2bsin2 2'0��1(k20 � 14)� 1osh2 ! os2 ' + 1sinh2 ! sin2 '�: (3.97)It is possible to evaluate the path integral for V4 is all the separating oordinate systems. However,we evaluate the path integral for V4 only in the (u; v)-system beause V4 is trivial.3.4.1 Separation of V4 in the (u; v)-System.We insert V4 into the path integral and obtain (f = a+=sin2 u+ a�=os2 u)K(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)f(u)� exp( i~ Z T0 "m2 f(u)( _u2 + _v2)� ~22mk20 � 14f(u) � 1sin2 u + 1os2 u�# dt) : (3.98)We proeed similarly as in [14℄. Beause the formulation in (u; v)-oordinates is inonvenient, weperform following [12℄ the oordinate transformation osu = tanh � . Further, we separate o� thev-path integration, and additionally we make a time-transformation with the time-transformationfuntion f = a+=sin2 u+ a�=os2 u. Due to the oordinate transformation os u = tanh � addi-tional quantum terms appear aording toexp im2�~ (�u(j))2osu(j�1) os u(j)! _= exp � im2�~(�� (j))2 � i ~8m �1 + 1osh2 � (j)�� : (3.99)We get for the path integral (3.98)K(u00; u0; v00; v0;T ) = Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~�a+E � ~2k202m ��K(� 00; � 0; v00; v0; s00) ;(3.100)and the time-transformed path integral K(s00) is given byK(� 00; � 0; v00; v0; s00) = Z 1�1 dkv eikv(v00�v0)2� (osh � 0 osh � 00)�1=2� �(s00)=� 00Z�(0)=� 0 D�(s) exp( i~ Z s000 "m2 _�2 � ~22m  �20 � 14sinh2 � � �k2v � 14osh2 � !# ds) : (3.101)Inserting the solution for the modi�ed P�oshl{Teller potential and evaluating the Green fun-tion on the ut yields for the path integral solution on D IV as follows (K(u00; u0; v00; v0;T ) =K(� 00; � 0; v00; v0;T )):K(u00; u0; v00; v0;T ) = Z 1�1 dkv Z 10 dp e�iTEp=~	p;kv(� 00; v00)	�p;kv(� 0; v0) ; (3.102)	p;kv(�; v) = eikvvp2�a+ osh � 	(�0;ik)p (�) ; (3.103)Ep = ~22ma+ (p2 + k20) ; (3.104)



4 SUMMARY AND DISCUSSION 38where �20 = k20 � 2maeE=~2 and the wave-funtions for the modi�ed P�oshl{Teller funtions.Re-inserting osu = tanh � gives the solution in terms of the variable u.We also see from this example that the introdution of a third variable w [15℄, say, to a three-dimensional version of Darboux spae D IV allows separation of variables, where the additionalquantum number k0 orresponds to the motion in w.4 Summary and DisussionIn this seond paper we have �nished the disussion of superintegrable potentials on the Darbouxspaes of non-onstant urvature. The results are very satisfatory. There are two potentialson D I, four potentials on D II, �ve potentials on D III, and four potentials on D IV, respetively.We ould solve many of the emerging quantum mehanial problems. To give an overview, wesummarize our results in Table 5. We list for eah spae the orresponding potentials inludingthe general form of the solution (if expliitly possible). We omit the trivial potentials here,beause they are separable in all orresponding oordinate systems.In the �rst Darboux spae D I the superintegrable were related to the Holt potential and ashifted isotropi harmoni osillator in two-dimensional Eulidean spae. Whereas the solution inthe oordinate v an be expressed in terms of the wave-funtions for the radial harmoni osillator(Laguerre polynomials) and the shifted harmoni osillator (Hermite polynomials), the solutionin the oordinate u was determined by a boundary ondition for u. This gave wave-funtions interms of paraboli ylinder funtions and a transendental equation for the bound state energylevels. The orresponding solution in the rotated (r; q)-system was similar. An expliit solutionin paraboli oordinates ould not be found.In the seond Darboux spae there were three non-trivial superintegrable potentials. Thepotentials