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hrotron DESY, Hamburg, GermanyAndre UtermannDepartment of Physi
s and Astronomy, Vrije Universiteit Amsterdam,The NetherlandsAbstra
tWe 
onsider QCD instanton-indu
ed 
ontributions to lepton pair produ
tion in hadron-hadron 
ollisions. We relate these 
ontributions to those known from deep inelasti
 s
atteringand demonstrate that they 
an be 
al
ulated reliably for suÆ
iently large momentum trans-fer. We observe that the instanton 
ontribution to the angular distribution of the leptonpairs at �nite momentum transfer strongly violates the Lam-Tung relation { a relation be-tween 
oeÆ
ient fun
tions of the angular distribution whi
h is valid within the framework ofordinary perturbation theory. The drasti
 violation of this relation, as seen in experimentaldata, might be related to su
h instanton-indu
ed e�e
ts.
�Present address: Genedata AG, Maulbeerstra�e 46, CH-4016 Basel, Switzerland



1 Introdu
tionThe Standard Model of ele
troweak (Quantum Flavor Dynami
s (QFD)) and strong (QCD)intera
tions is extraordinarily su

essful. This su

ess is largely based on the possibility to applyordinary perturbation theory to the 
al
ulation of hard, short-distan
e dominated s
atteringpro
esses, sin
e the relevant gauge 
ouplings are small. Certain pro
esses, however, 
an not bedes
ribed by ordinary perturbation theory, no matter how small the gauge 
oupling is. Thesepro
esses are asso
iated with axial anomalies [1℄ and manifest themselves as anomalous violationof baryon plus lepton number (B + L) in QFD and 
hirality (Q5) in QCD [2℄. They are indu
edby topologi
al 
u
tuations of the non-Abelian gauge �elds, notably by instantons [3℄.A number of non-perturbative issues in the Standard Model 
an be understood in terms ofsu
h topologi
al 
u
tuations and the asso
iated anomalous pro
esses. On the one hand, QCDinstantons seem to play an important role in various long-distan
e aspe
ts of QCD, su
h asproviding a possible solution to the axial U(1) problem [2℄ or being at work in 
hiral symmetrybreaking [4℄. In QFD, on the other hand, analogous topologi
al 
u
tuations of the gauge �eldsand the asso
iated B + L violating pro
esses are very important at high temperatures [5℄ andhave therefore a 
ru
ial impa
t on the evolution of the baryon and lepton asymmetries of theuniverse [6℄.Are manifestations of su
h topologi
al 
u
tuations also dire
tly observable in high-energy s
at-tering pro
esses? This question has been seriously 
onsidered in the late 1980's, originally inthe 
ontext of QFD [7℄. But, despite 
onsiderable theoreti
al [8℄ and phenomenologi
al [9℄ ef-forts, the a
tual size of the 
ross-se
tions in the relevant, tens of TeV energy regime was neverestablished (for re
ent attempts, see Ref. [10℄). Meanwhile, the fo
us swit
hed to quite analo-gous QCD instanton-indu
ed hard s
attering pro
esses in deep inelasti
 s
attering [11℄, whi
hare 
al
ulable from �rst prin
iples within instanton-perturbation theory [12℄, yield sizeable ratesfor observable �nal state signatures in the �du
ial regime of the latter [13, 14℄, and are a
tivelysear
hed for at HERA [15℄. Moreover, it has been argued that larger-size QCD instantons, be-yond the semi
lassi
al, instanton-perturbative regime, may well be responsible for the bulk ofinelasti
 hadroni
 pro
esses and build up soft di�ra
tive s
attering [16℄. It was emphasized forthe �rst time in Ref. [17℄ that single photon or single W produ
tion at large transverse mo-mentum o�ers a possibility to study QCD instanton-indu
ed e�e
ts from �rst prin
iples at theLHC. Unlike the pro
esses 
onsidered in the present paper, the dominant subpro
ess for thisdedi
ated instanton sear
h at high energies at the LHC [17, 18℄ is indu
ed by gluon fusion, e.g.gg ! V +X; V = 
� ! `+`�. Moreover, the kinemati
al region is remarkable di�erent from ourregion of interest, i.e. the available transverse momenta and virtualities are signi�
antly largerthan those we 
on
entrate on throughout this paper.In this paper, we 
onsider QCD instanton-indu
ed 
ontributions to lepton pair produ
tion inhadron-hadron 
ollisions1 (
f. Fig. 1). We relate these 
ontributions to the ones previously
al
ulated for deep inelasti
 s
attering [12℄, thereby demonstrating that the former { like thelatter { 
an be 
al
ulated from �rst prin
iples. In parti
ular, as already emphasized in Ref. [17℄,the typi
al inverse hard transverse momentum s
ale q�1? in lepton pair produ
tion provides a1This is often 
alled the Drell-Yan pro
ess [19℄. Instanton 
ontributions to this pro
ess have been �rst dis
ussedin Ref. [20℄ at a qualitative level. 2
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IFigure 1: QCD instanton-indu
ed 
ontribution to lepton pair produ
tion in hadron-hadron 
olli-sions, h1 + h2 ! (nf � 1) [�qR + qR℄ + `+ + `� + ng g +X, 
orresponding to nf light 
avours.dynami
al infrared 
uto� for the instanton size parameter �, thereby allowing for a 
ontrolledsemi
lassi
al approximation, whi
h rests on the smallness of the QCD 
oupling at the e�e
tivemomentum s
ale 1=h�i: �s(1=h�i) � 1. Hen
e, in addition to deep inelasti
 s
attering, leptonpair produ
tion at large transverse momentum may be viewed as a distinguished pro
ess forstudying manifestations of QCD instantons.We put spe
ial emphasis on the angular distribution of the lepton pairs at �nite momentumtransfer. We observe that the instanton 
ontribution strongly violates the Lam-Tung relation [21℄between 
oeÆ
ient fun
tions of the angular distribution, whi
h has been veri�ed within the frame-work of ordinary perturbation theory { the QCD improved parton model { up to O(�2s) [22, 23℄and even holds for the in
lusion of parton transverse momentum and soft gluon e�e
ts [24, 25℄.Indeed, it has been argued that the drasti
 violation of this relation, as seen in experimentaldata [26{28℄, might be due to a non-trivial stru
ture of the QCD va
uum [22℄, and in parti
ular
ould be related to instanton-indu
ed e�e
ts [29℄.The outline of this paper is as follows: In Se
t. 2 we introdu
e the instanton-indu
ed 
ontributionto lepton pair produ
tion. Afterwards we review the known results in the related pro
ess in DISin an instanton ba
kground. The 
ru
ial part of this se
tion is the 
ontinuation of these results tohadron 
ollisions whi
h leads us to the photon produ
tion tensor on partoni
 level. In Se
t. 3 wewill use these results to 
al
ulate the angular distribution of the produ
ed leptons on the partoni
(Se
t. 3.1) and the hadroni
 (Se
t. 3.2) level. In Se
t. 3.3 we give an outlook on the in
lusion ofmulti gluon pro
esses whi
h lead to an enhan
ement of the instanton 
ontributions. We presentour 
on
lusions in Se
t. 4.2 From deep inelasti
 s
attering to lepton pair produ
-tionWe start with the derivation of the instanton-indu
ed 
ontribution to lepton pair produ
tionon the parton level. We will 
on
entrate on the 
ase with quarks in the initial state. These
ontributions dominate over the ones involving initial state gluons, at least for s
attering pro
esseswhere valen
e-like quarks and antiquarks 
ontribute, e.g. in p�p or ��N 
ollisions. This is 
ertainlydi�erent at very high energies where very small parton momentum fra
tions x dominate. Sin
ethe lower bound on x is set by M2=S, where M2 is the invariant mass squared of the lepton3



