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DESY 06-118 hep-ph/0607300Evaluating Two-Loop massive Operator Matrix Elements withMellin-Barnes IntegralsIsabella Bierenbauma, Johannes Bl�umleina, and Sebastian KleinaaDeutshes Elektronen-Synhrotron, DESY, Platanenallee 6, D-15738 Zeuthen, GermanyWe alulate massive 5-propagator 2-loop integrals for operator matrix elements in the light-one expansion, usingMellin-Barnes tehniques and representations through generalized hypergeometri funtions.1. IntrodutionThe use of Mellin-Barnes integrals beame awidespread tehnique for alulating Feynman di-agrams throughout the last years [ 1℄, in parti-ular to alulate double and triple box-diagrams.In Ref. [ 2℄, it was possible to expand the salartwo-loop two-point funtion in all orders in thedimensional regularization parameter ", using ad-ditionally the gluing operation of Feynman dia-grams, de�ned by Kreimer [ 3℄. In this paper,we will apply this tehnique to a more omplexproblem, namely the alulation of massive �ve{propagator 2{loop Feynman Diagrams with oper-ator insertions, stemming from light-one expan-sion, whih are needed for the alulation of theheavy avor oeÆient funtions in deep{inelastisattering. These Wilson oeÆients have beenalulated before up to next-to-leading order [ 4℄.Fully analyti results ould only be obtained inthe limit Q2 � m2 using mass fatorization [ 5℄.The heavy avor Wilson oeÆients are ob-tained as a onvolution of the massless Wil-son oeÆients Ck2(L);i �Q2=�2; z� and the massiveoperator matrix elements (OME) A(k)i;j ��2=m2�,whih shall be alulated to order O(�2s). A al-ulation of these operator matrix elements wasperformed in [ 5℄ using integration-by-part teh-niques [ 6℄, whih leads to a large number ofterms. Expressing the result in terms of Nielsenintegrals leads to lengthy expressions for most in-dividual diagrams and the omplete result.This paper o�ers a di�erent approah, usingMellin-Barnes integrals, whih will enable us toobtain more simple results, with the positive side-

e�et, that we avoid the reation of many of theabove-mentioned aneling intermediate terms.More preisely, we will diretly obtain analytiresults in Mellin spae, for a general value of theMellin variable N , using multiple harmoni sums[ 7℄, whih allows to ompatify the result ob-tained in x{spae [ 5℄ signi�antly. Before we willdo this, we briey review the method used in [ 2℄and starting from this proeed to the more om-plex ases at hand. Finally, we will present resultsobtained in this way.2. The MethodFor the proess we want to alulate, we will en-ounter diagrams with operator insertions loatedeither at a line or a vertex of the diagram. InFigure 1 the seven �ve-propagator integrals on-tributing are shown. The powers �i of propaga-tors are one, exept for diagram I, where also thepower �1 = 2 ours for the line with the opera-tor insertion. These diagrams will be alulatedin a similar way to the alulation performed forthe massless two-loop two-point funtion, f. [2, 8℄. We start here with the massive two-looptwo-point funtion, with four massive propaga-tors (thik lines). The two-loop two-point dia-gram an be split into the one-loop two-point andthe one-loop three-point funtion, using the glu-ing operation of graphs in D = 4�2" dimensions[ 2℄: = �= Z dDk1=i�D2 [m2℄�14�D=2[k21 +m2℄�1 [(k1 � p)2 +m2℄�4�
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Z dDk2=i�D2 [m2℄�235�D=2[k22 +m2℄�2 [(k2 � p)2 +m2℄�3[(k2 � k1)2℄�5 :The �{operation means that the original dia-I IIIII IVV VIVIIFigure 1. The seven diagrams with operator in-sertions; �
� = (�:p)N�1.gram is re-obtained by inserting the three-pointfuntion into the two-point funtion. The sameas for the graphs is done on the level of inte-grals, \splitting" the two-loop integral into itsone-loop two-point and three-point omponents.The insertion of the three-point funtion into thetwo-point funtion is reeted by the fat thatthe result of the three-point funtion alters theresult of the two-point funtion by shifting thearguments of its propagator-exponents. We startwith the three-point funtion:=Z dDk2=i�D2 [m2℄�235�D=2[k22 +m2℄�2[(k2 � p)2 +m2℄�3[(k2 � k1)2℄�5In a �rst step, we apply Feynman parameteriza-tion to the propagators, turning the produt of

