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ABSTRACTWe present a Monte-Carlo event generator for simulating 
hargino pair-produ
tion at the International Linear Collider (ILC) at next-to-leading orderin the ele
troweak 
ouplings. By properly resumming photons in the soft and
ollinear regions, we avoid negative event weights, so the program 
an sim-ulate physi
al (unweighted) event samples. Photons are expli
itly generatedthroughout the range where they 
an be experimentally resolved. Inspe
tingthe dependen
e on the 
uto�s separating the soft and 
ollinear regions, weevaluate the systemati
 errors due to soft and 
ollinear approximations. Inthe resummation approa
h, the residual un
ertainty 
an be brought down tothe per-mil level, 
oin
iding with the expe
ted statisti
al un
ertainty at theILC.1wolfgang.kilian�desy.de2juergen.reuter�desy.de3tania.robens�desy.de
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1 Introdu
tionThe MSSM, the minimal supersymmetri
 (SUSY) extension of the Standard Model (SM), isa promising 
andidate for a theory of ele
troweak intera
tions [1℄. In this model, the Higgsse
tor is stabilized against power divergen
es in radiative 
orre
tions, proton stability suggestsa dis
rete symmetry that provides us with a dark-matter parti
le, and the renormalization-group evolution of 
ouplings is pre
isely 
onsistent with gauge-
oupling uni�
ation (GUT) atan energy s
ale of the order 1016 GeV.A solid predi
tion of the MSSM is the existen
e of 
harginos ~��1 ; ~��2 , the superpartners ofthe W� and the 
harged-Higgs H� bosons. In GUT models their masses tend to be near thelower edge of the superpartner spe
trum, sin
e the absen
e of strong intera
tions pre
ludes largepositive renormalizations of their e�e
tive masses. Thus, if any superpartners are a

essiblein e+e� 
ollisions at a �rst-phase ILC with 
.m. energy of 500 GeV, the lighter 
hargino ~��1is likely to be pair-produ
ed with a sizable 
ross se
tion. In many models, in
luding popularsupergravity-inspired s
enarios su
h as SPS1a/SPS1a' [2℄, the se
ond 
hargino ~��2 will also bea

essible at the ILC, at least if the 
.m. energy is in
reased to about 1 TeV. Similar argumentshold for the neutralinos, the superpartners of neutral gauge and Higgs bosons. The lightestneutralino is possibly the lightest superpartner (LSP) and therefore the dark-matter parti
lepresent in the MSSM.The pre
ise measurement of the 
hargino parameters (masses, mixing of ~��1 with ~��2 , and
ouplings) is a key for un
overing any of the fundamental properties of the MSSM that wehave mentioned above. These values give a handle for proving supersymmetry in the Higgsand gauge-boson se
tor and thus the 
an
ellation of power divergen
es. Charginos de
ay eitherdire
tly or via short 
as
ades into the LSP, and a pre
ise knowledge of masses and mixingparameters in the 
hargino/neutralino se
tor is the most important ingredient for predi
ting thedark-matter 
ontent of the universe. Finally, the high-s
ale evolution of their mass parametersshould point to a parti
ular supersymmetry-breaking s
enario, if the 
ontext of a GUT modelis assumed (
f. [3℄). In all these 
ases, a knowledge of parameters with at least per
ent-levela

ura
y is ne
essary.At the LHC, this is a diÆ
ult task sin
e 
harginos are a

essible mainly in 
ompli
ated de
ay
as
ades of 
olored superpartners with substantial ba
kground, while dire
t pair-produ
tion issuppressed [4℄. The ILC provides mu
h 
leaner produ
tion 
hannels and de
ay signatures withlow ba
kground, so the required pre
ision will be available at the ILC [5,6℄. To mat
h thisexperimental a

ura
y, there is obvious need for theoreti
al predi
tions with next-to-leadingorder (NLO) a

ura
y in the ele
troweak 
ouplings. The predi
tions have to be implementedin the simulation tools that are a
tually used in the experimental analyses (e.g. see [7℄).At leading order (LO), 
hargino produ
tion at the ILC is given by the tree-level diagrams inFig. 1, and events 
an be generated using the narrow-width approximation where all pro
essesare fa
torized in on-shell 2 ! 2 produ
tion and a 
as
ade of on-shell 1 ! n de
ay pro
esses.The heli
ity amplitudes 
an be expressed in analyti
 form (
f. [8℄), and the pro
ess is availablein various 
omputer 
odes [9℄.The NLO 
orre
tions in
lude1 (i) loop 
orre
tions to the SUSY produ
tion and de
ay pro-1This des
ribes the multiple-pole approximation [10℄; re
ent 
omplete NLO 
al
ulations in the SM [11℄ have1
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Figure 1: Feynman graphs for 
hargino pair produ
tion at the ILC.Mass Width~�+1 183:7 GeV 0:077 GeV~�+2 415:4 GeV 3:1 GeVTable 1: Chargino masses and widths for the SUSY parameter set SPS1a'.
esses, (ii) nonfa
torizable, but maximally resonant photon ex
hange between produ
tion andde
ay, (iii) real radiation of photons, (iv) o�-shell kinemati
s for the signal pro
ess, (v) ir-redu
ible ba
kground from all other multi-parti
le SUSY pro
esses, and (vi) redu
ible, butexperimentally indistinguishable ba
kground from Standard-Model (SM) pro
esses. So far, no
al
ulation and simulation 
ode provides all NLO pie
es for a pro
ess involving SUSY parti
les.In Ref. [12℄, three 
omputer 
odes have been presented and veri�ed against ea
h other thatsimulate o�-shell multi-parti
le pro
esses at tree-level, both for the SM and the MSSM. Asgenerators of unweighted SUSY event samples, they thus 
over (iv), (v), and (vi). In parti
ular,the program des
ribed in this paper is implemented as an extension to the WHIZARD eventgenerator [13℄. With beamstrahlung, resummed initial-state radiation, arbitrary polarizationmodes and standard parton-shower and hadronization interfa
es being in
luded, this generatoris well suited for ILC physi
s studies.In this paper, we des
ribe the extension of the tree-level simulation of 
hargino produ
tionat the ILC by radiative 
orre
tions to the on-shell pro
ess, i.e., we 
onsider (i) in the abovelist and 
onsistently in
lude real photon radiation (iii). This is a
tually a useful approximationsin
e in many MSSM s
enarios 
harginos, in parti
ular ~��1 , are quite narrow (
f. Table 1), sononfa
torizable 
ontributions are signi�
antly suppressed and de
ay 
orre
tions 
an be sepa-rated from the 
orre
tions to the produ
tion pro
ess.We emphasize that for the simulation of physi
al (i.e., unweighted) event samples, it isessential that the e�e
tive matrix elements are positive semide�nite over the whole a

