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DESY 06-092MS-TP-06-2BNL-HET-06/3Numerial simulation of QCD with u, d, s and quarks in the twisted-mass Wilson formulationT. Chiarappaa, F. Farhionib, K. Jansen, I. Montvayd,E.E. Sholze, L. Sorzatof , T. Sudmannb, C. Urbahga Universit�a Milano Bioa, Piazza della Sienza 3, I-20126 Milano, Italyb Universit�at M�unster, Institut f�ur Theoretishe Physik,Wilhelm-Klemm-Strasse 9, D-48149 M�unster, Germany NIC, DESY, Zeuthen, Platanenallee 6, D-15738 Zeuthen, Germanyd Deutshes Elektronen-Synhrotron DESY, Notkestr. 85, D-22603 Hamburg, Germanye Physis Department, Brookhaven National Laboratory, Upton, NY 11973 USAf ECT* strada delle tabarelle 286, 38050 Villazzano (TN), Italyg Theoretial Physis Division, Dept. of Mathematial Sienes,University of Liverpool, Liverpool L69 3BX, UKAbstratA �rst study of numerial Monte Carlo simulations with two quark doublets, amass-degenerate one and a mass-split one, interpreted as u, d, s and  quarks, isarried out in the framework of the twisted mass Wilson lattie formulation. Tuningthe bare parameters of this theory is explored on 123 � 24 and 163 � 32 latties at lattiespaings a ' 0:20 fm and a ' 0:15 fm, respetively.1



1 IntrodutionIn QCD the e�et of virtual quark loops is most important for the three light quarks(u; d; s). In reent unquenhed numerial simulations, besides the two lightest quarksu and d, the s-quark is also inluded (see, for instane, [1, 2℄). The formulation ofQCD with twisted-mass Wilson fermions [3℄ is based on hiral rotations of the baremass (or, equivalently, of the Wilson-term) within quark doublets. Therefore, in thisformulation there are two possibilities for unquenhed simulations with (u; d; s) quarks:either the s quark is taken alone and the twisted mass formulation is restrited to the(u; d) doublet or, in addition to the s quark, also the -quark is inluded in a mass-splitdoublet using the formulation in Ref. [4℄. In the present paper we explore the latterpossibility (for �rst results along this line see the proeedings ontribution [5℄).Numerial simulations with twisted-mass Wilson fermions are usually performed at(or near) the ritial (untwisted) bare quark mass, beause there an automati O(a)improvement of the ontinuum limit is expeted [6℄. Our ollaboration has performedseveral studies of twisted-mass QCD both in the quenhed approximation [7℄, [8℄, [9℄,[10℄ and in unquenhed simulations with dynamial (u; d) quarks [11℄, [12℄, [13℄, [14℄.In the present paper we explore the possibility of numerial simulations of QCD witha degenerate doublet (u; d) and an mass-split doublet (; s) of dynamial quarks in thetwisted mass Wilson formulation.The plan of this paper is as follows: in the next setion we de�ne the lattie ationand desribe the simulation algorithm. Setion 3 is devoted to the introdution ofphysial �elds and urrents important for the interpretation of results. In Setion 4 wepresent our numerial results. The last setion ontains a disussion and �nal remarks.2 Lattie ation and simulation algorithm2.1 Lattie ationThe notation for the lattie ation of the light mass-degenerate (u; d)-doublet, denotedby a subsript l, is the same as in our previous papers, for instane, Ref. [14℄:Sl = Xx 8<:��l;x[��l + i5�3 a�l℄�l;x�� 12 �4X�=�1 ��l;x+�̂Ux�[r + �℄�l;x�9=;� Xx;y �l;xQ(�)l;xy�l;y : (1)Here, and in most ases below, olour-, spinor- and isospin indies are suppressed. Forthe isospin indies later on we shall also use notations as, for instane, �l � (�u �d).2



The (\untwisted") bare quark mass of the light doublet in lattie units is denoted by��l � am0l + 4r = 12�l ; (2)r is the Wilson-parameter, set in our simulations to r = 1, am0l is another onventionfor the bare quark mass in lattie units and �l is the onventional hopping parameter.The twisted mass of the light doublet in lattie units is denoted by a�l. Ux� 2 SU(3)is the gauge link variable and we also de�ned Ux;�� = Uyx��̂;� and �� = ��.Besides the quark doublet �elds �l; �l in (1) it will turn out onvenient to introdueother �elds by the transformation l;x � 1p2 (1 + i5�3)�l;x ;  l;x � �l;x 1p2 (1 + i5�3) : (3)The quark matrix on the �-basis Q(�)l de�ned in (1) isQ(�)l;xy = Æxy (��l + i5�3 a�l)� 12 �4X�=�1 Æx;y+�̂Uy�[r+ �℄ (4)or in a short notation, without the site indies,Q(�)l = ��l + i5�3 a�l +N +R ; (5)with Nxy � �12 �4X�=�1 Æx;y+�̂Uy�� ; Rxy � �r2 �4X�=�1 Æx;y+�̂Uy� : (6)On the  -basis de�ned in (3) we have the quark matrixQ( )l = 12 (1� i5�3)Q(�)l (1� i5�3) = a�l +N � i5�3 (��l +R) : (7)As it has been shown by Frezzotti and Rossi in Ref. [4℄, a real quark determinantwith a mass-split doublet an be obtained if the mass splitting is taken to be orthogonalin isospin spae to the twist diretion. One ould take, for instane, the mass splittingin the �1 diretion if the twist is in the �3 diretion, as in (1). It is, however, morenatural to exhange the two diretions beause then the bare mass is diagonal inisospin. In this ase, the lattie ation of the heavy mass-split (; s)-doublet, denotedby a subsript h, is de�ned as Sh =Xx;y �h;xQ(�)h;xy�h;y (8)with Q(�)h = ��h + i5�1 a�� + �3a�Æ +N + R : (9)3



