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eptan
e should be inserted laterAbstra
t. A third workshop on small-x physi
s, within the Small-x Collaboration, was held in Hamburgin May 2004 with the aim of overviewing re
ent theoreti
al progress in this area and summarizing theexperimental status.PACS. XX.XX.XX No PACS 
ode given1 Introdu
tionIn this report we summarize some of the re
ent develop-ments in small-x physi
s, based on presentations and dis-
ussions during the Lund Small-x workshop held in DESY,Hamburg in May 2004.Although a

epted as an integral part of the StandardModel, QCD is still not a 
ompletely understood theory.The qualitative aspe
ts of asymptoti
 freedom and 
on-�nement are under 
ontrol, but the quantitative predi
tivepower of the theory is not at a satisfa
tory level. In par-ti
ular this is true for the non-perturbative regime, wheremost of our understanding 
omes from phenomenologi
al
models, su
h as the Lund string fragmentationmodel, andalso from latti
e gauge 
al
ulations and e�e
tive theories,su
h as 
hiral perturbation theory. For the perturbativeaspe
ts of QCD, the situation is more satisfa
tory. In theweak 
oupling limit, the 
ollinear fa
torization theoremwith so-
alled DGLAP evolution [1{4℄ is working well andis under good theoreti
al 
ontrol. Many 
ross se
tions havebeen 
al
ulated to next-to-leading order (NLO), severaleven to next-to-next-to-leading order, and some 
al
ula-tions involving (next-to)3-leading order have begun (seee.g. [5℄ and referen
es therein). The quantitative pre
isionin this regime is approa
hing the per-mille level, whi
h is



2 Jeppe R. Andersen et al.: Small x Phenomenology - summary of the 3rd Lund Small x Workshop in 2004very en
ouraging although still very far from the pre
isionin QED.However, there is a domain, still in the perturbativeregime, where our understanding is la
king. This is theregion of high energy and moderate momentum transfer,su
h as small-x Deeply Inelasti
 S
attering (DIS) as mea-sured at HERA and low to medium E? jet produ
tionat the Tevatron. In this region, the 
ollinear fa
torizationmust break down as the perturbative expansion be
omesplagued by large logarithms of the ratio between the total
ollision energy and the momentum transfer of the hardsub-pro
ess, whi
h needs to be resummed to all orders toobtain pre
ision predi
tions from QCD. These logarithmsarise from the large in
rease of the phase spa
e availablefor additional gluon emissions, resulting in a rapid riseof the gluon density in hadrons with in
reasing 
ollisionenergy or, equivalently, de
reasing momentum fra
tion, x.In this high energy limit, QCD is believed to be 
or-re
tly approximated by the BFKL evolution [6{8℄, and
ross se
tions should be possible to predi
t using k?-fa
torization [9{12℄ where o�-shell matrix elements are
onvoluted with unintegrated parton densities obeyingBFKL evolution. However, so far the pre
ision in the pre-di
tions from k?-fa
torization has been very poor. Al-though BFKL evolution 
orre
tly predi
ted the strong riseof the F2 stru
ture fun
tion with de
reasing x at HERA ona qualitative level, it turned out that the next-to-leadingorder 
orre
tions to BFKL are huge [13,14℄, basi
allymak-ing any 
al
ulation with leading-logarithmi
 a

ura
y ink?-fa
torization useless.Several attempts have been made to tame the NLO
orre
tions to BFKL by e.g. mat
hing to the 
ollinearlimit [15℄ and mat
hing this with o�-shell matrix elementsor impa
t fa
tors 
al
ulated to NLO. Another strategy isbased on the fa
t that a large part of the NLO 
orre
tionsto BFKL 
an be tra
ed to the la
k of energy and mo-mentum 
onservation in the LO evolution [16℄. Althoughenergy and momentum is still not 
onserved in NLOevolution, the 
ontributions from ladders whi
h violatesenergy{momentum 
onservations are redu
ed. Amendingthe leading-logarithmi
 evolution with kinemati
al 
on-straints, either approximately in analyti
al 
al
ulations[17℄ or exa
tly in Monte-Carlo programs [18{21℄, shouldpossibly lead to more reasonable QCD predi
tions, al-though still formally only to leading logarithmi
 a

ura
y.However, so far none of these strategies have been able toful�ll their ambitions, and the reprodu
tion of availabledata is still not satisfa
tory.The plot thi
kens further when 
onsidering the in-
rease in gluon density at small x. At high enough en-ergy the density of gluons be
omes so high that they muststart to overlap and re
ombine, and we will en
ounter thephenomena of multiple intera
tions, saturation and rapid-ity gaps. In the non-perturbative region these phenomenahave already been established, but there is 
urrently no
onsensus on whether e�e
ts of re
ombination of pertur-bative gluons have been seen at e.g. HERA. Perturbativere
ombination would require non-linear evolution equa-tions, whi
h then also 
ould break k?-fa
torization.

In our �rst review [22℄ we fo
used on the theoreti
aland phenomenologi
al aspe
ts of k?-fa
torization, while inthe se
ond [23℄ we also gave an overview of experimentalresults in the small-x region. In this third review we will
ontinue to present re
ent developments in these areas,but also give an overview and introdu
tion to saturatione�e
ts and non-linear evolution.The layout of this report is as follows. First we dis-
uss some re
ent developments of k?-fa
torization in se
-tion 2, starting with the unintegrated parton densities(se
tion 2.2) and doubly unintegrated parton densities(2.3) and 
ontinuing with re
ent advan
es in NLO 
al-
ulations (2.4 and 2.6). Then, in se
tion 3 we des
ribesome phenomenologi
al appli
ations of k?-fa
torization,looking at how to use them to obtain QCD predi
tions forheavy quark (3.1) and quarkonium (3.4) produ
tion. Inse
tion 4 we present the re
ent investigations by Mar
h-esini and Mueller relating some aspe
ts of jet physi
s toBFKL dynami
s, whi
h 
ould make it possible to studythis kind of evolution also in other environments. In se
-tion 5 we give an introdu
tion and overview of saturationphenomena and non-linear evolution. Se
tion 6 also dealswith saturation, but in the 
ontext of the so-
alled AGK
utting rules whi
h enables us to relate saturation withmultiple s
atterings and di�ra
tion. In se
tion 7 we reviewsome re
ent experimental results relating to the issues inthe previous se
tions, beginning with multiple intera
tionsand underlying events in se
tion 7.1, followed by rapiditygaps between jets in 7.2, jet-produ
tion at small-x in 7.3and produ
tion of strange parti
les in DIS in se
tion 7.4.Finally we present a brief summary and outlook in se
-tion 8.2 The k?-fa
torization formalismMain author H. JungIn the high energy limit, 
ross se
tions 
an be 
al-
ulated using k? -fa
torization [9{12℄ with 
onvolutionof a o�-shell (k? dependent) partoni
 