I ≃ +Figure 2: Instanton-indu
ed pro
ess for nf = 3, uL + �uL ! 
� + �dR + dR + �sR + sR + ng g,in leading semi
lassi
al approximation. The amplitude involves the produ
ts of the appropriate
lassi
al �elds (lines ending at blobs: fermioni
 zero modes (straight) and instanton gauge �elds(
urly)) as well as the non-zero mode quark propagator in the instanton ba
kground (quark linewith 
entral blob).pair and S is the hadron-hadron 
enter of mass energy squared, the 
ontributing values of x
onsidered in our study are not so small for our 
hosen values of M2 and S, see Se
tion 3.2. Forthe main 
ase of phenomenologi
al interest, i.e. nf = 3 light 
avours (mqh�i � 1, for q = u; d; s),instanton-indu
ed quark anti-quark annihilation involves in the �nal state at least two quarksand two anti-quarks of di�erent 
avour, su
h that the 
hirality is violated by 2nf = 6 [2℄, plus anarbitrary number of gluons (g), e.g. (
f. Fig. 2)uL + �uL ! 
� + �dR + dR + �sR + sR + ng g : (1),! `+ + `�The amplitudes for the related pro
esses in deep inelasti
 s
attering,
� + g ! �uR + uR + �dR + dR + �sR + sR + (ng � 1) g; (2)have been derived, in leading-order semi
lassi
al approximation, in Ref. [12℄. For 
larity andsimpli
ity, let us 
on
entrate here on the expli
it result for the simplest appropriate2 
ase nf =ng = 1 (
f. Fig. 3 (left)),T a� �0 (
�(q) + g(p)! �qR(k1) + qR(k2)) = (3)�i eq �ap28 �3 d  2��s(�r)!13=2 exp "� 2��s(�r)# 2 b � b+ 12 ! � b+ 32 !��yR(k2) [(��0p� p��0) v(q; k1;�r)�� � ��v(q; k2;�r) (��0p� p��0)℄�L(k1);with the four-ve
tor v�,v�(q; k;�r) � (4)1�r 8<:" (q � k)��(q � k)2 + k�2q � k# �2r� (q � k)2! b+12 � k�2q � k  �2r�q2! b+12 9=; ;2Note that the even simpler 
ase ng = 0 is not relevant for us, sin
e the 
orresponding pro
ess in lepton pair pro-du
tion would 
ontribute only at vanishingly small transverse momentum where, anyhow, instanton perturbationtheory is not appli
able (see below). 4
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ed pro
ess for nf = ng = 1, 
�(q) + g(p) ! �qR(k1) + qR(k2), in leadingsemi
lassi
al approximation (left) and the analogous pro
ess, 
�(q)+g(p)! �qR(k1)+qL(k2), fromordinary perturbation theory (right). Both �gures from Ref. [12℄.and 
onfront it with its 
hirality 
onserving 
ounterpart from ordinary perturbation theory (
f.Fig. 3 (right)), T a��0 (
�(q) + g(p)! �qR(k1) + qL(k2)) = (5)eq gs �a2 �yL(k2) "��0 (q � k1)(q � k1)2�� � �� (q � k2)(q � k2)2��0#�L(k1) :Here, eq is the quark 
harge in units of the ele
tri
 