For the isospin indies later on we shall also use notations as, for instane, �h � (� �s).The  -basis is introdued similarly to (3) by h;x � 1p2 (1 + i5�1)�h;x ;  h;x � �h;x 1p2 (1 + i5�1) (10)and the quark matrix on the  -basis is for the heavy mass-split doubletQ( )h = 12 (1� i5�1)Q(�)h (1� i5�1) = a�� + �3a�Æ +N � i5�1 (��h +R) : (11)For the SU(3) Yang-Mills gauge �eld we apply the tree-level improved Symanzik(tlSym) ation whih belongs to a one-parameter family of ations obtained by renor-malisation group onsiderations and in the Symanzik improvement sheme [15℄. Thoseations also inlude, besides the usual (1 � 1) Wilson loop plaquette term, planarretangular (1� 2) Wilson loops:Sg = �Xx 0�0 4X�<�; �;�=1�1� 13 ReU1�1x�� �+ 1 4X�6=�; �;�=1�1� 13 ReU1�2x�� �1A ; (12)with the ondition 0 = 1� 81. For the tlSym ation we have 1 = �1=12 [16℄.2.2 Simulation algorithmFor preparing the sequenes of gauge on�gurations a Polynomial Hybrid Monte Carlo(PHMC) updating algorithm was used. This algorithm is based on multi-step (atuallytwo-step) polynomial approximations of the inverse fermion matrix with stohastiorretion in the update hain as desribed in Ref. [17℄. It is based on the PHMCalgorithm as introdued in Ref. [18℄. The polynomial approximation sheme and thestohasti orretion in the update hain is taken over from the two-step multi-bosonalgorithm of Ref. [19℄. (For an alternative updating algorithm in QCD with Nf =2+ 1+ 1 quark avours, whih will be used for algorithmi omparisons in the future,see [20℄.)For typial values of the approximation interval and polynomial orders on 163 � 32latties see Table 1. The notations are those of Ref. [17℄: the approximation interval is[�; �℄, the orders of the polynomials Pj (j = 1; 2) are nj and those of �Pj (j = 1; 2) are�nj , respetively. The simulations have been done with determinant break-up nB = 2.On the 123 �24, for similar values of the pseudosalar masses in lattie units, the ordersn2 and �n2 are the same and the values of n1 and �n1 are somewhat smaller.3 Physial �elds and urrentsThe physial quark �elds, whih in the ontinuum limit are proportional to the renor-malised quark �elds of both avours in the doublets, are obtained [3℄ by a hiral4



rotation from the �elds in the lattie ation in (1) or from those de�ned in (3) for thelight doublet, and similarly in (8)-(10) for the heavy doublet. On the �-basis we have physl;x = e i2!l5�3�l;x ;  physl;x = �l;xe i2!l5�3 ; (13) physh;x = e i2!h5�1�h;x ;  physh;x = �h;xe i2!h5�1 : (14)Sine the transformations in (3) and (10) orrespond to hiral rotations with !l = �2and !h = �2 , respetively, we have with�!l � !l � �2 ; �!h � !h � �2 (15)the relations  physl;x = e i2 �!l5�3 l;x ;  physl;x =  l;xe i2 �!l5�3 ; (16) physh;x = e i2 �!h5�1 h;x ;  physh;x =  h;xe i2 �!h5�1 : (17)Sine the simulations are usually performed near full twist orresponding to !l = !h =�2 , the modi�ed twist angles are lose to zero:�!l ' 0; �!h ' 0 : (18)Therefore, near full twist the  -�elds are approximately equal to the physial quark�elds. At full twist the use of the  -basis is advantageous beause the formulas aresimpler than in the �-basis.The de�nition of the twist angles is not unique. There are di�erent viable possibil-ities to de�ne them and the ritial hopping parameters orresponding to them (see,for instane, [21℄, [12℄, [22℄, [8℄, [23℄, [24℄, [25℄).Here, for the light doublet, we use the de�nition based on the requirement of parityonservation for some matrix element of the physial vetor and axialvetor urrent,as �rst introdued in [21℄, [12℄ and numerially studied in detail in [14℄. For this let usintrodue the bare vetor- and axialvetor bilinearsV al;x� � �l;x 12�a��l;x ; Aal;x� � �l;x12�a�5�l;x (a = 1; 2) : (19)The twist angle is introdued as the hiral rotation angle between the renormalised(physial) hiral urrents:V̂ al;x� = ZlV V al;x� os!l + �ab ZlAAbl;x� sin!l ; (20)Âal;x� = ZlAAal;x� os!l + �ab ZlV V bl;x� sin!l (21)where only harged urrents are onsidered (a=1, 2), �ab is the antisymmetri unittensor and ZlV and ZlA are the multipliative renormalisation fators of the vetor5