ross se
tion�̂(xz ; k2?) and an k? - unintegrated parton density fun
-tion F(z; k2?):� = Z dzz d2k?�̂(xz ; k2?)F(z; k2?) (1)The unintegrated gluon density F(z; k2?) is des
ribed bythe BFKL [6{8℄ evolution equation in the region of asymp-toti
ally large energies (small x). An appropriate des
rip-tion valid for both small and large x is given by the CCFMevolution equation [24{27℄, resulting in an unintegratedgluon density, A(x; k2?; �q2), whi
h is a fun
tion also of theadditional s
ale, �q. Here and in the followingwe use the fol-lowing 
lassi�
ation s
heme: xG(x; k2?) des
ribes DGLAPtype unintegrated gluon distributions, xF(x; k2?) is usedfor pure BFKL and xA(x; k2?; �q2) stands for a CCFM typeor any other type having two s
ales involved. Di�erentapproa
hes to the unintegrated parton density fun
tionshave been dis
ussed in detail in [22,23℄.



Jeppe R. Andersen et al.: Small x Phenomenology - summary of the 3rd Lund Small x Workshop in 2004 3While still being formally at leading order, the uninte-grated gluon densities in
orporate e�e
ts from the next-to-leading order in the 
ollinear approa
h [28℄. This is dis-
ussed in more detail in the next subse
tions. To further
onne
t to the un
ertainty estimates of 
ross se
tion 
al-
ulated in the 
ollinear approa
h, the 
hange of the renor-malization and fa
torization s
ales are used to estimatethe in
uen
e and size of higher order 
orre
tions. In [29℄the CCFM unintegrated PDFs are determined su
h thatthe stru
ture fun
tion F2 as measured at H1 [30, 31℄ andZEUS [32,33℄ 
an be des
ribed after 
onvolution with theo�-shell matrix element. This �t is repeated for the renor-malization s
ale in the o�-shell matrix element varied by afa
tor of 2 up and down, resulting in new sets of PDFs [29℄,set A0+ and set A0-. These PDFs are 
ompared with the
entral set set A0 in Fig. 1.
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hang-ing the renormalization s
ale in the o�-shell matrix element bya fa
tor 2 up and down.2.1 Future �ts of uPDF parameterizationsMain author M. HanssonThere are a number of possible measurements sensi-tive to the transverse momentum of the propagating glu-ons in the gluon ladder, and thereby suitable for investi-gations 
on
erning the unintegrated gluon density of theproton. One possible observable is the di�eren
e in az-imuthal angle, ��?, of a dijet system in the hadroni
 
en-ter of mass frame. The di�erential 
ross se
tion d�d��? hasbeen measured at the Tevatron [34{39℄ and only re
entlyat HERA [40,41℄. The quantityS = R �0 Ndijet(��?; x;Q2)d��?R �0 Ndijet(��?; x;Q2)d��? ; (2)�rst proposed in [42℄, has been measured [43℄ and showeda large sensitivity to the unintegrated gluon density. An-other measurement, proposed in [44℄, would be to mea-sure d�dp21;tdp22;t where dp2i;t are the transverse momenta of a


harm anti-
harm pair. In [44℄, also an alternative to thiswas dis
ussed, namely to measure the quantityf(p2max > kp2min;W ) � �(p2max > kp2min;W )�(W ) (3)where p2max = max(dp21;t; dp22;t), p2min = min(dp21;t; dp22;t)and k is a 
onstant. This quantity would be a measure ofthe spread in the p21;t� p22;t plane. Yet another possibilitywould be a dire
t re
onstru
tion of xg and k2g;t from (DIS)multijet events, thereby mapping the unintegrated gluondensity dire
tly.The unintegrated gluon density 
ould also be 
on-strained from global �ts. So far, only �ts to F2 have beenmade [45℄, and a global �t using various data su
h asforward jets, 2+n jets, heavy quarks and azimuthal jet-jet 
orrelations would further 
onstrain the unintegratedgluon density.2.2 The need for doubly unintegrated parton densityfun
tionsMain author J. CollinsConventional parton densities are de�ned in terms ofan integral over all transverse momentum and virtualityfor a parton that initiates a hard s
attering. While su
ha de�nition of an integrated parton density is appropriatefor very in
lusive quantities, su
h as the ordinary stru
-ture fun
tions F1 and F2 in DIS, the de�nition be
omesin
reasingly unsuitable as one studies less in
lusive 
rossse
tions. Asso
iated with the use of integrated parton den-sities are approximations on parton kinemati
s that 
anreadily lead to unphysi
al 
ross se
tions when enough de-tails of the �nal state are investigated.We propose that it is important to the future use ofpQCD that a systemati
 program be undertaken to re-formulate fa
torization results in terms of fully uninte-grated densities, whi
h are di�erential in both transversemomentumand virtuality. These densities are 
alled \dou-bly unintegrated parton densities" by Watt, Martin andRyskin [46, 47℄ (dis
ussed in the next se
tion), and \par-ton 
orrelation fun
tions" by Collins and Zu [48℄; theseauthors have presented the reasoning for the inadequa
y,in di�erent 
ontexts, of the more 
onventional approa
h.The new methods have their motivation in 
ontexts su
has Monte-Carlo event generators where �nal-state kine-mati
s are studied in detail. Even so, a systemati
 refor-mulation for other pro
esses to use unintegrated densitieswould present a uni�ed methodology.These methods form an extension of k?-fa
torization,whi
h has so far been applied in small-x pro
esses and,as the CSS formalism [49℄, in the transverse-momentumdistribution of the Drell-Yan and related pro
esses.The problem that is addressed is ni
ely illustrated by
onsidering photoprodu
tion of 
�
 pairs. In Figs. 2, we
ompare three methods of 
al
ulation 
arried out withinthe Cas
ade event generator [20,50℄:
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Fig. 2. (a) and (b): Comparison between use of simple LOparton model approximation and of the use of k? densities forthe p? of 
�
 pairs in photoprodu
tion, and for the x
 . (
) and(d): Comparison of use of k? densities and full simulation.{ Use of a 
onventional gluon density that is a fun
tionof parton x alone.{ Use of a k? density that is a fun
tion of parton x andk?. These are the obje
ts usually 
alled \unintegratedparton densities".{ Use of a \doubly unintegrated density" that is a fun
-tion of parton x, k? and virtuality, that is, of the 
om-plete parton 4-momentum, in Cas
ade taken after thefull simulation of the initial state parton showering.The partoni
 subpro
ess in all 
ases is the lowest orderphoton-gluon-fusion pro
ess 
 + g �! 
 + �
. Two di�er-ential 
ross se
tions are plotted: one as a fun
tion of thetransverse momentum of the 
�
 pair, and the other as afun
tion of the x
 of the pair. By x
 is meant the fra
-tional momentum of the photon 
arried by the 
�
 pair,
al
ulated in the light-front sense asx
 = Pi=
;�
(Ei � pz i)2yEe = p�
�
q� :Here Ee is the ele
tron beam energy and the 
oordinatesare oriented so that the ele
tron and proton beams are inthe �z and +z dire
tions respe
tively.In the normal parton model approximation for thehard s
attering, the gluon is assigned zero transverse mo-mentum and virtuality, so that the 
ross se
tion is re-stri
ted to pT
�
 = 0 and x
 = 1, as shown by the solidlines in Fig. 2(a,b). When a k? dependent gluon densityis used, quite large gluoni
 k? 
an be generated, so thatthe pT
�
 distribution is spread out in a mu
h more phys-i
al way, as given by the dashed line in Fig. 2(a). But as