harge e, gs is the strong 
oupling, �a,a = 1; :::; 8, are the Gell-Mann SU(3) generators, and � and �0 are the four-ve
tor indi
es of thephoton and gluon, respe
tively (
f. Fig. 3). The two-
omponent Weyl-spinors �L;R in Eqs. (3)and (5) satisfy the Weyl-equations, k �L(k) = 0, k �R(k) = 0, and the relations �L(k)�yL(k) = k,�R(k)�yR(k) = k. We used the abbreviations, k � k� ��, k � k� ��, for any four-ve
tor k�, withthe familiar �-matri
es, �� = (1; ~�) and �� = (1;�~�), with ~� being the Pauli matri
es.The other parameters in Eq. (3) arose from (the integration over) the instanton size distribution [2,30℄, whose two-loop renormalization group improved form [31℄,D(�; �r) = d�5  2��s(�r)!6 exp"� 2��s(�r)# (��r)�0+�s(�r)4� (�1�12 �0) ; (6)has been exploited, where �r is the renormalization s
ale and�s(�r) � g2s (�r)4� = 4��0 ln ��2r�2 � 241� �1�20 ln �ln ��2r�2��ln � �2r�2 � 35 (7)is the strong �ne stru
ture 
onstant at two-loop, with�0 = 11� 23 nf ; �1 = 102 � 383 nf (8)being the familiar perturbative 
oeÆ
ients of the QCD beta-fun
tion. The 
onstant d is given byd = C12 e�3C2+nf C3 ; (9)5
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pFigure 4: Instanton-indu
ed pro
ess for nf = ng = 1, qL(k1) + �qL(k2) ! 
�(q) + g(p), in leadingsemi
lassi
al approximation.with C1 = 0:466, C2 = 1:51, and C3 = 0:292, in the MS-s
heme [32{34℄. The variable b in Eq. (3)is a shorthand for the e�e
tive power of ��r in the instanton size distribution (6),b � �0 + �s(�r)4� (�1 � 12�0) : (10)It is important to note that the perturbative expression (6) for the size distribution is valid forsmall ��� 1 where � is the fundamental s
ale in QCD. Indeed, a 
omparison with latti
e datafrom quen
hed (nf = 0) QCD [35℄ yields ��<�0:4 for the �du
ial region of instanton perturbationtheory [36℄. This 
an be translated into a �du
ial kinemati
al region for instanton perturbationtheory in deep inelasti
 s
attering. On a

ount of the fa
t that the main 
ontribution to theintegration over the instanton size 
omes from [12℄h�i ' b+ 3=2p�q2 ; b+ 3=2q�(q � k1)2 ; b+ 3=2q�(q � k2)2 ; (11)
orresponding to di�erent terms in Eqs. (3) and (4), one has to require that all virtualities,p�q2, q�(q � k1)2, and q�(q � k2)2, ex
eed Qmin � (4� 6) GeV, in order to stay in the realmof instanton perturbation theory.It is now straightforward to obtain the 
orresponding amplitudes relevant for lepton pair produ
-tion via quark anti-quark annihilation, namely the one for the 
hirality violating instanton-indu
edpro
ess qL(k1)+ �qL(k2)! 
�(q)+ g(p) (
f. Fig. 4) and the one for the analogous ordinary pertur-bative pro
ess qL(k1) + �qR(k2)! 
�(q)+ g(p). In fa
t, these pro
esses are basi
ally T -
onjugatesof the deep inelasti
 pro
esses from Eqs. (3) and (5), and the respe
tive modulus-squared ampli-tudes are therefore identi
al, up to re
e
tions of three-momenta. Some 
are has of 
ourse to betaken with respe
t to the photon virtuality: whereas in deep inelasti
 s
attering it is spa
e-like,Q2 � �q2 > 0, in lepton pair produ
tion it is time-like, M2 � q2 > 0. We will 
omment on thislater.We have 
al
ulated the 
ontribution of our simple pro
esses to the partoni
 tensor3 for in
lusivequark anti-quark annihilation into a virtual photon,w��(k1; k2; q) = 1Xn=0w(n)�� (k1; k2; q) ; (12)w(n)�� (k1; k2; q) = 14� Z dPS(n) T�(k1; k2; q; p1; : : : ; pn)T �� (k1; k2; q; p1; : : : ; pn); (13)3Averaging over 
olour and spin of the initial state is impli
itly understood in Eq. (12); the index n is to labelbesides the �nal state partons also their spin and 
olour degrees of freedom.6



Z dPS(n) = nYj=1 Z d4pj(2�)3 Æ(+) �p2j� (2�)4 Æ(4) (k1 + k2 � q � p1 � : : :� pn) : (14)Following Ref. [21℄, this tensor 
an be de
omposed asw�� = �~g��w1 + ~K 0� ~K 0�w2 � ~K 0�~k0� + ~K 0�~k0�2 w3 + ~k0�~k0�w4; (15)with K 0 = k1 + k2, k0 = k1 � k2, ~g�� = g�� � q�q�=q2, ~K 0� = ~g��K 0�=ps, and ~k0� = ~g��k0�=ps,where s = (k1 + k2)2. In turn, the di�erent wi 
an be obtained,wi = pi��w�� ; i = 1; 2; 3; 4 ; (16)from the partoni
 tensor with the help of the following proje
tors,p0�� = �g�� ; (17)p1�� = 4stu"����k�1k�2 q�"��0�0� 0k�01 k�02 q� 0; (18)p2�� = �q2stu h~k0 2 �p0�� � 2p1���+ ~k0�~k0�i ; (19)p3�� = �2q2stu 24(~k0 � ~K 0) �p0�� � 2p1���+ ~k0� ~K 0� + ~K 0�~k0�2 35 ; (20)p4�� = �q2stu h ~K 0 2 �p0�� � 2p1���+ ~K 0� ~K 0�i ; (21)where t = (q � k1)2 and u = (q � k2)2. We are espe
ially interested in the 
ontribution w(1)�� tow�� (12),w0�� = X spins;
oloursT�(k1; k2; q; p)T �� (k1; k2; q; p) ; w0i = pi��w0�� ; (22)w(1)i = 14� Z d4p(2�)3Æ(+)(p2) (2�)4 Æ(4)(k1 + k2 � q � p)w0i = 12Æ(+)((k1 + k2 � q)2)w0i : (23)Along these lines, we �nd that the simple instanton-indu
ed pro
ess qL+ �qL ! 
�+ g 
ontributesas follows to the fun
tions w0i,� g��w(I)0�� = �(I)( M2�t !b+1 +  M2�u!b+1 + 2tu(t�M2)(u�M2) (24)� 24 M2�t ! b+12  M2�u! b+12 + 1 � Re (�1) b+12 0� M2�t ! b+12 +  M2�u!b+12 1A35);w(I)01 = �(I)2 8<: M2�t ! b+12 +  M2�u!b+12 9=;2 ; (25)7