essiblephase spa
e. The QED part of radiative 
orre
tions does not meet this requirement in somephase spa
e regions. Methods for dealing with this problem have been developed in the LEP1era [14℄. While these methods are also appli
able for the ILC situation, they need a thoroughre
onsideration sin
e the ILC pre
ision a
tually ex
eeds the one a
hieved in LEP experiments.expli
itly veri�ed the validity of this approximation in the signal region.2
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tion at the ILC: Dependen
e of the di�erential distribution inpolar angle 
os � between e� and ~��1 for di�erent heli
ity 
ombinations. The labels indi
ate ~��1and ~�+1 heli
ity; the ele
tron/positron heli
ity is �xed to �+.2 Fixed-Order Simulation of Chargino Produ
tion2.1 Lowest OrderIn the MSSM, the 
harginos ~��1 ; ~��2 are mixtures of weak gauginos ~w� and higgsinos ~h�.The produ
tion pro
esses in e+e� 
ollisions are thus 
onne
ted by SUSY transformations toe+e� ! W+W� and e+e� ! H+H�; the 
ontributing Feynman diagrams 
onsist of s-
hannele+e� annihilation via Z and photon and t-
hannel ex
hange of an ele
tron-sneutrino (Fig. 1).Sin
e no massless parti
les are ex
hanged in the t-
hannel, the ele
tron mass 
an be negle
ted attree level throughout the phase spa
e. The square of the absolute value of the matrix element,integrated over the phase spa
e � whi
h is parameterized by produ
tion angles �; �, de�nes theBorn 
ross se
tion �Born: �Born(s) = Z d�2 jMBorn(s; 
os �)j2: (1)We suppress the dependen
e on parti
le masses M~�;MZ; et
.At the ILC, the possibility of polarizing ele
trons and positrons in the initial state will allowfor separately measuring individual (squared) heli
ity amplitudes. Sele
ting a standard MSSMparameter point SPS1a' (
f. App. C and Table 1) and a 
ollider energy of 1 TeV, in Fig. 2we display the angular dependen
e of the 
ross se
tion for the dominant heli
ity 
ombinationswith ~� ex
hange in the t 
hannel. As the amplitudes are / (1 � 
os �); sin � respe
tively, they
an be
ome zero for � = ��; 0. 3



2.2 NLO Corre
tionsThe one-loop 
orre
tions to the pro
ess e�e+ ! ~��i ~�+j with j = 1; 2 have been 
omputed inRef. [15℄, using the FeynArts/FormCal
 pa
kage [16℄ for the evaluation of one-loop Feynmandiagrams in the MSSM. An independent 
al
ulation with 
onsistent numeri
al results has beenpresented in [17℄. These 
al
ulations in
lude the 
omplete set of virtual diagrams 
ontributingto the pro
ess with both SM and SUSY parti
les in the loop. The 
ollinear singularity forphoton radiation o� the in
oming ele
tron and positron is regulated by the �nite ele
tronmass me. As an infrared regulator, the 
al
ulation introdu
es a �
titious photon mass �. Theinterferen
e of these diagrams with the Born term de�nes the 'virtual' 
ontribution�virt(s; �2;m2e) = Z d�2 �2Re �MBorn(s)�M1-loop(s; �2;m2e)�� : (2)The dependen
e on the �
titious parameter � is eliminated by negle
ting 
ontributions pro-portional to powers of � and adding real photon radiation with energy E
 < �E
, where E
 isde�ned in some referen
e frame, usually the 
.m. frame. Hen
e, the residual logarithmi
 depen-den
e on � is 
an
elled in favor of a logarithmi
 dependen
e on �E
. This 
orre
tion 
an be ex-pressed as a universal fa
tor fsoft(�E
� ) (19). The `virtual + soft' 
ontribution �v+s(s;�E
;m2e)is thus given by�v+s(s;�E
;m2e) = Z d�2 hfsoft(�E
� ) jMBorn(s)j2 + 2Re �MBorn(s)�M1-loop(s; �2;m2e)�� : (3)In a real experiment, there is always a �nite energy resolution �Eexp
 for photons, and 
ombiningsoft and virtual photons below this 
uto� is justi�ed. For the simulation one would 
hoose�E
 � �Eexp
 .This result is 
omplemented by the `hard' 
ontribution �2! 3(s;�E
;m2e), i.e., the real-radiation pro
ess e�e+ ! ~��i ~�+j 
 integrated over photon phase spa
e down to the energyresolution �E
: �2! 3(s;�E
;m2e) = Z�E
 d�3 jM2!3(s;m2e)j2: (4)The sum, whi
h 
an be expressed as a total 
ross se
tion or, e.g., as a di�erential distributionin the 
hargino polar angle �, should not depend on the photon-energy 
uto�:�tot(s;m2e) = �Born(s) + �v+s(s;�E
;m2e) + �2! 3(s;�E
;m2e) (5)However, the dependen
e on �E
 