shown in plot (b), x
 stays 
lose to unity. Negle
ting thefull re
oil mass m is equivalent of taking k2 = �k2?1�x withk2 being the virtuality of the gluon, k2? its transverse mo-mentum and x its light 
one energy fra
tion. This givesa parti
ular value to the gluon's k�. When we also takeinto a

ount the 
orre
t virtuality of the gluon, there is nonoti
eable 
hange in the pT
�
 distribution | see Fig. 2(
)(dotted line) | sin
e that is already made broad by thetransverse momentum of the gluon. But the gluon's k� isable to spread out the x
 distribution, as in Fig. 2(d) withthe dotted line. This is equivalent with a proper treatmentof the kinemati
s and results in k2 = �k2?�xm21�x , whi
h
an be signi�
ant for �nite x. Clearly, the use of the sim-ple parton-model kinemati
 approximation gives unphys-i
ally narrow distributions. The 
orre
t physi
al situationis that the gluon surely has a distribution in transversemomentum and virtuality, and for the 
onsidered 
rossse
tions negle
t of parton transverse momentum and vir-tuality leads to wrong results. It is 
learly better to havea 
orre
t starting point even at LO, for di�erential 
rossse
tions su
h as we have plotted.Therefore it is highly desirable to reformulate pertur-bative QCD methods in terms of doubly unintegrated par-ton densities from the beginning. A full implementationwill be able to use the full power of 
al
ulations at NLOand beyond.2.3 Doubly unintegrated PDFsMain author G. WattThe notation for the two-s
ale unintegrated gluon dis-tribution, xA(x; k2?; �q2), used in [22, 23℄ and elsewhere inthis report, is related to that used in this se
tion byxA(x; k2?; �q2)$ fg(x; k2t ; �2)=k2t : (4)2.3.1 Unintegrated PDFs from integrated onesExisting analyses of the CCFM equation are based onnumeri
al solution via Monte Carlo methods. Kimber,Martin and Ryskin [51℄ showed that, in a 
ertain ap-proximation, it is possible to obtain two-s
ale UPDFs,fa(x; k2t ; �2), from single-s
ale distributions, with the de-penden
e on the se
ond s
ale � introdu
ed only in the laststep of the evolution. It was found that this \last-step"pres
ription gave similar results whether the single-s
aledistributions were evolved with a uni�ed BFKL-DGLAPequation [52℄ or purely with the DGLAP equation, indi
at-ing that angular ordering is more important than small-x e�e
ts. Here, we summarize the pro
edure [46, 51℄ forobtaining UPDFs from the 
onventional DGLAP-evolvedintegrated PDFs, a(x; �2) = xg(x; �2) or xq(x; �2).The UPDFs are 
onstru
ted to satisfy the normaliza-tion 
onditionsZ �20 dk2tk2t fa(x; k2t ; �2) = a(x; �2); (5)



Jeppe R. Andersen et al.: Small x Phenomenology - summary of the 3rd Lund Small x Workshop in 2004 5whi
h are ensured by de�ning the UPDFs to be [46,51℄fa(x; k2t ; �2) � �� ln k2t � a(x; k2t )Ta(k2t ; �2) �=Ta(k2t ; �2) �S(k2t )2�� Xb=g;q Z 1x dz Pab(z) b�xz ; k2t� ; (6)where the Sudakov form fa
tors areTa(k2t ; �2) �exp0�� Z �2k2t d�2t�2t �S(�2t )2� Xb=g;q Z 10 d� � Pba(�)1A ; (7)and Pba are the unregulated LO DGLAP splitting kernels.In addition, it is ne
essary to apply angular-ordering
onstraints due to 
olor 
oheren
e, whi
h regulate the sin-gularities in (6) and (7) arising from soft gluon emission.These 
onstraints are not applied for quark emission wherethere is no \
oheren
e" e�e
t. The expli
it expressions forthe unintegrated gluon and quark distributions are givenin [46℄.This approa
h to UPDFs amounts to relaxing theDGLAP approximation of strongly-ordered transversemomenta along the evolution 
hain only in the last evo-lution step. If we 
onsider DIS in the Breit frame, wherethe proton has 4-momentum p and the virtual photon has4-momentum q, then the penultimate parton in the evo-lution 
hain, with 4-momentum kn�1 = (x=z) p, splits toa �nal parton with 4-momentumkn � k � (k+; k�;kt) = x p� � q0 + k?; (8)where the plus and minus 
omponents are k� � k0 � k3.In the Breit frame: p = (Q=xBj; 0;0); (9)q0 � q + xBj p = (0; Q;0); (10)k? = (0; 0;kt); (11)so that p2 = 0 = q02, q2 = �Q2 and k2? = �k2t . The
ondition that the parton emitted in the last evolutionstep is on-shell, (kn�1 � kn)2 = 0, gives� = xBjx z(1 � z) k2tQ2 ; (12)so k2 = �k2t=(1 � z). In the high-energy (small-x) limit,where gluons dominate, we have z ! 0, so k ' x p + k?and k2 ' �k2t . Cross se
tions 
an then be 
al
ulated usingthe kt-fa
torization formalism,�
�p = Z 1xBj dxx Z 10 dk2tk2t fg(x; k2t ; �2) �̂
�g� ; (13)where the partoni
 
ross se
tion �̂
�g� is 
al
ulated withan o�-shell in
oming gluon.


