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DESY 06-119Modeling dihadron fragmentation funtionsAlessandro Bahetta�Theory Group, Deutshes Elektronen-Synhroton DESY,D-22603 Hamburg, GermanyMaro RadiiyDipartimento di Fisia Nuleare e Teoria, Universit�a di Pavia, andIstituto Nazionale di Fisia Nuleare, Sezione di Pavia, I-27100 Pavia, ItalyWe present a model for dihadron fragmentation funtions, desribing the fragmentation of a quarkinto two unpolarized hadrons. We tune the parameters of our model to the output of the PYTHIAevent generator for two-hadron semi-inlusive prodution in deep inelasti sattering at HERMES.One the parameters of the model are �xed, we make preditions for other unknown fragmentationfuntions and for a single-spin asymmetry in the azimuthal distribution of �+�� pairs in semi-inlusive deep inelasti sattering on a transversely polarized target at HERMES and COMPASS.Suh asymmetry ould be used to measure the quark transversity distribution funtion.PACS numbers: 13.87.Fh, 11.80.Et, 13.60.HbI. INTRODUCTIONDihadron Fragmentation Funtions (DiFF) desribe the probability that a quark hadronizes into two hadrons plusanything else, i.e. the proess q ! H1H2X. They an appear in any proess where hadronization is involved, inpartiular in lepton-lepton, lepton-hadron and hadron-hadron ollisions produing �nal-state hadrons. They arryinformation that is not aessible to single-hadron fragmentation funtions, but on the other hand they are moreomplex to study and to measure.Unpolarized DiFF were introdued for the �rst time by Konishi, Ukawa and Veneziano [1℄. Their evolution equationshave been studied in Refs. [2, 3℄ and more reently reanalyzed in Refs. [4, 5, 6℄. All these studies foused on theprobability of produing two hadrons with energy frations z1 and z2 by integrating over the invariant mass of theprodued pair. However, it is fair to say that the only experimental information related to unpolarized DiFF onsists ofinvariant mass spetra of hadron pairs produed in e+e� annihilation [7, 8, 9℄, Semi-Inlusive Deep-Inelasti Sattering(SIDIS) [10, 11, 12℄ and proton-proton ollisions [13, 14, 15℄. Reently, it has been suggested to use DiFF as toolsto investigate the in-medium e�ets in heavy-ion ollisions [5, 6, 15, 16, 17℄. To address this and other issues, it isneessary to improve our knowledge of unpolarized DiFF in vauum.DiFF an be used also for spin studies. In partiular, they an at as analyzers of the spin of the fragmentingquark [18, 19, 20, 21, 22℄ and they an be used to study vetor meson polarization [23, 24, 25, 26℄. The de�nition andproperties of all possible DiFF for two unpolarized deteted hadrons have been presented in Ref. [27℄ up to leadingtwist, and in Ref. [28℄ up to subleading twist integrated over the transverse omponent of the enter-of-mass (m)momentum of the hadron pair. Despite the wealth of observables related to polarized DiFF, experimental informationis limited [29, 30, 31℄.At present, the most important appliation of polarized DiFF appears to be the measurement of the quark transver-sity distribution in the nuleon. This funtion, h1, represents the probabilisti distribution of transversely polarizedpartons inside transversely polarized hadrons, and is a missing ornerstone to omplete the knowledge of the leading-order (spin) struture of the nuleon (for a review see Ref. [32℄). Being a hiral-odd funtion, h1 needs to be ombinedwith another hiral-odd soft funtion. The simplest possibility is to onsider double-spin asymmetries in polarizedDrell-Yan proesses [33℄. This option is under investigation at BNL using high-energy polarized proton-proton olli-sions [34, 35℄ and ould be studied also at GSI using polarized proton-antiproton ollisions [36, 37, 38, 39℄.Another possibility is to measure Single-Spin Asymmetries (SSA) in the SIDIS prodution of a pion on transverselypolarized targets. Reent data have been released using proton [40, 41℄ and deuteron [42℄ targets. Their interpretationadvoates the so-alled Collins e�et [43℄, by whih a leading-twist ontribution to the ross setion appears whereh1 is onvolved with the Collins funtion H?1 , a fragmentation funtions that desribes the deay probability of a�Eletroni address: alessandro.bahetta�desy.deyEletroni address: maro.radii�pv.infn.it
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2transversely polarized quark into a single pion. However, extrating h1 from SSA data requires the ross setion todepend expliitly upon the transverse momentum of the deteted pion with respet to the photon axis [44℄. This fatbrings in several ompliations, inluding the possible overlap of the Collins e�et with other ompeting mehanismsand more ompliated fatorization proofs and evolution equations [45, 46℄.Semi-inlusive prodution of two hadrons [19, 21℄ o�ers an alternative way to aess transversity, where the hiral-odd partner of transversity is represented by the DiFF H<)1 [47℄, whih relates the transverse spin of the quark to theazimuthal orientation of the two-hadron plane. This funtion is at present unknown. Very reently, the HERMESollaboration has reported measurements of the asymmetry ontaining the produt h1H<)1 [48℄. The COMPASSollaboration has also presented analogous preliminary results [49℄. In the meanwhile, the