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ABSTRACTWe present a Monte-Carlo event generator for simulating hargino pair-prodution at the International Linear Collider (ILC) at next-to-leading orderin the eletroweak ouplings. By properly resumming photons in the soft andollinear regions, we avoid negative event weights, so the program an sim-ulate physial (unweighted) event samples. Photons are expliitly generatedthroughout the range where they an be experimentally resolved. Inspetingthe dependene on the uto�s separating the soft and ollinear regions, weevaluate the systemati errors due to soft and ollinear approximations. Inthe resummation approah, the residual unertainty an be brought down tothe per-mil level, oiniding with the expeted statistial unertainty at theILC.1wolfgang.kilian�desy.de2juergen.reuter�desy.de3tania.robens�desy.de
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1 IntrodutionThe MSSM, the minimal supersymmetri (SUSY) extension of the Standard Model (SM), isa promising andidate for a theory of eletroweak interations [1℄. In this model, the Higgssetor is stabilized against power divergenes in radiative orretions, proton stability suggestsa disrete symmetry that provides us with a dark-matter partile, and the renormalization-group evolution of ouplings is preisely onsistent with gauge-oupling uni�ation (GUT) atan energy sale of the order 1016 GeV.A solid predition of the MSSM is the existene of harginos ~��1 ; ~��2 , the superpartners ofthe W� and the harged-Higgs H� bosons. In GUT models their masses tend to be near thelower edge of the superpartner spetrum, sine the absene of strong interations preludes largepositive renormalizations of their e�etive masses. Thus, if any superpartners are aessiblein e+e� ollisions at a �rst-phase ILC with .m. energy of 500 GeV, the lighter hargino ~��1is likely to be pair-produed with a sizable ross setion. In many models, inluding popularsupergravity-inspired senarios suh as SPS1a/SPS1a' [2℄, the seond hargino ~��2 will also beaessible at the ILC, at least if the .m. energy is inreased to about 1 TeV. Similar argumentshold for the neutralinos, the superpartners of neutral gauge and Higgs bosons. The lightestneutralino is possibly the lightest superpartner (LSP) and therefore the dark-matter partilepresent in the MSSM.The preise measurement of the hargino parameters (masses, mixing of ~��1 with ~��2 , andouplings) is a key for unovering any of the fundamental properties of the MSSM that wehave mentioned above. These values give a handle for proving supersymmetry in the Higgsand gauge-boson setor and thus the anellation of power divergenes. Charginos deay eitherdiretly or via short asades into the LSP, and a preise knowledge of masses and mixingparameters in the hargino/neutralino setor is the most important ingredient for prediting thedark-matter ontent of the universe. Finally, the high-sale evolution of their mass parametersshould point to a partiular supersymmetry-breaking senario, if the ontext of a GUT modelis assumed (f. [3℄). In all these ases, a knowledge of parameters with at least perent-levelauray is neessary.At the LHC, this is a diÆult task sine harginos are aessible mainly in ompliated deayasades of olored superpartners with substantial bakground, while diret pair-prodution issuppressed [4℄. The ILC provides muh leaner prodution hannels and deay signatures withlow bakground, so the required preision will be available at the ILC [5,6℄. To math thisexperimental auray, there is obvious need for theoretial preditions with next-to-leadingorder (NLO) auray in the eletroweak ouplings. The preditions have to be implementedin the simulation tools that are atually used in the experimental analyses (e.g. see [7℄).At leading order (LO), hargino prodution at the ILC is given by the tree-level diagrams inFig. 1, and events an be generated using the narrow-width approximation where all proessesare fatorized in on-shell 2 ! 2 prodution and a asade of on-shell 1 ! n deay proesses.The heliity amplitudes an be expressed in analyti form (f. [8℄), and the proess is availablein various omputer odes [9℄.The NLO orretions inlude1 (i) loop orretions to the SUSY prodution and deay pro-1This desribes the multiple-pole approximation [10℄; reent omplete NLO alulations in the SM [11℄ have1