were related to the Hold-potential, the isotropi singular osillator, and the Coulombpotential in two-dimensional Eulidean spae. We found ombinations of polynomial wave-funtions for the disrete states and ombinations of polynomials and Whittaker funtions forthe sattering states. The disrete energy spetrum for the osillator-related potentials wasusually given by a quadrati equation in the energy. For the Coulomb-related potential we foundan equation in eight order in the energy, whih ould be studied in a speial ase. Also, in thesemilassial limit, we found that the energy-spetra indeed had the behavior of an harmoniosillator and a Coulomb potential, respetively.On D III we had potentials related to a linear potential, a Coulomb potential, and a shiftedosillator in two-dimensional at spae. We found for the �rst potential an equation in fourthorder in the energy E, and quadrati equations in the energy E for the seond potential and thirdpotential. The oulomb-related potential showed again in the semilassial limit the behavior ofa Coulomb potential. Of some speial interest was the feature of the omplex periodi Morsepotential for the separation of V3 in polar oordinates. Suh omplex potentials have attrated inthe reent years some attention, beause the involved PT -symmetry in these potentials has theonsequene that they nevertheless have a real spetrum, e.g. [3, 4, 43, 51, 50℄{[52℄. Suh kinda potentials also appear as subsystems in the list of superintegrable potentials on the omplexEulidean plane [37℄.A speial feature in D III was that there is already for the free motion a positive ontinuousand a negative in�nite disrete spetrum. A similar feature also exists for the free quantummotion on the SU(1; 1) and SO(2; 2) hyperboloid.



4 SUMMARY AND DISCUSSION 39Table 5: Solutions of the path integration for superintegrable potentials in Darboux spaesSpae and Potential Solution in terms of the wave-funtionsD IV1: (u; v) Hermite polynomials � Paraboli ylinder funtionsParaboli No expliit solutionV2: (u; v) Hermite polynomials � Paraboli ylinder funtions(r; q) Hermite polynomials � Paraboli ylinder funtionsD IIV1: (u; v) Hermite polynomial � Whittaker funtions�Paraboli No expliit solutionV2: (u; v) Laguerre polynomial � Whittaker funtions�Polar Gegenbauer polynomial � Whittaker funtions�Ellipti No expliit solutionV3: Polar Gegenbauer polynomials � Bessel funtionsParaboli Produt of Whittaker funtions�Ellipti No expliit solutionD IIIV1: Paraboli Produt of Hermite polynomials/Paraboli ylinder funtionsTranslated paraboli Produt of Hermite polynomials/Paraboli ylinder funtionsV2: (u; v) Gegenbauer polynomials � Whittaker funtions�Polar Gegenbauer polynomials � Whittaker funtions�Paraboli Produt of Whittaker funtions�V3: Polar Gegenbauer polynomials � Whittaker funtions�Hyperboli No expliit solutionV4: Hyperboli Produt of Whittaker funtions�Ellipti No expliit solutionD IVV1: (u; v)-system Produt of hypergeometri funtionsHorospherial Produt of Whittaker funtions�Ellipti No expliut solutionV2: (u; v) hypergeometri funtionsDegenerate Ellipti hypergeometri funtionsV3: Ellipti hypergeometri funtionsDegenerate Ellipti hypergeometri funtions(� The notion Whittaker funtions means for a disrete spetrum Laguerre polynomials, andfor a ontinuous spetrum Whittaker funtions W�;�(z), respetievly M�;�(z).)In the fourth Darboux spae we found potentials whih were related to the Morse and P�oshl{Teller potential, and ombined modi�ed P�oshl{Teller potentials. The modi�ed P�oshl{Tellerpotentials had, of ourse, solutions in terms of hypergeometri funtions, respetively Jaobipolynomials (disrete spetrum) and Jaobi funtions (sattering states).