w(I)02 = �(I)2 (� sM2(t�M2)2  M2�t !b+1 � sM2(u�M2)2  M2�u!b+1 + tu(t� u)2(t�M2)2(u�M2)2� sM2(4M2s+ t2 + u2)tu(t�M2)(u�M2)  M2�t ! b+12  M2�u! b+12 + (t� u)Re (�1) b+12(t�M2)2(u�M2)2� h(t�M2)(2M4 �M2t� tu� 3M2u+ u2) M2�u! b+12� (u�M2)(2M4 �M2u� tu� 3M2t+ t2) M2�t !b+12 i); (26)w(I)03 = �(I)( sM2(t�M2)2  M2�t !b+1 � sM2(u�M2)2  M2�u!b+1 � (s+M2)(t� u)tu(t�M2)2(u�M2)2+ sM2(s+M2)(t� u)(t�M2)(u�M2)tu  M2�t !b+12  M2�u! b+12 � Re(�1) b+12(t�M2)2(u�M2)2 (27)� h(t�M2)(2M6 � 2M4t� 4M4u+M2t2 + 3M2u2 + t2u� u3) M2�u! b+12� (u�M2)(2M6 � 2M4u� 4M4t+M2u2 + 3M2t2 + tu2 � t3) M2�t ! b+12 i);w(I)04 = �(I)2 (� sM2(t�M2)2  M2�t !b+1 � sM2(u�M2)2  M2�u!b+1 + tu(s+M2)2(t�M2)2(u�M2)2� sM2(t2 + u2)tu(t�M2)(u�M2)  M2�t !b+12  M2�u! b+12 + (s+M2)Re (�1) b+12(t�M2)2(u�M2)2� h(t�M2)(�M2u+M2t+ tu+ u2) M2�u!b+12+ (u�M2)(�M2t+M2u+ tu+ t2) M2�t ! b+12 i); (28)where �(I) � �2e2qN 2  2��s(�r)!13 exp � 4��s(�r)! �2rM2!b sM2 ; (29)N � 12 �2 d 2 b � b+ 12 ! � b+ 32 ! : (30)We have obtained these results starting from Eq. (3), 
ontra
ting it with the gluon polarizationve
tor ��0(p) and taking the modulus squared, exploiting FORM [37℄ for the spinor tra
es. The re-sults (24){(28) for the 
ontribution of our simple instanton-indu
ed pro
ess to the partoni
 tensorfor in
lusive quark anti-quark annihilation into a time-like photon look quite similar to the 
on-tribution of the analogous simple instanton-indu
ed pro
ess to the deep inelasti
 stru
ture tensorof a gluon found in Ref. [12℄. A notable di�eren
e is the appearan
e of the fa
tor Re(�1)(b+1)=2,8



whi
h redu
es to unity in the spa
e-like kinemati
s of deep inelasti
 s
attering and was thereforenot visible in the results of Ref. [12℄. On the other hand, the full instanton 
ontribution to thedeep inelasti
 stru
ture tensor of a gluon 
an be obtained from Eqs. (24){(28) by repla
ing the
ombinatorial fa
tor 1=((2 �N
)2) by 1=(2 � (N2
 � 1)) and by substituting Re(�1)(b+1)=2 by 1.As a 
he
k, let us also quote the 
orresponding perturbative 
ontributions to the in
lusive partoni
tensor arising from Eq. (5), � g��w(pt)0�� = �(pt) "ut + tu + 2M2stu # ; (31)w(pt)01 = �12g��w(pt)0�� ; (32)w(pt)02 = ��(pt) sM2tu ; (33)w(pt)03 = 0; (34)w(pt)04 = w(pt)02 ; (35)where �(pt) � 2�e2q�s: (36)We obtained this well known result, see e.g. [42℄, by exploiting the same FORM routines as theones for the instanton-indu
ed 
ontribution, ex
ept for repla
ing the input amplitude (3) by theperturbative amplitude (5).3 The angular distribution of the lepton pairsIn this Se
tion, we will 
on
entrate on the angular distribution of lepton pairs in instanton-indu
edpro
esses { mainly 
on
entrating on the simple one from the previous Se
tion { and 
ompare itto the one predi
ted from ordinary perturbation theory.In general, the angular distribution of the 
harged lepton `+ in lepton pair produ
tion,h1(K1) + h2(K2) ! 
�(q) +X ; (37),! `+(q+) + `�(q�)is des
ribed by three fun
tions, �, �, and �, whi
h may depend on the kinemati
 variables of (37),1� d�d
 = 34� 1� + 3 �1 + � 
os2� + � sin 2� 
os �+ �2 sin2� 
os 2�� ; (38)� and � being the polar and azimuthal angles of `+, respe
tively [38℄. These 
oeÆ
ient fun
tionsmay be 
onveniently expressed in terms of hadroni
 heli
ity stru
ture fun
tions [39℄,� = WT �WLWT +WL ; (39)� = W�WT +WL ; (40)� = 2W��WT +WL : (41)9



