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e QCD with a light 
harm quarkL. Giustia, P. Hern�andezb, M. Laine
, C. Penaa, J. Wennekersd, H. Wittigea CERN, Department of Physi
s, TH Division, CH-1211 Geneva 23, Switzerlandb Departamento de Fisi
a Te�ori
a and IFIC, Universidad de Valen
ia, E-46071 Valen
ia, Spain
 Fa
ulty of Physi
s, University of Bielefeld, D-33501 Bielefeld, Germanyd DESY, Notkestra�e 85, D-22603 Hamburg, Germanye Institut f�ur Kernphysik, Universit�at Mainz, D-55099 Mainz, Germany(Dated: February 8, 2007)We 
ompute the leading-order low-energy 
onstants of the �S = 1 e�e
tive weak Hamiltonian inthe quen
hed approximation of QCD with up, down, strange, and 
harm quarks degenerate and light.They are extra
ted by 
omparing the predi
tions of �nite volume 
hiral perturbation theory withlatti
e QCD 
omputations of suitable 
orrelation fun
tions 
arried out with quark masses rangingfrom a few MeV up to half of the physi
al strange mass. We observe a �I = 1=2 enhan
ement inthis 
orner of the parameter spa
e of the theory. Although mat
hing with the experimental resultis not observed for the �I = 1=2 amplitude, our 
omputation suggests large QCD 
ontributions tothe physi
al �I = 1=2 rule in the GIM limit, and represents the �rst step to quantify the rôle ofthe 
harm quark-mass in K ! �� amplitudes. The use of fermions with an exa
t 
hiral symmetryis an essential ingredient in our 
omputation.PACS numbers: 11.30.Rd, 12.38.G
 13.25.EsINTRODUCTIONThe de
ay of a neutral kaon into a pair of pions in astate with isospin I is des
ribed by the transition ampli-tudes iAIeiÆI = h(��)I jHwjK0i; I = 0; 2; (1)where Hw is the �S = 1 e�e
tive weak Hamiltonian andÆI is the ��-s
attering phase shift. The well-known ex-perimental fa
t jA0=A2j � 22 (2)is often 
alled the �I = 1=2 rule. Many de
ades after itsexperimental dis
overy, it is embarrassing that the originof this enhan
ement is still not known. In the StandardModel (SM) a reliable perturbative 
omputation of short-distan
e Quantum Chromodynami
s (QCD) 
orre
tions[1{4℄, together with a naive order-of-magnitude estimateof long-distan
e 
ontributions, would suggest 
omparablevalues for jA0j and jA2j [1, 2℄. The bulk of the enhan
e-ment is thus expe
ted to 
ome from non-perturbativeQCD 
ontributions, whi
h makes the �I = 1=2 rule oneof the rare 
ases where an interplay between strong andele
tro-weak intera
tions gives an opportunity for a re-�ned test of non-perturbative strong dynami
s.Latti
e QCD is the only known te
hnique that allowsus to atta
k the problem from �rst prin
iples and possiblyto reveal the origin of the enhan
ement [5, 6℄. It wouldbe interesting to understand whether it is the result ofan a

umulation of several e�e
ts, ea
h giving a moder-ate 
ontribution, or if it is driven by a dominant me
ha-nism. Re
ently we proposed a theoreti
ally well de�nedstrategy to disentangle non-perturbative QCD 
ontribu-tions from the various sour
es [7℄, and in parti
ular to re-veal the rôle of the 
harm quark and its asso
iated mass