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Figure 1: Feynman graphs for hargino pair prodution at the ILC.Mass Width~�+1 183:7 GeV 0:077 GeV~�+2 415:4 GeV 3:1 GeVTable 1: Chargino masses and widths for the SUSY parameter set SPS1a'.esses, (ii) nonfatorizable, but maximally resonant photon exhange between prodution anddeay, (iii) real radiation of photons, (iv) o�-shell kinematis for the signal proess, (v) ir-reduible bakground from all other multi-partile SUSY proesses, and (vi) reduible, butexperimentally indistinguishable bakground from Standard-Model (SM) proesses. So far, noalulation and simulation ode provides all NLO piees for a proess involving SUSY partiles.In Ref. [12℄, three omputer odes have been presented and veri�ed against eah other thatsimulate o�-shell multi-partile proesses at tree-level, both for the SM and the MSSM. Asgenerators of unweighted SUSY event samples, they thus over (iv), (v), and (vi). In partiular,the program desribed in this paper is implemented as an extension to the WHIZARD eventgenerator [13℄. With beamstrahlung, resummed initial-state radiation, arbitrary polarizationmodes and standard parton-shower and hadronization interfaes being inluded, this generatoris well suited for ILC physis studies.In this paper, we desribe the extension of the tree-level simulation of hargino produtionat the ILC by radiative orretions to the on-shell proess, i.e., we onsider (i) in the abovelist and onsistently inlude real photon radiation (iii). This is atually a useful approximationsine in many MSSM senarios harginos, in partiular ~��1 , are quite narrow (f. Table 1), sononfatorizable ontributions are signi�antly suppressed and deay orretions an be sepa-rated from the orretions to the prodution proess.We emphasize that for the simulation of physial (i.e., unweighted) event samples, it isessential that the e�etive matrix elements are positive semide�nite over the whole aessiblephase spae. The QED part of radiative orretions does not meet this requirement in somephase spae regions. Methods for dealing with this problem have been developed in the LEP1era [14℄. While these methods are also appliable for the ILC situation, they need a thoroughreonsideration sine the ILC preision atually exeeds the one ahieved in LEP experiments.expliitly veri�ed the validity of this approximation in the signal region.2
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2.2 NLO CorretionsThe one-loop orretions to the proess e�e+ ! ~��i ~�+j with j = 1; 2 have been omputed inRef. [15℄, using the FeynArts/FormCal pakage [16℄ for the evaluation of one-loop Feynmandiagrams in the MSSM. An independent alulation with onsistent numerial results has beenpresented in [17℄. These alulations inlude the omplete set of virtual diagrams ontributingto the proess with both SM and SUSY partiles in the loop. The ollinear singularity forphoton radiation o� the inoming eletron and positron is regulated by the �nite eletronmass me. As an infrared regulator, the alulation introdues a �titious photon mass �. Theinterferene of these diagrams with the Born term de�nes the 'virtual' ontribution�virt(s; �2;m2e) = Z d�2 �2Re �MBorn(s)�M1-loop(s; �2;m2e)�� : (2)The dependene on the �titious parameter � is eliminated by negleting ontributions pro-portional to powers of � and adding real photon radiation with energy E < �E, where E isde�ned in some referene frame, usually the .m. frame. Hene, the residual logarithmi depen-dene on � is anelled in favor of a logarithmi dependene on �E. This orretion an be ex-pressed as a universal fator fsoft(�E� ) (19). The `virtual + soft' ontribution �v+s(s;�E;m2e)is thus given by�v+s(s;�E;m2e) = Z d�2 hfsoft(�E� ) jMBorn(s)j2 + 2Re �MBorn(s)�M1-loop(s; �2;m2e)�� : (3)In a real experiment, there is always a �nite energy resolution �Eexp for photons, and ombiningsoft and virtual photons below this uto� is justi�ed. For the simulation one would hoose�E � �Eexp .This result is omplemented by the `hard' ontribution �2! 3(s;�E;m2e), i.e., the real-radiation proess e�e+ ! ~��i ~�+j  integrated over photon phase spae down to the energyresolution �E: �2! 