
*H
EP
-P
H/
06
05
33
9*

ar
X

iv
:h

ep
-p

h/
06

05
33

9 
v1

   
31

 M
ay

 2
00

6

DESY 06-057ZH-TH 11/06Bosoni
 Corre
tionsto The E�e
tive Weak Mixing Angle at O(�2)M. Awramik1;2 M. Czakon3;4 A. Freitas51II. Institut f�ur Theoretis
he Physik, Universit�at Hamburg,Luruper Chaussee 149, D-22761 Hamburg, Germany2 Institute of Nu
lear Physi
s, Radzikowskiego 152, PL-31342 Cra
ow, Poland3 Institut f�ur Theoretis
he Physik und Astrophysik, Universit�at W�urzburg, AmHubland, D-97074 W�urzburg, Germany4 Department of Field Theory and Parti
le Physi
s, Institute of Physi
s,University of Silesia, Uniwersyte
ka 4, PL-40007 Katowi
e, Poland5 Institut f�ur Theoretis
he Physik, Universit�at Z�uri
h,Winterthurerstrasse 190, CH-8057 Z�uri
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tWe present the 
omplete bosoni
 
ontributions to the e�e
tive weak mixing angle,sin2 �lepte� , at the two-loop level in the ele
troweak intera
tions. We �nd their size tobe about three times smaller than inferred from simple estimates from lower orders.In parti
ular, for a Higgs boson mass, MH , of 100 GeV they amount to 4 � 10�6,and drop down by about an order of magnitude for MH = 200 GeV. We estimatethe intrinsi
 error of the theory predi
tion of sin2 �lepte� to be 4:7� 10�5.1 Introdu
tionWhile no 
lear experimental eviden
e for the Higgs boson has been found sofar, even today the Standard Model is a

urately tested and the Higgs bosonmass MH strongly 
onstrained through pre
ision measurements of Z- and W -boson properties. One of the most important observables in this 
ontext is thee�e
tive leptoni
 weak mixing angle sin2 �lepte� . It 
an be de�ned through thevertex form fa
tors for the ve
tor and axial-ve
tor intera
tions between the ZPreprint submitted to Elsevier S
ien
e 31 May 2006



boson and fermions f :sin2 �lepte� = 14  1�< gV (M2Z)gA(M2Z)!! : (1)with the gV;A the e�e
tive 
ouplings in the vertex i l
�(gV � gA
5)l Z�.The experimental value for sin2 �lepte� is derived from various asymmetries mea-sured at the Z resonan
e pole. The pre
ision of the 
urrent experimental valuesin2 �lepte� = 0:23153 � 0:00016 [1℄ 
ould be improved by about one order ofmagnitude by a future linear 
ollider experiment [2℄. Sin
e the radiative 
orre
-tions to sin2 �lepte� depend sensitively on the value ofMH , the high experimentalpre
ision allows to put strong 
onstraints on the Higgs boson mass when theStandard Model is assumed to be valid. Thus a lot of e�ort has been putinto a

urate theoreti
al 
al
ulations for sin2 �lepte� . While one-loop 
orre
tionsand two- and three-loop QCD 
orre
tions have been known for several years[3,4,5℄, only re
ently the fermioni
 two-loop 
orre
tions, i.e. the two-loop 
on-tributions with at least one 
losed fermion loop, were 
omputed in [6,7,8℄ and
on�rmed in [9℄. In addition, leading three-loop e�e
ts of order O(�3) andO(�2�s) for large values of the top quark mass mt have been 
al
ulated [10℄,as well as the behavior of the full O(�3) 
orre
tions for largeMH [11℄. Finally,the pre
ision of the QCD 
orre
tions to the universal part, the �� parameter,has been pushed to the four-loop level [12,13℄.However, for the remaining bosoni
 two-loop 
orre
tions, only a partial resultfor the MH -dependent diagrams is available so far [14℄. The goal of this workis to �nalize the 
al
ulation of the O(�2) two-loop 
orre
tions by giving a
omplete result for the bosoni
 two-loop 
ontributions.At tree-level, the e�e
tive weak mixing angle is identi
al to the on-shell weakmixing angle sin2 �W = 1�M2W=M2Z . The e�e
t of higher-order 
orre
tions tothe Zll vertex 
an be summarized in the quantity ��,sin2 �lepte� =  1 � M2WM2Z ! (1 + ��) ; (2)where for the purpose of this work, it is understood that MW and MZ arede�ned in the on-shell s
heme. The most pre
ise result for sin2 �lepte� is ob-tained when using the Fermi 
onstant G� instead of MW as input. Then the
al
ulation of sin2 �lepte� as a fun
tion of G� involves also the 
omputation ofthe radiative 
orre
tions to the relation between G� and MW . This has been
arried out with 
omplete ele
troweak two-loop 
orre
tions in [15,16,17℄. Inthis letter, the remaining bosoni
 two-loop 
orre
tions to the form fa
tor ��2



