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Determining fundamental parameters of QCD on the lattieRainer Sommera� DESY 06-101SFB/CPP-06-29aDESY, Platanenallee 6, 15738 Zeuthen, GermanyWe summarize the status of determinations of fundamental parameters of QCD by the LPHAA
Collaboration.1. INTRODUCTIONThe natural hoie for the fundamental param-eters of QCD are the renormalization group in-variant (RGI) quark masses, Mi; i = u; d; :::, andthe �-parameter. The RGI masses do not dependon a renormalization sheme and the sheme de-pendene of the �-parameter is exatly given by aone-loop oeÆient. These quantities are in prin-iple free of perturbative unertainties.Their determination from low energy hadrondata is a relevant mission for lattie QCD. Beforeentering details, we disuss a few aspets of moreonventional determinations of � (and �). Oneonsiders experimental observables Oi dependingon an overall energy sale q and possibly some ad-ditional kinematial variables denoted by y. Theobservables an be omputed in a perturbativeseries whih is usually written in terms of the MSoupling �MS = �g2MS=4�, 2 (� = q)Oi(q; y) = �MS(�) +Ai(y)�2MS(�) + : : : : (1)For exampleOi may be onstruted from jet rosssetions and y may be related to the details of thede�nition of a jet.The renormalization group desribes the en-ergy dependene of �g in a general sheme,���g�� = �(�g) ; (2)�This work is strongly supported by the DFG in the SFBTransregio 9 \Computational Partile Physis".2We an always arrange the de�nition of the observablessuh that they start with a term �. For simpliity weneglet all quark mass dependenies; they are irrelevantin this disussion.

here the �-funtion has an asymptoti expansion�(�g) �g!0� ��g3 �b0 + �g2b1 + : : :	 ;b0 = 1(4�)2 �11� 23Nf� ;b1 = 1(4�)4 �102� 383 Nf� ; (3)with higher order oeÆients bi; i > 1 that de-pend on the sheme.We note that { negleting experimental uner-tainties { �MS extrated in this way is obtainedwith a preision given by the terms that are leftout in eq. (1). In addition to (say) �3-terms,there are non-perturbative ontributions whihmay originate from renormalons, instantons or,most importantly, may have an origin that nophysiist has yet unovered. Empirially, one ob-serves that values of �MS determined at di�erentenergies and evolved to a ommon referene pointusing eq. (2) inluding b2 agree rather well witheah other; the aforementioned unertainties areapparently not very large. Nevertheless, the stan-dard determinations of � are limited in preisionbeause of these unertainties and in partiular ifthere was a signi�ant disrepany between � de-termined at di�erent energies and/or proesses itwould be diÆult to say whether this was due tothe terms left out in eq. (1) or was due to termsmissing in the Standard Model Lagrangian.It is an obvious possibility, and at the sametime a hallenge, for lattie QCD to ahieve a de-termination of � in one non-perturbatively (NP)well de�ned sheme at large �. There one may usethe perturbative approximation for �(�g) insertedinto the exat solution of eq. (2),� = � �b0�g2(�)��b1=(2b20) e�1=(2b0�g2(�)) (4)1



2 R. Sommer� exp(� Z �g(�)0 dx h 1�(x) + 1b0x3 � b1b20xi) ;in order to extrat the �-parameter.1.1. ProblemIn an implementation of this idea one needs tosatisfy the following riteria.� Compute �(�) at energy sales of � � 10GeVor higher in order to onnet in a ontrolled man-ner to the perturbative regime.� Keep � removed from the lattie uto� a�1 toavoid large disretization e�ets and to be ableto extrapolate to the ontinuum limit.� Avoid �nite size e�ets in the MC simulationsby keeping the box size L large ompared to theinverse of the mass of the pion, m� .These onditions are summarized byL � 1m� � 10:14GeV � 1� � 110GeV � a ;whih means that one must perform a MC-omputation on an N4 lattie with N � L=a �70: an impossible task for some time to ome.1.2. SolutionThe simple solution is to identify the renormal-ization sale and the box size L [1℄, and step upthe energy sale reursively. Eah step then re-quires only L=a� 1, see Fig. 1.2. RUNNING OF THE COUPLINGWe hoose a NP de�ned Shr�odinger funtionalrenormalization sheme (SF) and set all renor-malization onditions at zero quark mass (see [2℄and referenes therein). An essential property ofthis sheme is the use of Dirihlet boundary on-ditions in time, whih allow for MC simulationsat vanishing quark mass.2.1. The step saling funtionOne vertial step in the �gure is ahieved as fol-lows: we start from a given value of the oupling,u = �g2(L). When we hange the length sale bya fator 2, the oupling has a value �g2(2L) = u0 .The step saling funtion, �, is then de�ned as�(u) = u0 : (5)