� q 
�q
kn knpnkn�1 kn�1p p
�̂(x; z; k2t ; �2)

xz q(xz ; k2t )
+


� q 
�q
kn knpnkn�1 kn�1p p
�̂(x; z; k2t ; �2)

xz g(xz ; k2t )
�!


� q 
�q
kn kn

p p
�̂(x; z; k2t ; �2)
fg(x; z; k2t ; �2)Fig. 3. Illustration of (z; kt)-fa
torization for the doubly-unintegrated gluon distribution, fg(x; z;k2t ; �2), shown in the�nal diagram. In the �rst two diagrams the penultimate par-ton in the DGLAP evolution 
hain, with 4-momentum kn�1 =(x=z)p, splits into a gluon with 4-momentum kn � k =xp� � q0 + k?.2.3.2 Doubly-unintegrated PDFsAway from the high-energy limit, where we have �nitez, the partoni
 
ross se
tion of (13) will ne
essarily havesome z dependen
e through the q0 
omponent, i.e. theminus 
omponent, of the 4-momentum k (8). Therefore,we should 
onsider doubly-unintegrated PDFs (DUPDFs),fa(x; z; k2t ; �2), whi
h satisfyZ 1x dz fa(x; z; k2t ; �2) = fa(x; k2t ; �2): (14)From (6), the DUPDFs arefa(x; z; k2t ; �2) =Ta(k2t ; �2) �S(k2t )2�� Xb=g;q Pab(z) b�xz ; k2t� ; (15)apart from the angular-ordering 
onstraints. The expli
itexpressions for the doubly-unintegrated gluon and quarkdistributions are given in [46℄. The kt-fa
torization for-mula (13) is then generalized to the \(z; kt)-fa
torization"formula [46℄�
�p =Xa=g;q Z 1xBj dxx Z 1x dz Z 10 dk2tk2t fa(x; z; k2t ; �2) �̂
�a� : (16)Note that fa(x; z; k2t ; �2) are linear densities in z, but log-arithmi
 in x and k2t . This idea is illustrated in Fig. 3 forthe 
ase a = g. It is not immediately obvious how thepartoni
 
ross se
tions �̂
�a� in (16) should be 
al
ulated.Re
all that they 
an be written�̂ = Z d� jMj2 =F; (17)where d� is the phase spa
e element, jMj2 is the squaredmatrix element, and F is the 
ux fa
tor. The phase spa
eelement d� 
an be 
al
ulated with the full kinemati
s,that is, with k = x p � � q0 + k?. The 
ux fa
tor F istaken to be the same as in 
ollinear fa
torization (andin kt-fa
torization), that is, F = 4x p � q. The last evo-lution steps in Fig. 3 only fa
torize from the rest of the
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Fig. 4. Comparison with H1 in
lusive jet produ
tion data [53℄in three pseudorapidity (�lab) bins. The predi
tions of the(z; kt)-fa
torization approa
h based on DUPDFs [46℄ (whi
his mu
h simpler to implement) are in good agreement with the
onventional QCD approa
h. In some bins the predi
tions ofthe latter approa
h are hidden beneath the bold lines of the(z; kt)-fa
torization approa
h, at the respe
tive order.diagram, to give the LO DGLAP splitting kernels, in theleading logarithmi
 approximation (LLA), that is, in ei-ther the 
ollinear (kt ! 0) or high-energy (z ! 0) limits.Therefore, jMj2 should be evaluated with either k = x por k = x p + k?, in order to provide the fa
torization be-tween the DUPDF and the subpro
ess labeled �̂ in Fig. 3.For the spe
i�
 
ase of in
lusive jet produ
tion in DIS andworking in an axial gluon gauge, it was observed in [46℄that the main e�e
t of the \beyond LLA" terms (pro-portional to � (12)) was to suppress soft gluon emission,and that these terms made a negligible di�eren
e to the
ross se
tion when the angular-ordering 
onstraints wereapplied.The pres
ription adopted in [46℄ was to evaluate jMj2in the 
ollinear approximation (k = x p), so that a (z; kt)-fa
torization 
al
ulation approximately reprodu
es the
ollinear fa
torization 
al
ulation starting one rung downas in the �rst two diagrams of Fig. 3, that is, where thesubpro
ess is evaluated at one order higher in �S . This wasdemonstrated for in
lusive jet produ
tion in DIS, wherethe LO subpro
ess is simply 
�q� ! q. Similarly, a \NLO"
al
ulation, where the subpro
esses are 
�g� ! q�q and
�q� ! qg, was found to give results 
lose to the 
onven-tional NLO QCD 
al
ulation, where the subpro
esses areO(�2S); see Fig. 4.In [47℄, the (z; kt)-fa
torization formalism was ex-tended to hadron{hadron 
ollisions and applied to pre-di
t the pT distributions of ve
tor bosons (V = W;Z) andStandard Model Higgs bosons (H). For pT �MV;H , �xed-order 
ollinear fa
torization 
al
ulations diverge, withln(MV;H=pT ) terms appearing in the perturbation seriesdue to soft and 
ollinear gluon emission. Traditional 
al
u-lations 
ombine �xed-order perturbation theory at high pT
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Fig. 5. pT distribution of W bosons produ
ed at the Teva-tron 
al
ulated using (z; kt)-fa
torization [47℄, 
ompared to D�data [56℄.with either analyti
 resummation or numeri
al DGLAP-based parton shower formalisms at low pT , with somemat
hing 
riterion to de
ide when to swit
h between thetwo. It has been shown in [54, 55℄ that UPDFs obtainedfrom an approximate solution of the CCFM evolutionequation embody the 
onventional soft gluon resumma-tion formulae. In the framework of (z; kt)-fa
torization,the lowest order subpro
esses are simply q�1 q�2 ! V andg�1 g�2 ! H. A good des
ription was obtained in [47℄ ofthe pT distributions of W and Z bosons produ
ed at theTevatron Run 1 over the whole pT range; see Fig. 5. Thepredi
ted Higgs pT distribution at the LHC was found toreprodu
e, to a fair degree, the predi
tions of more elabo-rate theoreti
al studies [57℄, in parti
ular the NNLL+NLOresummation approa
h of Grazzini et al. [58℄; see Fig. 6.Alternative predi
tions for Higgs produ
tion at the LHCusing the kt-fa
torization approa
h have been made in[54,59{61℄.Note that matrix-element 
orre
tions are ne
essaryin DGLAP-based parton shower simulations at large pT .Without su
h 
orre
tions, the herwig parton shower pre-di
tion falls o� dramati
ally at large pT & MH [62℄; seeFig. 6. The same e�e
t is observed in herwig predi
-tions for the pT distributions of W and Z bosons [63℄,whereas in Fig. 5 the Tevatron data at large pT & MWare well-des
ribed without expli
it matrix-element 
orre
-tions. Also, the (z; kt)-fa
torization predi
tion for Higgsprodu
tion is found to be 
lose to the NLO �xed-orderresult at large pT , see Fig. 6, suggesting that a large partof the subleading terms are in
luded by a