three propagators into a sum of them:1A�11 A�22 :::A�nn = Z 10 dx1:::dxn Æ �Xxi � 1�� �x�i�1i[PxiAi℄P�i �(�1 + :::+ �n)�(�1):::�(�n) :We an then group these propagators and applytwie a Mellin-Barnes transformation [ 9℄:1(A1 +A2)�= 12�i Z +i1�i1d� A�1A����2 �(��)�(� + �)�(�) :The Mellin-Barnes integral is de�ned with a on-tour parallel to the imaginary axis, whih isplaed at a value , suh that it separates thepoles of �(��) from the poles of �(� + �). Sinewe have a sum of three propagators, we have toapply the Mellin-Barnes integral twie and ob-tain:I(1;3) = (�)(2�i)2 Z 1+i11�i1d� Z 2+i12�i1d� �("; �i; �; � )�� (k1 � p)2 +m2m2 �� �k21 +m2m2 �� :The term �("; �i; �; � ) is an abbreviation for afration of �{funtions of the arguments "; �i; �and � . The three-point funtion depends on themomenta of the two-point funtion via the termswith exponents � and � only. Combining thisresult with the result of the two-point funtion,whih simply is a fration of two �-funtions,shifts their arguments by �� , �� respetively:� (�14 �D=2)� (�14) �! � (�� � � + �14 �D=2)� (�� � � + �14) :In this way, we obtain for the two-loop two-pointfuntion Î(2;5):Î(2;5) = (�)(2�i)2 Z 1+i11�i1d� Z 2+i12�i1d� �0("; �i; �; � ) ;where �0("; �i; �; � ) now onsists of �-funtionsstemming from the result of the two-point andthe three-point funtion. (�) is a fator, whih



Table 1The �rst four Mellin moments for graphs I to VII, using M. Czakon's MB pakage. All �i = 1 exept forIb: �1 = 2.N 2 3 4 5Ia +0:49999 +0:31018 +0:21527 +0:16007Ib �0:09028 �0:04398 �0:02519 �0:01596II �0:24999 "�1 �0:15277 "�1 �0:10416 "�1 �0:07611 "�1+0:53861 +0:33609 +0:23483 +0:17573III O(10�17) "�1 �0:04166 "�1 O(10�16) "�1 �0:01111 "�1O(10�6) +0:06893 O(10�6) +0:016527IV +0:99999 0: +0:43055 O(10�6)V �0:49999 "�1 O(10�17) "�1 �0:20833 "�1 O(10�17) "�1+1:07722 +O(10�12) +0:46967 +O(10�9)VI +0:99999 +0:99999 +0:90277 +0:80555VII �0:49999 "�1 �0:24999 "�1 �0:20833 "�1 �0:13888 "�1+1:07723 +0:53862 +0:44189 +0:30616ontains onstants and other �-funtions not de-pending on the arguments � and � . Closing theontour at in�nity and olleting the residues ofthe �-funtions inside the integration area via:res ��(�x+a); x = a+n� = � (�1)nn! , we are leftwith a result whih onsists in general of (in�nite)sums of �-funtions:Î(2;5) = (�) 1Xn=0 1Xj=0 �(n� b1)�(n� b2)n! �(n� b3)� �(j � 1)�(j � 2)j! �(j � 3)� �(n+ j � a1)�(n+ j � a2)�(n+ j � a3)�(n+ j � a4) :These sums an be alulated with the omputerlibraries nestedsums [ 11℄ (C++) or XSummer [ 12℄(FORM).3. Operator Matrix ElementsWe now turn to the alulation of the diagramswith operator insertion. The previous alulationis hanged due to the emergene of an additionalnumerator struture. As an example, let us on-

sider graph I of Figure 1:= �The two-point funtion now arries an operatorinsertion, while the three-point funtion is unal-tered. To hek for the hange of the two-pointfuntion by the insertion, we �rst apply again theFeynman parameterization to it:Î(1;2) = �(�14)�(�1)�(�4) (m2)�14�D=2�Z 10 dx1dx2 x�1�11 x�4�12 Æ (x1 + x2 � 1)�Z dDk1i�D2 (�:k1)N�1(x1k21 + x1m2 + x2(k1 � p)2 + x2m2)�14 :Throughout the alulation, we have to shiftk1 ! k1 + x2p, leading to a orresponding shiftin the numerator (�:k1)N ! (�:(k1 + x2p))N ,whih an be expressed via a binomial sum to be:(�:k1+x2�:p)N = NXl=0 �Nl �(�:k1)l(x2�:p)N�lSine � is a light-one vetor and hene �2 =0, we �nd that all integrals with (�:k1)l vanish,