are presented.2 Outline of the 
al
ulationAny higher order 
al
ulation 
onsists of two parts: the 
omputation of the barediagrams and the determination of the renormalization 
onstants. The latterhas been dis
ussed at length in 
onne
tion to two-loop ele
troweak pre
isionobservables in [15,16℄ (see also [18℄). We are, therefore, left with the 
al
ulationof the bare diagrams, whi
h in our 
ase, are massive two-loop three-pointfun
tions with two massless and one massive external leg.Just as in the 
ase of the fermioni
 
orre
tions [6℄, there are three mass s
alesin the problem, with the di�eren
e that there is no dependen
e on the topquark, but on the Higgs boson mass. This is, however, an important di�eren
e,be
ause 
ontrary to mt, MH is not a �xed parameter and 
an assume a broadrange of values. From the many possible strategies that one might apply, we
hose to expand in the various parameters in order to obtain a result expressedthrough single s
ale integrals, whi
h are in fa
t just numbers to be determinedin a �nal step.In a �rst step, we apply an expansion in the di�eren
e of the masses of theW and Z bosons, where the expansion parameter is just s2W . Sin
e there arediagrams where there is a threshold when MW = MZ, the appearan
e ofdivergen
es at higher orders in the expansion is inevitable. In this 
ase, weapply the method of expansions by regions, see [19℄. The two regions that
ontribute to the result 
ome from the ultrasoft momenta, k1;2 � s2WMZ, andhard momenta, k1;2 �MZ. The new integrals that appear from this pro
edureare presented in Ref. [20℄, whereas the redu
tion to the set of master integralspro
eeds with Integration-By-Parts identities [21℄ solved with the Laportaalgorithm [22℄ as implemented in the IdSolver library [23℄.The Higgs boson is treated in two regimes. For low masses we expand in themass di�eren
e between MH and MZ , with the expansion parameter de�nedto bes2H = 1� M2HM2Z ; (3)where this time, no thresholds are en
ountered. To guarantee a reasonablepre
ision, we 
ompute six terms in the 
ombined expansion in s2W and s2H . Forthe se
ond regime, whi
h is the region where MH � MZ, we apply the largemass expansion, Ref. [19℄. 3



The resulting single s
ale master integrals are treated with various methods,usually with two or three di�erent ones for test purposes. Most 
an be obtainedwith numeri
al integration, using dispersion relations (see Method II in [8℄).For diagrams of simpler topologies we use di�erential equations [24,25℄ andlarge mass expansions, whereas for more 
ompli
ated ones we used the MB pa
k-age [26℄ implementingMellin-Barnes methods [27,28℄ (see also [29℄). Wheneverpossible we performed 
ross 
he
ks with se
tor de
omposition, Ref. [30℄.A �nal, algebrai
 
he
k of all the pro
edures is the 
an
ellation of the depen-den
e on the gauge parameter, whi
h we veri�ed for the �rst orders of theexpansion.3 ResultsThe di�erent ele
troweak 
ontributions to �� are shown in Tab. 1, under theassumption that the W boson mass is �xed at its experimental value given inTab. 2 together with the remaining input parameters. Note that ��(�2);fermdenotes the two-loop 
ontribution of the fermioni
 diagrams known from [6,9℄,whereas ��(�2);bos is our new result, namely the two-loop 
ontribution ofthe bosoni
 diagrams. The 
omplete predi
tion, ��, 
ontains additionallyother known 
orre
tions. In parti
ular, the following have been taken intoa

ount (see also [6℄): one-loop ele
troweak 
orre
tions, QCD 
orre
tions tothe one-loop predi
tion at the two- [4℄ and three-loop level [5℄, O(�2�sm4t )and O(�3m6t ) 
orre
tions to �� [10℄, as well as leading redu
ible e�e
ts atO(�2�s) and O(�3). The exa
t MH dependen
e of the two-loop 
ontributionsto sin2 �lepte� , obtained from �� by res
aling with 1 �M2W=M2Z , 
an also beread o� from Fig. 1, whi
h makes it even more apparent that both fermioni
and bosoni
 