BELLE ollaboration isplanning to measure the fragmentation funtions H<)1 in the near future [50, 51℄.In this ontext, it seems of great importane to devise a way to model DiFF. From the theoretial side, this anhelp understanding what are the essential building bloks and mehanisms involved in dihadron fragmentation. It analso provide a guidane for �ts to data and further phenomenologial studies. From the experimental side, a modelould be useful to study the e�ets of uts and aeptane, to estimate the size of observables in di�erent proessesand kinematial regimes. Our work is not the �rst one in this diretion [21, 47, 52℄. The model presented here islose to the one disussed in Ref. [47℄. However, for the �rst time we are able to �x the parameters by omparing ourunpolarized DiFF D1 with the output of the PYTHIA event generator [53℄ tuned for HERMES [54℄. Then, withoutintroduing extra parameters, we make preditions for the polarized DiFF H<)1 and the related SSA involving thetransversity distribution h1.The paper is organized as follows. In Se. II, we review the basi formalism of DiFF and of SIDIS ross setionfor two-hadron prodution. In Se. III, we desribe our model for the fragmentation of a quark into two unpolarizedhadrons and give analyti results for DiFF alulated in this model. In Se. IV, we �x the parameters of the modelby omparing it to the output of the PYTHIA event generator tuned for HERMES kinematis. In Se. V, we shownumerial preditions for the DiFF and for the above-mentioned SSA in the kinematis explored by the HERMES [48℄and COMPASS ollaborations [49℄. Finally, in Se. VI we draw some onlusions.II. BASICS OF DIHADRON FRAGMENTATION FUNCTIONSDihadron Fragmentation Funtions are involved in the desription of the fragmentation proess q! �+��X. Thequark has momentum k. The two pions have masses m� = 0:140 GeV, momentaP1 and P2, respetively, and invariantmass Mh (onsidered to be muh smaller than the hard sale of the proess, e.g., the virtuality of the photon, Q, inSIDIS). We introdue the vetors Ph = P1+P2 and R = (P1�P2)=2. We desribe a 4-vetor a as [a�; a+; ax; ay℄, i.e.in terms of its light-one omponents a� = (a0 � a3)=p2 and its transverse spatial omponents. We introdue thelight-one fration z = P�h =k� and the polar angle �, being the angle between the diretion of P1 in the pair's enterof mass and the diretion of Ph in the lab frame [55℄, so that the relevant momenta an be written ask� = �P�hz ; z(k2 + ~k2T )2P�h ; kxT ; kyT�; (1)P�h = �P�h ; M2h2P�h ; 0; 0�; (2)R� = � j~RjP�hMh os �; �j~RjMh2P�h os �; RxT ; RyT�= � j~RjP�hMh os �; �j~RjMh2P�h os �; j~Rj sin � os�R; j~Rj sin � sin�R�; (3)where 1 j~Rj = Mh2 s1� 4m2�M2h ; (4)1 Note that there is a misprint in the expressions for j~Rj in Eq. (27) of Ref. [55℄ and in Eq. (23) of Ref. [28℄.



3and �R is de�ned later in Eq. (15) (see also Fig. 1). It is useful to ompute the salar produtsPh �R = 0; (5)Ph � k = M2h2z + z k2 + j~kT j22 ; (6)R � k = �Mh2 z � z k2 + j~kT j22Mh � j~Rj os � � ~kT � ~RT : (7)Fragmentation funtions are extrated from the orrelation funtion [55℄�q(z; os �;M2h ; �R) = zj~Rj16Mh Z d2~kT dk+�q(k;Ph; R)���k�=P�h =z ; (8)where [28, 56℄�q(k; Ph; R)ij =XX Z d4�(2�)4 e+ik��h0jUn+(�1;�) qi (�)jPh; R;XihPh; R; ; Xj � qj(0)Un+(0;�1)j0i : (9)Sine we are going to perform the integration over the transverse momentum ~kT , the Wilson lines U an be reduedto unity using a light-one gauge.The only fragmentation funtions surviving after ~kT -integration are [27, 55℄Dq1(z; os �;M2h ) = 4�Tr[�q(z; os �;M2h ; �R) �℄; (10)�ijT RTjMh H<) q1 (z; os �;M2h ) = 4�Tr[�q(z; os �;M2h ; �R) i �i� 5℄: (11)These funtions an be expanded in the relative partial waves of the pion pair system. Trunating the expansion atthe p-wave level we obtain [55℄Dq1(z; os �;M2h) � Dq1;oo(z;M2h) +Dq1;ol(z;M2h) os � +Dq1;ll(z;M2h) 14 (3 os2 � � 1) ; (12)H<) q1 (z; os �;M2h) � H<) q1;ot(z;M2h ) +H<) q1;lt(z;M2h) os � : (13)The fragmentation funtion D1;oo an reeive ontributions from both s and p waves, but not from the interferenebetween the two, D1;ol and H<)1;ot originate from the interferene of s and p waves, D1;ll omes from polarized p waves,and H<)1;lt originates from the interferene of two p waves with di�erent polarization.Our model an make preditions for the above fragmentation funtions as well as for transverse-momentum-dependent fragmentation funtions, whih we do not onsider in this Setion. However, we will fous our at-tention mainly on the funtions D1;oo and H<)1;ot beause of their relevane for transversity measurements inSIDIS [19, 21, 47, 57℄.Let's onsider in fat the SIDIS proess l p! l0 �+ ��X, where l and l0 are the momenta of the lepton before andafter the sattering and q = l � l0 is the momentum of the virtual photon. We onsider the ross setion di�erentialin dM2h , d�R, dz, dx, dy, d�S , where z, x, y are the usual saling variables employed in SIDIS, and the azimuthalangles are de�ned so that (see Fig. 1)2os�S = (q̂ �~l)jq̂ �~lj � (q̂ � ~S)jq̂� ~Sj ; sin�S = (~l � ~S) � q̂jq̂�~lj jq̂� ~Sj ; (14)os�R = (q̂ �~l)jq̂ �~lj � (q̂ � ~RT )jq̂� ~RT j ; sin�R = (~l � ~RT ) � q̂jq̂�~lj jq̂� ~RT j ; (15)where q̂ = ~q=j~qj and ~RT is the omponent of R perpendiular to Ph.2 The de�nition of the angles is onsistent with the so-alled Trento onventions [58℄.