4 SUMMARY AND DISCUSSION 40We were able to solve the various path integral representations, beause we have now to ourdisposal not only the basi path integrals for the harmoni osillator, the linear osillator, theradial harmoni osillator, and the (modi�ed) P�oshl{Teller Potential, but also path integralidentities derived from path integration on harmoni spaes like the ellipti and spheroidal pathintegral representations with its more ompliated speial funtions. This inludes also numeroustransformation tehniques to �nd a partiular solution based on one of the basi solutions.Various Green funtion analysis tehniques an be applied to �nd not only an expression forthe Green funtion but also for the wave-funtions and the energy spetrum. Usually, we statedin all ases the solution for the disrete spetrum ontribution, i.e. the energy-spetrum and thebound-states wave-funtions. However, not in all ases we stated explitly the sattering states.In the ases, where we omitted the expliit representation, this an be done in a straightforwardway by inserting the orresponding solution by the potential problem in question and insertingthe various oupling onstants and sattering quantum numbers.Let us also note that our solutions are often on a more or less formal level. Neither havewe spei�ed an embedding spae, nor have we spei�ed boundary onditions on our spaes. Forinstane, in D I boundary onditions and the signature of the ambient spae is very important,beause hoosing a positive or a negative signature of the ambient spae hanges the boundaryonditions, and hene the quantization onditions [22℄. The same line of reasoning is, of ourse,valid in the other three Darboux spaes. We have not disussed in detail speial ases of theparameters (say a and b), inluding the limiting ases to at spaes or spaes with onstant(negative) urvature. Suh a disussion would go far beyond the sope of this paper.Let us �nally mention an important observation due to [27℄. At the end of their paper Kalninset al. gave a list of superintegrable potentials on the two-dimensional omplex plane and omplexsphere. As it turns out[28℄, all of the potentials on Darboux spaes an be generated by takinga two-dimensional line element and dividing this line element by a superintegrable potentialbelonging to a spei� lass.2 Not every lass generates a new potential on a Darboux spae,some are simply related by a oordinate transformation, and some potentials an be generatedfrom the Eulidean plane as well as the omplex sphere. The appearane of the omplex sphereis espeially obvious in the general ellipti oordinate system on D IV. Some of the variousdi�erent potentials oming from the omplex plane and sphere are also related by the so-alled\oupling onstant metamorphosis". Coupling onstant metamorphosis always omes into playif the energy E of the quantum system appears in the form of E�metri terms. This observationleads to the notion that every nondegenerate superintegrable system in two dimensions is \St�akelequivalent" to a super integrable system in a two-dimensional spae of onstant urvature [28℄.In the language of path integrals oupling onstant metamorphosis omes from \time-" or\spae-time" transformations (also alled Duru{Kleinert transformations [40℄). Here the mostimportant example is the Coulomb problem, where by means of a spae-time transformation theCoulomb-oupling � just beomes a onstant and the emerging harmoni osillator problem hasthe frequeny !2 = �2E=m, i.e. the negative energy of the Coulomb problem appears as anharmoni osillator frequeny. As we have seen this kind of oupling onstant metamorphosisor spae-time transformation, respetively, had been indispensable tools in the path integralevaluations of the free motion and for the superintegrable potentials, and we an use bothnotions as synonymous.2The ases for two-dimensional at spae with two-dimensional superintegrable potentials is disussed in [16℄.It turns out that the quantization onditions for the bound energy states is always determined by an equation ofeighth order in E.