HS �! SF(� = 1=Lmax)Lmax = O( 12 fm) #SF(� = 2=Lmax)#���#SF(� = 2n=Lmax)PT # eq. (4)DIS, jet-physis,Rhad at s = M2Z PT � �QCD;MFigure 1. The strategy for a non-perturbativeomputation of short distane parameters.It is a disrete �-funtion whose knowledge al-lows for the reursive onstrution of the run-ning oupling at disrete values of the lengthsale, uk = �g2(2�kLmax) ; one a starting valueumax = �g2(Lmax) is spei�ed. The step salingfuntion has a perturbative expansion �(u) =u+ 2b0 ln(2)u2 + : : : :On a lattie with �nite spaing, a, it has anadditional dependene on the resolution a=L. Itsomputation then onsists of the following steps:1. Choose an (L=a)4 lattie (1 � x�=a =� L=a).2. Tune the bare oupling g0 suh that the renor-malized oupling �g2(L) has the value u and tunethe bare quark mass m0 suh that the PCAC-mass vanishes.3. At the same values of g0;m0, simulate a(2L=a)4 lattie; ompute u0 = �g2(2L). The lat-tie step saling funtion is �(u; a=L) = u0.4. Repeat steps 1.{3. with di�erent resolutionsL=a and extrapolate �(u) = lima=L!0 �(u; a=L).Note that step 2. takes are of the renormal-ization and 3. determines the evolution of therenormalized oupling. The ontinuum extrapo-lation 4. is an essential part. In QCD, startingwith the pure gauge theory, a lot of e�ort { bothperturbative, analytial and by MC { has beeninvested in understanding this step properly. Wedo not have the spae here to explain it in de-tail, but as a result of [4,5,3,2,6℄ and other work



Fundamental parameters 3
Figure 2. The QCD �{funtion in the SF sheme.ited in these referenes, we are onvined thatno systemati lattie errors are left.3. RESULTSWe proeed diretly to disussing the results.Numerial data for the step saling funtion havebeen obtained for 7 values of u in the range ofu = 1:0 to u = 3:3 for QCD with Nf = 2 dynam-ial avours [3,2℄, while for Nf = 0 there are 11points in u between u = 0:9 and u = 2:4 [7,5℄.After taking the ontinuum limit, the extrated�(u) have a preision of around 0.5% at the small-est oupling (where it runs slowly) to 2% at thelargest one. The numerial values of �(u) are thenrepresented by a smooth interpolating funtion (apolynomial in u). With this funtion the runningoupling an be onstruted reursively; the re-sult is shown in Fig. 3 and Fig. 4.With a start value for the �-funtion takenfrom perturbation theory (3-loop) at the weak-est oupling (� � 0:08), one an also set up areursion for the �-funtion itself [2℄. As Fig. 2shows, its agreement with perturbation theory isexellent at weak ouplings � < 0:2, while at thelargest ouplings signi�ant deviations from per-turbation theory are present for Nf = 2. Indeedthe di�erene between non-perturbative pointsand 3-loop an't be desribed by an e�etive 4-loop term with a reasonable oeÆient. At thesame time the perturbative series just by itself

does not show signs of its failure at, say, � � 0:4.Similar deviations from perturbation theory, ateven somewhat smaller values of � have beenfound in the NP sale dependene of ompositeoperators [8,9℄.We return to the running ouplings shown inFig. 3 and Fig. 4. In the zero avour ase, also theregion of � of around 250MeV was investigatedwith a spei�ally adapted strategy [10℄. In thisregion, the SF oupling shows the rapid growthexpeted from a strong oupling expansion.Initially, the graphs Fig. 3 and Fig. 4 are ob-tained for � in units of �min = 1=Lmax de�ned by�g2(Lmax) = umax. One hooses umax relativelylarge, but within the range overed by the non-perturbative omputation of �(u). Sine it hasbeen veri�ed that perturbative running sets in (inthe SF sheme) at the larger � that were simu-lated, one an use eq. (4) with the perturbative�-funtion in that region. In this way Lmax anbe expressed in units of ��1:Nf = 0 umax = 3:48ln(�MSLmax) = �0:84(8) (6)Nf = 2 umax = 4:61ln(�MSLmax) = �0:40(7) : (7)It remains to relate the arti�ially de�ned lengthsale Lmax to an experimentally measurable lowenergy sale of QCD suh as the proton mass orthe kaon deay onstant, FK. So far we haveevaluated Lmax in units of the sale parame-ter r0, whih has a preise de�nition in termsof the QCD stati quark potential [11℄ and iswell alulable on the lattie. But it is relatedto experiments only through potential models:r0 � 0:5 fm. For Nf = 0 the ontinuum limitis Lmax=r0 = 0:738(16), �(0)MSr0 = 0:60(5) [12℄.Table 1Lambda parameter in units of r0 for Nf = 2.umax = 4:61r0=a Lmax=a �MS r05.45(5)(20) 6.00(8) 0.610(25)6.01(4)(22) 6.57(6) 0.614(24)7.01(5)(15) 7.73(10) 0.609(16)