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qFIG. 1: Angles involved in the measurement of the transverse single-spin asymmetry in deep-inelasti prodution of two hadronsin the urrent region.When the target is transversely polarized, we an de�ne the following ross setion ombinations 3d6�UU = d6�" + d6�#2 =Xq �2e2q� y Q2 1� y + y2=2 + y2 2=41 + 2 fq1 (x)Dq1;oo(z;M2h); (16)d6�UT = d6�" � d6�#2 = �Xq �2e2q4 y Q2 1� y � y2 2=41 + 2 sin(�R + �S)hq1(x) j~RjMh H<)q1;ot(z;M2h); (17)where � is the �ne struture onstant,  = 2Mx=Q, and M is the mass of the target. These expressions are validup to leading twist only. Subleading ontributions are desribed in Ref. [28℄. In partiular, they give rise to a termproportional to os�R in d�UU and a term proportional to sin�S in d�UT . Corretions at order �S were partiallystudied in Ref. [4℄, but further work is required.We an de�ne the asymmetry amplitudeAsin(�R+�S)UT (x; y; z;M2h) � 1sin(�R + �S) d6�UTd6�UU = � 1�y�y2 2=4x y2 (1+2)1�y+y2=2+y2 2=4x y2 (1+2) � j~Rj4Mh Pq e2q hq1(x) H<)q1;ot(z;M2h)Pq e2q fq1 (x) Dq1;oo(z;M2h) : (18)Note that we avoided simplifying the prefators beause numerator and denominator are usually integrated separatelyover some of the variables.III. FRAGMENTATION FUNCTIONS IN A SPECTATOR MODELWe aim at desribing the proess q! �+��X at invariant mass Mh . 1:3 GeV. To have an idea of the prominenthannels ontributing to this proess, we examined the output of the PYTHIA event generator [53℄ tuned for HER-MES [54℄, whih well reprodues the measured events at HERMES. Further details onerning the event generator'soutput will be disussed in the next setion. Fig. 2 shows the number of ounted dihadron pairs in bins of Mh (200bins from 0.3 to 1.3 GeV). The total amount of events is 2667889.A few prominent hannels ontribute to this proess:1. q! �+��X1: fragmentation into an \inoherent" �+�� pair that we will all, in the following, \bakground";2. q ! � X2 ! �+��X2: fragmentation into a � resonane deaying into �+��, responsible for a peak at Mh �770 MeV (14.81%);3. q ! ! X3 ! �+��X3: fragmentation into a ! resonane deaying into �+��, responsible for a small peak atMh � 782 MeV (0.31%);3 The de�nition of the angles in Eqs. (14,15) is onsistent with the so-alled Trento onventions [58℄ and it is the origin of the minus signin Eq. (17) with respet to Eq. (43) of Ref. [55℄ (ompare �R and �S in Fig. 1 with the analogue ones in Fig. 2 of Ref. [55℄).
