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ow Region, RussiaAbstra
tIn this paper the Feynman path integral te
hnique is applied for superintegrable potentials ontwo-dimensional spa
es of non-
onstant 
urvature: these spa
es are Darboux spa
es D I and D II,respe
tively. On D I there are three and on D II four su
h potentials, respe
tively. We are able toevaluate the path integral in most of the separating 
oordinate systems, leading to expressionsfor the Green fun
tions, the dis
rete and 
ontinuous wave-fun
tions, and the dis
rete energy-spe
tra. In some 
ases, however, the dis
rete spe
trum 
annot be stated expli
itly, be
ause it iseither determined by a trans
endental equation involving paraboli
 
ylinder fun
tions (Darbouxspa
e I), or by a higher order polynomial equation. The solutions on D I in parti
ular show thatsuperintegrable systems are not ne
essarily degenerate. We 
an also show how the limiting 
asesof 
at spa
e (
onstant 
urvature zero) and the two-dimensional hyperboloid (
onstant negative
urvature) emerge.
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es 371 Introdu
tionGeneral Overview and Re
ent WorkIn the last years an enormous amount of work has been ar
hived in solving path integrals in quan-tum me
hani
s exa
tly, and to the appli
ation of the path integral method in various bran
hesof mathemati
al physi
s; many of this has been 
ompiled in our publi
ation [22℄. In [13℄ one ofus have dis
ussed path integral representations of the free motion in two and three dimensionsfor Eu
lidean spa
e, Pseudo-Eu
lidean spa
e, spheres and hyperboloids. In these studies it wasthe goal to �nd all path integral representations for the 
oordinate systems [24, 44℄{[47℄ in whi
hthe S
hr�odinger equation respe
tively the path integral allows separation of variables. [22℄ wasdevoted to give a best to our knowledge list of up-to-date expli
tly known path integral solutions.In the present work we extend our studies of superintegrable potentials to spa
es of non-
onstant 
urvature, i.e. Darboux spa
es, by means of the path integral method. In the followingse
tions we dis
uss two Darboux spa
es: we set up the Lagrangian, the Hamiltonian, the quantumoperator, and formulate and solve (if this is possible) the 
orresponding path integral. We also



1 INTRODUCTION 2dis
uss some of the limiting 
ases of the Darboux-spa
es, i.e. where we obtain a spa
e of 
onstant(zero or negative) 
urvature. In the 
ase of D I there is no limiting 
ase, be
ause we have no freeparameter in the metri
 to 
hoose from.In a re
ent publi
ation one of us [15℄ has applied the path integral te
hnique [7, 22, 38, 49℄to the quantum motion on two-dimensional spa
es of non-
onstant 
urvature, 
alled Darbouxspa
es, D I{D IV, respe
tively. These spa
es have been introdu
ed by Kalnins et al. [27, 28℄. They
an be embedded in three-dimensional spa
es whi
h 
an be either of Eu
lidean or Minkowskiantype, respe
tively. Then the Darboux spa
es 
onsist of surfa
es, whi
h are also 
alled surfa
es ofrevolution [4℄. In two dimensions Darboux spa
es of non-
onstant 
urvature 
an be 
onstru
tedas follows. One takes for instan
e two-dimensional Eu
lidean spa
e and takes for the metri
 asuperintegrable potential in its simplest form in radial 
oordinates. For the Coulomb potential1=r one obtains a metri
 / r, whi
h gives the Darboux spa
e D I, for the radial potential b�a=r2one obtains a metri
 / (b�a=r2), i.e. the Darboux spa
e D II, et
. The 
ase of two-dimensions isespe
ially simple, be
ause one obtains always a 
onformally 
at spa
e. This method to 
onstru
tnew spa
es was �rst dis
ussed by Koenigs [40℄.Superintegrable PotentialsThe intention of [27, 28℄ was however, not only to 
onstru
t new spa
es, and to study theirproperties, but another equally important motivation was to �nd the 
orresponding superin-tegrable potentials. The notion of superintegrable systems was introdu
ed by Winternitz and
o-workers in [9, 52℄, Woj
ie
howski [53℄, and was developed further later on also by Evans [6℄.Superintegrable potentials have the property that one �nds additional 
onstants of motion: Thesimples 
ase of the 
ase of the only 
onserved quantity is the energy gives usually a 
haoti
system [22℄; in order that a physi
al system is just integrable requires d 
onstants of motion,where 2d denotes the number of degrees of freedom. In two dimensions one obtains in totalthree fun
tional independent 
onstants of motion and in three dimensions one has four (minimalsuperintegrable) and �ve (maximal superintegrable) fun
tional independent 
onstants of motion.Well-known examples are the Coulomb potential with its Lenz{Runge ve
tor and the harmoni
os
illator with its quadrupole moment.Moreover, the existen
e of an additional 
onserved quantity in (maximally) superintegrablepotentials leads in 
lassi
al me
hani
s to the fa
t that the orbits of a parti
le in su
h a potentialare 
losed: Kepler ellipses are stable and do not "rotate". In quantum me
hani
s it followsthat the spe
trum is usually degenerate. A perturbation of the pure Newtonian potential 
ausesthe Kepler ellipses to rotate (Mer
ury's or the Moon's perihelion rotation), and in quantumme
hani
s degeneration is lost, respe
tively.Another feature of superintegrable potentials is that the 
orresponding equations in 
lassi
aland quantum me
hani
s separate in more than one 
oordinate system. (However, whereas fromthe separability in more that one 
oordinate system the superintegrability and the existen
e ofadditional 
onstants of motion follows, a system with additional 
onstants of motion may notbe easily separable.) It turns out that the Coulomb potential in three dimensions separatesin spheri
al, 
oni
al, paraboli
 and prolate-spheroidal 
oordinates [42℄. Even the relativisti
Dira
-Coulomb possesses some of this symmetry by the 
onservation of the Johnson{Lippmannoperator whi
h redu
es in the non-relativisti
 limit to the Lenz{Runge ve
tor [37℄.In previous publi
ations [18℄{[21℄ we have studies superintegrable potentials in two and threedimensions in Eu
lidean spa
e, on spheres and on hyperboloids. We restri
ted ourselves to real



1 INTRODUCTION 3spa
es and omitted their 
orresponding 
omplex extensions [25, 31, 33, 34℄. Let us also notethat by integrating out ignorable 
oordinates (i.e. variables whi
h have plane waves, respe
tively
ir
ular waves as solutions of the S
hr�odinger equation) one 
an obtain from a higher dimensionalmore 
ompli
ated spa
e intera
ting systems on spa
es with 
onstant 
urvature: the intera
tionhas the form of a superintegrable potential. One example is the hermitian hyperboli
 spa
e[3, 14℄ where one 
an �nd superintegrable potentials on the hyperboloid [29℄. The 
onne
tionwith superintegrability and the polynomial solutions was studied e.g. in [30℄, in the 
onne
tionswith 
ontra
tions of Lie algebras e.g. in [23, 32, 48℄, where the various limiting 
ases from spa
esof positive or negative 
onstant 
urvature to zero 
urvature was investigated.In this �rst paper on super integrable potentials on Darboux spa
es we dis
uss only theDarboux spa
es D I and D II. The superintegrable potentials on the other two Darboux spa
esD III and D IV will be dis
ussed in a forth
oming publi
ation.The paper is organized as follows: In the next Se
tion we treat the superintegrable potentialson Darboux spa
e D I. There are three of them, the third 
onsisting of a 
onstant divided bythe metri
 term whi
h makes the potential almost trivial. The 
ommon features of the �rst twopotentials is that the energy eigenvalues are determined by a trans
endental equation involvingparaboli
 
ylinder fun
tions. For the third (trivial) potential no bound states 
an be found.In the third se
tion the superintegrable potentials on D II are dis
ussed. There are threenon-trivial potentials and one trivial. For the �rst potential we obtain a quadrati
 equation forthe energy-levels, and they show an os
illator-like behavior. An exa
t solution 
an be found onlyin the (u; v)-system. This is very similar to the Holt potential in two-dimensional Eu
lideanspa
e.The se
ond superintegrable potential on D II is exa
tly solvable in two 
oordinate systems.Here, we also �nd a quadrati
 equation for the energy levels. V2 is similar to the singular os
illatorin two-dimensional Eu
lidean spa
e.The third superintegrable potential has a relation to the Coulomb potential in two-dimensionalEu
lidean spa
e. The energy levels are determined by an equation of eight order in E whi
h
annot be solved in general. For a spe
ial 
ase, however, we �nd a Coulomb-like behavior of theenergy-levels.The fourth potential is a 
onstant times the metri
 term, and is therefore trivial. As for D Ithis potential is in
luded for 
ompleteness.The fourth Se
tion 
ontains a dis
ussion of our results and an outlook for the remaining twoDarboux spa
es D III and D IV.Introdu
ing Darboux Spa
esKalnins et al. [27, 28℄ denoted four types of two-dimensional spa
es of non-
onstant 
urvature,labeled by D I{D IV, whi
h are 
alled Darboux spa
es [40℄. In terms of the in�nitesimal distan
ethey are des
ribed by (the 
oordinates (u; v) will be 
alled the (u; v)-system; the (x; y)-systemin turn 
an be 
alled light-
one 
oordinates):(I) ds2 = (x+ y)dxdy= 2u(du2 + dv2) ; (x = u + iv; y = u� iv) ; (1.1)(II) ds2 = � a(x� y)2 + b�dxdy



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 4= bu2 � au2 (du2 + dv2) ; �x = 12(v + iu); y = 12(v � iu)� ; (1.2)(III) ds2 = (a e�(x+y)=2 + b e�x�y)dxdy= e�2u(b+ a eu)(du2 + dv2) ; (x = u� iv; y = u+ iv) ; (1.3)(IV) ds2 = �a(e(x�y)=2 + e(y�x)=2) + b(e(x�y)=2 � e(y�x)=2)2 dxdy= � a+sin2 u + a�
os2 u� (du2 + dv2) (x = u+ iv; y = u� iv) : (1.4)a and b are additional (real) parameters (a� = (a � 2b)=4). Kalnins et al. [27, 28℄ studiednot only the solution of the free motion, but also emphasized on the superintegrable systems intheses spa
es. They found appropriate 
oordinate systems, and we will 
onsider all of them. Inthe majority of the 
ases we will be able to �nd a solution, however in some 
ases this will notbe possible due to a quarti
 anharmoni
ity of the problem in question.2 Superintegrable Potentials on Darboux Spa
e D IWe start with Darboux Spa
e D I and 
onsider the following 
oordinate systems((u; v)-System:) x = u+ iv ; y = u� iv ; (u � a) ; (2.1)(Rotated (r; q)-Coordinates:) u = r 
os#+ q sin# ;v = �r sin#+ q 
os#; (# 2 [0; �℄); (2.2)(Displa
ed paraboli
:) u = 12(�2 � �2) + 
 ; v = �� ; (� 2 IR; � > 0; 
 > 0) : (2.3)The in�nitesimal distan
e, i.e., the metri
 is given byds2 = 2u(du2 + dv2) ; (2.4)(Rotated (r; q)-Coordinates:) = 2(r 
os#+ q sin #)(dr2 + dq2) ; (2.5)(Displa
ed paraboli
:) = (�2 � �2 + 2
)(�2+ �2)(d�2 + d�2) : (2.6)The Gaussian 
urvature in a spa
e with metri
 ds2 = g(u; v)(du2 + dv2) is given by (g =det g(u; v)) G = � 12g� �2�u2 + �2�v2� ln g : (2.7)Equation (2.7) will be used to dis
uss shortly the 
urvature properties of the Darboux spa
es,in
luding their limiting 
ases of 
onstant 
urvature.We �nd e.g. in the (u; v)-system for the Gaussian 
urvatureG = 1u4 : (2.8)There is no further parameter in the metri
, therefore this spa
e is of non-
onstant 
urvaturethroughout for all u > a with a some real 
onstant a > 0. However, D I 
an be embedded in athree-dimensional Eu
lidean spa
e. It 
an then be visualized as an in�nite surfa
e (similar to