4 SUMMARY AND DISCUSSION 41We did not go into details of three-dimensional generalization of the Darboux spaes [15℄.Of ourse, it is possible to extend the notion of superintegrability to three-dimensional Darbouxspaes. In partiular, in three dimensions there are more of suh potentials. In total, there are�ve maximally superintegrable potentials [18℄, the �rst four of them also are superintegrable on,inluding the singular harmoni osillator, the Holt potential and the Coulomb potential. Newfeatures will arise due to the fat that on three-dimensional generalization of the more ompli-ated Darboux spaes D III and D IV, oordinate systems from the three-dimensional omplexsphere ome into play [31℄. Studies along suh lines will be performed in future investigations.AknowledgmentsThis work was supported by the Heisenberg{Landau program.The authors are grateful to Ernie Kalnins for fruitful and pleasant disussions on superinte-grability and separating oordinate systems. C.Groshe would like to thank the organizers of the\XII. International Conferene on Symmetry Methods in Physis", July 3{8, Yerevan, Armenia,for the warm hospitality during the stay in Yerevan.G.S.Pogosyan aknowledges the support of the Direi�on General de Asuntos del PersonalAad�emio, Universidad Naional Aut�onoma de M�exio (dgapa{unam) by the grant 102603Optia Matem�atia, sep-onayt projet 44845 and PROMEP 103.5/05/1705.A Path Integral for the Free Motion on D IVin Degenerate Ellipti Coordinates ( = 1)We start by onsidering the metri in ellipti oordinates ( = 1):ds2 = "a�� 1sinh2 !̂ + 1sin2 '̂�� a+� 1osh2 !̂ � 1os2 '̂�#(d!̂2 + d'̂2) : (A.1)We formulate the path integral in the usual way. We perform the spae-time transformationwith the oordinate transformation os '̂ = tanh �̂ yieldingK(!̂00; !̂0; '̂00; '̂0;T ) = !̂(t00)=!̂00Z!̂(t0)=!̂0 D!̂(t) '̂(t00)='̂00Z'̂(t0)='̂0 D'̂(t)pg� exp " im2~ Z T0 � a�sinh2 !̂ � a+osh2 !̂ + a�sin2 '̂ � a+os2 '̂�( _̂!2 + _̂'2)dt#= Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~�a�E � ~28m�s00�K(!̂00; !̂0; �̂ 00; �̂ 0; s00) (A.2)with the transformed path integral given byK(!̂00; !̂0; �̂ 00; �̂ 0; s00) = �̂(s00)=�̂ 00Z�̂(0)=�̂ 0 D�̂(s) !̂(s00)=!̂00Z!̂(0)=!̂0 D!̂(s) osh �̂� exp i~ Z s000 (m2 ( _~�2 + osh2 ~� _~!2)� ~22m" 1osh2 �̂ ��2� + 14sinh2 !̂ � �2+ + 14osh2 !̂ + 14�� �2+ + 14sinh2 �̂ #)ds!;(A.3)



4 SUMMARY AND DISCUSSION 42where �2� = 14 � 2ma�E=~2. The suessive path integrations are of the modi�ed P�oshl{Tellertype. Therefore the solution an be written as follows:K(!̂00; !̂0; '̂00; '̂0;T ) = Z dk Z p	(��;�+)k (!̂00)	(��;�+)�k (!