3(s;�E;m2e) = Z�E d�3 jM2!3(s;m2e)j2: (4)The sum, whih an be expressed as a total ross setion or, e.g., as a di�erential distributionin the hargino polar angle �, should not depend on the photon-energy uto�:�tot(s;m2e) = �Born(s) + �v+s(s;�E;m2e) + �2! 3(s;�E;m2e) (5)However, the dependene on �E anels only approximately sine positive powers of �E arenegleted in the v+s term but not in the 2! 3 proess.2.3 Collinear PhotonsWhile photons with large energy and large angle an be experimentally resolved and must beexpliitly generated by the Monte-Carlo simulation program, photons ollinear to the inomingeletrons annot be deteted. (Sine the outgoing harginos have substantial mass, a ollinear4



approximation for �nal-state radiation is not needed.) As usual, we break down the (hard)2! 3 ross setion into a ollinear and a non-ollinear part, separated at a photon aollinearityangle �� relative to the inoming eletron or positron:�2! 3(s;�E;m2e) = �hard,non-oll(s;�E;��) + �hard,oll(s;�E;��;m2e); (6)where in the non-ollinear part the eletron mass an be negleted. The last term is approx-imated by onvoluting the Born ross setion with a struture funtion f(x;��; m2es ), withx = 1 � 2E=ps being the energy fration of the eletron after radiation,�hard,oll(s;�E;��;m2e) = Z�E ;�� d�3 jM2!3(s;m2e)j2= Z x00 dx f(x;��; m2es )Z d�2 jMBorn(xs;m2e)j2: (7)The struture funtion f(x;��; m2es ) ontains two piees f+; f� (21,23) that orrespond to he-liity onservation and heliity ip, respetively; eah one is onvoluted with the orrespondingmatrix element. The uto� �E is replaed by x0 = 1 � 2�E=ps. In this approximation,positive powers of �� are negleted.2.4 SimulationCombining the above, the ross setion is given by�tot(s;m2e) = Z dx fe�(x1; x2;�E;��; m2es ) Z d�2 jMe�(s; x1; x2;m2e)j2+ Z�E ;�� d�3 jM2!3(s)j2; (8)where we de�nefe�(x1; x2;�E;��; m2es ) = Æ(1� x1) Æ(1� x2)+ Æ(1� x1) f(x2;��; m2es ) �(x0 � x2)+ f(x1;��; m2es ) Æ(1 � x2) �(x0 � x1) (9)and jMe�(s; x1; x2;m2e)j2 = �1 + fsoft(�E; �2) �(x1; x2))� jMBorn(s)j2+ 2Re �MBorn(s)M1-loop(s; �2;m2e)� �(x1; x2) (10)with �(x1; x2) � �(x1 � x0) �(x2 � x0).This struture is suitable for implementing it into an event generator. In WHIZARD, forinstane, there is an interfae for arbitrary struture funtions f(x1; x2) that an be onvolutedwith the Born squared matrix element. We insert the above e�etive radiator funtion fe� as5



a `user-de�ned' struture funtion and replae the Born matrix element as omputed by thematrix-element generator, O'Mega [18℄, by the e�etive matrix element de�ned above. Thelatter is omputed by a all to the FormCal-generated routine.In order to aount for the Æ-funtion part ontained in the radiator funtion, for the Monte-Carlo sampling of x values the xi range is separated into two regions eah, one for xi < x0 andthe other one for xi > x0. For eah xi, the �rst region is mapped suh as to maximize theeÆieny of event generation. If the sampled point ends up in the seond region, xi is set equalto 1 before the matrix element is evaluated as demanded by the Æ funtion. The relative weightof the two regions is given byw(x > x0) : w(x < x0) = 1 : Z x00 dx f(x;��; m2es ): (11)For a onsistent �rst-order alulation, we have to avoid the radiation of two (ollinear) photons.Therefore, the radiator funtion fe� is zero in the region with x1 < x0 and x2 < x0, and in the2! 3 proess, no onvolution with struture funtions is applied.Implementing this algorithm in WHIZARD, we onstrut an unweighted event generator. Withseparate runs for the 2! 2 and 2! 3 parts, the program �rst adapts the phase spae samplingand alulates a preise estimate of the ross setion. The built-in routines apply event rejetionbased on the e�etive weight and thus generate unweighted event samples.For the 2! 2 part onvoluted with a struture funtion, WHIZARD an optionally representthe missing ollinear energy by a real photon in the event, with pT generated aording tothe orret logarithmi distribution up to the uto� angle ��. Thus, if there is any energyavailable for radiation, the atual events ontain a photon in addition to the hargino pairregardless whether the event has been generated in the 2! 2 or 2! 