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 5one sheet of a double-sheeted hyberboloid) with a 
ir
ular hole at the bottom 1. The 
onstant amaybe taken as a = 12 . In order to set up the path integral formulation we follow our 
anoni
alpro
edure as presented in [22℄. The free Lagrangian and Hamiltonian are given by, respe
tively:L(u; _u; v; _v) = mu( _u2 + _v2)� V (u; v); H(u; pu; v; pv) = 14mu(p2u + p2v) + V (u; v) ; (2.9)and we must require u > a for some a > 0, and ' 2 [0; 2�℄ 
an be 
onsidered as a 
y
li
 variable[28℄. The 
anoni
al momenta arepu = ~i � ��u + 12u�; pv = ~i ��v ; (2.10)and for the quantum Hamiltonian we �ndH = � ~22m 12u� �2�u2 + �2�v2�+ V (u; v) = 12m 1p2u(p2u + p2v) 1p2u + V (u; v) : (2.11)We formulate the path integral (ignoring the half-spa
e 
onstraint for the time being):K(u00; u0; v00; v0;T )= limN!1� m2�i�~�N N�1Yj=1 Z 2ujdujdvj exp8<: i~ NXj=1 �m
uj(�2uj +�2vj)� V (uj ; vj)�9=; (2.12)= u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)2u exp( i~ Z T0 �mu( _u2 + _v2)� V (u; v)�dt) (2.13)uj = u(tj), �uj = uj � uj�1, � = T=N , 
uj = puj�1uj). We have displayed the path integral inour produ
t-latti
e de�nition, whi
h will be used throughout this paper [22℄. Due to this latti
ede�nition of the path integral, we have no additional ~2-potential be
ause the dimension of thespa
e of non-
onstant 
urvature equals 2, 
.f. [22℄.Table 1: Constants of Motion in spa
e D IMetri
 Constants of motion Coordinate system2u(du2 + dv2) K2 (u; v)-System2(r 
os #+ q sin#)(dr2 + dq2) X1 (r; q)-System(�2 � �2 + 2
)(�2 + �2)(d�2 + d�2) X2 Paraboli
A

ording to [27, 28℄ we introdu
e the following three integrals of motion in D I. They areK = pvX1 = pupv � v2u(p2u + p2v)X2 = pv(vpu � upv)� v24u(p2u + p2v) : 9>>=>>; (2.14)1E.Kalnins, private 
ommuni
ation.



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 6They satisfy the relation 4 ~H0X2 +X21 +K4 = 0 : (2.15)(Let us note that by ~H0 the 
lassi
al Hamiltonian without the 1=2m-fa
tor is meant. Keepingthis fa
tor is no problem, however, in the present form the algebra has a simpler showing). Theseoperators satisfy the Poisson algebra relationsfK;X1g = 2 ~H0 ; fK;X2g = �X1 ; fX1; X2g = 2K3 : (2.16)The quantum analogues are given by
K = �vbX1 = �u�v � v2u(�2u + �2v )bX2 = 12f�v ; v�u � u�vg � v24u(�2u + �2v ) ; 9>>>=>>>; (2.17)where f�; �g is the anti-
ommutator. These operators satisfy the 
ommutation relations[
K; bX1℄ = �2 bH0 ; [
K; bX2℄ = X1 ; [ bX1; bX2℄ = 2
K3 ; (2.18)with the operator relation 4 bH0 bX2 + bX21 + 
K4 = 0 : (2.19)The operators K;X1; X2 
an be used to 
hara
terize the separating 
oordinate systems on D I,as indi
ated in Table 1.Let us note again that we do omit here fa
tors of i, ~ and 1=2m for the sake of simpli
ity.H0 therefore is the quantum Hamiltonian without the usual �~2=2m. However, in the tableswith the 
onstants of motion, these fa
tors are meant to be in
luded. In the remaining Darbouxspa
es this notation as long as the algebra is 
on
erned will be for the sake of simpli
ity in thesame way.For the operators whi
h 
hara
terize separation of variables in the (r; q)-systems and paraboli

oordinates, respe
tively, we introdu
e�1 = 1q sin � + r 
os �  q sin � �2�r2 � r 
os � �2�q2!= � sin 2�X1 � 
os 2�K2 ; (2.20)�2 = 1�4 � �4  �4 �2��2 + �4 �2��2!+ 4
�2�2�2 � �2= � ��u � 2v ��u ��v + 2(u� 
) �2�v2 + v22(u� 
)  �2�u2 + �2�v2!+ 2
v2(u� 
) : (2.21)These two operators des
ribe the general 
ase. Spe
ial 
ases for �1 are:� � = �=4, we have �1 = �X1 (symmetri
 
ase),� � = �=2, we have �1 = K2,



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 7Table 2: Separation of variables for the superintegrable potentials on D IPotential Constants of motion Separating 
oordinate systemV1 R1 = X2 � m2 !2 v44u � �22 v2u � ~24m (�2 � 14)4u2+v2uv2 (u; v)-SystemR2 = K2 + m2 !2v2 + ~2m �2� 14v2 Paraboli
V2 R1 = X1 � �1vu + �2(u2�v2)u + m2 !2 v(u2�v2)u (u; v)-SystemR2 = K2 + 2�2v +m!2v2 (r; q)-SystemV3 R1 = X1 � ~2v202m vu (u; v)-SystemR2 = X2 � ~2v204m v2u (r; q)-SystemR3 = K Paraboli
and for 
 = 0 we have �2 = �2X2.We now 
onsider the following potentials on D I (following [28℄, an additional fourth potentialis a

ording to [4℄): V1(u; v) = 12u"m2 !2(4u2 + v2) + �+ �2 � 142mv2 # ; (2.22)V2(u; v) = 12u�m2 !2(u2 + v2) + �1 + �2v� ; (2.23)V3(u; v) = 12u ~2v202m ; (2.24)V4(u; v) = 12u" a0pu� iv + a1 + a2u+ a3 4u� 2ivpu� iv # : (2.25)In Table 2 we have summarized some properties of three of these potentials. A
tually, V3 
anbe 
onsidered as a spe
ial 
ase either of V1 or V2, respe
tively. The fourth potential separatesfor instan
e in paraboli
 
oordinates (
 = 0), and then has the (
omplex) formV4(�; �) = 1�4 � �4 �p2a0(� + i�) + a1(�2 + �2) + a22 (�4 � �4) + 23=2a3(�3 � i�3)� : (2.26)However, this is not tra
table and we will not dis
uss this potential any further.2.1 The Superintegrable Potential V1 on D I.We start with the potential V1 in D I. V1 is separable in the (u; v)-system and in paraboli

oordinates. However, only in the (u; v)-system a 
losed solution 
an be found. We state for V1in the respe
tive 
oordinate systemsV1(u; v) = 12u"m2 !2(4u2 + v2) + �+ �2 � 142mv2 # ; (2.27)= 12u(�2 + �2)"m2 !2(�6 + �6) + 2m!2(�4 � �4)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 8+(2m!2
2 + �)(�2 + �2) + ~2 �22m� 1�2 + 1�2�# : (2.28)The separation pro
edure in the spa
e-time transformation gives additional terms a

ording to�E[(�4 � �4) + 2
(�2 + �2)℄ in the respe
tive Lagrangian. Although symmetri
 in � and � theinvolvement of quarti
 and sexti
 terms make any further evaluation impossible in paraboli

oordinates.The same observations are valid in the 
ase of a Coulomb-like potential on D I, whi
h 
an beput into the form (in
luding already the proper energy term)VE(u; v) = � 1u �pu2 + v2 + E : (2.29)whi
h yields after a spa
e-time transformation, with unshifted (
 = 0) paraboli
 
oordinatesVE(u; v)!�2�(�2 � �2) + E(�4� �4) ; (2.30)and is not tra
table either. In parti
ular, the metri
 term 2u spoils any further investigation.There exist some attempts in the literature to treat su
h potential systems, and these studies gowith the name \quasi-exa
tly solvable potentials" in the sense of Turbiner [50℄ and Ushveridze[51℄. In fa
t, sexti
 os
illators with a 
entrifugal barrier and quarti
 hyperboli
 and trigonometri

an be 
onsidered, and they are very similar in their stru
ture as for instan
e in (2.28). One 
an�nd parti
ular solutions, provided the parameters in the quasi-exa
tly solvable potentials ful�llspe
ial 
onditions. Furthermore, well-de�ned expressions for the wave-fun
tions and for theenergy-spe
trum 
an indeed be found if only quadrati
, sexti
, and a parti
ular 
entrifugal termare present. The wave-fun
tions then have the form of 	(x) / P (x4)� e��x4 , with a polynomialP . However, quasi-exa
tly solvable potentials have the feature that only a �nite number of boundstates 
an be 
al
ulated (usually the ground state and some ex
ited states). Another importantobservation is due to [35, 41℄: The authors found quasi-exa
tly solvable potentials that emergefrom dimensional redu
tion from two- and three-dimensional 
omplex homogeneous spa
es. Thesexti
 potential in the Hamiltonian (2.28) is exa
tly of that type.This observation now opens an interpretation of two-dimensional systems with higher anhar-moni
 terms. Let us assume that we have a two-dimensional superintegrable potential system.This system has additional 
onstants of motion, respe
tively observables, and there are in totalthree of them (in
luding the energy). Let us assume further that we 
hoose an example whi
his separable in at least two 
oordinate systems, say in Cartesian and paraboli
 
