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he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, Germany(Dated: July 27, 2006)Abstra
tIn Phys. Rev. D 58, 014014 (1998) and 71, 094013 (2005), we determined non-perturbative D0,D+, D�+, D+s , and �+
 fragmentation fun
tions, both at leading and next-to-leading order in theMS fa
torization s
heme, by �tting e+e� data taken by the OPAL Collaboration at CERN LEP1.The starting points for the evolution in the fa
torization s
ale � were taken to be �0 = 2mQ, whereQ = 
; b. For the reader's 
onvenien
e, in this Addendum, we repeat this analysis for �0 = mQ,where the 
avor thresholds of modern sets of parton density fun
tions are lo
ated.PACS numbers: 13.60.-r, 13.85.Ni, 13.87.Fh, 14.40.Lb
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I. INTRODUCTIONThe OPAL Collaboration presented measurements of the fra
tional energy spe
tra of in-
lusive D�+ [1℄, D0, D+, D+s , and �+
 [2℄ produ
tion in Z-boson de
ays based on their entireLEP1 data sample. Apart from the full 
ross se
tions, they also determined the 
ontribu-tions arising from Z ! b�b de
ays. This enabled us, partly in 
ollaboration with Binnewies,to determine lowest-order (LO) and next-to-leading-order (NLO) sets of fragmentation fun
-tions (FF's) for these 
harmed (X
) hadrons [3, 4℄. We took the 
harm-quark FF to be ofthe form proposed by Peterson et al. [5℄ and thus obtained new values of the � parameter,whi
h are spe
i�
 for our 
hoi
e of fa
torization s
heme.We worked in the QCD-improved parton model implemented in the pure modi�edminimal-subtra
tion (MS) renormalization and fa
torization s
heme with nf = 5 mass-less quark 
avors (zero-mass variable-
avor-number s
heme). This s
heme is parti
ularlyappropriate if the 
hara
teristi
 energy s
ale of the 
onsidered produ
tion pro
ess, i.e., the
enter-of-mass energy ps in the 
ase of e+e� annihilation and the transverse momentumpT of the X
 hadron in other s
attering pro
esses, is large 
ompared to the bottom-quarkmass mb. Owing to the fa
torization theorem [6℄, the FF's de�ned in this s
heme satisfy twodesirable properties: (i) their s
aling violations are ruled by the time-like Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [7℄ evolution equations; and (ii) they are universal. Thus,this formalism is predi
tive and suitable for global data analyses.We veri�ed that the values of the bran
hing and average momentum fra
tions of thevarious 
; b! X
 transitions evaluated at LO and NLO using our FF's [3, 4℄ are in reasonableagreement with the 
orresponding results from OPAL [1, 2℄ and other experiments [8℄.We tested the s
aling violations of our D0, D+, D+s , and �+
 FF's [4℄ by 
omparing thefra
tional energy spe
tra of these hadrons measured in non-resonant e+e� annihilation atps = 10:55 GeV [9℄, 29 GeV [10℄, and 34.7 [11℄ with our LO and NLO predi
tions to�nd reasonable agreement. Sin
e events of X
-hadron produ
tion from Xb-hadron de
aywere ex
luded from the data samples at ps = 10:55 GeV, we obtained a 
lean test of our
harm-quark FF's.In Refs. [3, 4℄, the starting points �0 for the DGLAP evolution in the fa
torizations
ale � were taken to be �0 = 2mQ, where Q = 
; b. This 
hoi
e is phenomenologi
allymotivated by the observation that, in e+e� annhilation, whi
h has been providing the most2