3 part.On the tehnial side, for the atual implementation we have arefully heked that allphysial parameters and, in partiular, the de�nition of heliity states are orretly mathedbetween the onventions [19℄ used by O'Mega and WHIZARD [20℄, and those used by FormCal(f. e.g. [21℄).2.5 Where this Approah FailsNumerially, the modi�ed WHIZARD ode reprodues the total ross setion at �xed next-to-leading order in � as presented in Ref. [15℄. In priniple, this makes the NLO result availablefor physis simulation. However, in the soft-photon region the �xed-order approah runs intothe well-known problem of negative event weights [22,23℄.While for any �xed heliity ombination and hargino sattering angle the di�erential rosssetion is positive if we inlude the virtual ontribution and integrate real soft photons up toa �nite uto� �E, the 2 ! 2 part of the NLO-orreted squared matrix element is positivede�nite by itself only if �E is suÆiently large, say �Eps = 10�2 (i.e., �E = 10 GeV forps = 1 TeV). If we lower the uto�, say �Eps < 10�3, for eah heliity ombination the e�etive2 ! 2 matrix element beomes negative within some range of sattering angle, ompensatingthe 2 ! 3 squared matrix element that for suh a small uto� overshoots the total NLOdi�erential ross setion. This is illustrated in Fig. 3.6
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invalidates the perturbative series. However, in that region higher-order radiation an be re-summed [25℄. The exponentiated struture funtion fISR [26℄ given in Eq. (24) that resumsinitial-state radiation,�Born+ISR(s;��;m2e) = Z dx fISR(x;��; m2es )Z d�2 jMBorn(xs)j2; (12)inludes all-order photon radiation in the soft regime at leading-logarithmi approximationand, simultaneously, orretly desribes ollinear radiation of up to three photons in the hardregime. It does not aount for the heliity-ip part f� (23) of the �xed-order struturefuntion; this may either be added separately or just be dropped sine it is subleading in theleading-logarithmi approximation.In this desription of the ollinear region, there is no expliit uto� �E involved, andollinear virtual photons onneted to at least one inoming partile are inluded. The latterpart is e�etively smeared over small photon energies, suh that the +-distribution singularityof the �nite-order result is replaed by a power-like behavior with a �nite limit for x ! 1.Stated di�erently, the anellation of infrared singularities between virtual and real orretionsis built-in (for ollinear photons), so that the main soure of negative event weights is eliminated.3.2 Mathing with NLOWe ombine the ISR-resummed LO result with the additional NLO ontributions desribedin the previous setion. To ahieve this, we �rst subtrat from the e�etive squared matrixelement, for eah inoming partile, the ontribution of one soft photon that is ontained inthe ISR struture funtion (and has already been aounted for in the soft-photon fator),fsoft,ISR(�E;��;m2e) = �4 Z 1x0 dx�1 + x21� x �+ = �4 �2 ln(1� x0) + x0 + 12x20� : (13)Here, � is de�ned in Eq. (22), and the +-distribution is represented, e.g., byg(x)+ = lim�!0 ��(1 � x� �) g(x)� Æ(1� x� �)Z 1��0 g(y) dy� : (14)After this subtration we havejfMe�(ŝ;�E;��;m2e)j2 = h1 + fsoft(�E� )� 2fsoft,ISR(�E;��; m2es )i jMBorn(ŝ)j2+ 2Re �MBorn(ŝ)M1-loop(ŝ; �2;m2e)� ; (15)with ŝ being the .m. energy after radiation. This expression ontains the Born term, thevirtual and soft ollinear ontribution with the leading-logarithmi part of virtual photons andsoft ollinear emission removed, and soft non-ollinear radiation of one photon; it still dependsof the uto� �E. Convoluting this with the resummed ISR struture funtion,�v+s,ISR(s;�E;��;m2e)= Z dx1 fISR(x1;��; m2es ) Z dx2 fISR(x2;��; m2es )Z d�2 jfMe�(ŝ;�E;��;m2e)j2; (16)8