oordinates (i.e.,a system whi
h is similar to the one des
ribed in (2.28) and we 
an omit the metri
 term forsimpli
ity).Writing down the S
hr�odinger equation of potentials like this, one obtains a 
oupled system ofdi�erential equations in � and �, respe
tively, whi
h are fun
tionally identi
al. Their di�eren
eis that they are de�ned on another domain in the 
omplex plane [35℄. If one looks now forbound state solutions, i.e., solutions whi
h 
an be written in terms of polynomials and whi
hare therefore square-integrable, one �nds a quantization 
ondition for the energy E. Be
ausethe potential is assumed to be separable in Cartesian 
oordinates we already know the energylevels, En. The se
ond separation 
onstant � of the system of 
oupled di�erential equations in �and � 
an then be expressed in terms of En, i.e. �n = f(En). The wave-fun
tions of the boundstate solutions are determined by three-term re
ursion relations, terminating to give polynomials.However, they 
annot be solved to give expli
it formulas for the polynomials.
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an return to the quasi-exa
tly solvable potentials. We take one of the two 
ou-pled di�erential equations and rename the variable � ! x 2 IR, say. This one-dimensionalquasi-exa
tly solvable potential "remembers" its origin from a two-dimensional superintegrablepotential: The subset of wave-fun
tions whi
h 
an be expli
itly found 
orrespond to the 
asewhere one of the 
oupling 
onstants 
orresponds in a simple way with the energy-levels of thesuperintegrable potential labeled by n, and the emerging energy-levels of the quasi-exa
tly solv-able potential are determined by the separation 
onstant �n of the 
oupled system of di�erentialequations. This feature is 
ommon to all quasi-exa
tly solvable potentials, and even more, one isable to 
onstru
t quasi-exa
tly solvable potentials from superintegrable potentials in two, three,et
. dimensions. They are of power-like behavior, or powers of trigonometri
, hyperboli
, andellipti
 fun
tions.However, there does not exist a theory of the 
orresponding wave-fun
tions, whi
h are deter-mined by terminating three-term re
ursion relations for the bound states and non-terminatingthree-term re
ursion relations for the s
attering states. In 
omparison to the (
on
uent) hyper-geometri
 fun
tions little is known about expansion and addition theorems (with the ex
eptionof Mathieu and spheroidal wave-fun
tions in 
at spa
e [43℄). In some few 
ases, an interbasisexpansion is known to swit
h from, say, Hermite polynomials to these new wave-fun
tions [35℄.Summarizing, we are not able to treat systems with the stru
ture of (2.28), and similar withpowers of trigonometri
 and hyperboli
 fun
tions any further.2.1.1 Separation of V1 in the (u; v)-System.We insert V1 in (2.13) and obtainK(V1)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)2u� exp( i~ Z T0 "mu( _u2 + _v2)� 12u  m2 !2(4u2 + v2) + �+ �2 � 142mv2 !# dt)= pv0v00 1Xn=0	(RHO;�)n (v00)	(RHO;�)n (v0)K(V1)n (u00; u0;T ) ; (2.31)with the path integral Kn(T ) given byK(V1)n (u00; u0;T )= (4u0u00)1=4 u(t00)=u00Zu(t0)=u0 Du(t)p2u exp( i~ Z T0 �mu _u2 � 12u�m!2u2 + ��� En2u � dt) ; (2.32)with En = ~!(2n+�+1) and we have inserted the path integral solution for the radial harmoni
os
illator (RHO) with parameter � and the variable v > 0. If v is more restri
ted, say v is anangular variable, additional boundary 
onditions must be imposed. However, we 
ontinue withthe 
ase v > 0. The wave-fun
tions for the radial harmoni
 os
illator V (r) = m2 !2 � ~22m �2�1=4r2have the form	(RHO;�)n (r) = s2m~ n!�(n+ �+ 1) r�m!~ r��=2 exp�� m!2~ r2�L(�)n �m!~ r2� (2.33)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 10The L(�)n (z) are Laguerre polynomials [10℄.In the next step we perform a spa
e-time transformation in (2.32) by eliminating the term2u in the metri
. This gives in the usual wayG(V1)n (u00; u0;E) = Z 10 ds00 exp � i~� E22m!2 � �� En�s00�K(V1)n (u00; u0; s00) ; (2.34)with the transformed path integral given byK(V1)n (u00; u0; s00) = u(s00)=u00Zu(0)=u0 Du(s) exp( i~ Z s000 "m2 _u2 � m2 (2!)2�u � Em!�2#ds0): (2.35)This path integral of a shifted harmoni
 os
illator with frequen
y 2! 
an be solved. The 
orre-sponding Green fun
tion has the formG(V1)u (E; u00; u0; E) = r m2�~3! ��12� E2~!�D� 12+E=2~!  r4m!~ ~u>!D� 12+E=2~!  �r4m!~ ~u<! :(2.36)Here, the D�(z) are paraboli
 
ylinder fun
tions [10℄ and ~u = u � E=2m!2. For the evaluationof the s00-integration we use the involution formulaG(u00; u0; v00; v0;E) = ~2�i Z dEGv(E; v00; v0; E)Gu(E; u00; u0;�E) : (2.37)to obtainK(V1)(u00; u0; v00; v0;T ) = Z 1�1 dE2�~ e�iET=~pv0v00 1Xn=0	(RHO;�)(v00)	(RHO;�)(v0)�G(V1)u �E; u00; u0;� E22m!2 � ��En�� : (2.38)Solution without Boundary ConditionLet us �rst solve the potential problem V1 onD I without any boundary 
ondition on the variables.In this 
ase the path integral in the variable u is just a path integral for a shifted harmoni
os
illator with wave-fun
tions given by 	(HO)l (~u) with ~u = u� E=m!2. The wave-fun
tions forthe harmoni
 os
illator (HO) are given by the well-known form in terms of Hermite-polynomials	(HO)n (x) = �m!�~ 12nn!1=2�1=4Hn�rm!~ x� exp�� m!2~ x2� : (2.39)Evaluating the Green fun
tion G(V1)u we obtain the solution:K(V1)dis
r:(u00; u0; v00; v0;T ) = 1Xn=0 1Xl=0sm!22Eln v0v00 e�iElnT=~�	(RHO;�)n (v00)	(RHO;�)n (v0)	(HO)l (~u00)	(HO)l (~u0) ; (2.40)Eln = �qm~!3(2l+ 2n+ 2 + �) + 2m!2� : (2.41)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 11The spe
trum is degenerate in n and l, as it is known for superintegrable potentials. However, this"solution" is seriously 
awed. If we 
al
ulate the norm of the wave-fun
tions, we see immediatelythat the norm is proportional to the energy En, whi
h in the negative-sign 
ase is negative, andit follows that the Hilbert spa
e is not properly de�ned. In the positive-sign 
ase the norm wouldbe positive, however, the 
orresponding 
on�guration spa
e 
annot be extended to u ! �1,and this does not make sense either.Solution with Boundary ConditionDue to the 
oordinate singularity for u = 0 we must impose some boundary 
ondition. Thesimplest way to in
orporate su
h a boundary 
ondition is to require that the wave-fun
tionsvanish at u = 0, or generally the motion in the variable u takes pla
e only in the half-spa
eu > a. By exploiting the Diri
hlet boundary-
onditions [12℄ at u = a we therefore getG(V1)(x=a)(u00; u0; v00; v0;E) = pv0v00 1Xn=0	(RHO;�)n (v00)	(RHO;�)n (v00)�(G(V1)n (u00; u0;E)� G(V1)n (u00; a;E)G(V1)n (a; u0;E)G(V1)n (a; a;E) ) : (2.42)This Green fun
tion 
annot be evaluated further. However, we 
an determine bound states bythe poles of (2.42) and obtain the quantization 
onditionD�l;n �2rm!~ �a� El;nm!2�� = 0 ; (2.43)�l;n = �12 + 12!~�E2l;nm!2 � �� ~!(2n+ �+ 1)� : (2.44)A

ording to [28℄ the asymptoti
 behavior of the energy-eigenvalues is in a

ordan
e with (2.41)for high-level states. The wave-fun
tions 
an be obtained by taking the residuum of the 
urly-bra
ket expression in (2.42).Our last quantization 
ondition, however, rises a problem. It is not obvious for us howto determine the degenera
y of the energy-values whi
h is usually typi
ally for superintegrablesystems. The solution (2.41) has this degenera
y but the boundary 
onditions are not ful�lledand the Hilbert spa
e is not properly de�ned either. For the solution (2.44) it is just the otherway round. In the original paper [28℄ this issue was not addressed any further.We 
an see from the quantization 
ondition (2.44) that for ea
h value of the number n a setof energy levels El;n follows, i.e. a set El;0; El;1; : : :. There is no possibility to �nd that a levelfrom the set n = 0 is equal to one level of the set n = 1, for example Ela;0 = Elb;1 for somenumbers la; lb. Therefore we �nd that the degenera
y of the energy levels is lost. The usual lorein the study of superintegrable systems is that the statements that a potential is superintegrableand that the spe
trum of su
h a potential is degenerate are equivalent. Indeed, from the Sturm-Liouville theory for di�erential equations, i.e. in our 
ase the quantum Hamiltonian, it followsthat degenera
y implies superintegrability, i.e. additional 
onstants of motion. However, thisstatement is not valid the other way round, and the present examples of potentials on Darbouxspa
e D I serve as 
ounter examples for su
h an attempt.If we look at (2.42) we see that the "lost" degenera
y is due to the boundary 
ondition for theGreen fun
tion and the wave-fun
tions, respe
tively, for some u > a > 0. For u = 0 the 
urvature
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e be
omes in�nite and a wave-fun
tion at the 
oordinate origin does not make sense.Depending whether the Darboux spa
e D I is embedded in three-dimensional spa
e with de�niteor inde�nite metri
 further determines the parameter a, 
.f. [28℄. For a positive-de�nite metri
,v is an angle with v 2 [0; 2�), the two dimensional surfa
e making up D I has a de�nite boundaryand it follows a = 1=2. For a negative-de�nite metri
 the boundary turns out to be 
onstraintby a = 0. In fa
t, it is not possible to extend the surfa
e beyond u < 0 and all values from 0 to1 are de�nitely ex
luded. We will see that the same property holds for the potential V2.2.2 The Superintegrable Potential V2 on D I.Next, we 
onsider the potential V2 on on D I. First, we state the potential in the separating
oordinate systems. We haveV2(u; v) = 12u�m2 !2(u2 + v2) + �1 + �2v� ; (2.45)= 12u�m2 !2(r2 + q2) + �1 + �2(q 
os#� r sin #)� : (2.46)2.2.1 Separation of V2 in the (u; v)-System.We pro
eed in a similar way as before and obtainK(V2)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)2u� exp( i~ Z T0 �mu( _u2 + _v2)� 12u �m2 !2(u2 + v2) + �1 ++�2v��dt)= 1Xn=0	(HO)n (~v00)	(HO)n (~v0)K(V2)n (u00; u0;T ) ; (2.47)where 	(HO)n are the wave-fun
tions of a shifted harmoni
 os
illator with ~v = v + �2=m!. Notethat we have to require v 2 IR, otherwise for v 
y
li
 
ompli
ated boundary 
onditions have toimposed on the solution in v. The remaining path integral in the variable u has the formK(V2)n (u00; u0;T ) = (4u0u00)1=4 u(t00)=u00Zu(t0)=u0 Du(t)p2u� exp( i~ Z T0 "mu _u2 � 12u  m2 !2u2 + �1 + ~(n + 12)� �222m!2!# dt) : (2.48)This gives in the usual wayG(V2)n (u00; u0;E) = Z 10 ds00 exp �� i~s00��1 + ~!(n+ 12)� �222m!2��K(V2)n (u00; u0; s00) ; (2.49)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 13with the transformed path integral given by (~u = u� 2E=m!2)K(V2)n (u00; u0; s00) = u(s00)=u00Zu(0)=u0 Du(s) exp( i~ Z s000 "m2 ( _u2 � !2u2) + 2Eu#ds0)= e2is00E=m!2~ u(s00)=u00Zu(0)=u0 Du(s) exp " im2~ Z s000 m2 ( _~u2 � !2~u2)ds0#: (2.50)Solution without Boundary ConditionThis is again a path integral for a shifted harmoni
 os
illator, and �rst we ignore the boundary
ondition for the wave-fun
tions in the variable u for u = 0, say, we obtain the solution:K(V2)dis
r:(u00; u0; v00; v0;T ) = 1Xn=0 1Xl=0sm!24Eln v0v00 e�iElnT=~�	(HO)n (~v00)	(HO)n (~v0)	(HO)n (~u00)	(HO)n (~u0) ; (2.51)Eln = �sm~!22 �l + n + 1 + �1 � k222m!2� : (2.52)This spe
trum exhibits degenera
y, however the norm is again proportional to the energy, whi
his negative, and therefore the Hilbert spa
e is not properly de�ned..Solution with Boundary ConditionIf we now take into a

ount the boundary 
ondition for some u = a su
h that the wave-fun
tionvanish for u = a, we obtain in a similar manner as in the previous subse
tion:G(V2)(x=a)(u00; u0; v00; v0;E) = pv0v00 1Xn=0	(HO)n (~v00)	(HO)n (~v0)�(G(V2)n (u00; u0;E)� G(V2)n (u00; a;E)G(V2)n (a; u0;E)G(V2)n (a; a;E) ) ; (2.53)with the Green fun
tion G(V2)n (E) given byG(V2)u (E; u00; u0; E) = r m2�~3! ��12 � E2~!��D� 12+E=2~!  r4m!~ ~u>!D� 12+E=2~!  �r4m!~ ~u<! ; (2.54)E = 2E2 + �22=2m!2 � �1 � ~!(n+ 12) : (2.55)Bound states 
an be determined by the quantization 
onditionD�l;n "r2m!~ �a� 2El;nm!2 �# = 0 ; (2.56)�l;n = �12 + 1!~�2E2ln + �22=2m!2 � �1 � ~!(n + 12)� : (2.57)