onstraining input for the determinations of FF's, these values of �0 represent the veryprodu
tion thresholds of the respe
tive 
avors. Unfortunately, this 
hoi
e is in
onsistent withthe 
onvention underlying modern sets of parton density fun
tions (PDF's) [12℄, whi
h preferto pla
e the 
avor thresholds at �0 = mQ. For the reader's 
onvenien
e, in this Addendumto Refs. [3, 4℄, we thus repeat the analysis of that papers for the 
hoi
e �0 = mQ, so as toprovide alternative LO and NLO sets of X
 FF's that 
an be 
onveniently utilized togetherwith those PDF's. The FF's presented below were already used as input for a NLO study[13℄ of 
harmed-meson hadroprodu
tion in p�p 
ollisions, whi
h yielded agreement withinerrors with data 
olle
ted by the CDF Collaboration in run II at the Fermilab Tevatron[14℄. We note in passing that, in the 
ase of perturbatively indu
ed FF's, whi
h is quitedi�erent from the 
ase of non-perturbative FF's (involving substantial intrinsi
 
omponents)under 
onsideration here, the 
hoi
e �0 = mQ is more natural, sin
e, at NLO, it avoids �nitemat
hing 
onditions at the 
avor thresholds [15℄.II. RESULTSIn the following, we 
on
entrate on the most important results of Refs. [3, 4℄ that area�e
ted by the shift in �0. These in
lude the �t parameters N , �, �, and � de�ning the xdistributions of the Q! X
 FF's DQ(x; �2) at � = �0,D
(x; �20) = N x(1 � x)2[(1� x)2 + �x℄2 ; (1)Db(x; �20) = Nx�(1� x)�; (2)the �2 values per degree of freedom (�2=d:o:f:) a
hieved in the �ts, and the bran
hingfra
tions BQ(�) and average momentum fra
tions hxiQ(�),BQ(�) = Z 1x
ut dxDQ(x; �2); (3)hxiQ(�) = 1BQ(�) Z 1x
ut dxxDQ(x; �2); (4)where x
ut = 0:1, at � = 2�0 and MZ. In the present analysis, we adopt the up-to-dateinput information from our 2005 paper [4℄.Our new results are presented in Tables I{IV. Comparing Tables III and IV with the
orresponding tables in Refs. [3, 4℄, we observe that the bran
hing and average momentum3



TABLE I: Fit parameters of the 
harm- and bottom-quark FF's in Eqs. (1) and (2), respe
tively, forthe various X
 hadrons at LO and NLO. The 
orresponding starting s
ales are �0 = m
 = 1:5 GeVand �0 = mb = 5 GeV, respe
tively. All other FF's are taken to be zero at �0 = m
.X
 Order Q N � � �D0 LO 
 0.694 � � � � � � 0.101b 81.7 1.81 4.95 � � �NLO 
 0.781 � � � � � � 0.119b 100 1.85 5.48 � � �D+ LO 
 0.282 � � � � � � 0.104b 52.0 2.33 5.10 � � �NLO 
 0.266 � � � � � � 0.108b 60.8 2.30 5.58 � � �D�+ LO 
 0.174 � � � � � � 0.0554b 69.5 2.77 4.34 � � �NLO 
 0.192 � � � � � � 0.0665b 20.8 1.89 3.73 � � �D+s LO 
 0.0498 � � � � � � 0.0322b 27.5 1.94 4.28 � � �NLO 
 0.0381 � � � � � � 0.0269b 27.5 1.88 4.48 � � ��+
 LO 
 0.00677 � � � � � � 0.00418b 41.2 2.02 5.92 � � �NLO 
 0.00783 � � � � � � 0.00550b 34.9 1.88 6.08 � � �fra
tions are 
hanged very little by the redu
tion in �0. For a 
omparison of these observableswith experimental data, we refer to Refs. [3, 4℄.For la
k of spa
e, we refrain from presenting here any updated versions of �gures in
ludedin Refs. [3, 4℄; they would not exhibit any qualitatively new features. However, as alreadymentioned in Ref. [13℄, the redu
tion in �0 has an appre
iable e�e
t on the gluon FF's, whi
h4