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A �nal possible improvement is to also onvolute the 2 ! 3 part with the ISR struturefuntion, �tot,ISR+(s;m2e)= Z dx1 fISR(x1;��; m2es ) Z dx2 fISR(x2;��; m2es )� Z d�2 jfMe�(ŝ;�E;��;m2e)j2 + Z�E ;�� d�3 jM2!3(ŝ)j2! : (18)This introdues another set of higher-order orretions, namely those where after an arbitrarynumber of ollinear photons, one hard non-ollinear photon is emitted. This additional resum-mation does not double-ount. It athes logarithmi higher-order ontributions where orderingin transverse momentum an be applied. Other, logarithmially subleading ontributions aremissed; this is onsistent sine the genuine seond-order part is not alulated anyway.4 Results4.1 Choosing Cuto�sIn the kinematial ranges below the soft and ollinear uto�s, several approximations are made.In partiular, the method neglegts ontributions proportional to positive powers of �E and��, so the uto�s must not be inreased into the region where these e�ets ould beomeimportant. On the other hand, dereasing uto�s too muh we an enter a region where thelimited mahine preision indues numerial instabilities. Therefore, we have to hek thedependene of the total ross setion as alulated by adding all piees and identify parameterranges for �E and �� where the result is stable but does not depend signi�antly on theuto� values.Energy uto� dependeneIn Fig. 5 we ompare the numerial results obtained using the semianalyti �xed-order alu-lation with our Monte-Carlo integration in the �xed-order and in the resummation shemes,respetively. Throughout this setion, we set the proess energy to ps = 1 TeV and refer tothe SUSY parameter point SPS1a'. All 2 ! 2 and 2 ! 3 ontributions are inluded, so theresults would be uto�-independent if there were no approximations involved.The �xed-order Monte-Carlo result agrees with the semianalyti result, as it should be thease, as long as the uto� is greater than a few GeV. For smaller uto� values the Monte-Carloresult drastially departs from the semianalyti one beause the virtual orretion exeeds theLO term there, and therefore the 2 ! 2 e�etive squared matrix element beomes negativein part of phase spae. For the Monte-Carlo approah, aiming at unweighting events, theintegrand is set to zero in regions where it is atually negative, and the result overshoots whenthis happens. 10
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approximations an be suppressed down to the expeted level of statistial utuations. Inpriniple, NNLO orretions and higher order e�ets of running ouplings should be studied fora �nal verdit on the theoretial auray. However, we do not expet these orretions to besigni�ant; in partiular, at ILC energies eletroweak Sudakov logarithms are still suÆientlysmall [27℄. O�-shell and �nite-width e�ets an be taken into aount by interfaing the resultsobtained here with the multi-partile event generators presented in [12℄.Collinear uto� dependeneThe ollinear uto� �� separates the region where, in the ollinear approximation, higher-order radiation is resummed from the region where only a single photon is inluded, but treatedexatly. We show the dependene of the result on this uto� is in Fig. 6.The plot shows that the main higher-order e�et is assoiated with photon emission anglesbelow 0:1Æ. Cuto� values between 0:1Æ and 10Æ are essentially equivalent. To ahieve thisuto�-independene, ollinear terms have to be inluded in the struture funtion beyond �rstorder (up to third order in our ase); using the �rst-order ISR-resummed struture funtioninstead would miss some radiation at low angles � < 1Æ, f. the small di�erene at � � = 0:1Æbetween the �rst- and third-order results in Fig. 6. For � > 10Æ, the ollinear approximationbreaks down.Photon mass dependeneThe dependene on the �titious photon mass � is eliminated by implementing the soft-photonfator fsoft before any further manipulations are done. Therefore, while the photon mass remainsa parameter in the matrix element ode, the result does not numerially depend on it, regardlesswhih method has been hosen.4.2 Energy Dependene of the Total Cross SetionFixing the uto�s to reasonable values, we an use the integration part of the Monte-Carlogenerator to evaluate the total ross setion at NLO for various energies. This is shown inFig. 7, where we display the LO result together with the NLO result for the �xed-order andresummed approah indiated above, respetively. Near the ross-setion maximum, the relativeorretion in the �xed-order (resummed) approah is about �5%, approahing �2% (�1:5%)at ps = 1 TeV, respetively. Near threshold and at asymptoti energies, the relative NLOorretion is larger in magnitude.4.3 Simulated DistributionsThe strength of the Monte-Carlo method lies not in the ability to alulate total ross se-tions, but to simulate physial event samples. We have used the WHIZARD event generatoraugmented by the e�etive matrix elements and struture funtions as introdued above, togenerate unweighted event samples for hargino prodution.13