4 R. SommerIn the Nf = 2 theory, the situation is illus-trated in Table 1 whih relies on results for r0=afrom [13,14℄. On the one hand, all the numbersare onsistent, indiating that lattie spaing ef-fets are small, on the other hand the �rst olumshows that a is not yet varied very muh. At themoment we quote �(2)MSr0 = 0:62(4)(4), where theseond error generously overs the range of Ta-ble 1 as well as numbers obtained with umax =3:65 [2℄ and the �rst one omes from eq. (7).4. DISCUSSIONThe sale dependene of the SF oupling islose to perturbative below �SF = 0:2 and be-omes non-perturbative above �SF = 0:25. Infat a strong oupling expansion suggests thatthis oupling grows exponentially for large L andin the Nf = 0 theory it was possible to verify thisbehavior for L lose to 1 fm [10℄ (Fig. 4).In the following table, we ompare our resultsfor �MSr0 to seleted phenomenologial ones,where we set r0 = 0:5 fm.Nf : 0 2 4 5[2,7℄ 0.60(5) 0.62(6)[15℄ 0.74(10) 0.54(8)[16℄ 0.57(8)There appears to be an irregular Nf -dependene, but we note that1. the errors are not very small,2. the 4-avour � is related to the 5-avour oneby perturbation theory [17℄ whih is then requiredto be aurate for �� mbeauty.4.1. Improvements of lattie resultsThe replaement of Lmax=r0 by FK � Lmax(omputed at small enough light quark massesand small a) is the most urgent step and an ef-
Figure 3. Running oupling for Nf = 2.

fort is presently being made. Also the strangequark sea has to be inluded (\2+1") and oneshould estimate the e�ets of the harm quark.Suh 2+1 simulations are for example being ar-ried out by JLQCD and CP-PACS, who have alsostudied the omputation of the SF oupling withthe gauge ation they are using[18℄.I am onvined that lattie results will yieldthe best ontrolled and most preise � in the longrun. The reason is simple: I essentially desribedall the soures of systemati errors and the kindof assumptions one has to make are minimal.There is a large number of other results fromlattie gauge theory, where �(�) is extrated froma quantity related to the uto�: � � a�1. Someof them ite a very small error [19℄. As disussedfor example in [20℄, it is, however, not easy toestimate the systemati errors in these omputa-tions, mainly beause one annot separate higherorder perturbative orretions from disretizationerrors. It thus remains very desirable to arry outthe program of Fig. 1 with good preision and therelevant number of avors.5. QUARK MASSESThe strategy disussed above is easily gener-alized to inlude the quark masses [5℄. A usefulingredient is again to hoose a mass independentrenormalization sheme (even for mb) where (i =
Figure 4. Running oupling for Nf = 0.



Fundamental parameters 5Table 2Quark masses determined with full NP renormal-ization and ontinuum limit. We use r0 = 0:5 fm.i Nf input Mi=GeV ref.strange 0 mK; r0 0.137(05) [22℄strange 2 mK; r0 0.137(27) [21℄harm 0 mD; r0 1.654(45) [23℄beauty 0 mBs ;mB�s ; r0 6.771(99) [24℄up, down, strange ...)mi(�) = Zm(�a; g0)mbarei (g0) (8)with a avour independent renormalization fatorZm(�a; g0). The sale dependene of the runningmasses an then be omputed one and for all.The RGI masses are de�ned byMi = lim�!1(2b0�g2(�))�d0=2b0 m(�)i (9)and we haveMi=Mj = m(�)i=m(�)j = mbarei =mbarej : (10)In [5,21℄ the renormalization problem has beensolved non-perturbatively in the Nf = 0; 2 the-ories: the �{dependene in the SF sheme wasomputed at the % level. Based on this the re-sults in Table 5 were obtained. They may easilybe onverted to mMS(�) if the desired renormal-ization sale � is not too small.For the harm and the beauty quark massesdeterminations with Nf > 0 and NP renormaliza-tion are still missing. However, in our opinion itis even quite early onerning the determinationsof the light quark masses. Although some Nf -dependene of the strange quark mass has beenreported in the literature, one an presently notexlude that this is due to perturbative unertain-ties or disretization errors.Note that the quark masses omputed in thequenhed approximation were in a similar stagein 1996 but very soon afterwards the unertain-ties shrunk by an order of magnitude due to NPrenormalization and ontinuum extrapolations!REFERENCES1. M. L�usher, P. Weisz and U. Wol�, Nul.Phys. B359 (1991) 221.
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