an
els only approximately sin
e positive powers of �E
 arenegle
ted in the v+s term but not in the 2! 3 pro
ess.2.3 Collinear PhotonsWhile photons with large energy and large angle 
an be experimentally resolved and must beexpli
itly generated by the Monte-Carlo simulation program, photons 
ollinear to the in
omingele
trons 
annot be dete
ted. (Sin
e the outgoing 
harginos have substantial mass, a 
ollinear4



approximation for �nal-state radiation is not needed.) As usual, we break down the (hard)2! 3 
ross se
tion into a 
ollinear and a non-
ollinear part, separated at a photon a
ollinearityangle ��
 relative to the in
oming ele
tron or positron:�2! 3(s;�E
;m2e) = �hard,non-
oll(s;�E
;��
) + �hard,
oll(s;�E
;��
;m2e); (6)where in the non-
ollinear part the ele
tron mass 
an be negle
ted. The last term is approx-imated by 
onvoluting the Born 
ross se
tion with a stru
ture fun
tion f(x;��
; m2es ), withx = 1 � 2E
=ps being the energy fra
tion of the ele
tron after radiation,�hard,
oll(s;�E
;��
;m2e) = Z�E
 ;��
 d�3 jM2!3(s;m2e)j2= Z x00 dx f(x;��
; m2es )Z d�2 jMBorn(xs;m2e)j2: (7)The stru
ture fun
tion f(x;��
; m2es ) 
ontains two pie
es f+; f� (21,23) that 
orrespond to he-li
ity 
onservation and heli
ity 
ip, respe
tively; ea
h one is 
onvoluted with the 
orrespondingmatrix element. The 
uto� �E
 is repla
ed by x0 = 1 � 2�E
=ps. In this approximation,positive powers of ��
 are negle
ted.2.4 SimulationCombining the above, the 
ross se
tion is given by�tot(s;m2e) = Z dx fe�(x1; x2;�E
;��
; m2es ) Z d�2 jMe�(s; x1; x2;m2e)j2+ Z�E
 ;��
 d�3 jM2!3(s)j2; (8)where we de�nefe�(x1; x2;�E
;��
; m2es ) = Æ(1� x1) Æ(1� x2)+ Æ(1� x1) f(x2;��
; m2es ) �(x0 � x2)+ f(x1;��
; m2es ) Æ(1 � x2) �(x0 � x1) (9)and jMe�(s; x1; x2;m2e)j2 = �1 + fsoft(�E
; �2) �(x1; x2))� jMBorn(s)j2+ 2Re �MBorn(s)M1-loop(s; �2;m2e)� �(x1; x2) (10)with �(x1; x2) � �(x1 � x0) �(x2 � x0).This stru
ture is suitable for implementing it into an event generator. In WHIZARD, forinstan
e, there is an interfa
e for arbitrary stru
ture fun
tions f(x1; x2) that 
an be 
onvolutedwith the Born squared matrix element. We insert the above e�e
tive radiator fun
tion fe� as5



a `user-de�ned' stru
ture fun
tion and repla
e the Born matrix element as 
omputed by thematrix-element generator, O'Mega [18℄, by the e�e
tive matrix element de�ned above. Thelatter is 
omputed by a 
all to the FormCal
-generated routine.In order to a

ount for the Æ-fun
tion part 
ontained in the radiator fun
tion, for the Monte-Carlo sampling of x values the xi range is separated into two regions ea
h, one for xi < x0 andthe other one for xi > x0. For ea
h xi, the �rst region is mapped su
h as to maximize theeÆ
ien
y of event generation. If the sampled point ends up in the se
ond region, xi is set equalto 1 before the matrix element is evaluated as demanded by the Æ fun
tion. The relative weightof the two regions is given byw(x > x0) : w(x < x0) = 1 : Z x00 dx f(x;��
; m2es ): (11)For a 
onsistent �rst-order 
al
ulation, we have to avoid the radiation of two (
ollinear) photons.Therefore, the radiator fun
tion fe� is zero in the region with x1 < x0 and x2 < x0, and in the2! 3 pro
ess, no 
onvolution with stru
ture fun
tions is applied.Implementing this algorithm in WHIZARD, we 
onstru
t an unweighted event generator. Withseparate runs for the 2! 2 and 2! 3 parts, the program �rst adapts the phase spa
e samplingand 
al
ulates a pre
ise estimate of the 
ross se
tion. The built-in routines apply event reje
tionbased on the e�e
tive weight and thus generate unweighted event samples.For the 2! 2 part 
onvoluted with a stru
ture fun
tion, WHIZARD 
an optionally representthe missing 
ollinear energy by a real photon in the event, with pT generated a