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To evaluate the importane of the NLO improvement, in Fig. 8 we show the binned dis-tribution of the hargino prodution angle as obtained from a sample of unweighted eventsorresponding to 1 ab�1 of integrated luminosity. The ollider energy has been set to 1 TeV,the SUSY parameter point SPS1a' is the same one as for the previous plots. With uto�s�� = 1Æ and �E = 3 GeV we are not far from the expeted experimental resolution, whilefor the �xed-order approah negative event weights do not yet pose a problem. (As disussedabove, for the resummation approah dereasing uto�s further is possible and preferred, buthoosing lower values would invalidate the �xed-order approah for the omparison.)The histograms illustrate the fat that NLO orretions in hargino prodution are notjust detetable, but rather important for an aurate predition, given the high ILC luminosity.The orretion annot be approximated by a onstant K-fator but takes a di�erent shape thanthe LO distribution. The orretion is positive in the forward and bakward diretions, butnegative in the entral region. The e�ets of photon resummation are not as striking, but stillstatistially signi�ant; they are visible mostly in the entral-to-forward region. Apparently, toarefully hoose the resummation method and uto�s will be ritial for a truly preise analysisof real ILC data.5 Summary and OutlookWe have presented results obtained from implementing NLO orretions into a Monte-Carloevent generator for hargino pair-prodution at the ILC. On top of the genuine SUSY/eletroweakorretions, we have onsidered several approahes of inluding photon radiation, where a strit�xed-order approah allows for omparison and onsisteny heks with published semianalytiresults in the literature, while a version with soft- and hard-ollinear resummation of photonradiation not just improves the numerial result, but atually is more straightforward to im-plement and does not su�er from negative event weights in or near the aessible part of phasespae.A areful analysis of the dependene on the tehnial uto�s on photon energy and anglethat slie phase spae in regions, reveals unertainties related to higher-order radiation andbreakdown of the soft or ollinear approximations. For the level of preision required by ILCanalyses, the uto�s have to be hosen rather low. Resummation of photon radiation is requirednot just for preision, but also to get rid of negative event weights in the simulation. In theMonte-Carlo event generator WHIZARD we have thus implemented the NLO result with higher-order resummation in ritial regions. The generator aounts for all yet known higher-ordere�ets, allows for uto�s small enough that soft- and ollinear-approximation artefats arenegligible, and expliitly generates photons where they an be resolved experimentally.The generator that we have onstruted should be regarded as a step towards omplete NLOsimulation of SUSY proesses at the ILC. If harginos happen to be metastable, it already pro-vides all neessary ingredients. Beam e�ets (beamstrahlung and energy spread, polarization)are available for simulation and an easily be inluded. However, harginos are metastable onlyfor peuliar SUSY parameter points; in general we have to take into aount hargino deayand the orresponding additional NLO orretions. These we have to math with o�-shell and15



bakground e�ets, already available for simulation in WHIZARD. Furthermore, in the thresholdregion the Coulomb singularity alls for resummation, not yet aounted for in the program.These lines of improvement will be pursued in future work.AknowledgmentsWe are grateful to T. Hahn, W. Hollik and T. Fritzshe for valuable disussions, tehnialhelp, and for providing us ode prior to publiation. We furthermore aknowledge S. Dittmaierfor helpful disussions, and T. Ohl for a areful reading of the manusript. This work wassupported by the German Helmholtz Assoiation, Grant VH{NG{005.