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1FIG. 2: Semi-inlusive dihadron ounts in bins of Mh from the PYTHIA event generator [53℄ tuned for HERMES [54℄. Thethik solid line represents the sum of all hannels. The thin solid line represents the sum of hannels 2,3, and 4 desribed in thetext. The dashed line represents the sum of hannels 5 and 6 (whih are exluded in our model). The gray line is the di�erenebetween the total and the sum of all hannels 2 to 6 and is assumed to represent hannel 1.4. q ! ! X04 ! �+��X4 with X4 = �0 X 04: fragmentation into a ! resonane deaying into �+���0 (�0unobserved), responsible for a broad peak around Mh � 500 MeV (8.65%);5. q ! � X05 ! �+��X5 with X5 = X X 05: fragmentation into a �(547) or �0(958) deaying into �+��X (Xunobserved), responsible for a peak around Mh � 350 MeV (2.05%);6. q! K0 X6 ! �+��X6: fragmentation into a K0 resonane deaying into �+��, responsible for a narrow peakat Mh � 498 MeV (3.41%).On top of these, there ould be the presene of two other hannels:7. q ! � X7 ! �+��X7: fragmentation into the largely debated � resonane (see, e.g., Ref. [59℄) deaying into�+��, whih ould be responsible for a very broad peak anywhere between 400 and 1200 MeV;8. q! f0 X8 ! �+��X8: fragmentation into a f0 resonane deaying into �+��, whih should give rise to a peakat Mh � 980 MeV, not evident in the output of PYTHIA.In our model, we onsidered only hannels 1 to 6. All events not belonging to hannels 2 to 6 were inluded in hannel1, whih then ontains 70.77% of the total events.We work in the framework of a \spetator" model for the fragmentation proess: for q ! �+��X, the sum overall possible intermediate states X is replaed by an e�etive on-shell state { the spetator { whose quantum numbersare in this ase the same as the initial quark and whose mass is one of the parameters of the model. In priniple,di�erent hannels ould produe spetators with di�erent masses. Moreover, eah hannel ould end up into morethan one possible spetator [60℄. For sake of simpliity, here we onsider just a single spetator for all hannels. Weshall denote its mass as Ms and its momentum as Ps. The hoie of using the same spetator for all hannels impliesin partiular that the fragmentation amplitudes of all hannels an interfere with eah other maximally. In reality, itis plausible that only a fration of the total events ends up in the same spetator and an thus produe interferenee�ets.Pions in hannels 2 and 3 are obviously produed in relative p wave, sine they ome from the deay of a vetormeson. In hannel 4, eah harged pion an be in a relative p wave with respet to the other one or to �0, the netresult being that there is a fration of �+�� pairs that is produed in a relative s wave. In the following, we willneglet this fration and assume that all harged pairs are produed in p wave; at present we don't have enoughinformation to disriminate the two ontributions. This assumption is most probably inadequate and would lead toan overestimate of the ontribution of hannel 4 to the �nal single spin asymmetry.We further assume that all pions in hannel 1 are produed in s wave. It is possible that a fration of the bakgroundevents are also produed in p wave. However, suh a fration annot be too big, as it would give rise to interferenee�ets that would distort the shape of the � meson peak. It is atually known that suh a distortion an indeed our,but also that it is not big [9, 61℄. We think that this point deserves further attention, but should not hange the mainfeatures of our results.
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k − PhFIG. 3: Diagrammati representation of the orrelation funtion � in the spetator model.We model the orrelation funtion in the following way (see Fig. 3):�q(k; Ph; R) = 1(2�)4 ( k=+m)k2 �m2 �F s? e� k2�2s + F p? e� k2�2p R=� ( k=� P=h +Ms)� �F s e� k2�2s + F p e� k2�2p R=� ( k=+m)k2 �m2 2� Æ�(k � Ph)2 �M2s � : (19)Isospin symmetry implies that the fragmentation orrelator for u ! �+��X is the same as for �d ! �+��X,d! ���+X, �u! ���+X. Therefore, the result for d and �u quarks an be obtained from the result for u quark bysimply hanging the sign of ~R, i.e. hanging � ! � � � and � ! � + �. From now on we will drop the supersriptindiating the quark avor and alulate the fragmentation funtions for u ! �+��X. The terms with vertex F srefer to the s-wave ontribution, the terms with vertex F p to the p-wave ontribution. The exponential form fatorssuppress the ontributions from high quark virtualities [62℄. Other possibilities an be onsidered, e.g., dipole formfators [47, 52℄, or sharp uto�s [63℄.Inserting Eq. (19) into Eq. (8), we get�(z; os �;M2h ; �R) = j~Rj128�2Mh z22 (1� z)P�h Z dj~kT j2 �jF sj2 e� 2 k2�2s ( k=+m) ( k=� P=h +Ms) ( k=+m)(k2 �m2)2+ jF pj2 e� 2 k2�2p ( k=+m) R= ( k=� P=h +Ms) R= ( k=+m)(k2 �m2)2+ F s?F p e�k2 �2s+�2p�2s �2p ( k=+m) ( k=� P=h +Ms) R= ( k=+m)(k2 �m2)2+ F sF p? e�k2 �2s+�2p�2s �2p ( k=+m) R= ( k=� P=h +Ms) ( k=+m)(k2 �m2)2 �; (20)with k2 �xed by the on-shell ondition of the spetator [52℄, i.e.,k2 = z1� z j~kT j2 + M2s(1� z) + M2hz : (21)The �rst and seond lines of Eq. (20) desribe the pure s- and p-wave ontributions and, as suh, they are the onlyones that an ontribute to the funtions D1;oo, D1;ll of Eq. (12) and H<)1;lt of Eq. (13), while the third and fourthlines desribe the sp interferene and they ontribute to the funtions D1;ol and H<)1;ot.For onveniene, we introdue the funtionL2(z;M2h) = 1� zz2 M2h + 1z M2s � 1� zz m2: (22)This funtion has to be always positive for kinematial reasons.