2 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D I 14Again, degenera
y in the quantum numbers n and l is lost. A

ording to [28℄ the asymptoti
behavior of the energy-eigenvalues (2.57) is in a

ordan
e with (2.52). The wave-fun
tions 
anbe obtained by taking the residuum of the 
urly-bra
ket expression in (2.55).2.2.2 Separation of V2 in the (r; q)-System.In order to set up the path integral formulation we follow our 
anoni
al pro
edure. The La-grangian and Hamiltonian are given by, respe
tively:L(r; _r; q; _q) = m(r 
os#+ q sin#)( _r2 + _q2)� V (r; q) ; (2.58)H(r; pr; q; pq) = 14m(r 
os#+ q sin #)(p2r + p2q) + V (r; q) : (2.59)The 
anoni
al momenta are pr = ~i � ��r + 
os#2(r 
os#+ q sin#)� ; (2.60)pq = ~i � ��q + sin#2(r 
os#+ q sin#)� : (2.61)The quantum Hamiltonian has the formH = � ~22m 12(r 
os#+ q sin#)� �2�r2 + �2�q2�+ V (r; q) (2.62)= 12m 1p2(r 
os#+ q sin#)(p2r + p2q) 1p2(r 
os#+ q sin#) + V (r; q) : (2.63)Using the representation (2.46) we write down the path integral for V2 in the rotated (r; q)-
oordinate system, and obtainK(r00; r0; q00; q0;T ) = r(t00)=r00Zr(t0)=r0 Dr(t) q(t00)=q00Zq(t0)=q0 Dq(t)2(r 
os#+ q sin#)� exp( i~ Z T0 "m(r 
os#+ q sin#)( _r2 + _q2)� 12u�m2 !2(r2 + q2) + �1 + �2(q 
os#� r sin#)�#dt): (2.64)Performing a spa
e-time transformation in the usual way givesG(r00; r0; q00; q0;E) = Z 10 ds00e�is00�1=~K(r00; r0; q00; q0; s00) ; (2.65)with the transformed path integral K(s00) given byK(r00; r0; q00; q0; s00) = r(s00)=r00Zr(0)=r0 Dr(s) q(s00)=q00Zq(0)=q0 Dq(s) exp( i~ Z s000 "m2 � _r2 + _q2 � !2(r2 + q2)�
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os#+ q sin#)� �2(�r sin#+ q 
os#)#ds)= exp " i~ 4E2 + �222m!2 � �1!s00# exp( i~ Z s000 �m2 � _r2 + _q2)� m2 !2(~r2 + ~q2)� ds)= exp " i~ 4E2 + �222m!2 � ~!(n+ 12)� �1!s00# 1Xn=0	(HO)n (~q00)	(HO)n (~q0)� r(s00)=r00Zr(0)=r0 Dr(s) exp " im2~ Z s000 ( _r2 � !2~r2)ds# (2.66)(~r = r � (2E 
os#+ �2 sin#)=m!2, ~q = q � (2E sin# � �2 
os#)=m!2.) Here, we have insertedthe path integral solution for the shifted harmoni
 os
illator in the variable q.Solution with Boundary ConditionFor the path integral for the shifted harmoni
 os
illator in the variable r we now take 
are thatthe variable u is de�ned only in the half-spa
e u � a. Setting for instan
e in the de�nition ofthe (r; q)-system # = 0 yields r = u and q = v. For # = �=2 the roles of r and q are reversed. Inthe view of the previous paragraph of V2 in the (u; v)-system we impose of the Green fun
tionin r the boundary 
ondition r � a and obtain in this limiting 
ase for the bound states thequantization 
ondition D�l;n "r2m!~ �a� 2El;nm!2 �# = 0 ; (2.67)�n = �12 + 1!~�2E2ln + �22=2m!2 � �1 � ~!(n+ 12)� : (2.68)This is the result of (2.57). The quantization 
onditions of (2.57) and (2.68) are identi
al as itshould be.2.3 The Superintegrable Potential V3 on D I.Next, we 
onsider the potential V3 on on D I. First, we state the potential in the separating
oordinate systems. We haveV3(u; v) = 12u ~2v202m ; (2.69)= 1�2 � �2 + 2
 ~2v202m ; (2.70)= 12(r 
os#+ q sin#) ~2v202m : (2.71)This potential 
an be 
onsidered as a spe
ial 
ase either of V1 or V2, respe
tively. However,it has an additional 
onserved quantum number, i.e. K = pv . Therefore we will sket
h only



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 16the solution in the (u; v)-system. Pro
eeding in the usual way, we obtain for the path integral(assuming v 
y
li
):K(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)2u exp( i~ Z T0 "mu( _u2 + _v2)� 12u ~2v202m # dt)(2.72)= (4u0u00)1=4 1Xl=0 eil(v00�v0)2� u(t00)=u00Zu(t0)=u0 Du(t)p2u exp( i~ Z T0 "mu _u2 � 12u ~22m(l2 + v20)#dt) : (2.73)We observe that the only e�e
t is 
hange in the quantum number l in 
omparison to the v0 = 0
ase. Using the solution of [15℄ we get for the 
orresponding Green fun
tionG(u00; u0; v00; v0;E) = 1Xl=�1 eil(v00�v0)2� 4m3~ ��u0 � ~l2~24mE��u00 � ~l2~24mE��1=2�26664~I1=3�u< � ~l2~24mE� ~K1=3�u> � ~l2~24mE�� ~I1=3�a� ~l2~24mE�~K1=3�a� ~l2~24mE� ~K1=3�u0 � ~l2~24mE� ~K1=3�u00 � ~l2~24mE�37775 : (2.74)~I�(z) denotes ~I�(z) = I��4p�mE3~ z3=2� ;with ~K�(z) similarly, and ~l2 = l2+v20 . Due to the relation of the Airy-fun
tion [1, 10℄ K�1=3(�) =�p3=zAi(z), z = (3�=2)2=3, and the observation that for E < 0 the argument of Ai(z) is alwaysgreater than zero, and there are no bound states. For E > 0 there is no real bound state solution,either. This 
on
ludes the dis
ussion.3 Superintegrable Potentials on Darboux Spa
e D IIIn this se
tion we 
onsider superintegrable potentials in the Darboux Spa
e D II (1.2). Thefollowing four 
oordinate systems separate the S
hr�odinger equation for the free motion:((u; v)-System:) x = 12(v + iu); y = 12(v � iu) ; (3.1)(Polar:) u = % 
os#; v = % sin# ; (% > 0; # 2 (��2 ; �2 )) ; (3.2)(Paraboli
:) u = ��; v = 12(�2 � �2) ; (� > 0; � > 0) ; (3.3)(Ellipti
:) u = d 
osh! 
os'; v = d sinh! sin' ; (! > 0; ' 2 (��2 ; �2 )) : (3.4)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 17Table 3: Constants of Motion and Limiting Cases of Coordinate Systems on D IIMetri
: Constant D II �(2)(a=-1,b=0) E2 (a = 0; b = 1)of Motionbu2 � au2 (du2 + dv2) K2 (u; v)-System Hori
y
li
 Cartesianb%2 
os2 #� a%2 
os2 # (d%2 + d#2) X2 Polar Equidistant Polarb�2�2 � a�2�2 (�2 + �2)(d�2 + d�2) X1 Paraboli
 Semi-
ir
ular Paraboli
paraboli
bd2 
osh2 ! 
os2 '� a
osh2 ! 
os2 '�(
osh2 ! � 
os2')(d!2 + d2'2) X2 + d2K2 Ellipti
 Ellipti
-paraboli
 Ellipti
2d is the interfo
al distan
e in the ellipti
 system. For 
onvenien
e we also display in the followingthe spe
ial 
ase of the parameters a = �1 and b = 1 [27℄. The in�nitesimal distan
e is given inthese four 
ases (note that the metri
 gives us the additional requirement u > 0):ds2 = bu2 � au2 (du2 + dv2) ; (3.5)(Polar:) = b%2 
os2 #� a%2 
os2 # (d%2 + %2d#2) ; (3.6)(Paraboli
:) = b�2�2 � a�2�2 (�2 + �2)(d�2 + d�2)= ��b�2 � a�2�+ �b�2 � a�2��(d�2 + d�2) ; (3.7)(Ellipti
:) = bd2 
osh2 ! 
os2 '� a
osh2 ! 
os2 ' (
osh2 ! � 
os2')(d!2 + d'2) ;= ��bd2 
osh2 ! + a
osh2 !���bd2 
os2 '+ a
os2'��(d!2 + d'2) : (3.8)We 
an see that the 
ase a = �1, b = 0 leads to the 
ase of the Poin
ar�e upper half-planeu > 0 endowed with the metri
 (3.5) [13℄, i.e. the two-dimensional hyperboloid �(2) in hori
y
li

oordinates. The paraboli
 
ase 
orresponds to the semi-
ir
ular-paraboli
 system and the ellipti

ase to the ellipti
-paraboli
 system on the two-dimensional hyperboloid. On the other hand, the
ase a = 0, b = 1 just gives the usual two-dimensional Eu
lidean plane with its four 
oordinatesystem whi
h allow separation of variables of the Lapla
e-Beltrami equation, i.e., the Cartesian,polar, paraboli
, and ellipti
 system. Hen
e, the Darboux spa
e II 
ontains as spe
ial 
ases aspa
e of 
onstant zero 
urvature (Eu
lidean plane) and a spa
e of 
onstant negative 
urvature(the hyperboli
 plane). This in
ludes the emerging of 
oordinate systems in 
at spa
e from
urved spa
es.