Here, we exploit the so-
alled Collins-Soper frame [38℄, in whi
h the frame dependent heli
itystru
ture fun
tions read, in terms of the hadroni
 
ounterparts Wi of the previously introdu
edinvariant fun
tions wi,WT = W1 + r22SM2(1 + r2) h(q �K)2W2 � (q �K)(q � k)W3 + (q � k)2W4i ; (42)WL = W1 + 1SM2(1 + r2) h(q � k)2W2 � (q �K)(q � k)W3 + (q �K)2W4i ; (43)W� = � rSM2(1 + r2) "�(q �K)(q � k)(W2 +W4) + (q �K)2 + (q � k)22 W3# ; (44)W�� = � r22SM2(1 + r2) h(q �K)2W2 � (q �K)(q � k)W3 + (q � k)2W4i ; (45)where r2 � q2?M2 = TU +M2(M2 � S � T � U)SM2 ; (46)determines the transverse photon momentum q? with respe
t to the hadroni
 rea
tion plane. Thekinemati
 variables S = (K1 +K2)2, T = (q �K1)2 and U = (q �K2)2 refer to the hadron level(
f. Eq. (37)). Similarly, K = K1 +K2 and k = K1 �K2.3.1 Parton levelThe 
ontribution of our simple instanton-indu
ed pro
ess as well as the 
ontributions from or-dinary perturbation theory to these heli
ity stru
ture fun
tions are determined by folding theirpartoni
 
ounterparts with the parton density distributions. Before doing that it is instru
tive to
onsider �rst the partoni
 analogies of the quantities.Let us start with the 
ontributions arising from ordinary perturbation theory, (
f. Eqs. (31){(35)),�̂(pt)(1) � w(pt)(1)T � w(pt)(1)Lw(pt)(1)T + w(pt)(1)L = 2� r22 + 3 r2 ; (47)�̂(pt)(1) � w(pt)(1)�w(pt)(1)T + w(pt)(1)L = q?M 2s(s +M2)M2(t� u)(t�M2)2 + (u�M2)2 12M2s+ 3tu; (48)�̂(pt)(1) � 2w(pt)(1)��w(pt)(1)T + w(pt)(1)L = 2 r22 + 3 r2 : (49)In terms of the partoni
 quantities, the ratio r2 = q2?=M2 in Eq. (46) redu
es to tu=(sM2). Inparti
ular, we �nd the Lam-Tung relation [21℄,1 � �̂(pt)(1) � 2 �̂(pt)(1) = 0 ; (50)whi
h, of 
ourse, holds also on the hadron level, 1 � �(pt) � 2 �(pt) = 0, as long as no intrinsi
transverse momentum for the initial state quarks is invoked. It is nearly left inta
t even if onein
ludes O(�2s) 
orre
tions [23℄. 10



The 
ontributions arising from our simple instanton-indu
ed pro
ess (
f. Eqs. (24){(28)) arereadily 
al
ulated along the same lines. They yield quite lengthy expressions, and we do notquote them all analyti
ally, but will illustrate them, instead, graphi
ally. We stress, however,that the Lam-Tung relation is violated by instantons. This is apparent from the following, non-vanishing expression,2 �w(I)0L � 2w(I)0��� = 4�(I)tu(t�M2)(u�M2)(1 � Re(�1) b+12 24 M2�t !b+12 +  M2�u! b+12 35� sM2tu  M2�t ! b+12  M2�u! b+12 ) ; (51)for the numerator of the Lam-Tung 
ombination (
f. Eqs. (39){(41)),1 � �̂� 2 �̂ = 2 (wL � 2w��)wT + wL : (52)Note, that the fa
tor (M2=ptu)b+1 in the asymmetry (51) arises from a non-planar diagram.That is in a

ordan
e with [29℄ where the importan
e of non-planar interferen
e terms for theviolation of the Lam-Tung relation were dis
ussed.It is useful to view the partoni
 
oeÆ
ient fun
tions, for �xed M , as a fun
tion of r = q?=M andthe partoni
 Feynman variable xF � t� us : (53)In fa
t, �̂, �̂, and �̂ depend, for �xedM , only on r and xF . Their dependen
e on these kinemati
alvariables is illustrated in Figs. 5 and 6. We observe the following features:(i) �̂ (top panels) approa
hes �1 for large r for pure instanton-indu
ed pro
esses (dashed), i.e.these pro
esses tend to be purely longitudinal (
f. Eq. (39)) for large transverse momenta, in
ontrast to ordinary perturbative pro
esses (dotted and Eq. (47)). The total result for �̂ (solid),taking into a

ount both instanton and ordinary pro
esses in the numerator and denominatorof the partoni
 equivalent of Eq. (39), shows little deviation from ordinary perturbation theory.Indeed, there are experimental hints for longitudinally polarized photons in hadron 
ollisionstowards larger xF [28℄. Note that, even if the instanton-indu
ed pro
ess q�q ! 
�g is suppressed,for larger xF , instanton e�e
ts might be relevant for this e�e
t sin
e gluon resummation leads toan enhan
ement in this kinemati
 region, see Se
tion 3.3.(ii) The total result (solid) for �̂ (se
ond panels from top) shows a quite signi�
ant deviation fromordinary perturbation theory (dotted) for sizeable xF and intermediate values of r.(iii) �̂ (third panels from top) behaves quite di�erently in pure instanton-indu
ed pro
esses(dashed) and ordinary perturbative pro
esses (dotted and Eq. (49)). In fa
t, instanton-indu
edpro
esses have a value of4 �̂(I) � 2 at small, but �nite r and small xF , mu
h larger as ordinaryperturbative pro
esses (�̂(pt) � 1). Also in the total result for �̂ (solid) we observe a strong4In fa
t, it follows from general arguments [22, 29℄ that as long as instanton pro
esses dominate over ordinaryperturbative pro
esses, one expe
ts �̂(I) � 2. 11



Figure 5: CoeÆ
ient fun
tions of the angular distribution of lepton pairs from quark anti-quarkannihilation, as a fun
tion of q?=M , for various values of xF , for M = 7 GeV. Dotted: resultfrom pure ordinary perturbation theory; dashed: result from pure instanton perturbation theory;solid: total result from ordinary and instanton perturbation theory. Also shown, in the last row,is the ratio of the 
ross-se
tions of instanton perturbation theory to ordinary perturbation theory(dashed-dotted). In the numeri
al results shown we have 
hosen �r = M , � = 0:346 GeV, andnf = 3. 12