ording tothe 
orre
t logarithmi
 distribution up to the 
uto� angle ��
. Thus, if there is any energyavailable for radiation, the a
tual events 
ontain a photon in addition to the 
hargino pairregardless whether the event has been generated in the 2! 2 or 2! 3 part.On the te
hni
al side, for the a
tual implementation we have 
arefully 
he
ked that allphysi
al parameters and, in parti
ular, the de�nition of heli
ity states are 
orre
tly mat
hedbetween the 
onventions [19℄ used by O'Mega and WHIZARD [20℄, and those used by FormCal
(
f. e.g. [21℄).2.5 Where this Approa
h FailsNumeri
ally, the modi�ed WHIZARD 
ode reprodu
es the total 
ross se
tion at �xed next-to-leading order in � as presented in Ref. [15℄. In prin
iple, this makes the NLO result availablefor physi
s simulation. However, in the soft-photon region the �xed-order approa
h runs intothe well-known problem of negative event weights [22,23℄.While for any �xed heli
ity 
ombination and 
hargino s
attering angle the di�erential 
rossse
tion is positive if we in
lude the virtual 
ontribution and integrate real soft photons up toa �nite 
uto� �E
, the 2 ! 2 part of the NLO-
orre
ted squared matrix element is positivede�nite by itself only if �E
 is suÆ
iently large, say �E
ps = 10�2 (i.e., �E
 = 10 GeV forps = 1 TeV). If we lower the 
uto�, say �E
ps < 10�3, for ea
h heli
ity 
ombination the e�e
tive2 ! 2 matrix element be
omes negative within some range of s
attering angle, 
ompensatingthe 2 ! 3 squared matrix element that for su
h a small 
uto� overshoots the total NLOdi�erential 
ross se
tion. This is illustrated in Fig. 3.6
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tive squared matrix element (arbitrary units) for e�e+ ! ~��1 ~�+1 as a fun
tion ofthe polar s
attering angle � at ps = 1 TeV. Left �gure: Heli
ity 
ombination � + +�; right�gure: � + ++. Solid line: Born term; dashed: in
luding virtual and soft 
ontributions for�E
 = 10 GeV; dash-dotted: same with �E
 = 0:5 GeV.However, the experimental resolution 
an be better than that, and for large �E
 power
orre
tions to the soft approximation are not 
ompletely negligible; therefore we are interestedin letting �E
 ! 0. To obtain unweighted event samples in the presen
e of negative-weightevents, an ad-ho
 approa
h is to simply drop su
h events before pro
eeding further. Thenumeri
al 
onsequen
es of su
h a trun
ation are dis
ussed below.2Instead of sli
ing phase spa
e and introdu
ing a separate treatment of the soft and 
ollinearregions, an alternative approa
h uses subtra
tions in the integrand to eliminate the singularitiesbefore integration [24℄; the subtra
ted pie
es are integrated analyti
ally and added ba
k or
an
elled against ea
h other where possible. This method does not require te
hni
al 
uto�s andtherefore allows to get rid of 
uto�-indu
ed artefa
ts in the result. Unfortunately, the subtra
tedintegrands do not ne
essarily satisfy positivity 
onditions either, so the transformation into anunweighted Monte-Carlo generator is not straightforward. (Of 
ourse, the method may be usedto 
onstru
t a weighted event generator.) We do not 
onsider this method in the present paper.3 Resumming Photons3.1 Leading LogarithmsThe short
omings of the �xed-order approa
h des
ribed above are asso
iated with the soft-
ollinear region E
 < �E
, �
 < ��
, where the appearan
e of double logarithms �� ln E2
s ln �
2Stri
tly speaking, events with a weight that 
an be
ome negative do not pre
lude dete
tor simulation andfurther analysis, but the event samples 
ontaining them are not a possible out
ome of a physi
al experiment.In parti
ular, simulating the dete
tor response to su
h events is a waste of resour
es. If a method is availablethat eliminates them, it is the preferable 
hoi
e. 7



invalidates the perturbative series. However, in that region higher-order radiation 
an be re-summed [25℄. The exponentiated stru
ture fun
tion fISR [26℄ given in Eq. (24) that resumsinitial-state radiation,�Born+ISR(s;��
;m2e) = Z dx fISR(x;��
; m2es )Z d�2 jMBorn(xs)j2; (12)in
ludes all-order photon radiation in the soft regime at leading-logarithmi
 approximationand, simultaneously, 
orre
tly des
ribes 
ollinear radiation of up to three photons in the hardregime. It does not a

ount for the heli
ity-
ip part f� (23) of the �xed-order stru
turefun
tion; this may either be added separately or just be dropped sin
e it is subleading in theleading-logarithmi
 approximation.In this des
ription of the 
ollinear region, there is no expli
it 
uto� �E
 involved, and
ollinear virtual photons 
onne
ted to at least one in
oming parti
le are in
luded. The latterpart is e�e
tively smeared over small photon energies, su
h that the +-distribution singularityof the �nite-order result is repla
ed by a power-like behavior with a �nite limit for x ! 1.Stated di�erently, the 
an
ellation of infrared singularities between virtual and real 
orre
tionsis built-in (for 
ollinear photons), so that the main sour
e of negative event weights is eliminated.3.2 Mat
hing with NLOWe 
ombine the ISR-resummed LO result with the additional NLO 
ontributions des
ribedin the previous se
tion. To a
hieve this, we �rst subtra
t from the e�e
tive squared matrixelement, for ea
h in
oming parti
le, the 
ontribution of one soft photon that is 
ontained inthe ISR stru
ture fun
tion (and has already been a

ounted for in the soft-photon fa
tor),fsoft,ISR(�E
;��
;m2e) = �4 Z 1x0 dx�1 + x21� x �+ = �4 �2 ln(1� x0) + x0 + 12x20� : (13)Here, � is de�ned in Eq. (22), and the +-distribution is represented, e.g., byg(x)+ = lim�!0 ��(1 � x� �) g(x)� Æ(1� x� �)Z 1��0 g(y) dy� : (14)After this subtra
tion we havejfMe�(ŝ;�E
;��
;m2e)j2 = h1 + fsoft(�E
� )� 2fsoft,ISR(�E
;��
; m2es )i jMBorn(ŝ)j2+ 2Re �MBorn(ŝ)M1-loop(ŝ; �2;m2e)� ; (15)with ŝ being the 
.m. energy after radiation. This expression 
ontains the Born term, thevirtual and soft 
ollinear 
ontribution with the leading-logarithmi
 part of virtual photons andsoft 
ollinear emission removed, and soft non-
ollinear radiation of one photon; it still dependsof the 
uto� �E
. Convoluting this with the resummed ISR stru
ture fun
tion,�v+s,ISR(s;�E
;��
;m2e)= Z dx1 fISR(x1;��
; m2es ) Z dx2 fISR(x2;��
; m2es )Z d�2 jfMe�(ŝ;�E
;��
;m2e)j2; (16)8
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tion of the polar s
attering angle � at ps = 1 TeV. Left�gure: Heli
ity 
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ross se
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orre
tions to the Born/one-loop interferen
e. The 
ompleteresult again 
ontains in addition the 2 ! 3 part,�tot,ISR(s;m2e) = �v+s,ISR + Z�E
 ;��
 d�3 jM2!3(s)j2: (17)3.3 SimulationAs 
an be veri�ed in Fig. 4, the resummation approa
h does eliminate the problem of negativeweights: shifting the energy 
uto� below the experimental resolution, e.g., �E
 = 0:5 GeV, su
hthat photons are expli
itly generated whenever they 
an be resolved, the subtra
ted e�e
tivesquared 2 ! 2 matrix element is still positive semide�nite in the whole phase spa
e. Sin
eneither the in
lusion of the ISR stru
ture fun
tion nor the addition of the 2! 3 part introdu
esfurther sour
es of negative weights, unweighting of generated events is now possible, so thismethod allows for realisti
 simulation at NLO.After resummation, the only potentially remaining sour
e of negative event weights is thesoft-non
ollinear region. Negative weights are absent as long asO(1)� �� ln (�E
)2s ln(��
)stays smaller than one, where the O(1) prefa
tor depends on the spe
i�
 pro
ess. For the 
uto�and parameter ranges we are 
onsidering here, this 
ondition is ful�lled.9