Table 2The �rst four Mellin moments for graphs I to VII. �i = 1; Ib: �1 = 2.N 2 3 4 5Ia 12 67216 31144 216113500Ib � 13144 � 19432 � 17675 � 43127000II � 14" + 14 + 12E � 1172" + 23144 + 1136E � 548" + 1196 + 524E � 1371800" + 94910800 + 137900EIII 0 � 124" + 148 + 112E 0 � 190 + 1270 + 145EIV 1 0 3172 0V � 12" + 12 + E 0 � 524" + 1148 + 512E 0VI 1 1 6572 2936VII � 12" + 12 + E � 14" + 14 + E2 � 524" + 29144 + 512E � 536" + 748 + 518Eexept the one for l = 0. This leads to a resultfor the two-point funtion, whih is very similarto the original one, but whih now ontains theMellin parameter N :Î(1;2) = (�:p)N�1�(�14 �D=2)�(�4 +N � 1)�(�4)�(�14 +N � 1) :Here, we use �14 � �1 + �4, et. Inserting thethree-point funtion, we obtain for this graph I:ÎG1 = 1(2�i)2 (�:p)N�1�(�2)�(�3)�(�5)�(D � �235)� Z 1+i11�i1d� Z 2+i12�i1d� �(��)�(�3 + �)��(�� + �4 + N � 1)�(�� + �4) �(�� )�(�2 + � )��(� + � + �235 �D=2)�(� + � + �5)�(� + � + �23)��(�� � � +D � �23 � 2�5)� �(�� � � + �14�D=2)�(�� � � + �14 + N � 1) :
Analogously, we built the Mellin-Barnes inte-grals for the remaining six graphs and used themathematia pakage MB by M. Czakon [ 10℄, tonumerially produe the results for the �rst fewMellin moments, given in Table 1. They serve asa hek for our analyti result.To derive the analyti results, we ontinuedfrom here and used relations like12�i Z +1�1 ds�(a+ s)�(b + s)�(d � a� b� s)� �(e� + s)�(�s)�(e + s)= �(e � )�(a)�(b)�(d� a)�(d� b)�(e)�(d)� 3F2[a; b; ; d; e; 1℄ ;and other relations whih are more general thanBarnes formulae [ 13℄. For the seond integrationwe usually applied the Residue Theorem and inthis way obtained double sums that ontain thesymboli parameter N :ÎG1 ) (�:p)N�1 �(N + 1)�(1 � 2") 1Xk=0 1Xj=0 �(k + 1)�(k + 2+N)



Table 3The analyti results for graphs I to VII for general values of N, with all �i = 1, Ib: �1 = 2.Ia S21(N ) + 3S2(N )2N (N + 1)Ib S1(N )� S2(N )� S1;1(N )N (N + 1)(N + 2) � 1(N + 1)2(N + 2)II S1(N )N (N + 1) ��1" + 2E�+ 2 S1(N )(N )(N + 1)2 + S21 (N )� S2(N )2N (N + 1)III [1� (�1)N ℄N (N + 1)2 ��1" + 2(N + 1) + 2E�IV [1 + (�1)N ℄� IaV [1 + (�1)N ℄� IIVI 4N �S2(N )� S1(N )N �VII � (�1)N � 1N2(N + 1) + 2S1(N )N (N + 1)���1" + 2E�+ �2 (�1)N � 1N2(N + 1)2 + S21 (N )� S2(N ) + 2S�2(N )N (N + 1) + 2(3N + 1)S1(N )N2(N + 1)2 �� h�(")�(1 � ")��(j + 1� 2")�(j + 1+ ")�(j + 1� ")�(j + 2+N) �(k + j + 1 +N)�(k + j + 2)+ �(�")�(1 + ")��(j + 1 + 2")�(j + 1� ")�(j + 1)�(j + 2 + "+N) �(k + j + 1 + " +N)�(k + j + 2 + ") i:Sums like these ontaining a symboli parameterN annot be done via nestedsums or Xsummer,exept for the most simple ases, �xing N . Forother more ompliated ases, however, we hadto use speial transformations. As a omputeralgebra system we used MAPLE. For the �rst fourMellin moments the results are shown in Table 2and agree with the numeri results obtained bythe use of MB. The graphs IV and V are, for all val-ues of �i = 1, related to the graph Ia, respetivelyII, by a simple fator [1 + (�1)N ℄ due to the fatthat the operator insertion is loated on a three-vertex with an on-shell external line with p2 = 0.
Diagrams VI and VII require speial treatment.The orresponding integrals are evaluated moste�etively �rst transforming them into general-ized hypergeometri funtions [ 13℄. For �xed val-ues of N again these analyti results agree withthe numerial values presented in Table 1.Finally, we derive the omplete analyti resultfor general values of N . To obtain this, we had toextensively use algebrai and analyti relationsto onvert the sums obtained in evaluating theMellin{Barnes integrals, into expressions ontain-ing (nested) harmoni sums and related objets inintermediary steps. The �nal results depend onharmoni sums only and are summarized in Ta-ble 3. From this form the analyti ontinuationto omplex values of N [ 7, 14, 15℄ needed in dataanalyzes 1 an be performed diretly. Althoughthe diagrams I{VII are the most sophistiated inthe 2{loop problem under onsideration, the re-1A fast numerial analyti ontinuation of the heavy avorWilson oeÆients [ 4℄ was given in [ 16℄.
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