and axialvetor urrent, respetively. The exat requirements de�ning !l (and alsoyielding the value of ZlA=ZlV ) is taken to beh 0 j V̂+l;x;�=0 j �� i = 0 ; h 0 j Â+l;x;�=1;2;3 j �� i = 0 : (22)For the heavy doublet, in priniple, one ould translate and use this onstrution,too, but for appliations in the kaon and D-meson setor it is more natural to onsiderbilinears between the light and the heavy doublet. In addition, inside the heavy dou-blet, due to the o�-diagonal twist, one also would have to onsider disonneted quarkontributions whih are absent in the light-heavy setor. Let us introdue the barevetor-, axialvetor-, salar- and pseudosalar bilinears in the K+- and D0-setor asVK+;x� � �s;x��u;x ; AK+ ;x� � �s;x�5�u;x ; (23)SK+ ;x � �s;x�u;x ; PK+;x � �s;x5�u;x ; (24)VD0;x� � �;x��u;x ; AD0;x� � �;x�5�u;x ; (25)SD0;x � �;x�u;x ; PD0;x � �;x5�u;x ; (26)and similarly for the K0- and D�-setor by hanging u! d. Denoting the kaon- andD-meson-doublet by K � (K+ K0) and D � (D0 D�), respetively, and introduing�K � (K+ �K0) and �D � (D0 �D�), the renormalised vetor and axialvetor urrentsof the kaon doublet are given byV̂K;x� = os !l2 os !h2 ZV VK;x� + sin !l2 sin !h2 ZV V �D;x�+ i sin !l2 os !h2 ZAA �K;x� � i os !l2 sin !h2 ZAAD;x� ; (27)ÂK;x� = os !l2 os !h2 ZAAK;x� + sin !l2 sin !h2 ZAA �D;x�+ i sin !l2 os !h2 ZV V �K;x� � i os !l2 sin !h2 ZV VD;x� : (28)Analogously for the salar bilinears:ŜK;x = os !l2 os !h2 ZSSK;x � sin !l2 sin !h2 ZSS �D;x+ i sin !l2 os !h2 ZPP �K;x + i os !l2 sin !h2 ZPPD;x ; (29)P̂K;x = os !l2 os !h2 ZPPK;x � sin !l2 sin !h2 ZPP �D;x+ i sin !l2 os !h2 ZSS �K;x + i os !l2 sin !h2 ZSSD;x : (30)Similar relations hold in the D-meson doublet, too. (27)-(28) show that near full twist!l;h ' �=2 all four terms on the right hand sides have roughly equal oeÆients.6



The requirement of parity symmetry in the isotriplets (pions, rho-mesons) allows to�x the twist angle !l, f. (22). In the ase of the heavy-light isodoublet one has to takeinto aount the mixing between the kaons and D-mesons. In this ase the twist angle!h (and !l) an be �xed by requiring onservation of parity and/or avour symmetry.The equations in (22) follow by onsidering [21℄, [12℄, [14℄ the (vanishing) vetor-urrent-pseudosalar and axialvetor-urrent-vetor-urrent orrelators, whih turnsout to be the most onvenient hoie for �xing the twist angle in the light setor. Inthe heavy-light setor the mixing patterns for urrents and salar bilinears are similar,so any ombination of operators gives similar expressions. However, orrelators onlymade up of salar bilinears are expeted to give a better signal, so we onentrate onthis ase for the disussion. Considering the upper omponents, four bilinears PK+ ,PD0 , SK+ , SD0 and the respetive harge-onjugated versions must be inluded inthe analysis. We de�ne a four-dimensional vetor of the multipliatively renormalisedbilinears V = 0BBBBB�ZPPK+ZPPD0ZSSK+ZSSD01CCCCCA �V = (�ZPPK� ;�ZPP �D0 ; ZSSK� ; ZSS �D0) (31)and analogously the vetor V̂ of the fully renormalised bilinears aording to (29),(30) (and the analogous equations for the D-mesons). (29) and (30) an be thenreformulated in a ompat notation asV̂ =MV ; �̂V = �VM�1 (32)with the 4� 4 matrix M given byM(!l; !h) = 0BBBBBB� os !l2 os !h2 � sin !l2 sin !h2 i sin !l2 os !h2 i sin !h2 os !l2� sin !l2 sin !h2 os !l2 os !h2 i sin !h2 os !l2 i sin !l2 os !h2i sin !l2 os !h2 i sin !h2 os !l2 os !l2 os !h2 � sin !l2 sin !h2i sin !h2 os !l2 i sin !l2 os !h2 � sin !l2 sin !h2 os !l2 os !h2 1CCCCCCA :(33)M is the unitary matrix desribing the mixing pattern between the kaon and D-mesondoublets. One an easily see thatMT =M and My(!l; !h) =M�(!l; !h) =M(�!l;�!h) =M�1(!l; !h) : (34)(The last equality is expeted sine reversing the sign of the angles orresponds to theinverse hiral transformation). One an at this point de�ne a orrelator matrix in thekaon-D-meson setor by C = hV 
 �Vi (35)7