A �nal possible improvement is to also 
onvolute the 2 ! 3 part with the ISR stru
turefun
tion, �tot,ISR+(s;m2e)= Z dx1 fISR(x1;��
; m2es ) Z dx2 fISR(x2;��
; m2es )� Z d�2 jfMe�(ŝ;�E
;��
;m2e)j2 + Z�E
 ;��
 d�3 jM2!3(ŝ)j2! : (18)This introdu
es another set of higher-order 
orre
tions, namely those where after an arbitrarynumber of 
ollinear photons, one hard non-
ollinear photon is emitted. This additional resum-mation does not double-
ount. It 
at
hes logarithmi
 higher-order 
ontributions where orderingin transverse momentum 
an be applied. Other, logarithmi
ally subleading 
ontributions aremissed; this is 
onsistent sin
e the genuine se
ond-order part is not 
al
ulated anyway.4 Results4.1 Choosing Cuto�sIn the kinemati
al ranges below the soft and 
ollinear 
uto�s, several approximations are made.In parti
ular, the method neglegts 
ontributions proportional to positive powers of �E
 and��
, so the 
uto�s must not be in
reased into the region where these e�e
ts 
ould be
omeimportant. On the other hand, de
reasing 
uto�s too mu
h we 
an enter a region where thelimited ma
hine pre
ision indu
es numeri
al instabilities. Therefore, we have to 
he
k thedependen
e of the total 
ross se
tion as 
al
ulated by adding all pie
es and identify parameterranges for �E
 and ��
 where the result is stable but does not depend signi�
antly on the
uto� values.Energy 
uto� dependen
eIn Fig. 5 we 
ompare the numeri
al results obtained using the semianalyti
 �xed-order 
al
u-lation with our Monte-Carlo integration in the �xed-order and in the resummation s
hemes,respe
tively. Throughout this se
tion, we set the pro
ess energy to ps = 1 TeV and refer tothe SUSY parameter point SPS1a'. All 2 ! 2 and 2 ! 3 
ontributions are in
luded, so theresults would be 
uto�-independent if there were no approximations involved.The �xed-order Monte-Carlo result agrees with the semianalyti
 result, as it should be the
ase, as long as the 
uto� is greater than a few GeV. For smaller 
uto� values the Monte-Carloresult drasti
ally departs from the semianalyti
 one be
ause the virtual 
orre
tion ex
eeds theLO term there, and therefore the 2 ! 2 e�e
tive squared matrix element be
omes negativein part of phase spa
e. For the Monte-Carlo approa
h, aiming at unweighting events, theintegrand is set to zero in regions where it is a
tually negative, and the result overshoots whenthis happens. 10
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ross se
tion dependen
e on the energy 
uto� �E
 using di�erent 
al
ula-tional methods: `sa' (dotted) = �xed-order semianalyti
 result [15℄ using FeynArts/FormCal
;`�x' (dashed) = �xed-order Monte-Carlo result (8) using WHIZARD; `res' (long-dashed) = ISR-resummed Monte-Carlo result (18) using WHIZARD; (dash-dotted) = same but resummation ap-plied only to the 2! 2 part (17). Statisti
al Monte-Carlo integration errors are shown. For theMonte-Carlo results, the 
ollinear 
uto� has been �xed to ��
 = 1Æ. The Born 
ross se
tion isindi
ated by the dotted horizontal line.The semianalyti
 �xed-order result is not exa
tly 
uto�-independent, as one 
ould naivelyexpe
t. Instead, it exhibits a slight rise of the 
al
ulated 
ross se
tion with in
reasing 
uto�;for �E
 = 1 GeV (10 GeV) the shift is about 2h (5h) of the total 
ross se
tion, respe
tively.While for 
uto� values approa
hing the pro
ess energy the soft approximation is expe
ted tofail, the rise at small 
uto� values is due to the fa
t that in the soft-photon fa
tor fsoft(�E
� ) thekinemati
s is slightly tweaked (ne
essary to 
an
el the photon-mass dependen
e in the virtualpart), and the 
an
ellation of the logarithmi
 singularity in �E
 is therefore not exa
t. Themismat
h is parameteri
ally of the order �E
=ps multiplied by the virtual 
orre
tion; giventhe fa
t that the virtual 
orre
tion ex
eeds the LO term at about �E
 = 1 GeV, we expe
t anerror of up to a few h at that point. For E . 0:1 GeV, this error be
omes truly negligible.The fully resummed result (18) shows an in
rease of about 5h of the total 
ross se
tionwith respe
t to the �xed-order result whi
h stays roughly 
onstant until �E
 > 10 GeV where11
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ross se
tion dependen
e on the 
ollinear 
uto� ��
 using three di�erent 
al
u-lational methods: sa (dotted) = �xed-order semianalyti
 result [15℄ using FeynArts/FormCal
;�x (dashed) = �xed-order Monte-Carlo result (8) using WHIZARD; res (long-dashed) = third-order ISR-resummed Monte-Carlo result (18) using WHIZARD; (dash-dotted) = same, but usingthe �rst-order ISR-resummed stru
ture fun
tion instead. Statisti
al Monte-Carlo integrationerrors are shown. The soft 
uto� has been �xed to �E
 = 10 GeV.the soft approximation breaks down. This in
rease is a real e�e
t; it is due to higher-orderphoton radiation that is absent from the �xed-order 
al
ulation. Comparing with the 
urve for2 ! 2 resummation (17), we observe that for �E
 > 1 GeV these higher-order 
ontributionsare 
aught by ISR resummation of the 2! 2 part, but are transferred to the 2! 3 part if the
uto� is lowered further, i.e., one radiated photon is resolved.At the ILC, with a 
ross se
tion of more than 100 fb and an integrated luminosity of 1 ab�1,a statisti
al 1� 
u
tuation level of 2:5h is rea
hed. Although systemati
al un
ertainties in theanalysis are likely to be relevant as well, the theoreti
al predi
tion of the Monte-Carlo generatorshould aim at mat
hing that pre
ision. To get rid of artefa
ts of the soft approximation atthe level of 2h, we have to 
hoose �E
 � 0:5 GeV. (For 
uto�s lower than 0:1 GeV double-pre
ision numeri
s breaks down, although we still 
ould obtain results by swit
hing to quadruplepre
ision.) Resumming photons leads to an in
rease of 5h.A 
ommon pra
ti
e is to just 
onvolute the Born part with the ISR stru
ture fun
tion,leaving all other 
ontributions at �xed O(�). Our results show that this is insuÆ
ient if thea
hievable a