7We obtain the following result for the unpolarized fragmentation funtionD1;oo(z;M2h) = z j~Rj16�Mh jF sj2 e� 2m2�2s "�1 + 2M2h � (m +Ms)2z �2s ���0; 2 z L2(1� z) �2s�� 1� zz2 M2h � (m +Ms)2L2 e� 2 z L2(1�z) �2s #+ z j~Rj16�Mh jF pj2 e� 2m2�2p j~Rj23M2h "�2M2h + 2� zz (m2 �M2s )+ 2 (M2h � (m �Ms)2) (2M2h + (m+Ms)2)z �2p ���0; 2 z L2(1� z) �2p�+ 1� z2 z2 L2 ��M2s + 1� zz (M2h � z m2)��2p� 2 (M2h � (m �Ms)2) (2M2h + (m+Ms)2)� e� 2 z L2(1�z) �2p #: (23)The inomplete � funtion { typially appearing in model alulations with exponential form-fators [62℄ { is de�ned as�(0; z) � R1z e�t=t dt. The �rst term of the fragmentation funtion an be identi�ed with the pure s-wave ontribution,also alled Ds1;oo=4 in Ref. [55℄, and the seond one with the pure p-wave ontribution, also alled 3Dp1;oo=4.We give here the results also for the other funtions appearing in Eq. (12):D1;ol(z;M2h) = zj~Rj16�Mh 2Re(F s?F p) e� 2m2�2sp j~Rjz2Mh "(m+Ms) 1� zz (2 � z)M2h � z (m2 �M2s )L2 e� 2 z L2(1�z) �2sp� �2 (m +Ms) (2� z)M2h � z (m2 �M2s )�2sp + z�m+ (1� z)Ms����0; 2 z L2(1� z) �2sp�#; (24)D1;ll(z;M2h) = 2716 Dp1;oo(z;M2h) + z j~Rj16�Mh jF pj2 e� 2m2�2p 9 j~Rj24 z3 �2p ��1� z2zL2 �2p e� 2 z L2(1�z) �2p � ��0; 2 z L2(1� z) �2p��� �2M2h�2� 2z + z2� + 4z2mMs � 2z (2� z)�m2 �M2s ��� z �2p �2� 2z + z2���0; 2 z L2(1� z) �2p��;(25)where 2=�2sp = 1=�2s + 1=�2p.For the interferene fragmentation funtion H<)1;ot we obtainH<)1;ot(z;M2h) = � z j~Rj16�Mh 2 Im(F s?F p) e� 2m2�2sp Mhz2 "1� zz M2h � z2m2L2 e� 2 z L2(1�z) �2sp� �z + 2 M2h � z2m2�2sp ���0; 2 z L2(1� z) �2sp�#: (26)The interferene funtion H<)1;lt vanishes in our model, sine it would be proportional to Im(F p? F p). It would beneessary to have other soures of nontrivial phases in the amplitudes for p wave prodution, as the ones given byloop orretions [64℄.The verties F s and F p are essential ingredients to reprodue the orret invariant-mass behavior and to produethe imaginary parts required for the generation of T-odd fragmentation funtions. When no resonane is present,we assume the verties to be real. When resonanes are present, the vertex inludes the resonane propagator andontains therefore real and imaginary parts. We assume in our alulation that the s-wave bakground is free ofresonanes and thus is purely real (at tree level). This is one of the main assumptions we make in the present workand has ritial onsequenes on the invariant-mass behavior of the fragmentation funtions D1;ol and H<)1;ot. As anbe readily seen from Eqs. (24) and (26), assuming F s to be real implies that D1;ol is proportional to Re(F p) and H<)1;otis proportional to Im(F p).