TABLE II: �2=d:o:f : a
hieved in the LO and NLO �ts to the OPAL [1, 2℄ data on the various X
hadrons. In ea
h 
ase, �2=d:o:f : is 
al
ulated for the Z ! bb sample (b), the full sample (All), andthe 
ombination of both (Average).X
 Order b All AverageD0 LO 1.26 0.916 1.09NLO 1.10 0.766 0.936D+ LO 0.861 0.658 0.759NLO 0.756 0.560 0.658D�+ LO 1.19 1.12 1.16NLO 1.07 1.01 1.04D+s LO 0.246 0.111 0.178NLO 0.290 0.112 0.201�+
 LO 1.05 0.117 0.583NLO 1.05 0.112 0.579TABLE III: Bran
hing fra
tions (in %) of Q ! X
 for Q = 
; b and the various X
 hadronsevaluated a

ording to Eq. (3) in LO and NLO at the respe
tive produ
tion thresholds � = 2mQand at the Z-boson resonan
e � =MZ .X
 Order B
(2m
) B
(MZ) Bb(2mb) Bb(MZ)D0 LO 72.8 67.6 57.5 52.7NLO 71.6 65.8 54.3 49.3D+ LO 28.9 26.8 19.0 17.7NLO 26.4 24.3 18.5 17.1D�+ LO 29.0 27.2 24.3 23.1NLO 27.8 25.9 24.5 22.8D+s LO 12.3 11.7 23.1 21.2NLO 10.6 10.0 22.1 20.2�+
 LO 6.17 6.06 15.1 13.7NLO 6.12 5.87 14.3 12.85



TABLE IV: Average momentum fra
tions of Q ! X
 for Q = 
; b and the various X
 hadronsevaluated a

ording to Eq. (4) in LO and NLO at the respe
tive produ
tion thresholds � = 2mQand at the Z-boson resonan
e � =MZ .X
 Order hxi
(2m
) hxi
(MZ) hxib(2mb) hxib(MZ)D0 LO 0.573 0.442 0.318 0.285NLO 0.550 0.420 0.304 0.272D+ LO 0.571 0.441 0.341 0.302NLO 0.557 0.425 0.324 0.287D�+ LO 0.617 0.472 0.393 0.344NLO 0.592 0.448 0.366 0.322D+s LO 0.654 0.496 0.348 0.310NLO 0.653 0.487 0.337 0.299�+
 LO 0.765 0.571 0.302 0.272NLO 0.738 0.544 0.290 0.261are only feebly 
onstrained by e+e� data. This e�e
t is visualized for X
 = D�+ in Fig. 1,where the �0 = mQ to �0 = 2mQ ratios of Dg(x; �2) at � = 5, 10, and 20 GeV are shownas fun
tions of x. We observe that the redu
tion in �0 leads to a signi�
ant enhan
ement ofthe gluon FF, espe
ially at low values of x. The results for X
 = D0, D+, D+s , and �+
 arevery similar and, therefore, not shown here.III. CONCLUSIONSIn this Addendum to Refs. [3, 4℄, we repeated the �ts of non-perturbative D0, D+, D�+,D+s , and �+
 FF's, both at LO and NLO in the MS fa
torization s
heme, to OPAL data fromLEP1 [1, 2℄ for the redu
ed 
hoi
e �0 = mQ (Q = 
; b) of starting point for the DGLAPevolution in the fa
torization s
ale �. These FF's are appropriate for use in 
onne
tion withmodern sets of PDF's [12℄, whi
h are implemented with the same 
onvention for the heavy-
avor thresholds. A FORTRAN routine that evaluates the values of these FF's as fun
tionsof the input variables x and � may be obtained by ele
troni
 mail upon request from theauthors. 6



This redu
tion in �0 is in
onsequential for the theoreti
al interpretation of experimentale+e� data be
ause it is 
ompensated by 
orresponding shifts in the �t parameters N , �, �,and �. However, the gluon FF's, whi
h are only feebly 
onstrained by e+e� data, play asigni�
ant role in hadroprodu
tion. In fa
t, detailed analysis [13℄ revealed that the in
reasein the gluon FF's due to the extension of the evolution length leads to a rise in 
ross se
tionand thus improves the agreement with the CDF data of 
harmed-meson produ
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FIG. 1: �0 = mQ to �0 = 2mQ ratios of Dg(x; �2) at � = 5 (dashed), 10 (solid), and 20 GeV(dot-dashed) as fun
tions of x for X
 = D�+. 9
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