̂0)	(�+;ik)p (�̂ 00)	(�+;ik) �p (� 0) e�i~Tp2=2m :(A.4)with the energy spetrum Ep = ~22ma��p2 + 14� (A.5)and we an re-insert tanh �̂ ! os '̂. The di�erene of the energy spetra in degenerate elliptiand ellipti oordinates (interhanging of a+ and a�) an be removed by a shift of the oordinates~' and '̂ by �=2, respetively.B Path Integral for the Free Motion on D IVin Degenerate Ellipti Coordinates ( = 2)We start by onsidering the metri in degenerate ellipti oordinates ( = 2):ds2 = 14 � a+sinh2 2~! + a�sin2 2 ~'� (d~!2 + d~'2) : (B.1)We formulate the path integral in the usual way. We sale both variables by the fator 2and perform the spae-time transformation with the oordinate transformation os ~' = tanh ~�yielding (�2 = 14 � 2ma+E=~2):K(~!00; ~!0; ~'00; ~'0;T ) = 12 ~!(t00)=~!00Z~!(t0)=~!0 D~!(t) ~'(t00)= ~'00Z~'(t0)= ~'0 D ~'(t)� a+sinh2 ~! + a�sin2 ~'�� exp " im2~ Z T0 � a+sinh2 ~! + a�sin2 ~'�( _~!2 + _~'2)dt#= Z 1�1 dE2�~ e�iET=~ Z 10 ds00 exp � i~�a�E � ~28m�s00�K(~!00; ~!0; ~� 00; ~� 0; s00) (B.2)with the transformed path integral given byK(~!00; ~!0; ~� 00; ~� 0; s00) = ~�(s00)=~� 00Z~�(0)=~� 0 D~� (s) ~!(s00)=~!00Z~!(0)=~!0 D~!(s) osh ~�� exp( i~ Z s000 "m2 ( _~�2 + osh2 ~� _~!2)� ~22m osh2 ~� � �2 + 14osh2 ~! + 14�#ds)= (osh ~� 0 osh ~� 00)�1=2X� ZIR dk k sinh �kosh2 ��+ sinh2 �kP iki��1=2(� tanh!00)P�iki��1=2(� tanh ~!0)�X� ZIR dp p sinh�posh2 �k + sinh2 �pP ipik�1=2(� tanh ~� 00)P�ipik�1=2(� tanh ~� 0) e�i~Tp2=2m : (B.3)



C SUPERINTEGRABLE POTENTIALS ON E(2;C). 43Therefore we obtain the wave-funtions and the energy-spetrum, respetively	k;p(~�; ~!) = 1p2 osh ~�  k sinh �kosh2 ��+ sinh2 �k p sinh �posh2 �k + sinh2 �p!1=2�P iki��1=2(� tanh!)P ipik�1=2(� tanh ~�) (B.4)and Ep = ~22ma� (p2 + 14), and we an re-insert tanh ~� ! os ~'.C Superintegrable Potentials on E(2;C).In this appendix we shortly disuss the path integral representation of superintegrable potentialson the two-dimensional omplex Eulidean plane. A thorough path integral disussion on the realtwo-dimensional omplex Eulidean plane has been done in [18℄, and therefore these solutionswill not be repeated here, only some new due to the appearane of three more potentials V5{V7.As Usual P1 = �i~�x and P2 = �i~�y denote the momentum operators, and M = yP1 � xP2 isthe angular momentum. The potentials now read as follows [28, 35, 36, 37℄V5 = B2 (x� iy) CartesianSemi-hyperboliLight ConeV6 = �2px� iy ParaboliSemi-hyperboliLight ConeV7 = 12�� x2 + y2(x+ iy)4 + �(x+ iy)2 + (x2+ y2)� PolarHyperboli
9>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>; (C.1)In the underlined ases we give a (formal) path integral representation.The Potential V5.For the potential V5 the orresponding Lagrangian has the formL = m2 ( _x2 + _y2)� B2 (x� iy) : (C.2)Thus, we identify two linear potentials [13, 46℄K(V5)(x00; x0; y00; y0;T )= x(t00)=x00Zx(t0)=x0 Dx(t) y(t00)=y00Zy(t0)=y0 Dy(t) exp( i~ Z t00t0 �m2 ( _x2 + _y2)� B2 (x� iy)�dt)= � m2�i~T � exp � i~�m2 (x00 � x0)2 + (x00 � x0)2T � BT4 (x0 + x00 � iy0 � iy00)�� (C.3)