Figure 6: Same as in Fig. 5, but for M = 10 GeV.13



enhan
ement at small, but �nite r and small xF in 
omparison to ordinary perturbation theory.Correspondingly, we �nd a strong violation of the Lam-Tung relation, whi
h we display in theforth panels from top in terms of the parameter�̂ � �14 �1 � �̂ � 2 �̂� : (54)Whereas this parameter is identi
al zero in ordinary perturbative pro
esses (dotted), it is aboutone, at small r, xF , for instanton-indu
ed pro
esses, leading to a drasti
 violation of the Lam-Tungrelation in the total result (solid).(iv) Clearly, instanton e�e
ts in the 
oeÆ
ient fun
tions are most visible in kinemati
al regionswhere the instanton indu
ed 
ross-se
tion �̂(I) dominates over the perturbative, �̂(pt), one. Theinstanton-indu
ed features in Figs. 5 and 6 are indeed lo
ated where the ratio (bottom panels;dashed-dotted) �̂(I)�̂(pt) = 2w(I)T + w(I)L2w(pt)T + w(pt)L (55)be
omes large. Obviously, it gets large towards small momentum transfer. The dominan
e of in-stantons is seen to set in like a \bri
k wall". This sudden onset o

urs pra
ti
ally at the boundaryof the �du
ial kinemati
al region of instanton perturbation theory, p�t � Qmin or p�u � Qmin,for M > Qmin � (4�6) GeV. Therefore, the instanton features in the 
oeÆ
ient fun
tions at verysmall momentum transfer, to the left of the sudden onset of instanton dominan
e in Figs. 5 and 6,lie stri
tly speaking outside the range of validity of the semi
lassi
al approximation. Fortunately,however, the 
oeÆ
ient fun
tions are ratios of heli
ity stru
ture fun
tions (
f. Eqs. (39){(41)),and therefore the main un
ertainties 
oming from the extrapolation of the perturbative expressionof the instanton-size distribution 
an
el in them. Therefore, it is expe
ted that our predi
tions ofthe 
oeÆ
ient fun
tions remain also valid at smallish, but non-zero r. For very small q? = Mr,namely up to around 1 GeV, the simplest perturbative and instanton-indu
ed sub-pro
ess q�q ! 
�
ontributes and may 
hange the angular distributions.(v) One feature of �̂(pt) and �̂(pt) that translates un
hanged even to the hadron level is the s
alingbehavior: they depend only on the ratio r. This is not the 
ase when instanton e�e
ts are in
ludedsin
e they vanish in 
omparison to the perturbative 
ontributions for larger M2. This is basi
allytriggered by the ratio �̂(I)=�̂(pt) whi
h leads to a M2 dependent weighting of the perturbative andinstanton 
ontribution. In addition, also �̂(I) and �̂(I) depend already slightly on M2.(vi) Remarkable is also the behavior for xF = 0. For vanishing q?, one expe
ts to re
over thewell known leading-order angular distribution / (1 + 
os2 �), that is �̂ = 1 and �̂ ; �̂ = 0. Asone 
an see from Fig. 5 and 6, the fun
tion �̂ tends towards 2. Note that �̂ still vanishes in thelimit q? ! 0 for very small but �nite xF . For large xF , the violation of the Lam-Tung relation issuppressed even in a region where the ratio �̂(I)=�̂(pt) is not small. The very strong xF dependen
ewill disappear after folding with the parton distributions as we will see in the next se
tion.Stri
tly speaking, we should take nf = 1 and a 
orresponding � = �(1)MS value for the 
al
ulation ofthe e�e
tive 
oupling parameters b, Eq. (10), and �(I), Eq. (29), of the instanton 
ontribution to theheli
ity stru
ture fun
tions, sin
e our instanton-indu
ed pro
ess 
orresponds to (the unrealisti

ase of) one massless 
avour, the other 
avours being integrated out. In the numeri
al results14



Figure 7: Illustration of the dependen
e of our predi
tion of the Lam-Tung parameter �̂ =14(1 � �̂ � 2�̂) on the 
hoi
e of nf and �, for �xed M = 10 GeV and various values of xF . Thethi
ker lines 
orrespond to our default 
hoi
e nf = 3 and � = �(3)MS = 0:346 GeV, whereas thethinner ones 
orrespond to nf = 1 and � = �(1)MS = 0:241 GeV (other notations as in Figs. 5 and6).shown in Figs. 5 and 6 we have 
hosen, instead, nf = 3, and � = �(3)MS = 0:346 GeV, for the
al
ulation of the e�e
tive 
oupling parameters �(pt), �(I), and b. This value of � 
orresponds{ a

ording to the standard three-loop perturbative 
avour redu
tion { to an nf = 5 value�(5)MS = 0:219 GeV, leading to a running QCD 
oupling �s(mZ) = 0:119 at the Z-boson mass [14℄.As illustrated in Fig. 7, our results for the 
oeÆ
ient fun
tions are not largely a�e
ted if we
hoose instead the nominal value nf = 1 and a 
orresponding value for the � parameter, �(1)MS =0:241 GeV. This value was obtained by a linear interpolation between the 
entral values found inre
ent latti
e investigations for nf = 0, �(0)MS = 0:237 GeV [40℄, and nf = 2, �(2)MS = 0:245 GeV [41℄.Again, su
h details 
an
el to a great extend in the ratios of stru
ture fun
tions. This also refersto the dependen
e on the renormalization s
ale �r, for whi
h we have 
hosen M in the numeri
alresults presented in Figs. 5 and 6. 15