ura
y is to be exploited.To 
on
lude, for the resummation method indi
ated by Eq. (18) the desired low 
uto�values are a
tually a

eptable, and the systemati
 errors indu
ed by the soft and 
ollinear12



approximations 
an be suppressed down to the expe
ted level of statisti
al 
u
tuations. Inprin
iple, NNLO 
orre
tions and higher order e�e
ts of running 
ouplings should be studied fora �nal verdi
t on the theoreti
al a

ura
y. However, we do not expe
t these 
orre
tions to besigni�
ant; in parti
ular, at ILC energies ele
troweak Sudakov logarithms are still suÆ
ientlysmall [27℄. O�-shell and �nite-width e�e
ts 
an be taken into a

ount by interfa
ing the resultsobtained here with the multi-parti
le event generators presented in [12℄.Collinear 
uto� dependen
eThe 
ollinear 
uto� ��
 separates the region where, in the 
ollinear approximation, higher-order radiation is resummed from the region where only a single photon is in
luded, but treatedexa
tly. We show the dependen
e of the result on this 
uto� is in Fig. 6.The plot shows that the main higher-order e�e
t is asso
iated with photon emission anglesbelow 0:1Æ. Cuto� values between 0:1Æ and 10Æ are essentially equivalent. To a
hieve this
uto�-independen
e, 
ollinear terms have to be in
luded in the stru
ture fun
tion beyond �rstorder (up to third order in our 
ase); using the �rst-order ISR-resummed stru
ture fun
tioninstead would miss some radiation at low angles �
 < 1Æ, 
f. the small di�eren
e at � �
 = 0:1Æbetween the �rst- and third-order results in Fig. 6. For �
 > 10Æ, the 
ollinear approximationbreaks down.Photon mass dependen
eThe dependen
e on the �
titious photon mass � is eliminated by implementing the soft-photonfa
tor fsoft before any further manipulations are done. Therefore, while the photon mass remainsa parameter in the matrix element 
ode, the result does not numeri
ally depend on it, regardlesswhi
h method has been 
hosen.4.2 Energy Dependen
e of the Total Cross Se
tionFixing the 
uto�s to reasonable values, we 
an use the integration part of the Monte-Carlogenerator to evaluate the total 
ross se
tion at NLO for various energies. This is shown inFig. 7, where we display the LO result together with the NLO result for the �xed-order andresummed approa
h indi
ated above, respe
tively. Near the 
ross-se
tion maximum, the relative
orre
tion in the �xed-order (resummed) approa
h is about �5%, approa
hing �2% (�1:5%)at ps = 1 TeV, respe
tively. Near threshold and at asymptoti
 energies, the relative NLO
orre
tion is larger in magnitude.4.3 Simulated DistributionsThe strength of the Monte-Carlo method lies not in the ability to 
al
ulate total 
ross se
-tions, but to simulate physi
al event samples. We have used the WHIZARD event generatoraugmented by the e�e
tive matrix elements and stru
ture fun
tions as introdu
ed above, togenerate unweighted event samples for 
hargino produ
tion.13
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To evaluate the importan
e of the NLO improvement, in Fig. 8 we show the binned dis-tribution of the 
hargino produ
tion angle as obtained from a sample of unweighted events
orresponding to 1 ab�1 of integrated luminosity. The 
ollider energy has been set to 1 TeV,the SUSY parameter point SPS1a' is the same one as for the previous plots. With 
uto�s��
 = 1Æ and �E
 = 3 GeV we are not far from the expe
ted experimental resolution, whilefor the �xed-order approa
h negative event weights do not yet pose a problem. (As dis
ussedabove, for the resummation approa
h de
reasing 
uto�s further is possible and preferred, but
hoosing lower values would invalidate the �xed-order approa
h for the 
omparison.)The histograms illustrate the fa
t that NLO 
orre
tions in 
hargino produ
tion are notjust dete
table, but rather important for an a