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 18We �nd for the Gaussian 
urvature in the (u; v)-systemG = a(a� 3bu2)(a� 2bu2)3 : (3.9)For b = 0 we have G = 1=a whi
h is indeed a spa
e of 
onstant 
urvature, and the quantity ameasures the 
urvature. In parti
ular, for the unit-two-dimensional hyperboloid we have G =1=a, with a = �1 as the spe
ial 
ase of �(2). In the following we will assume that a < 0 in orderto assure the positive de�niteness of the metri
 (1.2).The following 
onstants of motion are introdu
ed on D II (without potential):K = pv (3.10)X1 = 2v(p2v � u2p2u)bu2 � a + 2upupv ; (3.11)X2 = (v2 � u4)p2v + u2(1� v2)p2ubu2 � a + 2uvpupv : (3.12)They satisfy the Poisson algebra relationsfK;X1g = 2(K2 � ~H0) ; fK;X2g = X1 ; fX1; X2g = 4KX2 ; (3.13)and the relation X21 � 4K2X2 + 4 ~H0X2 � 4 ~H20 = 0 : (3.14)The quantum analogues have the form (again with i, ~, 2m)K = �v (3.15)X1 = 2vbu2 � a(�2v � u2�2u) + 2u�u�v ; (3.16)X2 = 1bu2 � a�(v2 � u4)�2v + u2(1� v2)�2u�+ 2uv�u�v + u�u + v�v � 14 ; (3.17)and satisfy the operator relation ( bH0 the Hamiltonian operator, f; g the anti-
ommutator)bX21 � 2f
K2; bX2g+ 4 bH0 bX2 � 4 bH20 + 4
K2 = 0 ; (3.18)and the 
ommutation relations[
K; bX1℄ = 2(
K2 � bH0) ; [
K; bX2℄ = bX1 ; [ bX1; bX2℄ = 2f
K; bX2g : (3.19)We 
onsider the following potentials on D II:V1(u; v) = bu2 � au2 "m2 !2(u2 + 4v2) + k1v + ~22m k22 � 14u2 # ; (3.20)V2(u; v) = bu2 � au2 "m2 !2(u2 + v2) + ~22m�k21 � 14u2 + k22 � 14v2 �# ; (3.21)V3(u; v) = bu2 � au2 2mpu2 + v2 "�� + ~22m  k21 � 14pu2 + v2 + v + k22 � 14pu2 + v2 � v!# ; (3.22)V4(u; v) = bu2 � au2 ~22mv20 : (3.23)In the Table 4 we have listed the properties of these potentials (the 
oordinate systems wherean expli
it path integral evaluation is possible are underlined).



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 19Table 4: Separation of variables for the superintegrable potentials on D IIPotential Constants of Motion Separating 
oordinatesystemV1 R1 = X1 +m!2v�u2 + u2+4v2bu2�a �+ k12 �u2 + 4v2bu2�a�� ~2 k22� 14m vbu2�a (u; v)-SystemR2 = K2 + 2m!2v2 + k1v Paraboli
V2 R1 = X2 + u2+v2bu2�ahm2 !2(u2 + v2)� ~22m�k21 � 14 � (k22 � 14 )u2v2 �i (u; v)-SystemR2 = K2 + m2 !2v2 + ~22m k22� 14v2 PolarEllipti
V3 R1 = X1 + ���2(�4+1)+ ~22m (k21� 14 )(�4+1)� ~22m (k22� 14 )(�4+1)(b�2�2�a)(�2+�2) PolarR2 = X2 � �(�2+�2)+ ~22m (k21� 14 )(�4�1)+ ~22m (k22� 14 )(�4�1)4(b�2�2�a) Paraboli
Displa
ed ellipti
V4 R1 = X1 + ~2v20m vbu2�a (u; v)-SystemR2 = X2 + ~2v202m u2+v2bu2�a PolarR3 = K = pv Paraboli
Ellipti
3.1 The Superintegrable Potential V1 on D IIWe state the potential V1 in the respe
tive 
oordinate systems:V1(u; v) = bu2 � au2 "m2 !2(u2 + 4v2) + k1v + ~22m k22 � 14u2 # ; (3.24)= bu2 � au2 1�2 + �2 "m2 !2(�6 + �6)� k12 (�4 � �4)� ~2k21 � 142m � 1�2 + 1�2�# : (3.25)In 
at spa
e, the 
orresponding potential is known as the Holt-potential [18℄. It 
onsists of aradial harmoni
 os
illator in one variable (here in the variable u), and a harmoni
 os
illator plusa linear term in the se
ond variable (here in the variable v). There is an analogue of this potentialon the two-dimensional hyperboloid [20℄, whi
h separates in hori
y
li
 and semi-
ir
ular paraboli

oordinates, the limiting 
ases of the (u; v)-system and the paraboli
 
oordinates, respe
tively.3.1.1 Separation of V1 in the (u; v)-System.We start with the (u; v)-
oordinate system. We formulate the 
lassi
al Lagrangian and Hamil-tonian, respe
tively: L(u; _u; v; _v) = m2 bu2 � au2 ( _u2 + _v2)� V (u; v) ; (3.26)H(u; pu; v; pv) = 12m u2bu2 � a(p2u + p2v) + V (u; v) : (3.27)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 20The 
anoni
al momenta arepu = ~i � ��u + bubu2 � a � 1u�; pv = ~i ��v : (3.28)The quantum Hamiltonian has the formH = � ~22m u2bu2 � a� �2�u2 + �2�v2�+ V (u; v) (3.29)= 12m upbu2 � a(p2u + p2v) upbu2 � a + V (u; v) : (3.30)Therefore the path integral for V1 in the (u; v)-system has the following formK(V1)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)bu2 � au2� exp i~ Z T0 (m2f ( _u2 + _v2)� f "m2 !2(u2 + 4v2) + k1v + ~22m k22 � 14u2 #) dt! : (3.31)and we have abbreviated f = u2=(bu2 � a). First we separate the v-path integration a

ordingto v(t00)=v00Zv(t0)=v0 Dv(t) exp( i~ Z T0 �m2 _v2 � �m2 !2v2 + k1v��dt)= 1Xn=0r2m!�~ 12nn! exp �� m!~ (~v02 + ~v002)�Hn  r2m!~ ~v0!Hn  r2m!~ ~v00! e�iEnT=~;(3.32)En = ~!(n + 12) + k218m!2 ; (3.33)with ~v = v+k1=4m!, whi
h is the solution for the shifted harmoni
 os
illator. Writing for shortthe wave-fun
tions of the shifted harmoni
 os
illator by 	(HO)n , we thus obtain:K(V1)(u00; u0; v00; v0;T ) = 1Xn=0	(HO)n (~v0)	(HO)n (~v00)K(V1)n (u00; u0;T ) (3.34)K(V1)n (u00; u0;T ) = [f(u0)f(u00)℄�1=4 u(t00)=u00Zu(t0)=u0 Du(t)sbu2 � au2� exp( i~ Z T0 "m2f _u2 � f�m2 !2u2 + ~22m k22 � 14u2 �+ En# dt) : (3.35)We obtain in the usual way by means of a spa
e-time transformationG(V1)n (u00; u0;E) = Z 10 K(V1)n (u00; u0; s00) exp � i~ (bE � En)s00� (3.36)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 21with the transformed path integral given byK(V1)n (u00; u0; s00)= u(s00)=u00Zu(0)=u0 Du(s) exp( i~ Z s000 "m2 ( _u2 � !2u2)� ~22m k22 + 2maE=~2 � 14u2 # ds) (3.37)= m!pu0u00i~ sin!s00 exp �� m!2i~ (u02 + u002) 
ot!s00�I�� m!u0u00i~ sin!s00�= 1Xl=0	(RHO;�)l (u0)	(RHO;�)l (u00) eis00!(2l+�+1) : (3.38)Alternatively we have for the Green fun
tion (�2 = k22 + 2maE=~2)G(V1)n (u00; u0;E) = �h12�1 + �� 1~! (bE � En)�i~!pu0u00 �(1 + �) W bE�En2~! ;�2�m!~ u2>�M bE�En2~! ;�2�m!~ u2<� : (3.39)The W�;�(z) are Whittaker fun
tions [10℄. We 
an either evaluate the s00-integration or analyzethe poles of the Green fun
tion. The latter give the poles in terms of the poles of the �-fun
tionyielding the quantization 
ondition for the bound states Eln:12�1 + �+ En � bEln~! � = �l ; (3.40)whi
h is equivalent to~!0�2l+ n+ 32 +sk22 + 2maEln~2 1A+ k218m!2 � bEln = 0 : (3.41)Let us analyze this equation in more detail. We obtain similar equations for the other potentials,and the present 
ase serves as a standard example for those whi
h 
ome later. Let us notethat the spe
i�
 form of the dis
rete spe
trum and the 
orresponding wave-fun
tions depend onthe spe
ial 
hoi
e of the parameters a and b and the spe
ial spa
e of revolution one 
onsiders.For instan
e, the plus- respe
tively the minus-sign in the square-root expression below may beallowed giving positive normed states for some 
ases, and for others the minus sign may beallowed. Similarly, the radi
and of the square-root 
an be be
ome negative and we may obtainsemi-bound states.The quadrati
 equation in Eln gives (�ln = (2l+ n+ 3=2))Eln = ~!�lnb + k218mb!2 + am!2b � 1b2sa2m2!4 + b2!2~2k22 + 2abm~!3�ln + ab4 k21;(3.42)(l; n!1) ' ~!b (2l+ n+ 32) + k218mb!2 + abm!2 + O(p�ln) ; (3.43)(a=�1;b=1) = ~!�ln + k218m!2 �m!2 �sm2!4 + !2~2k22 � 2m~!3�ln � k214 ; (3.44)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 22In the latter (spe
ial) 
ase this gives bound states for m2!4 + ~2!2~2k22 � 2m~!3�ln � k21=4 � 0,i.e., the number of levels is determined by2l+ n � ~k222m! + m!2~ � k218m~!3 � 32 ; (3.45)otherwise we may have semi-bound states, that is bound states with energy <(Eln) and witha de
ay width =(Eln). They are lo
ated in the 
ontinuous spe
trum. In parti
ular, we have aground stateE00 = 3~!2b + k218mb!2 + am!2b � 1b2sa2m2!4 + b2!2~2k22 + 3abm~!3 + ab4 k21; (3.46)Note that if the radi
and of the square root equals the upper bound of the energy-levels for the
ase ab < 1 we get: Eupper�bound = b~2k222jabjm + ma!2jabj � 12b � 1�; (3.47)= ~2k222m � m2 !2 (a = �1; b = 1) : (3.48)The spe
trum is similar to the spe
trum of the Holt potential: Flat Eu
lidean spa
e 
orrespondsto a = 0, then (3.42) is identi
al with the result of [18℄.Note that di�erent energy spe
tra emerge depending on the signs of the parameters a andb. For both parameters positive the dis
rete spe
trum 
annot be simultaneously lo
ated in the
ontinuous spe
trum. For b negative, the properties of the spa
e D II must be further analyzed,if a dis
rete spe
trum with negative in�nite values is allowed (whi
h is the 
ase for the single-sheeted hyperboloid).In order to extra
t the 
ontinuous spe
trum we 
onsider the dispersion relation [11℄I�(z) = 2�2 Z 10 dp sinh �pp2 � �2 Kip(z) : (3.49)This givesG(V1)n (u00; u0;E) = pu0u00 Z 10 !ds00i~ sin!s00� exp � i~s00(bE �EN)� m!2i~ (u02 + u002) 
ot!s00�I�� m!u0u00i~ sin!s00�= ~2�2 12m!pu0u00 Z 10 dp sinh �p~22mjaj(p2 + k22)�E�����h12(1 + ip� bE � En~! )i���2W bE�En2~! ; ip2 �m!~ u002�W bE�En2~! ; ip2 �m!~ u02� : (3.50)The 
ontinuous spe
trum has the formEp = ~22mjaj(p2 + k22) ; (3.51)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 23and the wave-fun
tions are	pn(u) = ~�sp sinh �p2m!u ��12�1 + ip� bE � En~! ��W bE�En2~! ; ip2 �m!~ u2� : (3.52)Note that for k2 = �12 , i.e. the radial potential equals zero, we obtain the 
ase from the freemotion on D II.Finally we state the kernel K(V1)(T ) and the Green fun
tion G(V1)(E) whi
h have the formK(V1)(u00; u0; v00; v0;T ) = 1Xn=0	(HO)n (~v0)	(HO)n (~v00)�( 1Xl=0N2ln	(RHO;�)l (u0)	(RHO;�)l (u00) e�iTEln=~ + Z 10 dp	�pn(u00)	pn(u0) e�iTEp=~) (3.53)G(V1)(u00; u0; v00; v0;E) = 1Xn;l=0	(HO)n (~v0)	(HO)n (~v00)��h 12�1 + �� 1~! (bE � En)�i~!pu0u00 �(1 + �) W bE�En2~! ;�2�m!~ u2>�M bE�En2~! ;�2�m!~ u2<� : (3.54)The normalization 
onstant Nln emerges form evaluating the residuum of the Green fun
tion(3.39) at the energy Eln as given in (3.42).3.1.2 Separation of V1 in Paraboli
 Coordinates on D IIThe 
lassi
al Lagrangian and Hamiltonian are given byL(�; _�; �; _�) = m2 b�2�2 � a�2�2 (�2 + �2)( _�2 + _�2)� V (�; �) ; (3.55)H(�; p�; �; p�) = m2 �2�2b�2�2 � a p2� + p2��2 + �2 + V (�; �) : (3.56)The 
anoni
al momenta are given byp� = ~i � ��� + b� + a=�3pg � ; (3.57)p� = ~i � ��� + b� + a=�3pg � : (3.58)The quantum Hamiltonian has the form:H = � ~22m�b�2 + b�2 � a�2 � a�2��1� �2��2 + �2��2�+ V (�; �) (3.59)= 12m�b�2 + b�2� a�2 � a�2��1=2(p2� + p2�)�b�2 + b�2 � a�2 � a�2��1=2 + V (�; �) : (3.60)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 24We obtain for the path integral in paraboli
 