s
ale (whose relevan
e in this problem was pointed outin Refs. [8, 9℄). The main idea is to 
ompute the leading-order low-energy 
onstants (LECs) of the CP-
onserving�S = 1 weak Hamiltonian of the 
hiral low-energy ef-fe
tive theory as a fun
tion of the 
harm quark mass.They 
an be extra
ted by 
omparing �nite-volume 
hi-ral perturbation theory (ChPT) predi
tions for suitabletwo- and three-point 
orrelation fun
tions with the anal-ogous ones 
omputed in latti
e QCD at small light-quarkmasses and momenta. The suggestion of using ChPT in
onne
tion with kaon amplitudes was pointed out longago [10, 11℄. It is only now that these ideas 
an be formu-lated and integrated in a well de�ned strategy [7℄, follow-ing signi�
ant 
on
eptual advan
es in the dis
retizationof fermions on the latti
e as well as enormous gains in
omputer power. The main theoreti
al advan
e is the dis-
overy of Ginsparg{Wilson (GW) regularizations [12{14℄,whi
h preserve an exa
t 
hiral symmetry on the latti
e at�nite latti
e spa
ings [15℄. By using these fermions theproblem of ultraviolet power divergen
es in the e�e
tiveHamiltonian Hw [16℄ is avoided in the 
ase of an a
tive
harm [17℄, and quark masses as low as a few MeV 
anbe simulated. Eventually the full K ! �� amplitudes
an be 
omputed using �nite-volume te
hniques [18, 19℄.The aim of this letter is to report on a 
omputation ofthe LECs of the CP-
onserving �S = 1 weak Hamilto-nian with up, down, strange, and 
harm quarks degener-ate and 
hiral (GIM limit), i.e. the implementation of the�rst step of the strategy proposed in Ref. [7℄. We performthe �rst quen
hed latti
e QCD 
omputation of the rele-vant three-point fun
tions with quark masses as light asa few MeV, whi
h turns out to be essential for a robustextrapolation to the 
hiral limit. Our results reveal a
lear hierar
hy between the low-energy 
onstants, whi
h
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2in turn implies the presen
e of a �I = 1=2 enhan
ementin this 
orner of the parameter spa
e of (quen
hed) QCD.Sin
e we are looking for an order-of-magnitude e�e
t,and sin
e simulations with dynami
al fermions are veryexpensive, it is appropriate for us to �rst perform the
omputation in quen
hed QCD. The latter is not a sys-temati
 approximation of the full theory1. However,when quen
hed results 
an be 
ompared with experimen-tal measurements, dis
repan
ies of O(10%) are foundin most 
ases [21℄. In the past there were several at-tempts to atta
k the problem by using quen
hed latti
eQCD [22{27℄. In parti
ular, in Refs. [25, 26℄, a fermiona
tion with an approximate 
hiral symmetry was usedand, despite the fa
t that the 
harm was integrated outand therefore an ultraviolet power-divergent subtra
tionwas needed, the authors observed a good statisti
al signalfor the subtra
ted matrix elements in a range of quarkmasses of about half the physi
al strange quark-mass.Several 
omputations of AI whi
h use models to quantifyQCD non-perturbative 
ontributions in these amplitudes
an also be found in the literature (see Refs. [28, 29℄ andreferen
es therein).THE �S = 1 EFFECTIVE HAMILTONIANIn the SU(4) degenerate 
ase and with GW fermions,the CP-even �S = 1 e�e
tive Hamiltonian is [1, 2, 7℄Hw = g2w4M2W V �usVudnk+1 Q+1 + k�1 Q�1 o ; (3)whereQ�1 = Z�11n(�s
�P�~u)(�u
�P� ~d)� (�s
�P� ~d)(�u
�P�~u)� [u ! 
℄o ; (4)and any further unexplained notation in the paper 
anbe found in Ref. [7℄. We are interested in the ratios of
orrelation fun
tionsR�(x0; y0) = C�1 (x0; y0)C(x0)C(y0) ; (5)where C(x0) = X~x h[J0(x)℄�� [J0(0)℄��i ; (6)C�1 (x0; y0) = X~x;~y 
[J0(x)℄du [Q�1 (0)℄ [J0(y)℄us� ; (7)[J�℄�� = ZJ ( � �
�P� ~ �), and ZJ is the renormalization
onstant of the lo
al left-handed 
urrent.1 On the other hand the ambiguity in the de�nition of the LECspointed out by the Golterman and Pallante [20℄ is not present inthe GIM limit.