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A Soft and ollinear photon fatorsThe soft-photon fator that allows us to eliminate the �tiious photon mass � in favor of aphysial photon-energy uto� �E is given by the integral [28,22,29℄fsoft = � �2� Xi;j= e� ;e�� Zjkj��E d3k2!k (�)pipj QiQj(pik)(pjk) : (19)pi (k) denote the eletron/hargino (photon) four-vetors, respetively, while!k = pk2 + �2 (20)is the energy of a photon regularized by the photon mass �. Qi are the orresponding harges.The sign is � for inoming and + for outgoing partiles, respetively.For onserved heliity, the ollinear radiation of one photon an be approximated by on-voluting the no-photon matrix element with the struture funtion (see, e.g., [30℄)f+(x) = �4 1 + x2(1� x) : (21)Here, with k>max = p0e �� being the ollinear uto�, the expansion parameter � is de�ned as� = 2�� �ln� s4m2e (��)2�� 1� : (22)The heliity-ip struture funtion, f�(x) = �2� (1 � x) (23)does not ontain a logarithmi enhanement with ��, so the heliity-ip part of ollinearradiation is subdominant.In the soft-ollinear region x � 1, � � 0, the leading logarithms in �� (i.e., powers of �)an be resummed to all orders [25℄. Mathing this with the omplete x-dependent expressionsfor hard ollinear radiation to �rst, seond, and third order in �, Skrzypek and Jadah obtainedthe ISR struture funtion [26℄fISR(x) = exp ��12�E + 38���(1 + �2) �2 (1 � x)( �2�1) � �4 (1 + x)+ �216 ��2(1 + x) ln(1� x)� 2 ln x1� x + 32(1 + x) lnx� x2 � 52�+ �38 ��1 + x2 � 932 � �212 + 34 ln(1� x) + 12 ln2(1� x)� 14 lnx ln(1� x)+ 116 ln2 x� 14Li2(1� x)�+ 1 + x22(1 � x) ��38 lnx+ 112 ln2 x� 12 lnx ln(1 � x)��14(1 � x)�ln(1� x) + 14�+ 132(5� 3x) lnx� : (24)17



B Two-Photon Phase-Spae Regimes in the Resumma-tion MethodThe lass of proesses we are onsidering exhibits the usual infrared and ollinear (for me = 0)singularities in individual ontributions to the physial result, whih we treat by standardmethods. In the �xed-order approah where only one photon is present, the onsequenes ofthis phase-spae sliing are evident: (i) In the soft region, the photon energy is set to zeroin the matrix element, and the real ontribution is anelled against the IR-divergent part ofthe virtual orretion, negleting orretions proportional to the photon energy. (ii) In thehard-ollinear region, the photon-emission part of the matrix element is replaed by a struturefuntion, negleting orretions proportional to the separation angle. As long as the problemof negative event weights an be ignored, and numeris is not an issue, the desription at �xedNLO always improves if any of those uto�s are lowered.However, the resummation method desribed in Se. 3 involves all orders of soft-photonradiation. Shifting uto�s hanges the type of higher-order ontributions that are inluded, solowering uto�s not neessarily improves the desription.To larify this issue, let us fous on the O(�2) orretion, i.e., two photons (real or virtual).Sine we do not onsider two-loop diagrams, this orretion is not ompletely aounted for,but dominant ontributions are inluded.In the resummation method, there are three di�erent ways of dealing with real and virtualphotons:(a) soft approximation [29℄:desribes ollinear and non-ollinear soft photons; neglets ontributions / �Eps ; is om-bined in the sequel with the soft photoni part of the one-loop matrix element(b) ISR [26℄:desribes ollinear real and virtual photons; neglets interferene terms in photon emis-sions. Assumes k>-ordering of the emitted photons, i.e. for j > i: k>j > k>i , and in nthorder: Pni=1 k>i < k>max, where k>max is �xed.() real emission given by exat (hard non-ollinear) matrix elementM2! 3Considering now the treatment of two photons (i.e. O(�2) orretions), at least one ofthe photons is always desribed by the ISR struture funtion. But when the Born term isonvoluted with the ISR funtion, there are also two-photon ontributions desribed solely bythe ISR. We have to distinguish between the ases where (i) the two photons are attahed tothe same or (ii) to di�erent inoming partiles. In ase (i), we onsider the three termsO(�2)ISR � O(�)ISRO(�)softISR + O(�)ISRO(�)soft: (25)The �rst term ontains all pairs of ollinear photons from the ISR, k>-ordered; the last termontains a �rst photon from ISR and a seond one from the soft-photon fator (SPF, whih inthe following is understood to inlude the soft photoni one-loop ontribution). The term in the18