oordinates, 
.f. (3.25), (1=f(�; �) = (b�2�2 �a)=�2�2):K(V1)(�00; �0; �00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)b�2�2 � a�2�2 (�2 + �2)� exp( i~ Z T0 "m2f (�2 + �2)( _�2 + _�2)� f�m2 !2(u2 + 4v2) + k1v + ~22m k22 � 14u2 �# dt) : (3.61)Performing the spa
e-time transformation yieldsG(V1)(�00; �0; �00; �0;E) = Z 10 ds00K(V1)(�00; �0; �00; �0; s00) (3.62)with the transformed path integral given byK(V1)(�00; �0; �00; �0; s00)= �(s00)=�00Z�(0)=�0 D�(s) exp " i~ Z s000  m2 ( _�2 � !2�6)� k12 �4 � Eb�2� ~22m k21 + 2maE=~2 � 14�2 ! ds#� �(s00)=�00Z�(0)=�0 D�(s) exp" i~ Z s000  m2 ( _�2 � !2�6) + k12 �4 �Eb�2� ~22m k21 + 2maE=~2 � 14�2 !ds# :(3.63)These path integrals are due to the anharmoni
 terms in � and � not tra
table, a well-knownfa
t due to its relation to the Holt-potential.3.2 The Superintegrable Potential V2 on D II.We 
onsider the potential V2. The 
orresponding quantum me
hani
al problem is separablein the (u; v)-system, in polar and ellipti
 
oordinates. First we state the potential V2 in therespe
tive 
oordinate systems:V2(u; v) = u2bu2 � a "m2 !2(u2 + v2) + ~22m�k21 � 14u2 + k22 � 14v2 �# ; (3.64)= %2 
os2 #b%2 
os2 #� a "m2 !2%2 + ~22m%2�k21 � 14
os2 # + k22 � 14sin2 # �# ; (3.65)= f
osh2 ! � 
os2 '"m2 d2!2(
osh2 ! sinh2 ! + sin2 ' 
os2 ')+ ~22md2 k21 � 14
os2 ' + k22 � 14sin2 ' � k21 � 14
osh2 ! + k22 � 14sinh2 !!# : (3.66)The potential V2 
an be interpreted as a two-dimensional os
illator with radial term similarly asits analogue in 
at spa
e. Note that a Higgs-like harmoni
 os
illator on D II 
ould have a form
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ording to (with the limiting 
ase the Higgs-os
illator on the hyperboloid)VHiggs = m2 !2 u2bu2 � a  1� 4u2(1 + u2 + v2)2! = m2 !2 %2 
os2 #b%2 
os2 #� a  1� 4%2 
os2 #(1 + %2)2 != m2 !2� b e2�2
osh2 �1 � a��1 �1� 1
osh2 �1 
osh2 �2� ; (3.67)with % = e�2 , 
os# = 1= 
osh �1, �1;2 being equidistant 
oordinates. The 
orresponding pathintegral 
annot be solved, and VHiggs is not superintegrable in D II either.3.2.1 Separation of V2 in the (u; v)-System.We start with the 
onsideration in the (u; v)-system, and the path integral has the formK(V2)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)bu2 � au2� exp( i~ Z T0 "m2f ( _u2 + _v2)� f m2 !2(u2 + v2)� f ~22m�k21 � 14u2 + k22 � 14v2 �# dt) (3.68)= 1Xn=0	(RHO;k2)n (v00)	(RHO;k2)n (v0)[f(u0)f(u00)℄�1=4 u(t00)=u00Zu(t0)=u0 Du(t)sbu2 � au2� exp( i~ Z T0 "m2f _u2 � f�m2 u2 + ~22m k21 � 14u2 +En�# dt) ; (3.69)where En = ~!(2n+ jk2j+ 1). Performing a spa
e-time transformation in the usual way yields:G(V2)n (u00; u0;E) = Z 10 ds00eis00(bE�En)=~K(V2)n (u00; u0; s00) (3.70)with the transformed path integral given byK(V2)n (u00; u0; s00) = u(s00)=u00Zu(0)=u0 Du(s) exp( i~ Z s000 "m2 ( _u2 � !2u2)� ~22m�21 � 14u2 # ds) ; (3.71)where �21 = k21 + 2maE=~2. This path integral has almost the same form as the path integral(3.37), the only di�eren
e being another En. Thus we 
an write the solution as follows:K(V2)n (u00; u0; s00) = m!pu0u00i~ sin !s00 exp �� m!2i~ (u02 + u002) 
ot!s00�I�1� m!u0u00i~ sin !s00�= 1Xl=0	(RHO;�1)l (u0)	(RHO;�1)l (u00) eis00!(2l+�1+1)℄ ; (3.72)and alternatively we have for the Green fun
tionG(V2)n (u00; u0;E)= �h12�1 + �1 � 1~! (bE �En)�i~!pu0u00 �(1 + �1) W bE�En2~! ;�12 �m!~ u2>�M bE�En2~! ;�12 �m!~ u2<�: (3.73)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 26We 
an either evaluate the s00-integration or analyze the poles of the Green fun
tion. The lattergive the poles in terms of the poles of the �-fun
tion yielding the quantization 
ondition for thebound states Eln: 12�1 + �1 + En � bEln~! � = �l ; (3.74)whi
h is equivalent to~!0�2l + 2n+ 2 + jk2j+sk21 + 2maEln~ 1A � bEln = 0 : (3.75)The quadrati
 equation in Eln gives (�ln = (2l+ 2n+ 2 + jk2j))Eln = ~!�lnb + abm!2 � 1b2qa2m2!4 + b2~2!2k21 + 2abm~!3�ln ; (3.76)(a=�1;b=1) = ~!�ln �m!2 �qm2!4 + ~2!2k21 � 2m!2�ln ; (3.77)(l; n!1) ' ~!�ln �m!2 : (3.78)This gives for the spe
ial 
ase bound states for m2!4+ ~2!2k21 � 2m!2�ln � 0, otherwise we 
aninfer for semi-bound states, that is bound states with energy <(Eln) and with a de
ay width=(Eln). They are lo
ated in the 
ontinuous spe
trum. Again, the limiting 
ase of 
at spa
eemerges from a = 0; b = 1 Eln = ~!(2l+ 2n+ jk1j+ jk2j+ 2) : (3.79)Finally we state the kernel K(V2)(T ) and the Green fun
tion G(V2)(E) whi
h have the formK(V2)des
rete(u00; u0; v00; v0;T )= 1Xn;l=0N2ln	(RHO;k2)n (v0)	(RHO;k2)n (v00)	(RHO;�1)l (u0)	(RHO;�1)l (u00) e�iTEln=~; (3.80)G(V2)(u00; u0; v00; v0;E) = 1Xn=0	(RHO;k2)n (v0)	(RHO;k2)n (v00)��h12�1 + �1 � 1~! (bE �En)�i~!pu0u00�(1 + �1) W bE�En2~! ;�12 �m!~ u2>�M bE�En2~! ;�12 �m!~ u2<� : (3.81)The normalization 
onstant Nln emerges form evaluating the residuum of the Green fun
tion(3.73) at the energy Eln as given in (3.76). We omit the 
ontinuous part of K(V2) due to itssimilarity to the 
ase of V1.3.2.2 Separation of V2 in Polar Coordinates.The potential V2 is also separable in polar 
oordinates on D II. In polar 
oordinates the 
lassi
alLagrangian and Hamiltonian are given byL(r; _r; #; _#) = m2 �b� a%2 
os2 #�( _%2 + %2 _#2)� V (%; #) ; (3.82)H(%; p%; #; p#) = 12m�b� a%2 
os2 #��1�p2% + 1%2p2#�+ V (%; #) : (3.83)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 27The momentum operators arep% = ~i � ��% + � b% 
os2 #b 
os2 #%2 � a � 12%�� ; (3.84)p# = ~i � ��# + � tan#� b%2 sin # 
os#b%2 
os2 #� a�� ; (3.85)and the quantum Hamiltonian is given by:H = � ~22m�b� a%2 
os2 #��1� �2�%2 + 1% ��% + 1%2 �2�#2�+ V (%; #) (3.86)= 12mf1=2�p2% + 1%2p2#�f1=2 + V (%; #)� f ~28m%2 : (3.87)with the abbreviation 1=f = b� a=%2 
os2 #. Hen
e, we get for the path integralK(V2)(%00; %0; #00; #0;T ) = %(t00)=%00Z%(t0)=%0 D%(t)% #(t00)=#00Z#(t0)=#0 D#(t)�b� a%2 
os2 #�� exp i~ Z T0 (m2f ( _%2 + %2 _#2)� f "m2 !2%2 + ~22m%2�k21 � 14
os2 # + k22 � 14sin2 # + 14�#) dt! : (3.88)Performing the spa
e time transformation with the fun
tion f yieldsG(V2)(%00; %0; #00; #0;E) = Z 10 ds00eis00bE=~K(V2)(%00; %0; #00; #0; s00) (3.89)and the transformed path integral given by (�21 = k21 + 2maE=~2)K(V2)(%00; %0; #00; #0; s00) = %(s00)=%00Z%(0)=%0 D%(s) #(s00)=#00Z#(0)=#0 D#(s)%� exp( i~ Z s000 "m2 ( _%2 + %2 _#2)� m2 !2%2 � ~22m%2��21 � 14
os2 # + k22 � 14sin2 # + 14�# ds) (3.90)= 1p%0%00 1Xn=0�(�1;k2)n (#00)�(�1;k2)n (#0)� �(s00)=�00Z�(0)=�0 D�(s) exp( i~ Z s000 "m2 ( _%2 � !2%2)� ~22m�22 � 14%2 # ds) (3.91)= 1p%0%00 1Xn=0�(�1;k2)n (#00)�(�1;k2)n (#0) 1Xl=0	(RHO;�2)l (%00)	(RHO;�2)l (%0) e�is00El=~ : (3.92)Here denote El = ~!(2l+�2+1), and the quantity �2 is de�ned by means of the energy-spe
trumof the P�os
hl{Teller spe
trum ~22m(2n+ 1 + �1 + jk2j) = ~22m�22 : (3.93)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 28The �(k1;k2)n (�) are the wave-fun
tions of the P�os
hl{Teller potential, whi
h are given by [2, 5,8, 39℄ V (x) = ~22m��2 � 14sin2 x + �2 � 14
os2 x � (3.94)�(�;�)n (x) = �2(�+ � + 2l+ 1) l!�(�+ � + l + 1)�(�+ l+ 1)�(� + l + 1)�1=2�(sin x)�+1=2(
osx)�+1=2P (�;�)n (
os 2x) : (3.95)The P (�;�)n (z) are Gegenbauer polynomials [10℄. Performing the s00-integration give poles in theGreen fun
tion for ~!(2l+ 2n+ 2 + +�1 + jk2j)� bEln = 0 : (3.96)This is identi
al to (3.75), as it should be. Con
erning the dis
rete spe
trum we 
an state thekernel as followsK(V2)des
rete(%00; %0; #00; #0;T ) = 1p%0%00 1Xn=0�(�1;k2)n (#00)�(�1;k2)n (#0)� 1Xl=0N2ln	(RHO;�2)l (%00)	(RHO;�2)l (%0) e�is00Eln=~ ; (3.97)with Nln de�ned by the residuum of the Green fun
tion at the energy Eln as given in (3.76).3.2.3 Separation of V2 in Ellipti
 Coordinates on D IIThe free 
lassi
al Lagrangian and Hamiltonian are given byL(!; _!; '; _') = m2 bd2 
osh2 ! 
os2 '� a
osh2 ! 
os2 ' (
osh2 ! � 
os2')( _!2 + _'2)= m2 ��bd2 
osh2 ! + a
osh2 !�� �bd2 
os2 '+ a
os2 '�� ( _!2 + _'2) ; (3.98)H(!; p!; '; p') = 12m 
osh2 ! 
os2 '(bd2 
osh2 ! 
os2 '� a)(
osh2 ! � 
os2 ')(p2! + p2') : (3.99)In the following we use pg = bd2 
osh2 ! 
os2 '� a
osh2 ! 
os2 ' (
osh2 ! � 
os2 ') :For the momentum operators we obtainp! = ~i " ��! + tanh!pg �bd2 
osh2 ! � a
osh2 !�# ; (3.100)p' = ~i " ��' + tan'pg �bd2 
os2 '� a
os2 '�# : (3.101)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 29This gives for the quantum HamiltonianH = � ~22m 
osh2 ! 
os2 '(bd2 
osh2 ! 
os2 '� a)(
osh2 ! � 
os2')� �2�!2 + �2�'2�= 12m 14pg (p2! + p2�) 14pg : (3.102)Therefore we obtain for the path integral (1=f = (bd2 
osh2 ! 
os2 '� a)= 
osh2 ! 
os2 ')K(V2)(!00; !0; '00; '0;T ) = !(t00)=!00Z!(t0)=!0 D!(t) '(t00)='00Z'(t0)='0 D'(t)(
osh2 ! � 
os2 ')f� exp( i~ Z T0 "m2f (
osh2 ! � 
os2 ')( _!2 + _'2)�f m2 !2(u2 + v2)� f ~22m�k21 � 14u2 + k22 � 14v2 �#dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00K(V2)(!00; !0; '00; '0; s00) ; (3.103)with the transformed path integral K(V2)(!00; !0; '00; '0; s00) given by (a < 0)K(V2)(!00; !0; '00; '0; s00) = !(s00)=!00Z!(0)=!0 D!(s) exp( i~ Z s000 "m2 ( _!2 � d2!2 
osh2 ! sinh2 !)� ~22m��k21 � 2mjajE=~2� 14
osh2 ! + k22 � 14sinh2 !�+Ebd2 
osh2 !#ds)� '(s00)='00Z'(0)='0 D'(s) exp( i~ Z s000 "m2 ( _'2 � d2!2 sin2 ' 
os2 ')� ~22m�k21 � 2mjajE=~2� 14
os2 ' + k22 � 14sin2 ' �� Ebd2 
os2'#ds): (3.104)We leave these path integrals as they are, be
ause they are not tra
table.3.3 The Superintegrable Potential V3 on D II.We 
onsider the potential V3 and start by expressing V3 in the respe
tive 
oordinate systems.We have V3(u; v) = fpu2 + v2 "�� + ~22m  k21 � 14pu2 + v2 + v + k22 � 14pu2 + v2 � v!#(polar 
oordinates:) = 2f% "��+ ~22m%  k21 � 141 + sin# + k22 � 141� sin#!#(transformation: 
os# = sin 2�, sin# = 
os 2�, % = r2=2)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 30= fr2 "�� + ~22mr2  k21 � 14
os2 ' + k22 � 14
os2 '!# (3.105)(paraboli
 