3.2 Hadron levelSin
e we have to deal with 
ollisions of hadrons, the partoni
 Mandelstam variables s; t; u in Eqs.(24)-(28) are not observable. Firstly, we have to 
al
ulate the tensor (12) on the hadron levelwhi
h involves a folding with the usual parton distributions, see e.g. Ref. [42℄,W��(S; T; U) = 16�3 Z dx1x1 dx2x2 S Xi w qi��(s; t; u) (qi(x1)qi(x2) + qi(x1)qi(x2)) (56)= 8�3 Z dx1x1 dx2x2 Æ  s+ t+ u�M2S !Xi w0 qi�� (s; t; u) (qi(x1)qi(x2) + qi(x1)qi(x2)) ; (57)where the 
avour dependen
e of w�� is given by the relative 
harge eqi in �(I) (29) and �(pt) (36).Note that the se
ond equation (57) only holds for one parton in the �nal state, whereas the �rstequation is appli
able for the general partoni
 tensor (12). The fa
tors entering the hadroni
tensor (57) are �xed in su
h a way that the tensor �ts with the one de�ned in [42℄5. We have toproje
t the hadroni
 tensor (57) now on the hadron momenta K1 and K2 to get the a

essiblehadroni
 stru
ture fun
tions Wi,W�� = �~g��W1 + ~K� ~K�W2 � ~K�~k� + ~K�~k�2 W3 + ~k�~k�W4 : (58)Here we have de�ned, similar to the partoni
 
ase dis
ussed before, the ve
tors, K = K1 +K2,k = K1 �K2, ~K� = ~g�� K�=pS and ~k� = ~g�� k�=pS. Note the di�eren
es between the partoni
momenta k0, K 0 and the hadroni
 ones k, K in the hadroni
 tensor (58). Due to the di�erentproje
tions on the hadron level the hadron stru
ture fun
tionWi is a linear 
ombination of foldingsof the four partoni
 fun
tions w0i with the parton distributions. Using the partoni
 fun
tions (25)- (28) for the instanton-indu
ed 
ontribution and Eqs. (32) - (35) for the perturbative one, wehave now everything at hand to 
al
ulate the observable angular distributions (39) - (41) on thehadron level.For �xed M , the angular distributions on the partoni
 level depend only on r and xF , but theyare independent of the 
enter-of-mass (
.m.) energy ps, be
ause the latter is �xed due to therelation s + t + u = M2. On the hadron level, however, the momentum fra
tions x1 and x2 arevariable, and the angular distributions depend, 
orrespondingly, for �xed M , on the hadroni

.m. energy pS. Furthermore, the variable xF has to be repla
ed by the hadroni
 one,XF = T � US ; (59)whi
h 
an be interpreted as the longitudinal photon-momentum fra
tion with respe
t to themomentum of the hadron h1.Figure 8 shows the resulting angular distributions for proton-proton 
ollisions at pS = 15 GeVfor M = 7 GeV, XF = 0; 0:1; 0:3, and varying values of r = q?=M . For the renormalization s
ale5Constant fa
tors are for our purposes a
tually not important sin
e we are only interested in ratios of fun
tionsWi. 16



we have 
hosen �r = M and for the parton distributions the CTEQ6 dataset [43℄6.The main di�eren
e to the partoni
 quantities, shown in Fig. 5, 
on
erns the xF resp. XFdependen
e. The strong xF dependen
e is smeared out on the hadron level. This smearing leadsin parti
ular to a suppression of the instanton-indu
ed e�e
t at small XF . This has nothing todo with the parton distribution fun
tions entering the hadroni
 angular distribution. A
tually,sin
e the angular distributions are ratios of two foldings with parton distribution fun
tions, theirdependen
e on the type of hadrons in the initial states is rather weak. The di�eren
e is justa 
onsequen
e of the x1;2 dependen
e of the partoni
 Feynman variable xF that leads to thesmeared out XF behavior after integrating over x1;2. For similar reasons, the M2 dependen
e ofthe angular distribution in the instanton ba
kground is stronger than on the parton level, sin
efor smaller ratios M2=s also smaller values of xF 
ontribute, see Fig. 8 and 9; but note that dueto kinemati
al reasons only smaller values of r = q?=M are a

essible for larger ratios M2=s.The �du
ial region of instanton perturbation theory on the parton levelp�t;p�u;M > Qmin �(4 � 6) GeV 
an be mapped on the hadroni
 variables. One 
an 
he
k that theses relations areful�lled for all x1 and x2 for large enough values of M and q?, namely M � Qmin and q?>�Qmin.Also on the hadron level our results should hold for even smaller q?, sin
e the un
ertainty towardssmaller q? drops out in the ratios of the angular distributions, see the dis
ussion in Se
t. 3.1.3.3 More partons in the �nal stateAs already mentioned in the introdu
tion, the dis
ussed instanton-indu
ed sub-pro
ess q�q I! 
�gwith only one gluon and no quarks in the �nal state is quite instru
tive sin
e it 
ontains alreadythe basi
 non-trivial feature of the instanton-indu
ed Drell-Yan pro
ess, namely the heli
ity 
ipof the quarks in the initial state, whi
h is related to the 
hirality violation and is essentiallyresponsible for the violation of the Lam-Tung relation [22, 29℄. But the rate of this asymmetryindu
ed by instantons was 
ertainly underestimated in the previous se
tions sin
e it is well knownthat the resummation of the events with an arbitrary number of �nal-state gluons leads to a largeenhan
ement whi
h eats up at least partially the suppression of the instanton-indu
ed pro
essq�q ! 
�g. In addition, also the number of involved quarks in the subpro
ess is not realisti
, seeSe
t. 2.A 
omplete 
al
ulation of the angular distribution for this general instanton-indu
ed pro
ess isbeyond the s
ope of this paper and will be attempted in the future. Let us roughly sket
h thegeneral features of the 
omplete pro
ess. Whereas in perturbative pro
esses additional �nal-state gluons are 
ertainly suppressed by an order of �s, every additional gluon in an instantonba
kground leads to an enhan
ement of the order 1=�s. Summing over all pro
esses with anarbitrary number of gluons ng leads to an exponentiation of the inverse 
oupling 
onstant. Theresulting fa
tor, 
ombined with the tunneling fa
tor, exp[�4�=�s℄ (
f. e.g. Eq. (29)), 
an bewritten as exp[�4�=�s F (x0)℄. Here, the Bjorken s
aling variable x0 = Q2=(Q2 +M2X) appears,6A
tually a 
onsistent treatment of instanton indu
ed e�e
ts requires also parton distributions in
ludinginstanton-indu
ed parton evolution. Sin
e this modi�
ation enters the perturbative and instanton 
ontribution inthe same way this e�e
t would 
hange the angular distribution only in sub-leading order of instanton perturbationtheory. 17