(for example, C11 � �Z2P hPK+PK�i) and its fully renormalised version Ĉ = hV̂ 
 �̂Vi.One has Ĉ = M(!l; !h) CM�1(!l; !h) ; (36)C = M�1(!l; !h) ĈM(!l; !h) : (37)Restoration of parity- and avour-symmetry implies that Ĉ is a diagonal matrix withM(!l; !h) the matrix realizing the diagonalisation. The o�-diagonal elements of thematrix equation (36) an be in priniple used to determine the angles !l and !h, whilethe diagonal elements give the physial orrelators from whih e.g. the masses an beobtained. Of ourse, in general, parity and avour an only be restored up to O(a)violations.Taking also into aount the residual disrete symmetries possessed by the ationde�ned by (1) and (8)-(9), the only non-trivial onditions are obtained by imposing thevanishing of the avour violating matrix elements Ĉ12, Ĉ34 and transposed. De�ningfor brevity sl = sin !l2 , sh = sin !h2 , l = os !l2 , h = os !h2 , the onditions are:Ĉ12 + Ĉ21 = h(lh)2 + (slsh)2i (C12 + C21) + h(slh)2 + (shl)2i (C34 + C43)�2lhslsh(C11 + C22 � C33 � C44) + ishh(s2l � 2l )(C13 � C31 + C24 � C42)+isll(sh2 � h2)(C23� C32 + C14 � C41) = 0 ; (38)Ĉ34 + Ĉ43 = h(hsl)2 + (lsh)2i (C12 + C21) + h(lh)2 + (slsh)2i (C34 + C43)+2lhslsh(C11 + C22 � C33 � C44)� ishh(s2l � 2l )(C13 � C31 + C24 � C42)�isll(sh2 � h2)(C23� C32 + C14 � C41) = 0 : (39)The sum of the two above equations impliesC12 + C21 + C34 + C43 = 0 : (40)A non trivial relation for the renormalisation onstants of the bilinears is obtainedfrom (40) Z2P =Z2S = hSK+S �D0i+ hSD0SK�ihPK+P �D0i+ hPD0PK�i ; (41)whih an be used for a non-perturbative determination of ZP =ZS .Using (40), (38) (or (39)) an be restated in a ompat way as a relation betweenot!h and ot!lot!h = C11 + C22 � C33 � C44 + i(C13 � C31 + C24 � C42) ot!l(C12 + C21 � C34 � C43) ot!l � i(C23� C32 + C14 � C41) : (42)This an be used to determine !h one !l is known. (!l an be obtained following thepresription of [21℄, [12℄, [14℄). 8



This disussion suggests that, espeially near full twist where the mixing is max-imal, the analysis of the masses in the kaon-D-meson setor should be performed byonsidering the 4-dimensional orrelator matrix C.For tuning the hopping parameters the untwisted PCAC quark mass is also very use-ful. In the light doublet it is de�ned by the PCAC-relation ontaining the axialvetorurrent Aal;x� in (19) and the orresponding pseudosalar density P al;x = �l;x 12�a5�l;x:amPCAC�l � h���A+l;x� P�l;yi2hP+l;x P�l;yi (43)where �� � �1 � i�2. The ondition of full twist in the light quark setor obtainedfrom (22) by setting !l = �=2 oinides [14℄ with mPCAC�l = 0.In the heavy setor one an de�ne an untwisted PCAC quark mass mPCAC�h , too.A natural de�nition is obtained by onsidering the axialvetor Ward identity���Aah;x� = 2amPCAC�h P ah;x +8>><>>: 2iZ�1A a��S0h;x; a = 10; a = 2(�2i)Z�1A a�ÆP 0h;x; a = 3 (44)where, in analogy with the light setor in (19), we de�neAah;x� � �h;x 12�a�5�h;x (a = 1; 2; 3) ; S0h;x � �h;x�h;x ; P 0h;x � �h;x5�h;x :(45)(Observe that for uniformity with the de�nition (43) we inorporate a fator Z�1A in thede�nition of the untwisted PCAC quark mass). The above identity ould in priniplebe used to tune !h to �=2 by imposing amPCAC�h = 0. However, as already mentioned,the presene of disonneted ontributions in the heavy setor are likely not to allowfor preise determinations.One an onsider also in this ase the heavy-light setor. Here the axialvetor Wardidentities read���AK;x� = (amPCAC�s + amPCAC�l )PK;x� + iZ�1A a�l S �K;x� + iZ�1A a�� SD;x� (46)���AD;x� = (amPCAC� + amPCAC�l )PD;x� + iZ�1A a�l S �D;x� + iZ�1A a�� SK;x� : (47)The solution of the over-determined linear system, obtained by taking a suitable matrixelement (for instane, h���AK+ ;x� PK� ;yi), allows to determine numerially (togetherwith (43)) the untwisted PCAC mass of the heavy quarks mPCAC� , mPCAC�s and therenormalisation fator ZA. The ondition of full twist in the heavy doublet an bewritten as mPCAC�h � mPCAC� +mPCAC�s = 0 : (48)The quark masses de�ned by (43) and (46)-(47) are untwisted omponents of barequark masses. The physial quark masses an be obtained by the orresponding PCAC-9