oordinates:) = 2f�2 + �2 "�� + ~22m  k21 � 14�2 + k22 � 14�2 !# (3.106)(rotated ellipti
 
oordinates:) = fpu2 + v2 1
osh2 !0 � 
os2 '0" � b02�(
osh2 !0 � 
os2 '0)+ ~22m  k21 � 14
os2 '0 + k22 � 14sin2 '0 � k21 � 14
osh2 !0 + k22 � 14sinh2 !0!#:(3.107)In the last 
ase the rotated ellipti
 
oordinates are given byu = b024 sinh 2!0 sin 2'0 ; v = b024 (
osh 2!0 
os 2'0 + 1) : (3.108)Due to the 
ompli
ated stru
ture of the path integral in rotated ellipti
 
oordinates no 
losedsolution 
an be stated. We will omit a path integral dis
ussion of V3 in these 
oordinates. Thepotential V3 
an be interpreted as an analogue of the Coulomb potential. Similarly as in 
atspa
e and on the two-dimensional hyperboloid it is separable in three 
oordinate systems, i.e. inspheri
al, paraboli
, and rotated ellipti
 
oordinates (there are no 
oni
al 
oordinates in D II).3.3.1 Separation of V3 in Polar Coordinates.We start with the investigation of V3 in polar 
oordinates and we immediately swit
h form the(�; #)-system to the (r; ')-system. This gives for the path integral:K(V3)(r00; r0; '00; '0;T ) = r(t00)=r00Zr(t0)=r0 Dr(t) '(t00)='00Z'(t0)='0 D'(t)�br2 � ar2 sin2 ' 
os2 '�r� exp i~ Z T0 (m2f ( _r2 + r2 _'2)� f "�� + ~22mr2  k21 � 14
os2 ' + k22 � 14
os2 ' � 14!#) dt! ; (3.109)with 1=f = br2 � a=r2 sin2 ' 
os2 '. Pro
eeding in the usual way by means of a spa
e timetransformation givesG(V3)(r00; r0; '00; '0;E) = Z 10 ds00eis00�=~K(V3)(r00; r0; '00; '0; s00) (3.110)and the path integral K(V3)(s00) given byK(V3)(r00; r0; '00; '0; s00) = r(s00)=r00Zr(0)=r0 Dr(s) '(s00)='00Z'(0)='0 D'(s)r� exp( i~ Z s000 "m2 ( _r2 + r2 _'2) + Ebr2� ~22mr2��22 � 14sin2 ' + �21 � 14
os2' � 14�# ds)= 1Xn=0�(�1;�2)n ('00)�(�1;�2)n ('0)K(V3)n (r00; r0; s00) ; (3.111)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 31with �21;2 = k21;2 + 2maE=~2. The path integral K(V3)n (s00) has the formK(V3)n (r00; r0; s00) = 1pr0r00 r(s00)=r00Zr(0)=r0 Dr(s) exp " i~ Z s000  m2 _r2 +Ebr2 � ~22m �2 � 14r2 ! ds#= m!i~ sin !s00 exp ��m!2i~ (r02 + r002) 
ot!s00� I� � m!r0r00i~ sin!s00�= r� m2Eb �h12(1 + �� �~q� m2Eb)i�(1 + �)pr0r00�M �2~p� m2Eb ;�2 0�m~ s�2Ebm r2<1AW �2~p� m2Eb ;�2 0�m~ s�2Ebm r2>1A (3.112)K(V3)n;dis
rte(r00; r0; s00) = 1pr0r00 1Xl=0	(RHO;�)l (r00)	(RHO;�)l (r0) e�i!(2l+�+1)s00 : (3.113)This is the usual radial harmoni
 os
illator solution, and we have set � = 2n + �1 + �2 + 1,!2 = �2Eb=m. The bound states are determined by the quantization 
ondition2~!(l+ n+ 1) + ~2k212m + ~!(�2 + �3) = 0 ; (3.114)or alternatively 2(l+ n+ 1)� �~r� m2Eb +sk21 + 2maE~2 +sk22 + 2maE~2 = 0 : (3.115)For a = 0, b = 1 we re
over the two-dimensional 
at spa
e Coulomb-spe
trum. In general this isan equation of eighth order in E, where no 
losed solution 
an be stated. However, we 
an studythe spe
ial 
ase k1 = k2 = 0, whi
h gives the quantization 
ondition (we also take a < 0; b > 0)2(l+ n+ 1)� �~rm2b 1p�E + 2~q2mjajp�E = 0 : (3.116)This is a quadrati
 equation in E with solution (only one solution is physi
al, set N = l+n+1)Eln = � ~2N28mjaj 0B�vuut1 + 2m�~2N2s jajb � 11CA2 (3.117)' � m�28b~2N2 ; (N !1) : (3.118)showing a Coulomb-behavior.In order to extra
t the 
ontinuous spe
trum we use (3.49) and obtain for the entire kernelG(V3)(r00; r0; '00; '0;E) = ~pr0r00 1Xn=0�(�1;�2)n ('00)�(�1;�2)n ('0)�( 1Xl=0 N2lnEln �E	(RHO;�)l (r00)	(RHO;�)l (r0) + Z 1�1 1Ep � E	(RHO;�)�p (r00)	(RHO;�)p (r0))(3.119)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 32with the dis
rete energy spe
trum as determined by (3.115), and the normalization 
onstant Nlnresulting from the residuum in (3.113). The 
ontinuous spe
trum is given by (k< denotes thesmaller of k1; k2)	(RHO)p (r) = e�p=2p� �h12(1 + �) + ipi�(1 + �) Mip=2;�=2�� p�2mbE~ r� ; (3.120)Ep = ~22m(p2 + k2<) : (3.121)3.3.2 Separation of V3 in Paraboli
 Coordinates.Finally we 
onsider V3 in paraboli
 
oordinates. The formulation of the path integral for apotential on D II we know already from V1. We therefore have (f = b� a=�2�2)K(V3)(�00; �0; �00; �0;T ) = �(t00)=�00Z�(t0)=�0 D�(t) �(t00)=�00Z�(t0)=�0 D�(t)�b� a�2�2�(�2 + �2)� exp i~ Z 10 (m2 f(�2 + �2)( _�2 + _�2)� 1f � (�2 + �2) "�� + ~22m�k21 � 14�2 + k22 � 14�2 �#) dt!(3.122)G(V3)(�00; �0; �00; �0;E) = Z 10 ds00ei�s00=~K(V3)(�00; �0; �00; �0; s00) ; (3.123)with the transformed path integral K(s00) given byK(V3)(�00; �0; �00; �0; s00) = �(s00)=�00Z�(0)=�0 D�(s) exp " i~ Z s000  m2 _�2 + Eb�2� ~22m�21 � 14�2 ! ds#� �(s00)=�00Z�(0)=�0 D�(s) exp" i~ Z s000  m2 _�2 +Eb�2� ~22m�22 � 14�2 !ds#K(V3)dis (�00; �0; �00; �0; s00) = 1Xn�n�=0	(RHO;�1)n� (�00)	(RHO;�1)n� (�0)	(RHO;�2)n� (�00)	(RHO;�2)n� (�0)� exp �� i~s00(2n� + 2n� + �1 + �2 + 2)~!)� : (3.124)We have inserted for the dis
rete spe
trum the solution of the radial harmoni
 os
illator in theusual way. Performing the s00-integration gives the same spe
trum as in (3.115), as it should be.The 
ontinuous spe
trum is extra
ted in the usual way by means of (3.49) and we obtain:G(V3)(�00; �0; �00; �0;E)= 1Xn�n�=0 ~N2lnEln �E	(RHO;�1)n� (�00)	(RHO;�1)n� (�0)	(RHO;�2)n� (�00)	(RHO;�2)n� (�0)+~(�0�00�0�00)�1=2 Z dE Z 10 dp p sinh �p~22mjaj(p2 + k2<)�E j�[12(1 + ip1 � E)℄j2j�[12(1 + ip2 � E)℄j22�~p2�WE=2;ip=2�i~p1�002�W �E=2;ip=2�i~p1�02�WE=2;ip=2�i~p2�002�W �E=2;ip=2�i~p2�02� (3.125)