Figure 8: The plot shows the angular stru
ture fun
tions similar to Fig. 5 but on hadron level. Thereforean integration over parton distributions, e.g. for the proton, is in
luded. Due to the variable momentumfra
tions x1 and x2 one has to spe
ify an additional kineti
 variable, e.g. the 
.m. energy pS.18



Figure 9: Same as in Fig. 8, but for M = 10 GeV.19



whereQ is the relevant momentumtransfer andMX is the invariant mass of the produ
ed partoni
�nal state. The so-
alled holy-grail fun
tion F (x0) [8℄ is normalized to one for x0 = 1 and de
reasestowards smaller x0 and therefore largerMX . Let us mention that in the ele
troweak theory, wherethe 
oupling 
onstant is mu
h smaller, this me
hanism is absolutely ne
essary for the pro
esseventually be
oming observable in the high energy limit [7℄.For the pro
ess dis
ussed in the present paper, Q2 is given by the partoni
 quantities �t;�u orM2, whereas, in general, M2X = (k1 + k2 � q)2. Therefore, the integrands of the fun
tions Wi(57) involve a fa
tor exp[�4�=�s F (x0)℄. For M2X = 0 (x0 = 1), and therefore also for the pro
esswith one �nal-state gluon, the fa
tor exp[�4�=�s℄ in Eq. (29) is re
overed. For positive XF , thesmallest x0 is given for Q2 = �t,x0 = �t�t+M2X = �ts+ u�M2 = �2M2=S + x1(q4M2=S(1 + r2) +X2F �XF )2x2x1 � x2(q4M2=S(1 + r2) +X2F +XF ) : (60)It is easy to 
he
k that x0 rises slightly with r and de
reases towards the largest a

essible valuesof XF . Therefore, we 
an 
on
lude that the instanton-indu
ed e�e
t in � and � (see Figs. 5, 6,8 and 9) will shift to slightly smaller r. Furthermore, we expe
t a signi�
ant enhan
ement ofthe instanton e�e
t for larger XF . Correspondingly, the suppression of the simplest instanton-indu
ed pro
ess at large XF , whi
h we observed before, might be 
ompensated. Note that theappli
ability of instanton perturbation-theory now requires in addition a 
ut x0>�x
ut, where x
utis approximately 0.35, see Ref. [36℄. One 
an 
he
k that this requirement 
an be ful�lled for allx1, x2 and r as long as XF is not too large, or for all XF for large enough ratios M2=S.Beside the dis
ussed instanton-indu
ed multi-gluon pro
ess also other perturbative pro
esses may
ontribute. Firstly, we have not taken into a

ount an enhan
ement of perturbative 
ontributionsdue to soft gluon resummation [24,25℄ at small q? sin
e the instanton-indu
ed 
ontribution thatwe have 
al
ulated is not reliable in this region anyway. In higher order �s also new pro
esses
ontribute to the angular distribution whi
h lead to a small violation of the Lam-Tung relationalready in the purely perturbative framework [23℄. For small tranverse momenta q? the usualfa
torization is not reliable anymore and transverse parton momentum distributions be
ome im-portant. However, as already mentioned in the introdu
tion, higher order 
ontributions, soft gluone�e
ts and parton transverse momentum are not able to explain the observed strong violation ofthe Lam-Tung relation [23{25℄.4 Con
lusionsWe have 
al
ulated the angular distribution of the produ
ed leptons in hadron hadron 
ollision inan instanton ba
kground. It turns out that, for large enough photon virtualitiesM2 and transversephoton momenta squared q2?, only small instantons 
ontribute. Therefore, the instanton-indu
ed
ontribution is �du
ially 
al
ulable in this kinemati
 region using te
hniques of instanton pertur-bation theory. The most remarkable property of the resulting angular distribution is the violationof the Lam-Tung relation whi
h is 
onserved to very high a

ura
y in usual perturbation the-ory, but violated in experiments. This e�e
t is a dire
t 
onsequen
e of 
hirality violation in the20



ba
kground of QCD instantons whi
h leads to a non-trivial spin-density of the quark-antiquarkpair in the initial state as it has been argued in [29℄. Therefore, lepton pair produ
tion in hadron
ollisions is potentially a very good testing ground for instanton-indu
ed pro
esses: the violationof the Lam-Tung relation is reliably 
al
ulable in instanton perturbation theory and absent inusual perturbation theory.We restri
ted ourselves to the simplest partoni
 subpro
ess q�q I! 
�+g. Sin
e the in
lusion of themore realisti
 general pro
esses q�q I! 
� + (nf � 1)q�q + ngg was beyond the s
ope of this paper,we 
annot 
ompare our results dire
tly with the available data. However, the small violation ofthe Lam-Tung relation on the hadron level arising from the simplest partoni
 pro
ess is alreadyquite promising, notably in view of the expe
tation that additional gluons lead to a substantialenhan
ement of the instanton-indu
ed e�e
t, as known from analyses of the related pro
esses indeep-inelasti
 s
attering and from the general arguments presented in this paper.Finally, let us mention that, beside further theoreti
al e�orts, more experimental data are re-quired for testing instantons in the angular distribution of produ
ed leptons at a hadron 
ollider.Fortunately, there are new medium energy proje
ts under way that are also dedi
ated to studythe Drell-Yan pro
ess, e.g. at the forth
oming fa
ilities GSI-FAIR [44℄ and J-PARC [45℄.7 Exper-iments at RHIC may also give further information on lepton pair produ
tion. In general, it seemsthat �xed target experiments are espe
ially well suited for our purposes, sin
e on the one handthe involved momenta are smaller and on the other hand the luminosities are larger. Therefore, ahuge amount of lepton pairs should be observable whi
h is absolutely ne
essary for re
onstru
tinga whole angular distribution.A
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