ounting for thepre
ise kinemati
s in the g�1 g�2 ! H subpro
ess.The integrated PDFs used as input in [46,47℄ were de-termined from a global �t to data using the 
onventional
ollinear approximation [64℄. A more pre
ise treatmentwould determine the integrated PDFs, used as input tothe last evolution step, from a new global �t to data usingthe (z; kt)-fa
torization formalism.
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Fig. 6. pT distribution of SM Higgs bosons produ
ed at theLHC with mass 125 GeV 
al
ulated using (z; kt)-fa
torization[47℄, 
ompared to various resummed and parton shower predi
-tions whi
h are all mat
hed to �xed-order 
al
ulations at largepT (apart from herwig) [57℄.2.4 NLO BFKLMain author J. Andersen and A. Sabio-VeraSin
e the 
ompletion of the 
al
ulation of the next{to{leading (NLL) 
orre
tions to the BFKL equation [13, 14℄for the forward kernel there has been a large a
tivity fo-
used on the study of the fundamental properties of theNLL gluon Green's fun
tion in the Regge limit of QCD athigh energies [15, 65{82℄. Re
ently, a powerful approa
hhas been developed whi
h allows for the 
omplete and ex-a
t analysis of the solution at NLL. In Ref. [83℄ it wasdemonstrated how it is possible to use D = 4 + 2� di-mensional regularization together with an e�e
tive gluonmass (�) to expli
itly show the 
an
ellation of simple anddouble poles in �. This pro
edure 
arries a logarithmi
dependen
e in � whi
h numeri
ally 
an
els out when thefull NLL BFKL evolution is taken into a

ount for a given
enter{of{mass energy, this being a natural 
onsequen
eof the infrared �niteness of the full kernel. The basis ofthis approa
h is the iterated form of the solution for the

NLL BFKL equation, i.e.f(ka;kb;Y) = e!�0 (ka)Y n Æ(2)(ka � kb)+ 1Xn=1 nYi=1 Z d2ki "� �k2i � �2��k2i � (ki)+eKr  ka + i�1Xl=0 kl;ka + iXl=1 kl! #� Z yi�10 dyi e(!�0 (ka+Pil=1 kl)�!�0 (ka+Pi�1l=1 kl))yiÆ(2) nXl=1 kl + ka � kb!) ; (18)where the strong ordering in longitudinal 
omponents ofthe parton emission is en
oded in the nested integrals inrapidity with an upper limit set by the logarithm of thetotal energy in the pro
ess, y0 = Y. The Reggeized formof the gluon propagators in the t{
hannel, !�0 (q), in thisapproa
h reads!�0 (q) = ���s ln q2�2 + ��2s4 � �02N
 ln q2�2 ln q2�2�4+ ��23 � 43 � 53 �0N
� ln q2�2 + 6�(3)� (19)with � (X) � ��s + ��2s4 �43 � �23 + 53 �0N
 � �0N
 ln X�2� (20)being the 
orresponding part in the real emission kernel.To 
omplete the real part of the NLL kernel there are othermore 
ompli
ated terms in ~Kr whi
h do not generate �singularities when integrated over the full phase spa
e ofthe emissions, for details see Ref. [83℄.The numeri
al implementation and analysis of theform of solution as in Eq. (18) was 
arried out in Ref. [84℄.At the light of this study the known feature of a lower in-ter
ept at NLL with respe
t to leading{order (LL) was
on�rmed. As in this approa
h it is not needed to expandon any eigenfun
tions there are no instabilities in the en-ergy growth. This is highlighted at the left hand side ofFig. 7 where the bands 
orrespond to un
ertainties in the
hoi
e of renormalization s
ale.However, the spa
e where the 
onvergen
e of the per-turbative expansion is poor is not in energy but in trans-verse momenta. In parti
ular, when the two transverses
ales entering the forward gluon Green's fun
tion areof 
omparable magnitude then the NLL 
orre
tions aresmaller when 
ompared to LL, this 
an be seen in the bot-tom plot of Fig 7. However when the ratio between theses
ales largely departs from unity then the jNLL� LLj dif-feren
e be
omes large, driving, as it is well{known, thegluon Green's fun
tion into an os
illatory behavior withnegative values.
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Fig. 7. Analysis of the gluon Green's fun
tion as obtainedfrom the NLL BFKL equation.The main advantage of the method here des
ribedis that the Green's fun
tion is generated integrating thephase spa
e using a Monte Carlo sampling of the di�erentparton 
on�gurations. This feature allows for a full 
on-trol of the average multipli
ities and angular dependen
es.The former 
an be extra
ted from the Poisson{like distri-bution in the number of rungs, or iterations of the kernel,needed to rea
h a 
onvergent solution. This is obtainednumeri
ally in the upper part of Fig. 8, where we see e.g.that for Y = 5 it is should be enough to in
lude � 15rungs/iterations. At the lower part of the same �gure theangular 
orrelations in the azimuthal angle of dijets withsimilar and large transverse energy, and low hadroni
 a
-tivity in between, is studied in a toy 
ross{se
tion withsimpli�ed impa
t fa
tors. The in
rease of the angular 
or-relation when the NLL terms are in
luded in su
h observ-able is a 
hara
teristi
 feature of these 
orre
tions. Thisstudy is possible within this approa
h in an immediatemanner be
ause the NLL kernel is treated in full, with-out angular averaging, so there is no need to use a Fourierexpansion in angular variables via the introdu
tion of 
on-formal spins.
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Fig. 8. Distribution in the number of iterations and angulardependen
e of the NLL gluon Green's fun
tion.An interesting theoreti
al development in the 
ontextof NLL BFKL was the 
al
ulation of the forward NLL ker-nel in the 
onformally invariant N = 4 super Yang{Millstheory [85, 86℄. In su
h �eld theory the 
oupling remainsa 
onstant even at NLL, opening the possibility of �ndingthe solution of the BFKL equation in a straightforwardway be
ause the LL eigenfun
tions are also so at NLL.In parti
ular, the kernel was 
al
ulated for all 
onformalspins in Ref. [85,86℄ allowing for the dire
t test of the angu-lar stru
ture of the solution as obtained from the methodhere des
ribed. This 
omparison between both approa
heswas performed in Ref. [87℄. In this 
ase the gluon Reggetraje
tory reads (with a denoting the 
oupling 
onstant)!�0 (q) = �a ln q2�2 + a24 ���23 � 13� ln q2�2 + 6 �(3)� (21)and � = a + a2 � 112 � �212� is a 
onstant without logarith-mi
 dependen
e. For a pre
ise determination of the 
ontri-bution to the gluon Green's fun
tion stemming from the
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omponents in the azimuthal angle, i.e.f (ka;kb;Y) = 1Xn=�1 fn (jkaj; jkbj;Y) ein�; (22)it is enough to extra
t the 
oeÆ
ients of the expansion,either using the kernel 
al
ulated in [85,86℄fn (jkaj; jkbj;Y) = 1�jkajjkbj Z d
2�i �k2ak2b�
� 12 e!n(a;
)Y;(23)or making use of the iterative solution explained in thisse
tion [87℄:fn (jkaj; jkbj;Y) = Z 2�0 d�2� f (ka;kb;Y)
os (n�): (24)The results from these two independent alternatives areshown to 
oin
ide in Fig. 9. In the upper part the n = 0Fourier 
omponent 
learly dominates at large energies, de-
reasing the angular 
orrelations as the energy in
reases.In the lower part it is shown how the 
onvergen
e in theangular variable on the transverse plane is a
hieved afteronly a few terms in the Fourier expansion for di�erentvalues of the available energy in the s
attering pro
ess.In this se
tion a new analysis of the gluon Green'sfun
tion as obtained from the NLL BFKL kernel has beenpresented. The method of solution is based on the MonteCarlo integration of the phase spa
e of di�erent partoni