orre
tions are of the same order for low to moderate Higgs bosonmasses.Table 1Higgs boson mass dependen
e of �� evaluated with a �xed W boson mass as inTab. 2. The normalization fa
tor is 10�4.MH [GeV ℄ ��(�) ��(�2);ferm ��(�2);bos ��100 413.325 1.07 -0.74 372.93200 394.023 -0.32 -0.47 353.20600 354.060 -2.89 0.17 313.131000 333.159 -2.61 1.11 295.11In order to partially 
an
el large perturbative e�e
ts and lower the sensitivityto input parameters, the W boson mass is 
ustomarily repla
ed by its value4
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Fig. 1. Two-loop ele
troweak 
ontributions to the e�e
tive weak mixing angle, witha �xed W boson mass as in Tab. 2.Table 2Input parameters, taken from [1,31℄.input parameter valueMW 80:404� 0:0030 GeVMZ 91:1876� 0:0021 GeV�Z 2:4952 GeVmt 172:5� 2:3 GeVmb 4:85 GeV��(M2Z) 0:05907� 0:00036�s(MZ) 0:119� 0:002G� 1:16637� 10�5 GeV�2determined from � de
ay, or equivalently from the Fermi 
onstant, G�. Thetransition is made possible by the knowledge of all relevant 
orre
tions tomuon de
ay as dis
ussed in [17℄.In view of the reparametrization, let us de�ne the size of the 
omplete bosoni

orre
tions as the di�eren
e between the 
omplete predi
tion of sin2 �lepte� andthe same predi
tion, where pure two-loop ele
troweak bosoni
 diagrams havebeen omitted both in MW and in ��. A rough estimate of the e�e
t 
anbe read o� Tab. 1. For example, for MH = 100 GeV and the 
urrent inputparameters, where sin2�W = 0:2225, the 
ontribution to sin2 �lepte� from �� is�0:16� 10�4, whereas using our previous results, [15,16,17℄, we �nd that the5




ontribution from MW amounts to 0:2 � 10�4. The large 
an
ellation in thesum gives just 0:04 � 10�4. A similar 
an
ellation o

urs for other values ofMH over a wide range, as illustrated in Tab. 3, whi
h also gives the 
ompletepredi
tion. It is important to note that, 
ontrary to the fermioni
 
orre
tions,whi
h strongly depend on the value of the top quark mass, our result for thebosoni
 
orre
tions is stable within the input parameter un
ertainties and 
anbe simply added to our �tting formula from [6℄, although the e�e
t is 
learlynegligible.Table 3Higgs boson mass dependen
e of MW and sin2 �lepte� with G� as input parame-ter. Quantities with the supers
ript [ferm℄ do not 
ontain the two-loop ele
troweakbosoni
 
orre
tions, whereas those with the supers
ript [ferm+bos℄ do 
ontain them.� sin2 �e� is the shift indu
ed by the bosoni
 
orre
tions as des
ribed in the text.The normalization fa
tor for sin2 �lepte� is 10�4, and MH and MW are given in GeV.MH M [ferm℄W M [ferm+bos℄W sin2 �[ferm℄e� sin2 �[ferm+bos℄e� � sin2 �e�100 80.3694 80.3684 0.231434 0.231438 0.04200 80.3276 80.3270 0.231769 0.231769 0.00600 80.2491 80.2490 0.232322 0.232327 0.051000 80.2134 80.2141 0.232563 0.232574 0.12As a partial 
he
k of our 
al
ulation we have also 
ompared the Higgs bosonmass dependen
e of our result with the one published in [14℄. Upon using thesame input parameters, we have found ex
ellent agreement as shown in Tab. 4.Table 4Comparison of the Higgs boson mass dependen
e of �� with [14℄ (with MW =80:4260 GeV andmt = 178 GeV taken from that work). The subs
ript \sub" denotessubtra
tion at MH = 100 GeV. The normalization fa
tor is 10�4.MH [GeV ℄ ��(�2);bossub ��(�2);bossub [14℄100 0 0200 0.266 0.265600 0.914 0.9141000 1.849 1.8494 Dis
ussionOur 
al
ulation shows that the last pie
e of the two-loop ele
troweak 
orre
-tions to the e�e
tive weak mixing angle, the one 
oming from purely bosoni
6



diagrams, gives a very small 
ontribution. In fa
t, being of the order of afew times 10�6, it is below the anti
ipated pre
ision of the linear 
ollider, noteven to mention the 
urrent experimental a

ura
y. This strengthens the va-lidity of our �tting formula [6℄. Furthermore, sin
e the re
ent 
al
ulation ofthe O(G�m2t�3S) 
orre
tions to the rho parameter [12,13℄, has also given a verysmall 
ontribution, the results of [6℄ implemented in ZFITTER [32℄ still providea reliable predi
tion for sin2 �lepte� under 
onsideration of all new results.We estimate the error from unkown higher order 
orre
tions on sin2 �lepte� asdes
ribed in [6℄, in
luding 
ontributions for the next missing loop orders, i.e.O(�3), O(�2�s), O(��3s). 1 We �nd a total theoreti
al error of 4:7 � 10�5,whi
h should be taken as a very 
onservative error estimate, whi
h makesit however ne
essary to determine further missing 
orre
tions if we want toobtain a result at the level needed by a future linear 
ollider.A
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