C SUPERINTEGRABLE POTENTIALS ON E(2;C). 44Table 6: Coordinate Systems on the Complex Plane E(2;C)Coordinate System Integrals of Motion Coordinates1. Cartesian, I = p21 x; y(x; y 2 IR)2. Polar I = m2 x = % os'(% > 0; ' 2 [0; �)) x = % sin'3. Light Cone I = (P1 + iP2)2 x̂ = x� iy(x; y 2 IR) ŷ = x+ iy,4. Ellipti I = M2 � a2P 22 x = osh! os�(! > 0; � 2 [0; 2�)) a 6= 0 y = sinh! sin�5. Paraboli I = fM;P2g x = 12(�2 � �2)(�; � > 0) y = ��6. Hyperboli I = M2 + (P1 + iP2)2 x = u2 + u2v2 + v22uv(u; v > 0) y = iu2 � u2v2 + v22uv7. Semi-hyperboli I = fM;P1 + iP2g+ (P1 � iP2)2 x = 12(w � z)2 + 14(w + z)(w; z 2 IR) y = �12 (w � z)2 � 14 (w + z)= � 4m~2B�43 ZIR dE e�iET=~ ZIR d��Ai "�x0 � 2E + �k ��mB~2 �13#Ai "�x00 � 2E + �k ��mB~2 �13 #�Ai "i�y0 � 2E � �k ��mB~2 � 13#Ai "i�y00 � 2E � �k ��mB~2 �13 # ; (C.4)with the ontinuous spetrum E = ~2p2=2m, and � is the seond separation onstant.For V5 in the semi-hyperboli oordinates we obtain for the orresponding Lagrangian ( _w =dw=dt) LE = m2 (w� z)( _w2 � _z2)� B2 (w + z) +E ; (C.5)whih gives after a time transformation ( _w = dw=ds, _z = dz=ds and dt = (w � z)ds) a trans-formed Lagrangian ~LE = m2 ( _w2 � _z2)� B2 (w2 � z2) +E(w� z) : (C.6)Therefore the potential v5 has been transformed into the problem of a shifted harmoni osillator,whose solution is well-known. In order to determine the path integral solution we onsider theGreen funtion of the harmoni osillator [23℄, use the onvolution formula for the kernel in terms



C SUPERINTEGRABLE POTENTIALS ON E(2;C). 45of a produt of two Green funtionsK(V5)(w00; w0; z00; z0;T ) = Z 1�1 dE2�~ e�iET=~ Z 10 ds00Kw(w00; w0; s00) �Kz(z00; z0; s00)= Z 1�1 dE2�~ e�iET=~ ~2�i Z dEGw(E;w00; w0;�E)Gz(E; z00; z0; E) ; (C.7)and obtain thereforeK(V5)(w00; w0; z00; z0;T )= w(t00)=w00Zw(t0)=w0 Dw(t) z(t00)=z00Zz(t0)=z0 Dz(t) exp( i~ Z t00t0 �m2 (w� z)( _w2 � _z2)� B2 (w + z)�dt)= 14�2 Z 1�1 dE Z d� m�~3rmB �2�12 � E + �~! ��D� 12+E+�~! "r2~pmB�w> � Eb �#D� 12+E+�~! "�r2~pmB�w< � Eb �#�D� 12+E+�~! "r2~pmB�z> � Eb �#D� 12+E+�~! "�r2~pmB�z< � Eb �# ; (C.8)with the ontinuous spetrum E = ~2p2=2m, and � is the seond separation onstant. The Greenfuntion may be evaluated in terms of even and odd paraboli ylinder funtions E(0)� (z) andE(1)� (z), e.g. [14, 42, 23, 18℄, whih is omitted here.The Potential V6.Let us onsider the two Lagrangians of the potential V6 expressed in paraboli and semi-hyperboli oordinates, respetivelyLE = m2 (�2 + �2)( _�2 + _�2) +p2� � � i��2 + �2 + E (C.9)= m2 (w � z)( _w2 � _z2) + i p2�w � z +E ; (C.10)whih gives after a time transformation ( _� = d�=ds, _� = d�=ds and dt = (�2+�2)ds in parabolioordinates; _w = dw=ds, _z = dz=ds and dt = (w � z)ds in semi-hyperboli oordinates) thetransformed Lagrangians~LE = m2 ( _�2 + _�2) +p2�(� � i�) + (�2 + �2) (C.11)= m2 ( _w2 � _z2) + ip2� +E(w� z) : (C.12)In paraboli oordinates we have a shifted harmoni osillator and in semi-hyperboli oordinatesa linear potential plus a onstant. The solution is onsequently almost idential to the orre-sponding solutions for the potential V5 with appropriate replaement of the oupling onstants.See also [14, 23, 18, 42℄ for more details