on�gurations in the multi{Regge and quasi{multi{Reggekinemati
s. This method has many advantages with re-spe
t to previous analysis of the same problem. It allowsfor a reliable study of angular dependen
es in a straight-forward manner, the multipli
ities in the evolution are un-der 
ontrol, and it provides an exa
t solution even withrunning 
oupling terms whi
h break the s
ale invarian
ein the kernel. Many other studies are on their way usingthis pro
edure, as for example, deep inelasti
 s
attering,the non{forward 
ase and the mat
hing of this solution todi�erent impa
t fa
tors for the �nal 
al
ulation of 
ross{se
tions at NLL where the BFKL approa
h will be relevantat present and planned 
olliders.2.5 Resummation at small xMain author A. StastoThe large magnitude of the NLLx 
orre
tion in thehigh energy limit, as well as the instabilities asso
iatedwith it, motivate the study of the resummation pro
edurein the limit of small x. In parti
ular it has been observedthat, by taking into a

ount 
ollinear limits 
orre
tly inthe NLLx equation, as it is required by the DGLAP dy-nami
s, stabilizes the high energy expansion. To under-stand this in more detail let us re
all the stru
ture of theLLx BFKL equation in the Mellin spa
e where the Mellinvariable 
 is 
onjugated to the logarithm of the transversemomentum ln k2T=�2�(0)(
) = 2 (1) �  (
) �  (1� 
) � 1
 + 11� 
 (25)
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Fig. 9. Proje
tions on 
onformal spins of the N=4 SUSY NLLBFKL Green's fun
tion.where in the pole expansion of the kernel eigenvaluewe have retained only leading 
ollinear and anti
ollinearpoles. These 
orrespond exa
tly to the DGLAP strong or-dering of transverse momenta along the gluon ladder. Inthe NLLx 
ase the eigenvalue fun
tion takes on a 
ompli-
ated fun
tional form whi
h in the 
ollinear limit is�(1)(
) ' A1(0)
2 + A1(0)(1� 
)2� 12
3� 12(1 � 
)3)+O( 1
 ; 11� 
 )(26)with A1(0) = �11=12. Note the negative sign of the NLLx
ontribution. It turns out that the 
ollinear approximationabove reprodu
es the exa
t result within � 7% of a

u-ra
y. The terms proportional to A1(0) are related to thenon-singular in x part of the LO DGLAP splitting fun
-tion, whereas the 
ubi
 poles 
ome from the energy s
ale
hoi
e. The highly singular form of the NLLx 
orre
tion asit is seen from eq.(26) is the sour
e of the large 
orre
tionand potentially unstable behavior. The resummation pro-
edure presented in [15℄ is based on four key ingredients:{ Taking into a

ount the full splitting fun
tion at LOin the DGLAP approximation.{ In
orporating the energy s
ale 
hange in the form ofthe kinemati
al 
onstraint.
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α−s(Q
2) = 0.215{ Running of the 
oupling 
onstant �s{ Subtra
tion of the double and single poles in order toavoid double 
ounting.In [68℄ a pro
edure based on the numeri
al solution ofthe BFKL equation in momentum spa
e was presented.It takes into a

ount all of the above-mentioned ingre-dients and yields stable result for the inter
ept and thegluon Green's fun
tion. Furthermore, the pro
edure forextra
tion the resummed splitting fun
tion was also pre-sented, whi
h is more relevant for appli
ation to the deepinelasti
 s
attering pro
esses su
h as measured at HERA.In Fig.2.5 we show the resummed splitting fun
tion ob-tained in the resummed s
heme [68℄, together with therenormalization s
ale variation and the singular in x partof the NNLO DGLAP splitting fun
tion. The 
hara
teris-ti
 feature of the resummed splitting fun
tion Pgg is thestrong preasymptoti
 behavior at intermediate values ofx ' 10�3 � 10�4 whi
h manifests itself in the dip of thesplitting fun
tion, only later followed by the in
rease atvery small x. Also interesting is the fa
t that the smallx part of the NNLO DGLAP splitting fun
tion mat
hesnearly exa
tly with the initial de
rease of the resummedsplitting fun
tion. The existen
e of the dip rather thanan in
rease at values of x � 10�4 
an have an interestingimpa
t on the phenomenology.2.6 The NLO 
� impa
t fa
torMain author A. KyrieleisOne of the most attra
tive observables to test theBFKL approa
h is the total 
ross se
tion for 
�
� s
at-tering. To 
al
ulate this observable in the framework ofNLO BFKL the 
� impa
t fa
tor (�) at NLO is needed inaddition to the universal BFKL Green fun
tion (G), seeFig.10.If the NLO BFKL equation is solved in the momentumspa
e the numeri
al value of the 
� impa
t fa
tor has tobe known as a fun
tion of the Reggeon momentum and ofthe energy s
ale.Besides this, the NLO 
� impa
t fa
tor allows to ap-proa
h the resummation of the next-to-leading logs(1/x)