middle is the subtration to avoid double-ounting of soft photons desribed in subsetion 3.2.Here both photons are from the ISR, the �rst one with arbitrary energy, the seond one soft.If the seond of the onsidered photons is soft, and both are k>-ordered, then there is anexat anellation between the �rst two terms. For non k>-ordered photons, the �rst term givesno ontribution, and there is a anellation between the seond and third term, whih resultsin a di�erene between the \exat" SPF expression and the ISR LLA term for the inomingpartile #j: �j = O(�)j;soft �O(�)j;ISR:In the ase (ii), we write the terms shematially asO(�)1;ISRO(�)2;ISR+O(�)1;ISR �O(�)2;soft �O(�)soft2;ISR�+ �O(�)1;soft �O(�)soft1;ISR�O(�)2;ISR: (26)Sine here there are always two di�erent struture funtions involved, k>-ordering is absent,and after a anellation of soft terms one is left with�1O(�)2;ISR +O(�)1;ISR�2 +O(�)1;ISRO(�)2;ISR;whih is up to the missing terms �1�2 equivalent to an SPF desription for both legs.We now investigate the hanges indued by raising one of the two uto�s. Generally, for theontributions with two real photons, we loose ontributions if we lower the uto�s sine doublephoton radiation is not aounted for by the 2! 3 matrix element. Convoluting also the 2! 3matrix element with the ISR struture funtion as proposed in Equ. (18) gives ontributionswith a ollinear and hard non-ollinear photon and ures the problem. But still, raising theuto� �� opens up phase spae for the �rst photon. Thus, raising the uto�s gives a betterdesription of these ontributions as long as the ollinear approximation is valid. The sameholds for the energy uto�, but we see from Figs. 5 and 6 that the soft approximation failsmuh earlier than the ollinear desription.By inluding the next order of real photon radiation expliitly, i.e.,Z�E;i;��;i d�4 jM2!4(s)j2;we an further improve the desription of this part of two-photon phase spae. This ontri-bution, whih is however tiny for the uto� values onsidered here, an easily be added usingWHIZARD as a tree-level event generator.For ompleteness, we �nally disuss the reshu�ing of ontributions in the overlap regionof the soft-ollinear and hard-ollinear (ISR) desriptions. If we raise �E while keeping ���xed, photons that have been hard now beome soft. In the ase (ii) (photons radiated fromtwo di�erent external partiles), a photon whih has been desribed by the struture funtion,omes now with the SPF. For the ase (i), we have to distinguish whether the two photonsare k>-ordered or not. If they are, the desription again hanges from the ISR to the SPF. If19



there is no k>-ordering, then the photons either hange from hard+soft to soft+soft, whih is asmooth transition where only the last two terms of Equ. (25) are involved, or the seond photonhanges to soft for the ombinations hard+hard or soft+hard. In that ase there appear newontributions of the form �O(�)ISR, whih have not been there before.Raising ��, while keeping �E �xed, shu�es photons from a non-ollinear to a ollineardesription. The interesting region is for photons that lie in the soft regime near the limit of thesoft-ollinear regime and hange into the latter after raising the angle uto�. For k>-orderedphotons the ross-over is smooth and the seond photon stays with the SPF, while for non-ordered photons the desription swithes from the SPF to the the di�erene between ISR andSPF. For the ase (ii) of radiation from di�erent legs, the desription always remains with theSPF.For more details see [31℄.C SPS1a'The SUSY parameter point SPS1a' is de�ned in Ref. [3℄; it is a SUGRA-type senario derivedfrom the parameter setm0 = 70 GeV; m1=2 = 250 GeV; tan � = 10;� > 0; A0 = �300 GeV: (27)The preise spetrum and oupling parameters are omputed using the renormalization-groupevolution ode of Ref. [32℄; the values an be found in Ref. [3℄. The hargino masses and widthsare also listed in Table 1.
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