In the 
hiral e�e
tive theory the 
orresponding e�e
-tive Hamiltonian readsHw = g2w4M2W V �usVudng+1 Q+1 + g�1 Q�1 o ; (8)where, at leading order in momentum expansion,Q�1 = F 44 n(U��Uy)us(U��Uy)du� (U��Uy)ds(U��Uy)uu � [u! 
℄o : (9)The 
omplete expressions at the next-to-leading order(NLO) 
an be found in [30, 31℄. In the quen
hed approx-imation of QCD, an e�e
tive low-energy 
hiral theoryis formally obtained if an additional expansion in 1=N
,whereN
 is the number of 
olours, is 
arried out togetherwith the usual one in quark masses and momenta [32, 33℄.Here we adopt the pragmati
 assumption that quen
hedChPT des
ribes the low-energy regime of quen
hed QCDin 
ertain ranges of kinemati
al s
ales at �xed N
. Corre-lation fun
tions 
an be parametrized in terms of e�e
tive
oupling 
onstants, the latter being de�ned as the 
ou-plings that appear in the Lagrangian of the e�e
tive the-ory. For quark masses light enough to be in the �-regimeof quen
hed QCD [34{36℄, the ratios 
orresponding toEq. (5) in NLO ChPT, in a volume V = T � L3 and at�xed topologi
al 
harge �, are [7, 37℄K�� (x0; y0) = 1� 2TF 2L3 ��1�LT �3=2 � k00� ; (10)where F is the pseudos
alar de
ay 
onstant in the 
hi-ral limit, and the shape 
oeÆ
ients �1 and k00 
an befound in Ref. [7℄. Remarkably, the r.h.s. of Eq. (10) isdetermined on
e F is known, and it turns out to be in-dependent of � and the quark mass. When the quarkmasses are heavier and rea
h the so-
alled p-regime ofQCD, the 
orresponding ratios are given by [31℄K�(x0; y0) = 1� 3 M2(4�F )2 log�M2�2� ��K(x0; y0) ; (11)whereM is the pseudos
alar meson mass at LO in ChPT,and K(x0; y0) a

ounts for leading-order �nite-volume ef-fe
ts and 
an be found in Ref. [31℄. The LECs g�1 
an beextra
ted by requiring thatg�1 K�(x0; y0) = k�1 R�(x0; y0) (12)for values of quark masses, volumes, x0 and y0, wherequen
hed ChPT is expe
ted to parametrize well the 
or-relation fun
tions.LATTICE COMPUTATIONThe numeri
al 
omputation is performed by gener-ating gauge 
on�gurations with the Wilson a
tion and



3am aMP R+; bare R�; bare (R+ �R�)bare�-regime0.002 - 0.600(43) 2.42(13) 1.45(15)0.003 - 0.603(41) 2.40(12) 1.44(14)p-regime0.020 0.1960(28) 0.654(40) 2.20(12) 1.44(12)0.030 0.2302(25) 0.691(33) 1.93(9) 1.33(9)0.040 0.2598(24) 0.723(31) 1.75(8) 1.26(8)0.060 0.3110(24) 0.772(30) 1.51(7) 1.17(8)TABLE I: Results for aMP and R�;bare as obtained from 746and 197 gauge 
on�gurations in the � and p regimes, respe
-tively.periodi
 boundary 
onditions by standard Monte Carlote
hniques. The topologi
al 
harge and the quark prop-agators are 
omputed following Ref. [38℄. The statisti-
al varian
e of the estimates of 
orrelation fun
tions hasbeen redu
ed by implementing a generalization of thelow-mode averaging te
hnique proposed in [39℄, whi
hturns out to be essential to get a signal for the lighterquark masses. The latti
e has a bare 
oupling 
onstant� � 6=g20 = 5:8485, whi
h 
orresponds to a latti
e spa
-ing a � 0:12 fm, and a volume of V a�4 = 163 � 32. Thelist of simulated bare quark masses, together with the
orresponding results for pion masses and unrenormal-ized ratiosR�; bare = Z2JR�=Z�11, are reported in Table I.Further te
hni
al details will be provided in a forth
om-ing publi
ation.The values in Table I show that R�; bare exhibit apronoun
ed mass dependen
e, whi
h is more marked inR�; bare. We have explored several �t strategies, at-tempting to minimize the systemati
 un
ertainties dueto negle
ted higher orders in ChPT. The stru
ture ofEqs. (10) and (11) indeed suggests that it is possible to
an
el large NLO ChPT 
orre
tions by 
onstru
ting suit-able 
ombinations of R�; bare. We observe that the prod-u
t g+1 g�1 is very robust with respe
t to the details of the�t strategy. The simplest way to extra
t this quantity isfrom a �t to the 
ombination (R+R�)bare, where NLOChPT 
orre
tions 
an
el in the limit m! 0. We obtain(g+1 g�1 )bare = 1:47(12) : (13)To extra
t g+;bare1 and g�;bare1 separately we then �tR+; bare to NLO ChPT, taking the value of F from a �tto the two-point fun
tions as in Ref. [39℄ and the bare �from Ref. [40℄. Putting the result together with Eq. (13)we getg+;bare1 = 0:63(4)(8) ; g�;bare1 = 2:33(11)(30) ; (14)where the �rst error is statisti
al and the se
ond is an es-timate of the systemati
 un
ertainty from the spread ofthe 
entral values obtained from �ts to di�erent quanti-ties and/or mass intervals. The physi
al LECs are given
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FIG. 1: Mass dependen
e of R�;bare and (R+ �R�)bare.by g�1 = k�1 �R�;RGIR�;bare�ref g�;bare1 ; (15)where k�1 are the renormalization group-invariant (RGI)Wilson 
oeÆ
ients [1{4, 7℄. The RGI quantitiesR�;RGIref � R�;RGI���r20M2P=r20M2K (16)at the pseudos
alar mass r20M2K = 1:5736 are taken fromRefs. [41{44℄, and r0 is a low-energy referen
e s
ale widelyused in quen
hed QCD 
omputations [45℄. This pro
e-dure, analogous to the one proposed for the s
alar den-sity in Ref. [46℄, provides values of the LECs that arenon-perturbatively renormalized, as explained in detailin Ref. [44℄. PHYSICS DISCUSSIONBy using the non-perturbative renormalization fa
torsin Ref. [44℄�R+;RGIR+;bare�ref = 1:15(12) ; �R�;RGIR�;bare�ref = 0:56(6);(17)and the perturbative values k+1 = 0:708 and k�1 = 1:978(see Ref. [7℄), we obtain our �nal resultsg+1 = 0:51(9) ; g�1 = 2:6(5) ; g+1 g�1 = 1:2(2) : (18)A solid estimate of dis
retization e�e
ts would requiresimulations at several latti
e spa
ings, whi
h is beyondthe s
ope of this exploratory study. However, 
omputa-tions of R� at di�erent latti
e spa
ings and for masses
lose to ms=2 [7, 47℄ indi
ate that dis
retization e�e
tsmay be smaller than the errors quoted above. It is also in-teresting to note that quen
hed 
omputations of variousphysi
al quantities 
arried out with Neuberger fermions