G

Φ1

Φ2Fig. 10. �
�
�tot in the framework of BFKLin the quark anomalous dimensions. It also provides thefull information ne
essary to investigate the 
olor dipolepi
ture at NLO whi
h, at LO, is one of the important in-gredients to the QCD evolution based upon the Balitsky-Kov
hegov equation (see se
tion 5 below). At the �rstsmall-x workshop [22℄ �rst steps in the 
al
ulation of thisimpa
t fa
tor have been presented.The virtual and the real 
orre
tions of the 
� impa
tfa
tor are 
al
ulated from the photon-Reggeon verti
esfor q�q and q�qg produ
tion, respe
tively. Both verti
es areknown [88{91℄. What remains to 
omplete the 
al
ulationof the NLO photon impa
t fa
tor after the infrared di-vergen
es of the virtual and of the real parts have been
ombined [91℄ are the integrations over the q�q and q�qgphase spa
e, respe
tively.Re
ently, the phase spa
e integration in the real 
or-re
tions have been performed for the 
ase of longitudinalphoton polarization, [92℄. The integration over the trans-verse momenta have been 
arried out analyti
ally. To thisend the Feynman diagrams were treated separately givingrise to additional divergen
es that have been regularized.As the result, a 
onvergent Feynman parameter integralhas been obtained for ea
h Feynman diagram (or smallgroups of them). These results 
an serve as a startingpoint for further analyti
al investigations, in parti
ularbe
ause the Mellin transform of the real 
orre
tions w.r.tthe Reggeon momentum 
an be easily obtained.The remaining integrations in the real 
orre
tions (lon-gitudinal 
� polarization) have been 
arried out numeri-
ally [92℄. The result is a fun
tion �real of two dimen-sionless (s
aled by the photon virtuality) variables: theReggeon momentum r2 and the energy s
ale s0. A physi-
al s
attering amplitude (e.g. for the 
�
� s
attering pro-
ess) involving the BFKL Green's fun
tion and the impa
tfa
tors has to be invariant under 
hanges of s0. The s0 de-penden
e of the 
� impa
t fa
tor therefore represents animportant issue. s0 enters the NLO 
� impa
t fa
tor as a
uto� to ex
lude that region of the q�qg phase spa
e wherethe gluon is separated in rapidity from the q�q pair (LLA).The virtual 
orre
tions are therefore independent of s0and the integration of the real 
orre
tions alone alreadyallows to study the s0 dependen
e of the NLO 
� impa
tfa
tor. Let us de�ne, as part of the full NLO impa
t fa
tor:�0 = g2�(0) + g4�real
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� impa
t fa
tor and g2 =4��s. Choosing Q2 = 15 GeV2 for the photon virtuality
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 s0 = 10Fig. 11. �0 at di�erent di�erent values of s0leads �s(Q2) = 0:18 or g = 1:5. Fig.11 
ompares �0 to theLO impa
t fa
tor as fun
tion of r2 at di�erent values of s0.The real 
orre
tions are negative and rather large. Moreimportant, �0 be
omes, in absolute terms, more signi�
antfor smaller values of s0. This implies that the 
� impa
tfa
tor tends to be
ome smaller with de
reasing s0. Sin
e ade
rease of s0 in the energy dependen
e ( ss0 )! will enhan
ethe s
attering amplitude, the 
ombined s0 dependen
e ofthe impa
t fa
tors and the BFKL Green's fun
tion has to
ompensate this growth. The result for the s0 behavior ofthe 
� impa
t fa
tor is therefore, at least, 
onsistent withthe general expe
tation. To 
he
k the s0 (in)dependen
eof the full s
attering amplitude and to 
ompute �
�
� , atleast for longitudinal 
� polarization, the phase spa
e inte-gration in the virtual 
orre
tions is the only pie
e missing.3 Appli
ations of k?-fa
torizationIn 
ollinear fa
torisation the transverse momenta of thein
oming partons are negle
ted whereas they are in
ludedin k?-fa
torization if the same order in �s of the 
al
u-lation is 
onsidered. Thus in 
ollinear fa
torsiation thesetransverse momentum e�e
ts 
ome in as a next-to-leadingorder level.In the following se
tions we dis
uss some appli
ationsof k?-fa
torization to des
ribe heavy quark produ
tion inp�p 
ollisions.3.1 Heavy quark produ
tion at the TevatronMain author N. ZotovHeavy quark produ
tion in hard 
ollisions of hadronshas been 
onsidered as a 
lear test of perturbative QCD.

