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1 Introdu
tionDuring the past several years, there has been signi�
ant progress in the determination ofthe values of the strong-
oupling 
onstant �s at the Z-boson mass s
ale and the heavy-quark masses mh in perturbative quantum 
hromo-dynami
s (QCD). The mat
hing rela-tions whi
h determine the �nite dis
ontinuities of �s at the heavy-quark thresholds in themodi�ed minimal-subtra
tion (MS) s
heme and are ne
essary for a pre
ise determinationof �s from a global data �t were re
ently obtained in semi-analyti
al [1℄ and analyti
al[2℄ form at the four-loop level. Furthermore, there is signi�
ant progress in multi-loopte
hnology aiming towards an analyti
al evaluation of the QCD � fun
tion at �ve loops.In order to pre
isely determine heavy-quark masses with the help of QCD sum rules[3℄, it is ne
essary to know in detail the heavy-quark 
ontribution to the QCD va
uumpolarisation fun
tion. The most important ingredients for this analysis are the lowestmoments of the polarisation fun
tion (see Ref. [4℄). Indeed, it was found that the �rstmoment is best suited for this analysis, sin
e it has the weakest dependen
e on non-perturbative e�e
ts and the details of the threshold region, thus leading to the smallesttheoreti
al un
ertainty [5℄.At the four-loop level, the study of the �rst two moments has been started in Ref. [6℄with 
al
ulations of diagrams in
luding two internal loops of massive and massless quarks
oupled to gluons. The results in Ref. [6℄ 
ontain two numeri
al 
onstants, denoted asN10 and N20, whi
h were not expressed in terms of basi
 trans
endental numbers. In themeantime, the 
orresponding Feynman diagrams have been 
al
ulated analyti
ally [7,8℄.The terms proportional to �jsnj�1l , where nl in the number of light quarks, are known inall orders j of perturbative QCD [9℄. Referen
es [10,11℄ 
ontain the 
omplete four-loop
ontributions to the �rst two Taylor 
oeÆ
ients from non-singlet diagrams. The singlet
ontributions were studied in Refs. [11,12℄.The results of Refs. [10,11℄ 
ontain some four-loop tadpoles whi
h are only given innumeri
al form. The purpose of this Letter is to evaluate them in terms of standardtrans
endental numbers so as to represent the �rst two moments of the heavy-quarkva
uum polarisation fun
tion at four loops in 
ompletely analyti
al form.The 
ontent of this Letter is as follows. Se
tion 2 
ontains the basi
 formulae. InSe
tion 3, we present our analyti
 results for the tadpoles that, in Refs. [10,13℄, are
alled T54, T62, and T91 as well as for the �rst two moments of the heavy-quark va
uumpolarisation at four loops in QCD. A brief summary is given in Se
tion 4.2 Approa
hSin
e the ve
tor 
urrent j�(x) = 	(x)
�	(x) 
onstru
ted from the heavy-quark �eld 	(x)is 
onserved, the 
orrelator,���(q) = iZ dxeiqxh0jTj�(x)j�(0)j0i= (�q2g�� + q�q�)�(q2); (1)2




an be expressed in terms of a single s
alar fun
tion �(q2). The latter is of great phe-nomenologi
al interest be
ause it is related to the experimental observableR(s) = �(e+e� ! hadrons)�(e+e� ! �+��)= 12� Im�(s+ i�); (2)where s is the square of the e+e� 
entre-of-mass energy. Equation (2) is equivalent to anin�nite number of equalities between experimental moments,M expn = Z dssn+1R(s); (3)and their theoreti
al 
ounterpartsM thn = 9e2h4 � 14m2h�n Cn; (4)where eh is the ele
tri
-
harge quantum number of the heavy quark, mh = mh (mh), andCn are the 
oeÆ
ients of the Taylor expansion�(q2) = 3e2h16�2 Xn�0 Cnzn (5)in z = q2=(4m2h). The perturbative 
al
ulation ofCn = C(0)n + �s� C(1)n + ��s� �2C(2)n + ��s� �3C(3)n + � � � ; (6)where �s = �s (m2h), only involves tadpole diagrams and is, therefore, 
onsiderably simplerthan the one of �(q2), whi
h has a 
ompli
ated dependen
e on z. Here, it is understoodthat �s(�) and mh(�) are de�ned in the MS renormalisation s
heme, whi
h is based ondimensional regularisation with D = 4�2� spa
e-time dimensions and 't Hooft mass s
ale�. Thanks to the strong hierar
hy among the quark masses, one may split the numbernf = nl + nh of quark 
avours into nh = 1 massive ones and nl massless ones. In thefollowing, we keep the variable nh generi
.3 ResultsIn our previous paper [8℄, we introdu
ed a te
hnique that allows one to analyti
allyevaluate a large 
lass of four-loop tadpole diagrams with one non-zero mass. Spe
i�
ally,the 
onsidered diagrams are transformed into integral representations whose integrands
ontain only one-loop tadpoles with new propagators having masses that depend on thevariables of integration. This te
hnique is based on the di�erential equation method [14℄.A similar te
hnique was applied to 
ertain types of two-loop diagrams in Ref. [15℄.3