8At this point it is worthwhile to make a omparison with the results presented in the literature in the past. InRef. [21℄, the neessary phase di�erene between s and p waves was taken from � � phase shifts in elasti satteringdata [65℄. No hypothesis was made on the invariant-mass behavior of the s and p amplitudes, i.e., on the fragmentationmehanism. The main assumption was that the interferene pattern ourring in the fragmentation proess, wherethe initial state is a quark and the �nal state is omposed of many hadrons, is supposed to be the same as in � �sattering, where initial and �nal states are simply two pions. In partiular, the predition of Ref. [21℄ hanges signlose to the � mass. The e�et is in fat proportional to the sum of the real part of the � resonane times the imaginarypart of the � plus the real part of the � times the imaginary part of the �. Both real parts hange sign lose to the� mass. On the ontrary, in our approah we neglet the ontribution of the � and we take a purely real s-wavebakground, but we try to take into aount in a olletive manner all other ways in whih pion pairs an be produedin a semi-inlusive fragmentation proess.A di�erent model predition was also presented in Ref [47℄. In that model, the s-wave amplitude was modeled asa sequene of two single-pion emissions and was purely real, while the p-wave amplitude ontained only the � deay,therefore having a preditive power limited to invariant masses around the � resonane. The s � p phase di�erenefollowed from the presene of an imaginary part in the meson propagator. The parameters of the model were �xedusing theoretial arguments, sine no experimental input was available as a omparison. As already pointed out, thepresent work is similar to Ref [47℄, but the s-wave amplitude is modeled by means of an e�etive real vertex and thep-wave amplitude ontains ontributions from the � and the ! mesons. Last but not least, the parameters of themodel are �xed by �tting the output of the PYTHIA Monte Carlo generator, whih is known to reprodue very wellthe unpolarized data.Our ansatz for the verties isF s = fs; (27)F p = f� (M2h �M2� ) � i��M�(M2h �M2� )2 + �2�M2� + f! (M2h �M2!) � i�!M!(M2h �M2!)2 + �2!M2!� i f 0! q��M2!;M2h ;m2���(M! �m� �Mh)4� �!M2! 4q4M2!m2� + ��M2!;M2h ;m2�� ; (28)where ��M2!;M2h ;m2�� = [M2!� (Mh +m� )2℄[M2!� (Mh �m� )2℄ and � denotes the unit step funtion. The ouplingsfs, f�, f! and f 0! are parameters of the model. The �rst two terms of F p an be easily identi�ed with the ontributionsof the � and the ! resonanes deaying into two pions. The Lorentz struture of the resonane propagators is alreadytaken into aount in Eq. (19). The masses and widths of the two resonanes are taken from the PDG [66℄: M� = 0:776GeV, �� = 0:150 GeV, M! = 0:783 GeV, �! = 0:008 GeV. The details of the resonane propagators ould be alsoextrated from phase-shift analyses, as done in Ref. [21℄. In this ase the ontribution of the � resonane would bef� � tan Æ11 � i tan2 Æ11��M� (1 + tan2 Æ11) ; (29)where Ælm are the �� phase shifts for the spei� (l;m) hannel. However, using Ælm from, e.g., Ref. [67℄ leads to nosigni�ant hange ompared to Eq. (28), espeially onsidering the oarse level of auray of our model.The third term in Eq. (28) omes from the deay of an ! resonane into three pions, of whih the �0 goes undeteted,i.e., hannel 4. Let's introdue the momentum P! = Ph + P0, where P0 is the momentum of �0 and P 2! = M23 .Taking for ! the usual Lorentz struture of a vetor meson resonane, the evaluation of the orrelator � involves theontration ���g�� + P�!P �!M23 �R� = �R=+ R � P0 (P=h + P=0)M23 = �R=�1 + j~P0j3M23 �: (30)In the last step we took into aount the fat that R has no timelike omponent and we have to integrate over ~P0.When performing the integration over P0, we make a narrow-width approximation and we assume that the threepions are produed exatly at the ! mass (M3 = M!). In this approximation, j~P0j is �xed, the last term of Eq. (30)beomes negligible, the ontribution of hannel 4 to the vertex turns out to be purely imaginary and ours only atinvariant masses lower thanM!�m� = 0:643 GeV. Abandoning the narrow-width approximation has the onsequeneof smearing the invariant-mass distribution and allowing pairs to appear at invariant masses higher than 0.643 GeV,as well as giving a real part to the third term of Eq. (28).Note that we sum the three ontributions in Eq. (28) at the amplitude level. This is the �rst instane wherethe assumption of equal spetators has a diret onsequene, and deserves further omments. Channels 2, 3 and 4