urate predi
tion, given the high ILC luminosity.The 
orre
tion 
annot be approximated by a 
onstant K-fa
tor but takes a di�erent shape thanthe LO distribution. The 
orre
tion is positive in the forward and ba
kward dire
tions, butnegative in the 
entral region. The e�e
ts of photon resummation are not as striking, but stillstatisti
ally signi�
ant; they are visible mostly in the 
entral-to-forward region. Apparently, to
arefully 
hoose the resummation method and 
uto�s will be 
riti
al for a truly pre
ise analysisof real ILC data.5 Summary and OutlookWe have presented results obtained from implementing NLO 
orre
tions into a Monte-Carloevent generator for 
hargino pair-produ
tion at the ILC. On top of the genuine SUSY/ele
troweak
orre
tions, we have 
onsidered several approa
hes of in
luding photon radiation, where a stri
t�xed-order approa
h allows for 
omparison and 
onsisten
y 
he
ks with published semianalyti
results in the literature, while a version with soft- and hard-
ollinear resummation of photonradiation not just improves the numeri
al result, but a
tually is more straightforward to im-plement and does not su�er from negative event weights in or near the a

essible part of phasespa
e.A 
areful analysis of the dependen
e on the te
hni
al 
uto�s on photon energy and anglethat sli
e phase spa
e in regions, reveals un
ertainties related to higher-order radiation andbreakdown of the soft or 
ollinear approximations. For the level of pre
ision required by ILCanalyses, the 
uto�s have to be 
hosen rather low. Resummation of photon radiation is requirednot just for pre
ision, but also to get rid of negative event weights in the simulation. In theMonte-Carlo event generator WHIZARD we have thus implemented the NLO result with higher-order resummation in 
riti
al regions. The generator a

ounts for all yet known higher-ordere�e
ts, allows for 
uto�s small enough that soft- and 
ollinear-approximation artefa
ts arenegligible, and expli
itly generates photons where they 
an be resolved experimentally.The generator that we have 
onstru
ted should be regarded as a step towards 
omplete NLOsimulation of SUSY pro
esses at the ILC. If 
harginos happen to be metastable, it already pro-vides all ne
essary ingredients. Beam e�e
ts (beamstrahlung and energy spread, polarization)are available for simulation and 
an easily be in
luded. However, 
harginos are metastable onlyfor pe
uliar SUSY parameter points; in general we have to take into a

ount 
hargino de
ayand the 
orresponding additional NLO 
orre
tions. These we have to mat
h with o�-shell and15



ba
kground e�e
ts, already available for simulation in WHIZARD. Furthermore, in the thresholdregion the Coulomb singularity 
alls for resummation, not yet a

ounted for in the program.These lines of improvement will be pursued in future work.A
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A Soft and 
ollinear photon fa
torsThe soft-photon fa
tor that allows us to eliminate the �
ti
ious photon mass � in favor of aphysi
al photon-energy 
uto� �E
 is given by the integral [28,22,29℄fsoft = � �2� Xi;j= e� ;e�� Zjkj��E
 d3k2!k (�)pipj QiQj(pik)(pjk) : (19)pi (k) denote the ele
tron/
hargino (photon) four-ve
tors, respe
tively, while!k = pk2 + �2 (20)is the energy of a photon regularized by the photon mass �. Qi are the 
orresponding 
harges.The sign is � for in
oming and + for outgoing parti
les, respe
tively.For 
onserved heli
ity, the 
ollinear radiation of one photon 
an be approximated by 
on-voluting the no-photon matrix element with the stru
ture fun
tion (see, e.g., [30℄)f+(x) = �4 1 + x2(1� x) : (21)Here, with k>max = p0e ��
 being the 
ollinear 
uto�, the expansion parameter � is de�ned as� = 2�� �ln� s4m2e (��
)2�� 1� : (22)The heli
ity-
ip stru
ture fun
tion, f�(x) = �2� (1 � x) (23)does not 
ontain a logarithmi
 enhan
ement with ��
, so the heli
ity-
ip part of 
ollinearradiation is subdominant.In the soft-
ollinear region x � 1, �
 � 0, the leading logarithms in ��
 (i.e., powers of �)
an be resummed to all orders [25℄. Mat
hing this with the 
omplete x-dependent expressionsfor hard 
ollinear radiation to �rst, se
ond, and third order in �, Skrzypek and Jada
h obtainedthe ISR stru
ture fun
tion [26℄fISR(x) = exp ��12�
E + 38���(1 + �2) �2 (1 � x)( �2�1) � �4 (1 + x)+ �216 ��2(1 + x) ln(1� x)� 2 ln x1� x + 32(1 + x) lnx� x2 � 52�+ �38 ��1 + x2 � 932 � �212 + 34 ln(1� x) + 12 ln2(1� x)� 14 lnx ln(1� x)+ 116 ln2 x� 14Li2(1� x)�+ 1 + x22(1 � x) ��38 lnx+ 112 ln2 x� 12 lnx ln(1 � x)��14(1 � x)�ln(1� x) + 14�+ 132(5� 3x) lnx� : (24)17



B Two-Photon Phase-Spa
e Regimes in the Resumma-tion MethodThe 
lass of pro
esses we are 
onsidering exhibits the usual infrared and 
ollinear (for me = 0)singularities in individual 
ontributions to the physi
al result, whi
h we treat by standardmethods. In the �xed-order approa
h where only one photon is present, the 
onsequen
es ofthis phase-spa
e sli
ing are evident: (i) In the soft region, the photon energy is set to zeroin the matrix element, and the real 
ontribution is 
an
elled against the IR-divergent part ofthe virtual 
orre
tion, negle
ting 
orre
tions proportional to the photon energy. (ii) In thehard-
ollinear region, the photon-emission part of the matrix element is repla
ed by a stru
turefun
tion, negle
ting 
orre
tions proportional to the separation angle. As long as the problemof negative event weights 
an be ignored, and numeri
s is not an issue, the des
ription at �xedNLO always improves if any of those 
uto�s are lowered.However, the resummation method des
ribed in Se
. 3 involves all orders of soft-photonradiation. Shifting 
uto�s 
hanges the type of higher-order 
ontributions that are in
luded, solowering 
uto�s not ne
essarily improves the des
ription.To 
larify this issue, let us fo
us on the O(�2) 
orre
tion, i.e., two photons (real or virtual).Sin
e we do not 
onsider two-loop diagrams, this 
orre
tion is not 
ompletely a