3 SUPERINTEGRABLE POTENTIALS ON DARBOUX SPACE D II 33(~p1;2 � qb(p2+ k21;2)=jaj), with the dis
rete energy spe
trum as determined by (3.115), and thenormalization 
onstant Nln resulting from the residuum in (3.124).3.4 The Superintegrable Potential V4 on D II.We 
onsider the potential V4 in the respe
tive 
oordinate systemsV4(u; v) = u2bu2 � a ~22mv20 (3.126)=  be2�2
osh2 �1 � a!�1 ~2v202m e2�2
osh2 �1 (3.127)=  b�2�2 � a�2�2 !�1 1�2 + �2 ~2v202m (�2 + �2) (3.128)=  bd2 
osh2 ! 
os2 '� a
osh2 ! 
os2 ' !�1 1
osh2 ! � 
os2 ' ~2v202m (
osh2 ! � 
os2 ') : (3.129)We have displayed the potential in a somewhat more 
ompli
ated way to demonstrate the e�e
t ofthe separation pro
edures. The quantity v0 enters the formulas in a way that only the respe
tivequantum numbers are altered. We will not go into the details, and 
onsider the potential V4only in the (u; v)-system. For the remaining systems we refer to [15℄. Let us note that theseparability of V4 in all the four 
oordinate systems on D II shows that a quantum system of athree-dimensional analogue of D II is also separable in three-dimensional \
ylindri
al" versionsof the (u; v)-system, spheri
al, paraboli
 and ellipti
 
oordinates [16℄. The additional quantumnumber asso
iated with the third 
oordinate 
an be identi�ed with v0.Inserting V4 into the path integral in the (u; v)-systems yieldsK(V4)(u00; u0; v00; v0;T ) = u(t00)=u00Zu(t0)=u0 Du(t) v(t00)=v00Zv(t0)=v0 Dv(t)bu2 � au2� exp( i~ Z T0 "m2 bu2 � au2 ( _u2 + _v2)� u2bu2 � a ~2v202m #dt)= Z 1�1 dE2�~ e�iET=~ Z 10 ds00� u(s00)=u00Zu(0)=u0 Du(s) v(s00)=v00Zv(0)=v0 Dv(s) exp( i~ Z s000 �m2 ( _u2 + _v2)� aEu2 �ds+ i~s00�bE � ~2v202m �)= Z 1�1 dE2�~ e�iET=~ Z 10 ds002� Z 1�1 dk eik(v00�v0) exp� i~bEs00� i~ ~22m(k2 + v20)s00�� u(s00)=u00Zu(0)=u0 Du(s) exp " i~ Z s000 �m2 _u2 � ~2�2 � 142mu2 �ds#= Z 1�1 dE2�~ e�iET=~ Z 10 ds00 Z 1�1 dk eik(v00�v0)mpu0u00i~s00



4 SUMMARY AND DISCUSSION 34� exp " i~�bE � ~22m(k2 + v20)�s00 + i~ m2s00 (u02 + u002)# I��mu0u00i~s00 � (3.130)(�2� 1=4 = 2maE=~2). We observe that the prin
ipal e�e
t of the introdu
tion of V4 
onsists ina 
hange in the quantum number k whi
h 
an be formulated as ~k2 = k2 + v20. We 
an thereforewrite down the solution by referring to [15℄ and getG(V4)(u00; u0; v00; v0;E)= 2mpu0u00i~ Z 1�1 dk eik(v00�v0)I�0�s~k2 � 2mbE~2 u<1AK�0�s~k2 � 2mbE~2 u>1A (3.131)= ~�2 Z 1�1 dk eik(v00�v0)2�� Z 10 2p sinh �pdp~22mjaj(p2 + 14)� EKip0�s~k2 � 2mbE~2 u01AKip0�s~k2 � 2mbE~2 u001A ; (3.132)with � = s14 � 2mjajE~2 � ip : (3.133)The wave fun
tions and the energy spe
trum are read o�:	(V4)pk (u; v) = eikvp2� � p2p sinh �p� Kip0�s~k2 � 2mbE~2 u1A ; (3.134)E = ~22mjaj�p2 + 14� : (3.135)4 Summary and Dis
ussionIn this paper we have dis
ussed superintegrable potentials on spa
es of non-
onstant 
urvature.The results are very satisfa
tory. A

ording to [4, 27, 28℄ there are three potentials on D I, fourpotentials on D II, �ve potentials on D III, and four potentials on D IV, respe
tively. We 
ouldsolve many of the emerging quantum me
hani
al problems. To give an overview, we summarizeour results in Table 5. We list for ea
h spa
e the 
orresponding potentials in
luding the generalform of the solution (if expli
itly possible). We omit the trivial potentials here, be
ause they areseparable in all 
orresponding 
oordinate systems.We were able to solve the various path integral representations, be
ause we have now toour disposal not only the basi
 path integrals for the harmoni
 os
illator, the linear os
illator,the radial harmoni
 os
illator, and the P�os
hl{Teller Potential, but also path integral identitiesderived from path integration on harmoni
 spa
es like the ellipti
 and spheroidal path integralrepresentations with its more 
ompli
ated spe
ial fun
tions [13, 17, 22℄. This in
ludes alsonumerous transformation te
hniques to �nd a parti
ular solution based on one of the basi
solutions. Various analysis te
hniques 
an be applied to �nd not only an expression for theGreen fun
tion but also for the wave-fun
tions and the energy spe
trum.



4 SUMMARY AND DISCUSSION 35Table 5: Solutions of the path integration for superintegrable potentials in Darboux spa
esSpa
e and Potential Solution in terms of the wave-fun
tionsD IV1: (u; v) Hermite polynomials � Paraboli
 
ylinder fun
tionsParaboli
 No expli
it solutionV2: (u; v) Hermite polynomials � Paraboli
 
ylinder fun
tions(r; q) Hermite polynomials � Paraboli
 
ylinder fun
tionsV3: (u; v) Produ
t of Airy fun
tions(r; q) Produ
t of Airy fun
tionsParaboli
 Produ
t of Airy fun
tionsD IIV1: (u; v) Hermite polynomial � Whittaker fun
tions�Paraboli
 No expli
it solutionV2: (u; v) Laguerre polynomial � Whittaker fun
tions�Polar Gegenbauer polynomial � Whittaker fun
tions�Ellipti
 No expli
it solutionV3: Polar Gegenbauer polynomial � Whittaker fun
tions�Paraboli
 Gegenbauer polynomial � Whittaker fun
tions�Displa
ed Ellipti
 No expli
it solutionV4: (u; v) Produ
t of Bessel fun
tionsPolar Bessel fun
tions � Legendre fun
tionsParaboli
 Produ
t of Whittaker fun
tions�Ellipti
 Spheroidal wave-fun
tions(�: The notion Whittaker fun
tions means in all 
ases for a dis
rete spe
trum Laguerre poly-nomials, and for a 
ontinuous spe
trum Whittaker fun
tions W�;�(z), respe
tievly M�;�(z).)We also observe a new feature of superintegrable potentials. We learned from our investiga-tion of potential problems on D I that degenera
y for superintegrable potentials does not followautomati
ally. In fa
t, our (
ounter-)examples show that the usually a

epted opinion that su-perintegrability and degenera
y of a quantum system are equivalent statements is not true ingeneral. It would be interesting to formulate the pre
ise additional mathemati
al requirementsthat these statements are a
tually true in general. In our 
ase the non-equivalen
e of these twonotions 
omes from the boundary-
onditions whi
h had to imposed on D I in order to guaranteea well-de�ned Hilbert spa
e.We found in all 
ases a dis
rete and a 
ontinuous spe
trum for the superintegrable poten-tials. We also 
ould 
ompare some limiting 
ases, e.g. for the Darboux spa
e D II, where we
ould re
over the 
orresponding solutions for the two-dimensional Eu
lidean spa
e and the two-dimensional hyperboloid. On D I the energy spe
tra are only determined by a trans
endentalequation due to the boundary 
ondition for the 
oordinate u. On D II we found analogues of thesingular os
illator, the Holt potential and the Coulomb potential in two dimensional Eu
lideanspa
e. We 
ould re
over these limiting 
ases in the equations for the energy spe
tra. The equa-tions equations for the energy spe
tra were on D II algebrai
 equations in se
ond and fourth orderin the energy. This allows several solutions depending on the spe
i�
 values of the parameters a



4 SUMMARY AND DISCUSSION 36and b and possible further boundary 
onditions. Also semi-bound states may be possible.In a forth
oming publi
ations we will treat the two remaining Darboux spa
es D III and D IV,respe
tively. In parti
ular on D III there is already a dis
rete spe
trum possible for the freemotion, and has the form Enl = � ~22m ba2 (2n+ 2l + 1)2 : (4.1)yielding for b > 0 an in�nite number of bound states. This is similar as the motion on theSU(1; 1) hyperboloid, where a 
ontinuous and a dis
rete spe
trum exists [2℄. On D III there are�ve superintegrable potentials and on D IV there are four superintegrable potentials.Let us �nally dis
uss the following issue: Let us 
onsider a three-dimensional generalizationof the Darboux spa
e D II with a line elementds2 = bu2 � au2 (du2 + dv2 + dw2) ; (4.2)and w is the new variable. D II has the property that for a = 0, b = 1, we re
over thetwo-dimensional Eu
lidean plane, and all four 
oordinate systems on the two-dimensional Eu-
lidean plane are also separable 
oordinate systems on D II for the S
hr�odinger, respe
tively theHelmholtz equation. However, in order to set up a well-de�ned quantum theory a 
urvatureterm (~2=2m) � (R=8) must be introdu
ed in the quantum Hamiltonian [16, 26℄. In the present
ase of (4.2), whi
h we might 
all three-dimensional Darboux spa
e II, for short D 3d�II, it iseasily 
he
ked that all eleven systems for the three-dimensional Eu
lidean plane whi
h separatethe S
hr�odinger, respe
tively the Helmholtz equation, also separate the S
hr�odinger, respe
tivelythe Helmholtz equation on D 3d�II. As it has been shown in [16℄, the 
orresponding quantummotion 
an be expli
itly evaluated by means of the path integral with energy spe
trumE = ~22mjaj(p2 + 1) : (4.3)As it is well known, there are four minimally superintegrable potentials in three-dimensionalEu
lidean spa
e and �ve maximally superintegrable potentials, and it is obvious how to 
onstru
tmaximally superintegrable potentials on D 3d�II. In a forth
oming publi
ation the details will beworked out.A
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