T54 T62 T91Figure 1: Massive four-loop tadpole diagrams T54, T62, and T91.To illustrate the usefulness of this te
hnique, in Ref. [8℄, we also evaluated the tadpolesthat are denoted in Ref. [6℄ as N10 and N20. The �nite parts of our results agree withthe numeri
al results of Ref. [6℄ and the analyti
al ones of Ref. [7℄, while our analyti
alresults for the O(�) terms are new.These results together with those from Ref. [2℄ o�er us the opportunity to obtainanalyti
al results for terms of the expansion in � of the master integrals denoted as T54,T62, and T91 in re
ent papers [10,13℄ for whi
h only numeri
al values have been availableso far. The 
orresponding Feynman diagrams are depi
ted in Fig. 1. Spe
i�
ally, T62 
anbe extra
ted from N10 [8℄ using Eqs. (16) and (18) of Ref. [6℄. This result 
an then beused in 
ombination with T91 [2℄ to extra
t T54 from Eq. (50) of Ref. [13℄. The resultsread T54N = � 1�4 � 92�3 � 41536�2 � 4991216� � 893831296 + ���33676797776 + 17929 �(3)�+ �2��13773509546656 � 4352�4135 + 6899227 �(3) + 10243 b4�+ �3��4908181487279936 � 167552�4405 + 17408�445 ln 2 + 160249681 �(3)� 872963 �(5) + 394249 b4 + 4096b5�+O(�4); (7)T62N = 32�4 + 4�3 + 38�2 + 1� �443 + 163 �(3)�� 118 � 4�415 + 88�(3)+ ���1156 � 374�445 + 21523 �(3) + 96�(5) + 64b4�+ �2��209383 � 710�49 + 2416�445 ln 2 � 8�621 + 129523 �(3)+ 643 �2(3)� 2400�(5) + 704b4 + 512b5�+O(�3); (8)4



T91 = �53�415 ln 2 + 8732 �(5)� 48b5 +O(�); (9)where b4 = �13(�2 � ln2 2) ln2 2 + 8Li4�12� ;b5 = 145(5�2 � 3 ln2 2) ln3 2 + 8Li5�12� ; (10)and N = �4(1 + �)(m2)�4� is a normalisation fa
tor. The 
hoi
e N = 1 
orresponds tothe normalisation adopted in Ref. [13℄. The terms through O(�2) in Eq. (7) and thosethrough O(�) in Eq. (8) agree with Eqs. (38) and (42) in Ref. [13℄, respe
tively, while theother terms represent new results.Equations (7){(9) extend the set of four-loop tadpole master integrals with one non-vanishing mass known in fully analyti
al form, and represent essential ingredients forhigh-pre
ision predi
tions of numerous observables of 
urrent phenomenologi
al interest.After 
hanging the overall normalisation, we �nd agreement with the numeri
al valuesgiven in Ref. [7℄. We note in passing that also the other master integrals presented inRef. [7℄ 
an be written in a more 
ompa
t form if the 
ombinations b4 and b5 of Eq. (10)are introdu
ed.Equation (9) is the key result of Ref. [2℄ and a 
ru
ial ingredient for the four-loopmat
hing 
ondition of �s(�) at the heavy-quark thresholds [1,2℄. Equations (7){(9) arethe missing links for a fully analyti
al representation of the moments C(3)0 and C(3)1 [10℄,whi
h is the main goal of this paper.Our results for C(3)0 and C(3)1 readC(3)0 = n2l �1789769984 � 31162�(3)�+ nlnh� 704334992 + 49�412960� 127324�(3) � 136b4�+ n2h� 6108432449440 � 6612835�(3)�+ nl��7162946656 + 8533�4116640 � 213433888 �(3)� 25324b4�+ nh��834337038164800 + 14873�418225 � 14509529340200 �(3) + 53�(5)� 7091810 b4�� 5266559466560 � 702959�4699840 � 1289�43645 ln 2+ 168840712960 �(3) � 8924�(5) � 3131944 b4 � 32881 b5;C(3)1 = n2l �4217398415 � 112405�(3)�+ nlnh�262877787320 + 1421�4174960� 3890958320 �(3) � 29486 b4�+ n2h�163868295245 � 32877290 �(3)�5



+ nl��93388992099520 + 372689�4839808 � 483504971399680 �(3) � 479358320 b4�+ nh��276707743371414551600 + 1447057�4765450 � 95617883401943034400 �(3)+ 12827 �(5)� 34870117010 b4�� 5397779543146966400 � 2653167371�4881798400� 359687�4229635 ln 2 + 1755460171732659200 �(3)� 365510206 �(5)� 849518772449440 b4� 1274805103 b5: (11)These results agree with the semi-analyti
al ones presented in Refs. [10,11℄.As the authors of Refs. [10,11℄, we 
on
lude that the in
lusion of the new four-loop
orre
tions 
hanges the a
tual values of the 
harm- and bottom-quark masses derived fromQCD sum rules only very little, while it strongly de
reases their theoreti
al un
ertainties:approximately by fa
tors of three and four in the 
ase of 
harm and bottom, respe
tively.4 Con
lusionWe presented analyti
al results for the four-loop tadpole master integrals involving onenon-vanishing mass that are 
alled T54, T62, and T91 in the re
ent literature [10,13℄, forwhi
h only numeri
al values had been available so far. They represent essential ingredientsfor high-pre
ision predi
tions of a number of observables of 
urrent phenomenologi
al in-terest. As su
h an appli
ation, we 
onsidered the va
uum polarisation indu
ed by a heavyquark in the four-loop approximation of QCD and expressed the �rst two 
oeÆ
ients ofits Taylor expansion in the ratio of virtuality to heavy-quark mass in fully analyti
alform. The introdu
tion of the 
hara
teristi
 
ombinations b4 and b5 of basi
 trans
en-dental numbers turned out the be useful in order to 
ompa
tify the expressions. Otherappli
ations in
lude the four-loop QCD 
orre
tion to the ele
troweak � parameter, whi
hhas just been presented in semi-analyti
 form [16℄.A
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