relations of the renormalised urrents and densities:amPCACl � h���Â+l;x� P̂�l;yi2hP̂+l;x P̂�l;yi ; (49)amPCACs + amPCACl � h���ÂK+;x� P̂K�;yihP̂K+;x P̂K� ;yi ; (50)amPCAC + amPCACl � h���ÂD+;x� P̂D�;yihP̂D+;x P̂D�;yi : (51)They are related to the bare quark masses bymPCACl = Z�1P q(ZAmPCAC�l )2 + �2l ; (52)mPCAC;s = Z�1P q(ZAmPCAC�h )2 + �2� � Z�1S �Æ : (53)4 Numerial simulationsOur main goal in this work is to gain experiene with the tuning of lattie parametersfor future large sale simulations. Based on our reent work with Nf = 2 dynamialtwisted mass Wilson fermion QCD simulations in Refs. [11℄, [12℄, [13℄, [14℄ and [26℄,the main emphasis is on the e�ets of the additional dynamial avours s and . Asin the Nf = 2 ase, we start with oarse latties: lattie spaings about a ' 0:2 fmon a 123 � 24 lattie and a ' 0:15 fm on a 163 � 32 lattie. (This implies spatial lattieextensions of L ' 2:4 fm.) The parameters of our main runs are: on the 123 � 24lattie � = 3:25; a�l = 0:01; a�� = 0:315; a�Æ = 0:285 and on the 163 � 32 lattie� = 3:35; a�l = 0:0075; a�� = 0:2363; a�Æ = 0:2138. The statistis is between 500and 1100 PHMC trajetories of length 0:4. (Of ourse, in order to �nd the appropriateparameters, we also had to perform at the beginning several additional short runswhih we do not inlude here.)The tuning to full twist of the theory with an additional heavy doublet is om-pliated by the fat that two independent parameters �l and �h must be set to theirrespetive ritial values, using e.g. for the heavy setor the proedure outlined in theprevious setion. However, it an be shown that in the ontinuum limit the deviation ofthe two ritial hopping parameters �l;r and �h;r goes to zero as O(a). An argumentis given in the Appendix. This suggests to tune �l to the value where mPCAC�l = 0 with�h = �l: in this situation mPCAC�h = O(a). Observe that sine the average quark massin the heavy setor is typially large, the O(a) error is expeted not to a�et the fulltwist improvement in the sense of [6℄, while it is ritial to have good tuning in thelight quark setor. This an be heked by omputing !h as suggested in the previoussetion and verifying !h � �=2. 10



In view of this, we have set the two hopping parameters to be equal in our mainruns: � � �l = �h. (In a few additional runs we heked that small individual hangesof �h by ��h ' 0:001 do not alter any of the qualitative onlusions.)The average plaquette values as a funtion of the hopping parameter �l = �h = �,for �xed values of the twisted masses, are shown by Figures 1 and 2 on the 123 � 24and 163 � 32 latties, respetively. On the 123 � 24 lattie a strong metastability isobserved for 0:1745 � � � 0:1747, whih we interpret as the manifestation of a �rstorder phase transition. This behaviour agrees with one of the senarios predited byChPT inluding leading lattie artifats [27℄, [28℄, [29℄, [30℄. It has also been observedin our previous simulations, for instane, in [11℄. On the 163 �32 lattie no metastabilityould be observed, although there is a sharp rise of the average plaquette value between� = 0:1705 and � = 0:1706. This may also signal a (weaker) �rst order phase transitionor a ross-over. To deide among these two possibilities, in priniple, an investigationof the in�nite volume behaviour would be neessary. In pratie, in a �nite volume,the e�ets of a real �rst order phase transition and a ross-over are similar.We emphasize that this observed behaviour is not related to some imperfetion ofthe simulation algorithm. Due to the positive twisted masses the eigenvalues of thefermion matrix have a positive lower bound. Therefore, we ould hoose the HMC stepsize small enough in order that the moleular dynamial fore does not beome toolarge. The behaviour of the system when rossing the phase transition region is nielyillustrated by the run history in Figure 3. One an reognize three stages in the plot:metastable start atmPCAC�l > 0; rossing; stable thermalization at mPCAC�l < 0. A highonentration of small eigenvalues ours during the rossing, beause a large portionof the Dira spetrum (atually all the physially relevant eigenvalues) is moving fromthe right half omplex plane with Re� > 0 to the left one with Re� < 0.We determined several quantities in both the pion- and kaon-setor. The values ofsome of them are olleted in Tables 2 and 3. As in our previous work, we determinedthe lattie spaing from the quark fore by the Sommer sale parameter [31℄ assumingr0 � 0:5 fm. Taking the values for positive untwisted PCAC quark masses (amPCAC�l >0), we get for � = 3:25 on the 123 � 24 lattie a(� = 3:25) ' 0:20 fm and for � = 3:35on the 163 � 32 lattie a(� = 3:35) ' 0:15 fm. These orrespond to a�1 ' 1:0GeV anda�1 ' 1:3GeV, respetively.It follows from the data in Tables 2 and 3 that the pion, and hene the u- andd-quark masses, are not partiularly small in our runs. Considering only the pointswith positive untwisted PCAC quark mass (amPCAC�l > 0) outside the metastabilityregion at � = 3:25 we have m� � 670MeV. At � = 3:35 the orresponding valueis m� � 450MeV. (The points with amPCAC�l < 0 have m� � 530MeV and m� �560MeV for the two �-values, respetively, but they are usually not onsidered forlarge sale simulations beause of the strongly utuating small eigenvalues as shown,11