4show small dis
retization e�e
ts at the latti
e spa
ing ofour simulations [48, 49℄.The values of g�1 in Eq. (18) are the main results of thispaper. They reveal a 
lear hierar
hy between the low-energy 
onstants, g�1 � g+1 , whi
h implies the presen
e ofa �I = 1=2 enhan
ement in the GIM-limit of (quen
hed)QCD. The strong mass dependen
e of R�; bare in Fig. 1indi
ates that an extrapolation of data around or abovethe physi
al kaon mass to the 
hiral limit is probablysubje
t to large systemati
 un
ertainties.When the 
harm mass m
 is suÆ
iently heavier thanthe three light-quark masses, the 
hiral e�e
tive theoryhas a three-
avour SU(3) symmetry and the LO �S = 1e�e
tive Hamiltonian has two unknown LECs, g27 andg8. In our strategy these LECs are 
onsidered fun
tionsof the 
harmmass, and our normalizations are su
h that 2g27(0) = g+1 ; g8(0) = g�1 + g+15 : (19)The values of g27(m
) and g8(m
) 
an be estimated atthe physi
al value of the 
harm mass m
 by mat
hingthe LO CHPT expressions with the experimental resultsfor jA0j and jA2j. The result isjgexp27 (m
)j � 0:50 ; jgexp8 (m
)j � 10:5 : (20)These estimates are, of 
ourse, a�e
ted by systemati
 er-rors due to higher-order ChPT 
ontributions [51℄. Keep-ing this in mind, the value of gexp27 (m
) is in good agree-ment with our result. Sin
e g27 is expe
ted to havea mild dependen
e on the 
harm-quark mass (only viathe fermion determinant in the e�e
tive gluoni
 a
tion),and barring a

idental 
an
ellations among quen
hing ef-fe
ts and higher-order ChPT 
orre
tions, this agreementpoints to the fa
t that higher-order ChPT 
orre
tions injA2j may be relatively small. Our value for g8(0) di�ersby roughly a fa
tor of 4 from gexp8 (m
) given in Eq. (20).Apart from possible large quen
hing artefa
ts, our resultsuggests that the 
harm mass dependen
e and/or higher-order e�e
ts in ChPT are large for jA0j. Indeed in this
ase penguin 
ontra
tions, whi
h are absent in the GIMlimit, 
an be responsible for a large 
harm-mass depen-den
e in g8, a dependen
e that 
an be studied in the nextstep of our strategy [7, 50℄.A
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