ounted for,but dominant 
ontributions are in
luded.In the resummation method, there are three di�erent ways of dealing with real and virtualphotons:(a) soft approximation [29℄:des
ribes 
ollinear and non-
ollinear soft photons; negle
ts 
ontributions / �E
ps ; is 
om-bined in the sequel with the soft photoni
 part of the one-loop matrix element(b) ISR [26℄:des
ribes 
ollinear real and virtual photons; negle
ts interferen
e terms in photon emis-sions. Assumes k>-ordering of the emitted photons, i.e. for j > i: k>j > k>i , and in nthorder: Pni=1 k>i < k>max, where k>max is �xed.(
) real emission given by exa
t (hard non-
ollinear) matrix elementM2! 3Considering now the treatment of two photons (i.e. O(�2) 
orre
tions), at least one ofthe photons is always des
ribed by the ISR stru
ture fun
tion. But when the Born term is
onvoluted with the ISR fun
tion, there are also two-photon 
ontributions des
ribed solely bythe ISR. We have to distinguish between the 
ases where (i) the two photons are atta
hed tothe same or (ii) to di�erent in
oming parti
les. In 
ase (i), we 
onsider the three termsO(�2)ISR � O(�)ISRO(�)softISR + O(�)ISRO(�)soft: (25)The �rst term 
ontains all pairs of 
ollinear photons from the ISR, k>-ordered; the last term
ontains a �rst photon from ISR and a se
ond one from the soft-photon fa
tor (SPF, whi
h inthe following is understood to in
lude the soft photoni
 one-loop 
ontribution). The term in the18



middle is the subtra
tion to avoid double-
ounting of soft photons des
ribed in subse
tion 3.2.Here both photons are from the ISR, the �rst one with arbitrary energy, the se
ond one soft.If the se
ond of the 
onsidered photons is soft, and both are k>-ordered, then there is anexa
t 
an
ellation between the �rst two terms. For non k>-ordered photons, the �rst term givesno 
ontribution, and there is a 
an
ellation between the se
ond and third term, whi
h resultsin a di�eren
e between the \exa
t" SPF expression and the ISR LLA term for the in
omingparti
le #j: �j = O(�)j;soft �O(�)j;ISR:In the 
ase (ii), we write the terms s
hemati
ally asO(�)1;ISRO(�)2;ISR+O(�)1;ISR �O(�)2;soft �O(�)soft2;ISR�+ �O(�)1;soft �O(�)soft1;ISR�O(�)2;ISR: (26)Sin
e here there are always two di�erent stru
ture fun
tions involved, k>-ordering is absent,and after a 
an
ellation of soft terms one is left with�1O(�)2;ISR +O(�)1;ISR�2 +O(�)1;ISRO(�)2;ISR;whi
h is up to the missing terms �1�2 equivalent to an SPF des
ription for both legs.We now investigate the 
hanges indu
ed by raising one of the two 
uto�s. Generally, for the
ontributions with two real photons, we loose 
ontributions if we lower the 
uto�s sin
e doublephoton radiation is not a

ounted for by the 2! 3 matrix element. Convoluting also the 2! 3matrix element with the ISR stru
ture fun
tion as proposed in Equ. (18) gives 
ontributionswith a 
ollinear and hard non-
ollinear photon and 
ures the problem. But still, raising the
uto� ��
 opens up phase spa
e for the �rst photon. Thus, raising the 
uto�s gives a betterdes
ription of these 
ontributions as long as the 
ollinear approximation is valid. The sameholds for the energy 
uto�, but we see from Figs. 5 and 6 that the soft approximation failsmu
h earlier than the 
ollinear des
ription.By in
luding the next order of real photon radiation expli
itly, i.e.,Z�E
;i;��
;i d�4 jM2!4(s)j2;we 
an further improve the des
ription of this part of two-photon phase spa
e. This 
ontri-bution, whi
h is however tiny for the 
uto� values 
onsidered here, 
an easily be added usingWHIZARD as a tree-level event generator.For 
ompleteness, we �nally dis
uss the reshu�ing of 
ontributions in the overlap regionof the soft-
ollinear and hard-
ollinear (ISR) des
riptions. If we raise �E
 while keeping ��
�xed, photons that have been hard now be
ome soft. In the 
ase (ii) (photons radiated fromtwo di�erent external parti
les), a photon whi
h has been des
ribed by the stru
ture fun
tion,
omes now with the SPF. For the 
ase (i), we have to distinguish whether the two photonsare k>-ordered or not. If they are, the des
ription again 
hanges from the ISR to the SPF. If19



there is no k>-ordering, then the photons either 
hange from hard+soft to soft+soft, whi
h is asmooth transition where only the last two terms of Equ. (25) are involved, or the se
ond photon
hanges to soft for the 
ombinations hard+hard or soft+hard. In that 
ase there appear new
ontributions of the form �O(�)ISR, whi
h have not been there before.Raising ��
, while keeping �E
 �xed, shu�es photons from a non-
ollinear to a 
ollineardes
ription. The interesting region is for photons that lie in the soft regime near the limit of thesoft-
ollinear regime and 
hange into the latter after raising the angle 
uto�. For k>-orderedphotons the 
ross-over is smooth and the se
ond photon stays with the SPF, while for non-ordered photons the des
ription swit
hes from the SPF to the the di�eren
e between ISR andSPF. For the 
ase (ii) of radiation from di�erent legs, the des
ription always remains with theSPF.For more details see [31℄.C SPS1a'The SUSY parameter point SPS1a' is de�ned in Ref. [3℄; it is a SUGRA-type s
enario derivedfrom the parameter setm0 = 70 GeV; m1=2 = 250 GeV; tan � = 10;� > 0; A0 = �300 GeV: (27)The pre
ise spe
trum and 
oupling parameters are 
omputed using the renormalization-groupevolution 
ode of Ref. [32℄; the values 
an be found in Ref. [3℄. The 
hargino masses and widthsare also listed in Table 1.
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