for instane, by Fig. 3.)The kaon masses are also given Tables 2 and 3. Let us note that, in the Frezzotti-Rossi formulation of the split-mass doublet we use, the masses in the kaon doublet(and D-meson doublet) are exatly degenerate. This follows from an exat symmetryof the lattie ation de�ned in Setion 2.1 (both in the �- and  -basis of quark �elds)namely, simultaneous multipliation by an isospin matrix and spae reetion:S : 8>>>>>><>>>>>>: light: Parity
 �1 : ( u(x)! 0 d(xP )d(x)! 0 u(xP )heavy: Parity
 �3 : ( (x)! 0 (xP )s(x)!�0 s(xP ) (54)This exat symmetry exhanges the u-quark and the d-quark, hene the equality of themasses within kaon- and D-meson doublets follows.Let us note that in a reent publiation [32℄ a non-zero kaon mass splitting hasbeen alulated in the quenhed approximation using another formulation [33℄ of themass-split doublet where both the twist and the mass splitting are in the same isospindiretion. This formulation has, however, the disadvantage that the fermion determi-nant is non-real and therefore an unquenhed omputation is pratially impossibleat present. The di�erene in the presene and absene of the kaon mass splitting inthe two formulations omes from the fat that the states with a given quark avourorrespond to di�erent linear ombinations here and there.Similarly to the pion masses, the kaon masses in Tables 2 and 3 are also higher thanthe physial value. In the points ited above for the pion mass we have: at � = 3:25and � = 3:35mK � 920MeV and mK � 850MeV, respetively. The kaon mass an beeasily lowered by tuning the mass parameters in the heavy doublet. In order to explorethis we also performed simulations at � = 3:35; a�l = 0:0075 on the 163 � 32 lattiewith a�� = a�Æ = 0:15. For instane, at �l = �h = 0:17 we got am� = 0:4432(40)and amK = 0:5918(22). Comparing to the third line in Table 3 one an see that boththe pion and the kaon mass beome smaller. In partiular, the kaon mass is smallerby a fator of about 3=4. This shows that the kaon mass an probably be tuned toits physial value if wanted. Another possibility is to do the hiral extrapolation by�xing, instead of mK , the pion-kaon mass ratio m�=mK to its physial value.The D-meson masses in Tables 2 and 3 are typially smaller than the physial value.In the points ited above for the pion and kaon masses we have: at � = 3:25 and� = 3:35 mD ' 1450MeV and mD ' 1400MeV, respetively. mD an, in priniple,also be tuned to its physial value. However, on oarse latties the D-meson massis lose to the ut-o� and, therefore, it is more reasonable to keep it smaller thanthe physial value in order to be well below the ut-o�. In fat, in our runs theatual D-meson masses are already at the ut-o� beause we have a�1 ' 1GeV and12



a�1 ' 1:3GeV at � = 3:25 and � = 3:35, respetively. But on a �ne lattie, say witha�1 ' 4GeV, it will beome possible to diretly go to the physial value of mD, too.The mahinery for the twist angle in the heavy doublet !h developed in Se. 3has been tested in a few runs, too. The formulas worked �ne and the results turnedout to be plausible. For instane, in the run at � = 3:35; �l = �h = 0:1704; a�l =0:0075; a�� = 0:2363; a�Æ = 0:2138 on a 163 � 32 lattie we obtained from 400 gaugeon�gurations:!l=� = 0:0981(55); !h=� = 0:490(25);ZP =ZS = 0:5739(65); ZA = 0:897(11); ZV = 0:5490(12): (55)As one sees, !h is rather lose to �=2 even if !l is still far from it. This is a onsequeneof �� � �l. Using the relation (valid in the ontinuum) ot(!h)= ot(!l) = �l=�� andthe value of !l given above, one would get !h=� = 0:468. The situation is very similarin the runs on a 123 � 24 lattie, too. For instane, in the run with largest untwistedmass of Table 2 at �l = �h = 0:1740L we obtained:!l=� = 0:04298(34); !h=� = 0:4356(83); ZP =ZS = 0:581(11): (56)These results imply that putting the untwisted quark mass equal in the two setorsgives an elegant solution for tuning to full twist: one an just do the same as in theNf = 2 ase. Due to the large twisted omponent in the heavy setor, the tuning of!h to �=2 is no problem at all: already at moderate values of !l, !h is almost equal to�=2.Let us �nally mention that using Chiral Perturbation Theory (ChPT) formulas onean also extrapolate from our simulation points to smaller pion- and kaon-masses. Asa simple example, let us take the squared pion-kaon mass ratio in lowest order (LO)ChPT: (m�=mK)2 = 2mudmud +ms : (57)In terms of our parameters we an setmud = q(ZAmPCAC�l )2 + �2l ; ms = q(ZAmPCAC�h )2 + (��)2 � ZPZS �Æ (58)where ZP =ZS is a �tted relative renormalisation fator. In our �ts we set, for simpliity,ZA = 0:897 from (55) and we also assumed mPCAC�h = mPCAC�l , whih orresponds tothe assumption �h;r = �l;r. The results for both � values are shown in Figure 6. Notethat although these �ts look rather good, learly, the validity of Chiral PerturbationTheory in general has to be heked in further simulations at small values of a and m�.It turns out that the �tted values of ZP =ZS are well below 1, namely ZP =ZS ' 0:45,whih implies that, as also diretly shown by our simulation data, the kaon mass reats13