D SUPERINTEGRABLE POTENTIALS ON S(2;C). 46The Potential V7.Let us onsider the last potential V7. In polar oordinates we have the e�etive Lagrangian (notethe additional ~2-potential [23℄)L = m2 ( _%2 + %2 _'2 � !2)� ~22mr2�� e�4i' � 2� e�2i' � 14� : (C.13)In the variable ' we have a omplex periodi Morse potential, the same kind of potentials wehave enountered on D III for V3 in polar oordinates. We identify � = 421 and � = 2=1.Furthermore we see that the remaining path integral in the variable % is just a radial harmoniosillator path integral. Putting everything together yieldsK(V7)(%00; %0; '00; '0;T ) = %(t00)=%00Z%(t0)=%0 D%(t) '(t00)='00Z'(t0)='0 D'(t)� exp( i~ Z T0 "m2 ( _%2 + %2 _'2 � !2%2)� ~22m%2��e�4i' � 2� e�2i' � 14�#dt)= 1Xl=0�(1;2)[MP ℄;l('00)�(1;2)[MP ℄;l('0) m!i~ sin !T exp �� m!2i~ (%02 + %002) ot!T�Il+2 21+ 12� m!%0%00i~ sin!T �;(C.14)with the well-known expansion by means of the Hille{Hardy formula in terms of Laguerre poly-nomials for %. We leave the result as it stands.D Superintegrable Potentials on S(2;C).Let us shortly enumerate the superintegrable potentials on the omplex sphere. On the real two-dimensional sphere there are two superintegrable potentials, a feature whih has been alreadyinvestigated, e.g. [19℄. On the omplex two-dimensional sphere there are four more potentialswhih are are listed in (D.4) [28, 31, 35℄. In the underlined ases we give a path integral rep-resentation. These representations remain, however, on a formal level, beause the omplexsphere is an abstrat spae and serves just as a tool to �nd the relevant potentials. Going tothe orresponding real spaes, i.e. the sphere and the hyperboloid, respetively, requires the realrepresentation of the oordinate system in question, inluding the orresponding path integralrepresentation.In Table 7 we list the �ve oordinate systems on the omplex sphere S(2;C) aording to[28, 31, 35℄. Let us note that we an also use v = ie�ix as a parameterization in the horospher-ial system (x; y 2 IR). As usual J1; J2; J � 3 are the angular momentum operators in threedimensions.The Potential V3.Let us start superintegrable potential on the two-dimensional omplex sphere. It has the formV3(s) = �s23 + �(s1 � is2)2 +  (s1 + is2(s1 � is2)3 (D.1)