9an interfere if X2 = X3 = X4. In general, only a fration of the total events will ful�ll this requirement. On theontrary, sine we have a single spetator for all hannels this is always the ase in our model. That's why we addup the amplitudes in Eq. (28). As we shall see in the next setion, the e�et of these interferenes in the unpolarizedfragmentation funtion is in any ase quite small, due to the small ontribution of hannel 3 and the small overlapbetween hannels 2 and 4. However, a similar problem will show up also in the alulation of the funtion H<)1 , withmore relevant onsequenes, as we shall see in Se. V.Finally, we felt the need to use z-dependent �-uto�s to have an aeptable desription of the data. We used thefollowing ansatz: �s;p = �s;p z�s;p (1� z)s;p : (31)The total number of parameters of the model is thus 12: 3 parameters for the form-fator uto� �s, 3 parametersfor the uto� �p, the ouplings fs, f�, f! and f 0!, the mass of the spetator, Ms, and the mass of the fragmentingquark, m. However, in the following we shall always assume m = 0.IV. COMPARISON WITH PYTHIA AND PARAMETERS FITIn order to �x the parameters of the model, we ompare it to the output of the PYTHIA event generator [53℄tuned for HERMES [54℄. The events are generated in 4�. Exlusive hannels are dropped. The standard HERMESsemi-inlusive DIS uts are applied, in partiular Q2 > 1 GeV2, 0:1 < y < 0:85, 0:023 < x < 0:4, W 2 > 4 GeV2 andthe momenta of the pions (j~P1;2j) are onstrained to be larger than 1 GeV. 4 The ounts per Mh-bin are proportionalto the ross setion of Eq. (16) times 2Mh (sine the ross setion in the former equation is di�erential in dM2h),integrated over y, x, �R, �S , and further over 0:2 < z < 0:8. For the ounts per z-bin, we integrated the ross setionover 0:3GeV < Mh < 1:3GeV.In Fig. 4 the number of ounted dihadron pairs is presented binned in Mh (200 bins from 0.3 to 1.3 GeV) and z(200 bins from 0.2 to 0.8). From the total ounts, we exluded the ontributions from � and K0, i.e., hannels 5 and6 (see Fig. 2), beause they are not relevant for our purposes. The lowest dark-gray histogram represents the sum ofthe � and ! ontributions (hannels 2, 3, and 4), assumed to desribe the whole p-wave ontribution. The light-grayhistogram in the middle is the \bakground" ontribution, i.e. hannel 1, representing the s-wave ontribution. Theupper histogram is the sum of the other two and orresponds to the total ounts minus hannels 5 and 6.Instead of leaving all parameters of the model free, for sake of simpliity we assumed the fragmenting quark to bemassless. We take the spetator mass to be proportional to the pair's invariant mass. The number of free parameterswe used is then 11.The �2 minimization was performed using MINUIT. The �2 funtion was de�ned as the square of the di�erenebetween the expeted number of events in the bin and the measured value, divided by the expeted number (equivalentto assigning a statistial error equal to the square root of the number of events in the bin). The resulting �2=d.o.fis very high, about 25. However, we believe that the main harateristis of the Mh and z shapes of the unpolarizedfragmentation funtions are qualitatively well desribed. The result of the �t for the s and p wave is shown on top ofthe PYTHIA output in Fig. 4.The values of the parameters obtained by the �t are:�s = 2:60� 0:05 GeV2; �s = �0:751� 0:008; s = �0:193� 0:004; (32)�p = 7:07� 0:11 GeV2; �p = �0:038� 0:003; p = �0:085� 0:004; (33)fs = 1197� 2 GeV�1; f� = 93:5� 1:6; f! = 0:63� 0:03; (34)f 0! = 75:2� 1:2; Ms = (2:97� 0:04)Mh: (35)The oupling onstants are �xed modulo an overall normalization fator whih depends on the luminosity and isirrelevant for asymmetry alulations. The sign of the oupling onstants is also not �xed, but the relative sign of f�,f! and f 0! is (see below).In the p-wave hannel, our model deviates signi�antly from the generated spetrum in the region around 0.6 GeV,substantially inreasing the �2. This is due to the interferene between hannels 2 and 4, whih is not inluded in theMonte Carlo generator. At the same time, in the s-hannel the urve obtained from our model underestimates thedata in the same region. Thus, the sum of the two urves is in good agreement with the total generated spetrum, to4 To perform the �t, we negleted the last ut.
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(a) (b)FIG. 4: Semi-inlusive dihadron ounts from the PYTHIA event generator [53℄ tuned for HERMES [54℄ and results of the �t(a) as a funtion of Mh, (b) as a funtion of z. Solid line: p-wave ontribution; dashed line: s-wave ontribution; dotted line:sum of the two. The ontributions of the � and K0 have been exluded.whih the Monte Carlo generator is atually tuned. The agreement would be improved further if the ontribution ofthe ! were extended at higher invariant masses by leaving the narrow-width approximation for the ! resonane andsmearing the step funtion in Eq. (28). Note that the interferene is in this ase onstrutive beause the signs of theouplings f� and f 0! have been taken equal. If the two ouplings were taken opposite, then a destrutive interferenewould take plae and the model would underestimate the p-wave data at around 0.6 GeV. The agreement with thetotal spetrum would then be worsened. Also the f! oupling has been taken to have the same sign of f� to avoiddestrutive interferene patterns. It is diÆult with the present poor knowledge to make any onlusive statementabout �-! interferene in semi-inlusive dihadron prodution. However, we an at least onlude that in our modelthe best agreement with the event generator is ahieved when the three ouplings f�, f! and f 0! have the same sign.V. PREDICTIONS FOR POLARIZED FRAGMENTATION FUNCTIONS AND TRANSVERSE-SPINASYMMETRYUsing the parameters obtained from the �t we an plot the results for the fragmentation funtions D1;ll , H<)1;ot, andD1;ol. The funtion D1;ll is a pure p-wave funtion. It depends on jF pj2, the modulus square of Eq. (28), and hasa behavior very similar to Dp1;oo, the p-wave part of D1;oo. In Fig. 5 (a) we plot the ratio between D1;ll and D1;oo,integrated separately over 0:2 < z < 0:8. In Fig. 5 (b) we plot the same ratio but with the two funtions multipliedby 2Mh and integrated over 0:3GeV < Mh < 1:3GeV. In the same �gures, the dotted lines represent the positivitybound [55℄ �32 Dp1;oo � D1;ll � 3Dp1;oo: (36)The funtions D1;ol and H<)1;ot arise from the interferene of s and p waves, i.e. from the interferenes of hannels 1-2,1-3, and 1-4, proportional to the produt (fs f�), (fs f!), (fs f 0!), respetively. Sine the relative sign of fs and thep-wave ouplings is not �xed by the �t, we an only predit these funtions modulo a sign. For the plots, we assumethat the p-wave ouplings have a sign opposite to fs (as suggested by the sign of preliminary HERMES data [48℄).In Fig. 6 (a) we plot the ratio between �j~Rj=MhH<)1;ot and D1;oo, integrated separately over 0:2 < z < 0:8. In Fig. 6(b) we plot the same ratio but with the two funtions multiplied by 2Mh and integrated over 0:3GeV < Mh < 1:3GeV.In the same �gures, the dotted lines represent the positivity bound [55℄j~RjMh H<)1;ot �s38 Ds1;oo �Dp1;oo � 13 D1;ll�: (37)As is evident, there are two main ontributions:� the interferene between hannel 1 (s-wave bakground) and the imaginary part of 2 (� resonane), with a shapepeaked at the � mass, i.e. roughly proportional to the imaginary part of the � resonane in Eq. (28);
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0.1(a) (b) ()FIG. 10: Asin(�R+�S )UT moment de�ned in Eq. (18) at COMPASS kinematis for a deuteron target: (a) as a funtion of Mh,(b) as a funtion of z, () as a funtion of x. The di�erent lines orrespond to di�erent models of the transversity distributionfuntion: dotted line from Ref. [68℄, dash-dotted line from Ref. [69℄, dashed line from Ref. [70℄, solid line from Ref. [35℄.VI. CONCLUSIONSIn this paper we presented a model for the proess q ! �+��X at invariant mass Mh . 1:3 GeV. We used a\spetator" model, where the sum over all possible intermediate states X is replaed by an e�etive on-shell state.Using this model we alulated the fragmentation funtions that an be de�ned at leading twist when onsideringonly relative s and p waves of the pion pair [55℄. We obtained nonzero results for four out of �ve of them.We �xed the values of the parameters of the model by omparing the unpolarized fragmentation funtion D1;oowith the output of the PYTHIA event generator [53℄ tuned for HERMES [54℄. The main harateristis of the Mhand z shapes of D1;oo are qualitatively well desribed.We made preditions for the fragmentation funtions D1;ll, D1;ol, and H<)1;ot. The �rst one is a pure p-wave funtion,it is found to be positive, about 50% of the unpolarized fragmentation funtion and with peaks at the � mass and ataround Mh � 0:5 GeV, where the ! deaying into three pions gives a large ontribution.The funtion D1;ol arises from the interferene between s and p wave. Sine in our model we assumed the s waveto be purely real, this funtion turns out to be proportional to the real part of the p wave and in partiular displaysa sign hange at the � mass. The size of the funtion is small, in partiular when integrated over the invariant mass,due to the sign hange. Our model annot predit the overall sign of the funtion.The funtion H<)1;ot also arises from the interferene between s and p waves, but is proportional to the imaginarypart of the p wave, i.e., it has peaks at the � mass and at around Mh � 0:5 GeV, due to the ontribution of the! ! 3� hannel. Its size is about 30% of the unpolarized fragmentation funtion. Our model annot predit theoverall sign of the funtion.The funtion H<)1;ot is of partiular interest beause in two-hadron-inlusive deep inelasti sattering o� transverselypolarized targets it gives rise to a single-spin asymmetry in ombination with the transversity distribution funtion.Therefore, it ould be used as an analyzer for this so far unknown distribution funtion. We estimated this single-spinasymmetry at HERMES kinematis using four di�erent models for the transversity distribution funtion. We foundthe asymmetry to be of the order of 10% on average. The sign of the preliminary HERMES measurements suggeststhat H<)1;ot should be negative. The measurement indiates that the asymmetry in our model is about 3-4 timesbigger than the data. This probably means that our model overestimates the e�ets of interferenes. However, �nalexperimental results are needed to make more reliable omparisons.For COMPASS kinematis, the enhaned sensitivity to the portion of phase spae at very low x indues a redutionin the spin asymmetry with respet to HERMES, whih an largely di�er depending on the model for transversity. Forthe deuteron target, the partiular isospin struture, ombined with that of the fragmentation funtions in our model,indues a further redution suh that the resulting asymmetry is muh smaller than for the proton, in agreement withpreliminary data of the COMPASS ollaboration.AknowledgmentsUseful disussions with P. van der Nat, C. A. Miller, G. Shnell, E. C. Ashenauer, are thankfully aknowledged. Weare partiularly grateful to the HERMES Collaboration for providing us with the PYTHIA output. We are gratefulto M. Stratmann, V. Korotkov, P. Shweitzer and M. Wakamatsu for making their preditions for the transversitydistribution funtion available. This work is partially supported by the European Integrated Infrastruture Initiative
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