relatively weakly to the hange of the bare quark mass di�erene parameter a�Æ. Thedeviation of ZP =ZS obtained in the LO-ChPT �t from the values in (55) and (56)might be due to lattie artifats or/and to the fat that in (55)-(56) no extrapolationto zero quark masses is performed.Note that the obtained values of ZP =ZS do not satisfy the bound derived in [4℄whih would ensure the positivity of the quark determinant, beause in ase of the(; s)-doublet this bound is ZP =ZS > (m �ms)=(m +ms) ' 0:85. This means thatthere might be some gauge on�guration where the determinant of the (; s)-doubletis negative. However, suh on�gurations have a very low probability and hene theypratially never our in Monte Carlo simulations. This is shown by the eigenvaluesof the fermion matrix whih never ome lose to zero: for the (; s)-doublet in oursimulations they always satisfy �min;h > 0:01. (This has to be ompared to the minimaleigenvalues in the (u; d)-doublet whih only satisfy �min;l > 0:0001.)It is remarkable that the minimum value of the interpolated urves in Figure 6 arenot far away from the physial value (m�=mK)2 ' 0:082. This raises the interestingquestion, whether it would be possible to perform unoventional hiral extrapolationsfrom simulation data at �xed twisted masses.5 DisussionThe main onlusion of the present paper is that numerial simulations of QCD withunquenhed u, d, s and  quarks are possible in the twisted-mass Wilson formulation.The PHMC updating algorithm with multi-step polynomial approximations andstohasti orretion during the update turned out to be e�etive even in diÆultsituations near a �rst order phase transition (or ross-over). The autoorrelations ofthe quantities given in Tables 2 and 3 are typially of O(1) in number of PHMC-trajetories (most of the time of length 0.4), therefore, it is worth to analyse the gaugeon�gurations after every trajetory.At � = 3:25 (lattie spaing a ' 0:20 fm) on our 123 � 24 lattie we observed strongmetastabilities suggesting a �rst order phase transition. This agrees with one of thesenarios predited by ChPT inluding leading lattie artifats [27℄, [28℄, [29℄, [30℄ andhas been observed previously in several QCD simulations with Wilson fermions [34℄,[35℄, [36℄, [11℄. At � = 3:35 (lattie spaing a ' 0:15 fm) on our 163 � 32 lattie thephase transition beomes weaker but is still visible as a strong ross-over region withfast hanges in several quantities. Compared to Nf = 2 runs at similar lattie spaingsthe �rst order phase transition beomes stronger for Nf = 2+1+1. (This agrees withthe early observations in [35℄.)The smallest simulated pion mass in a stable point with positive untwisted PCACquark mass (amPCAC�l > 0) at � = 3:25 (a ' 0:20 fm) and � = 3:35 (a ' 0:15 fm) is14



m� ' 670MeV and m� ' 450MeV, respetively. Our expetation based on the ChPTformulas and on our previous experiene is that, for instane, on a 243 � 48 lattie witha ' 0:10 fm the minimal pion mass at a� = 0:005 will be somewhere in the range270MeV < mmin� < 300MeV. This is beause at vanishing twisted masses mmin� isgoing to zero as O(a) and for positive twisted mass the derease is somewhat faster.(The lower value of the estimate orresponds to the minimum of the extrapolated urvein Figure 6.)The kaon mass in the present simulations is higher than the physial value butan probably be properly tuned by hanging the twisted mass parameters in the -s doublet. The D-meson mass is smaller than the physial value (i.e. the -s masssplitting is smaller than in nature) but this is reasonable on oarse latties in order tostay with it below the ut-o�. On �ner latties (say, with a ' 0:05 fm) one an tryto tune also the D-meson mass to its physial value. A possible diÆulty in properlytuning the mass splittings in the -s doublet an be aused by the relative insensitivityof the masses to the bare mass-splitting parameter a�Æ. This may imply the neessityof some extrapolations in the mass ratios.In ase of the -s-doublet the mass splitting is rather large beause the renormalisedquark masses satisfy (m �ms)=(m +ms) ' 0:85. Therefore it is important to takeinto aount the mass splitting. For the u-d-doublet, well above the sale of u and dquark masses, the mass degeneray an be onsidered as a good approximation, buteven in this ase we have in nature (md � mu)=(md +mu) ' 0:28. Hene also there,on a long run, the problem of the quark mass splitting within the doublet has to betakled.In summary, our experiene in this paper is rather positive both for the twisted-mass Wilson fermion formulation and for the PHMC algorithm we are using. Thisopens the road for future large sale QCD simulations with dynamial u, d, s and quarks.AknowledgmentsWe aknowledge helpful disussions with Roberto Frezzotti, Andrea Shindler and UrsWenger. We thank the omputer enters at DESY Hamburg and NIC at Forshungszen-trum J�ulih for providing us the neessary tehnial help and omputer resoures.This researh has been supported by the DFG Sonderforshungsbereih/TransregioSFB/TR9-03 and in part by the EU Integrated Infrastruture Initiative Hadron Physis(I3HP) under ontrat RII3-CT-2004-506078 and also in part by the U.S. Departmentof Energy under ontrat number DE-AC02-98CH10886. The work of T.C. is supportedby the DFG in the form of a Forshungsstipendium CH 398/1.15