D SUPERINTEGRABLE POTENTIALS ON S(2;C). 47= �os2 #2 + � e�2i'sin2 # �  e�4i'sin2 # ; (D.2)= e�2ix�y2 + �y2 + ��� e�4ix ; (D.3)and we have inserted spherial and horospherial oordinates on the (omplex) sphere, respe-tively.V3(s) = �s23 + �(s1 � is2)2 +  s1 + is2(s1 � is2)3 SpherialHorospherialDegenerate Ellipti IV4(s) = �(s1 � is2)2 + �s3qs21 + s22 + iq(s1 + is2)(s1 � is2)2 SpherialDegenerate Ellipti IIV5(s) = �z+ + 2z�q(2z� � z+)2 � 42z3 Ellipti+�(z+ � 2z�)(z+z� + z23)z23q(2z� � z+)2 � 42z3 +  z+z�z23(z� = s1 � is2; z3 = q1� s21 � s22; 2 = 1+r1�r ) Degenerate Ellipti IV6(s) = �(s1 � is2)2 + �s3(x� iy)3 +  1� 4s23(s1 � is2)4 HorospherialDegenerate Ellipti II
9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;(D.4)This potential has now in spherial oordinates in the '-dependene the same strutureas the potential V7 on the omplex plane, thus the solution is the same (1;2 in the omplexMorse potential appropriately). In the # dependene we obtain after the separation of ' aP�oshl{Teller potential. In omparison to V7 on the omplex plane, we must therefore replaethe wave-funtions in % in terms of Laguerre polynomials by the P�oshl{Teller wave-funtions�(~�;l+2 21+ 12 )n (#) (~�2 = 2m�=~2 + 14) and we are done. Summarizing we obtainK(V3)(#00; #0; '00; '0;T ) = #(t00)=#00Z#(t0)=#0 D#(t) '(t00)='00Z'(t0)='0 D'(t) sin#� exp( i~ Z t00t0 "m2 ( _#2 + sin2 # _'2)� �os2 # � 1sin2 #��e�2i' � e�4i' � 14�#dt)= (sin#0 sin #00)�1=2 1Xn=0 1Xl=0�(1;2)[MP ℄;l('00)�(1;2)[MP ℄;l('0)�(l+2 21+ 12 ;~�)n (#00)�(l+2 21+ 12 ;~�)n (#0)� exp �� i~ ~22m�2n+ l + 2 21 + 32�2T� : (D.5)



D SUPERINTEGRABLE POTENTIALS ON S(2;C). 48Table 7: Coordinate Systems on the Complex Sphere S(2;C)Coordinate System Integrals of Motion Coordinates1.Spherial L = J23 s1 = sin# os'(# 2 [0; �); ' 2 [0; 2�) s2 = sin# sin', s3 = os #2.Ellipti L = J � 12 + rJ22 s21 = (ru� 1)(rv � 1)1� rs22 = r(u� 1)(v � 1)1� r , z2 = ruv3. Horospherial L = (J1 + iJ2)2 s1 = i2�v + y2 � 1v �s2 = i2�v + y2 � 1v �, s3 = iy=v4. Degenerate L = (J1 + ij2)2 � 2J23 s1 + is3 = 1osh �1 osh �2Ellipti 1 s2 � is3 = osh �2osh �1 + osh �1osh �2 � 1osh �1 osh �2(�1;2 2 IR) s3 = tanh �1 tanh �25. Degenerate L = J3(J1 � iJ2)2 s1 + is2 = 1��Ellipti 2 s1 + is2 = �14 (�2 � �2)2��(�; � > 0) s3 = 12 �2 + �2��In horospherial oordinates we have in the variable y a radial harmoni osillator (set  =m!2=2, ~�2 = 2m�=~2 + 14 ) and in the same way (1;2 in the omplex Morse potential appropri-ately) K(V3)(x00; x0; y00; y0;T ) = x(t00)=x00Zx(t0)=x0 Dx(t) y(t00)=y00Zy(t0)=y0 Dy(t) e2ix� exp( i~ Z t00t0 "m2 ( _x+ e2ix _y2)� e�2ix�y2 + �y2 + ��� e�4ix#dt)= e�i(x0+x00) 1Xn=0 1Xl=0	(RHO;~�)l (y00)	(RHO;~�)l (y0)�(1;2)[MP ℄;n('00)�(1;2)[MP ℄;n('0)� exp �� i~ ~22m�n + 2 21 + 1�2T� ; (D.6)and the 	(RHO;~�)l (y) are the wave-funtions of the radial harmoni osillator [23℄.The Potential V6.As the last potential we onsider V6. We have (set  = �m!2=8)V6(s) = �(s1 � is2)2 + �s3(x� iy)3 +  1� 4s23(s1 � is2)4 (D.7)
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