AppendixIn the Nf = 2 theory, one possible de�nition of the ritial quark mass m0r(g0; �) isgiven by the vanishing of the PCAC quark mass mPCAC� . Due to hirality breakingthe latter gets shifted: mPCAC� = m0 � a�1f(g0; am0; a�) ; (59)with f a dimensionless funtion. On the basis of the symmetry of the ation underparity � (�!��) one an show that the additive renormalisation of the quark massis even in �, and analytiity in turn impliesf(g0; am0; a�) = f(g0; am0) + O(�2a2) ; (60)where f(g0; am0) is the shift for ordinary Nf = 2 QCD without twisted mass term. Sothe twisted mass term in the ation only produes an O(a) e�et on the quark mass(with g0 and m0 held �xed):mPCAC� = m0 � a�1f(g0; am0) + O(a) : (61)The above argument an be easily generalized to the Nf = 2 + 1 + 1 theory. Hereone has to make a distintion between the two setors:mPCAC�l = m0l � a�1fl(g0; am0l; am0h; a�l; a��; a�Æ) ; (62)mPCAC�h = m0h � a�1fh(g0; am0h; am0l; a��; a�l; a�Æ) : (63)The funtions fl and fh are in this ase even in �l, �h and �Æ1: similarly to Nf = 2,the assoiated terms in the ation only a�et the additive renormalisation of the quarkmass by O(a) terms. So we write:mPCAC�l = m0l � a�1f(g0; am0l; am0h) +O(a) ; (64)mPCAC�h = m0h � a�1f(g0; am0h; am0l) +O(a) ; (65)where on the r.h.s. we have now the mass-shifts for the theory without twist and mass-splitting (Nf = 2+2 QCD): here the distintion between the two setors is immaterial.From eqs. (64), (65) it follows immediatelym0l = m0h = m0 ) mPCAC�h = mPCAC�l +O(a) : (66)1An additional symmetry in the heavy setor is needed for the argument, namely �h;x ! exp fi�2 �1g�h;x,��h;x ! �h;x exp f�i�2 �1g omposed with �Æ !��Æ .16
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TablesTable 1: Algorithmi parameters in two runs on a 163 � 32 lattie at � =3:35; �l = �h = �; a�l = 0:0075; a�� = 0:2363; a�Æ = 0:2138 and withdeterminant break-up nB = 2. The �rst line for a given � shows the pionmass and the parameters for the light doublet, the seond line the kaonmass and the parameters for the heavy doublet.� am�;K � � n1 �n1 n2 �n20.1690 0.8237(13) 1.25e-2 25 70 110 120 1600.9231(11) 3.25e-2 26 50 80 90 1300.1705 0.3433(52) 1.875e-4 25 220 320 800 9300.6503(18) 1.875e-2 26 60 100 120 160
19



Table 2: Seleted results of the runs on a 123 �24 lattie at � = 3:25; a�l =0:01; a�� = 0:315; a�Æ = 0:285. The subsript on � = �l = �h denotes:L for \low" and H for \high" plaquette phase, respetively.�l = �h r0=a am� am� amK amD amPCAC�l0:1740L 2.35(12) 0.7110(21) 0.9029(27) 0.9487(16) 1.4858(75) 0.08432(56)0:1743L 2.279(56) 0.6718(59) 0.8756(30) 0.9277(22) 1.4543(99) 0.07515(45)0:1745L 2.460(55) 0.5706(76) 0.7927(43) 0.8729(31) 1.4350(94) 0.0544(10)0:1746L 2.489(54) 0.5616(47) 0.7891(33) 0.8700(19) 1.433(23) 0.05205(81)0:1747L 2.457(48) 0.5303(74) 0.7566(75) 0.8566(38) 1.403(16) 0.04602(77)0:1745H 3.840(81) 0.3991(86) 1.0635(84) 0.8232(27) 1.096(16) -0.0260(15)0:1746H 3.85(11) 0.481(11) 0.881(48) 0.8395(22) 1.055(37) -0.0419(15)0:1747H 3.98(11) 0.456(13) 0.996(36) 0.8375(26) 1.028(42) -0.0403(23)0:1750H 3.884(91) 0.531(18) 1.0936(97) 0.8690(46) 1.064(37) -0.0525(24)0:1755H 4.02(10) 0.7012(97) 1.1056(99) 0.9186(27) 1.219(41) -0.0868(17)
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Table 3: Seleted results of the runs on a 163 �32 lattie at � = 3:35; a�l =0:0075; a�� = 0:2363; a�Æ = 0:2138.�l = �h r0=a am� am� amK amD amPCAC�l0:1690 2.222(54) 0.8237(13) 0.9684(20) 0.9231(11) 1.3192(87) 0.12113(40)0:1695 2.503(41) 0.7329(11) 0.8916(15) 0.8652(11) 1.2827(58) 0.09738(34)0:1700 2.812(48) 0.5857(18) 0.7631(35) 0.7739(12) 1.223(23) 0.06417(44)0:1702 2.87(16) 0.5082(26) 0.7038(39) 0.7379(22) 1.187(21) 0.04837(30)0:1704 3.28(12) 0.3695(22) 0.6041(44) 0.6553(21) 1.110(31) 0.02569(55)0:1705 3.31(13) 0.3433(52) 0.5913(83) 0.6480(18) 1.080(35) 0.02117(53)0:1706 4.50(20) 0.4331(74) 0.780(35) 0.6756(13) 0.943(46) -0.0428(22)0:1708 4.378(37) 0.4721(81) 0.843(15) 0.7004(18) 0.983(52) -0.0492(31)0:1710 4.59(16) 0.508(11) 0.812(16) 0.7216(17) 0.957(20) -0.0569(26)
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Figure 1: The average plaquette on 123 � 24 lattie at � = 3:25; a�l =0:01; a�� = 0:315; a�Æ = 0:285 as a funtion of � � �l = �h.22
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