Su
h pro
esses provide also some of the most importantba
kgrounds to new physi
s phenomena at high energies.Bottom produ
tion at the Tevatron in the k?-fa
torization approa
h was 
onsidered earlier in [10,28,93{98℄. Here we use the k?-fa
torization approa
h for a moredetailed analysis of the experimental data [36,38,99{101℄.The analysis also 
overs the azimuthal 
orrelations be-tween b and �b quarks and their de
ay muons. Some of theseresults have been presented earlier in Refs. [98, 102{107℄(see also [22,23℄).3.2 Theoreti
al frameworkIn the k?-fa
torization approa
h, the di�erential 
ross se
-tion for in
lusive heavy quark produ
tion may be writtenas (see [108℄)d�(p�p!Q �QX) =116�(x1 x2 s)2 A(x1;q21T ; �2)A(x2;q22T ; �2)�X jM j2SHA(g�g� ! Q �Q)�dy1 dy2 dp22T dq21T dq22T d�12� d�22� d�Q2� ; (27)where A(x1;q21T ; �2) and A(x2;q22T ; �2) are unintegratedgluon distributions in the proton, q1T , q2T , p2T and �1,�2, �Q are transverse momenta and azimuthal angles ofthe initial BFKL gluons and �nal heavy quark respe
-tively, y1 and y2 are the rapidities of heavy quarks inthe p�p 
enter of mass frame. P jM j2SHA(g�g� ! Q �Q) isthe o� mass shell matrix element, where the symbol Pin (27) indi
ates an averaging over initial and a summa-tion over the �nal polarization states. The expression forP jM j2SHA(g�g� ! Q �Q) 
oin
ides with the one presentedin [11℄.In the numeri
al analysis, we have used the KMS pa-rameterization [52℄ for the k?-dependent gluon density. Itwas obtained from a uni�ed BFKL and DGLAP des
rip-tion of F2 data and in
ludes the so 
alled 
onsisten
y 
on-straint [17℄. The 
onsisten
y 
onstraint introdu
es a large
orre
tion to the LO BFKL equation; about 70% of thefull NLO 
orre
tions to the BFKL exponent � are e�e
-tively in
luded in this 
onstraint, as is shown in [17,109℄.3.3 Numeri
al resultsIn this se
tion we present the numeri
al results of our
al
ulations and 
ompare them with B-meson produ
tionat D0 [36,101℄, CDF [38,99,100℄ and UA1 [110℄.Besides the 
hoi
e of the unintegrated gluon distribu-tion, the results depend on the bottom quark mass, thefa
torization s
ale �2 and the b quark fragmentation fun
-tion. As an example, Ref. [111℄ used a spe
ial 
hoi
e of theb-quark fragmentation fun
tion, as a way to in
rease theB meson 
ross se
tion in the observable range of trans-verse momenta. In the present paper we 
onvert b quarksinto B mesons using the standard Peterson fragmentation
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Fig. 12. The b quark transverse momentum distribution (in-tegrated from pbT min) at Tevatron 
onditions presented in theform of integrated 
ross se
tions. The 
urves 
orrespond tothe k?-fa
torization results with the KMS unintegrated gluondistribution. Experimental data are from UA1 [110℄ (Fig. a)),D0 [36℄ (Fig. b)), and CDF [38,99℄ (Fig. 
)).fun
tion [112℄ with � = 0:006. Regarding the other param-eters, we use mb = 4:75GeV and �2 = q2T as in [10,95℄.The results of the 
al
ulations are shown in Figs. 12-16. Fig. 12 displays the b quark transverse momentumdistribution at Tevatron 
onditions presented in the formof integrated 
ross se
tions. The following 
uts were ap-plied: (a) jy1j < 1:5, jy2j < 1:5, ps = 630GeV; (b)jy1j < 1, ps = 1800GeV; and (
) jy1j < 1, jy2j < 1,ps = 1800GeV. One 
an see reasonable agreement withthe experimental data.Fig. 13 shows the predi
tion for the B meson pT spe
-trum at ps = 1800GeV 
ompared to the CDF data [38℄within the experimental 
uts jyj < 1, where also a fair

Fig. 13. Theoreti
al predi
tions for the B meson pT spe
-trum 
ompared to the CDF [100℄ data. Curve is the same asin Fig. 12.agreement is found between results obtained in the k?-fa
torization approa
h and experimental data.The D0 data in
lude also muons originating fromthe semileptoni
 de
ays of B-mesons. To produ
e muonsfrom B mesons in theoreti
al 
al
ulations, we simulatetheir semileptoni
 de
ay a

ording to the standard ele
-troweak theory. In Fig. 14 we show the rapidity distribu-tion d�=djy�j for de
ay muons with p�T > 5GeV.Fig. 15 shows the leading muon pT spe
trum for b�b pro-du
tion events 
ompared to the D0 data. The 
uts appliedto both muons are given by 4 < p�T < 25GeV, j��j < 0:8and 6 < m�� < 35GeV. The leading muon in the eventis de�ned as the muon with largest p�T -value. In all theabove 
ases a rather good des
ription of the experimentalmeasurements is a
hieved.It has been pointed out that investigations of b�b 
orre-lations, su
h as the azimuthal opening angle between b and�b quarks (or between their de
ay muons), allow additionaldetails of the b quark produ
tion to be tested, sin
e thesequantities are sensitive to the relative 
ontributions of thedi�erent produ
tion me
hanisms [10,28,93{95,97℄. In the
ollinear approa
h at LO the gluon-gluon fusion me
ha-nism gives simply a delta fun
tion, Æ(��b�b � �), for thedistribution in the azimuthal angle di�eren
e ��b�b. In thek?-fa
torization approa
h the non-vanishing initial gluontransverse momenta, q1T and q2T , implies that this ba
k-to-ba
k quark produ
tion kinemati
s is modi�ed. In the
ollinear approximation this e�e
t 
an only be a
hieved ifNLO 
ontributions are in
luded.The di�erential b�b 
ross se
tion d�=d���� is shownin Fig. 16 (from [108℄). The following 
uts were appliedto both muons: 4 < p�T < 25GeV, j��j < 0:8 and 6 <m�� < 35GeV. We note a signi�
ant deviation from thepure ba
k-to-ba
k produ
tion, 
orresponding to ���� ��. There is good agreement between the KMS predi
tionand the experimental data, whi
h shows that for these
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Fig. 14. The 
ross se
tion for muons from B meson de
ay as afun
tion of rapidity 
ompared to the D0 data [101℄. The 
urvesare the same as in Fig. 12.
Fig. 15. Predi
tions for the leading muon pT spe
trum in theb�b produ
tion events 
ompared to the D0 data [36℄. The 
urveis the same as in Fig. 12.
orrelations the k?-fa
torization s
heme with LO matrixelements very well reprodu
es the NLO e�e
ts due to thegluon evolution.

Fig. 16. Azimuthal muon-muon 
orrelations at Tevatron 
on-ditions. The 
urve is the same as in Fig. 12. Experimental dataare from the D0 
ollaboration [36℄.3.4 Quarkonium produ
tionMain author S. BaranovThe k?-fa
torization approa
h has rather su

essfullydes
ribed the produ
tion of open 
harm and beauty, asdis
ussed in the previous se
tion, but also hadroprodu
-tion of heavy quarkonium states, J= , �
 and � mesons,at the Tevatron are well des
ribed [95,113{115℄. In many
ases, however, the data 
an also be des
ribed withinthe usual 
ollinear parton model, if the relevant next-to-leading order QCD 
orre
tions are taken into a

ount, orif the so 
alled 
olor-o
tet me
hanism is in
luded.In this 
ontext, the theoreti
al predi
tions on J= spinalignment made in Ref. [116℄ are of parti
ular interest, asthe 
ollinear and k?-fa
torization approa
hes show quali-tatively di�erent behavior. Note that the k?-fa
torizationapproa
h provides the only known (up to date) explana-tion of the J= polarization phenomena observed at theTevatron [117℄ and at HERA [105℄.It would be interesting and important to �nd otherexamples, where the di�eren
e between the 
ollinear andnon
ollinear approa
hes would be manifested in a 
learand unambiguous way. In this se
tion we suggest su
ha pro
ess. We analyze the produ
tion of P -wave quarko-nium states (namely the �
 and �b mesons) in high energyhadroni
 
ollisions and demonstrate the dramati
 di�er-en
e between the di�erent theoreti
al 
al
ulations.Naively one 
ould expe
t a di�eren
e from the fa
tthat the produ
tion of �1 states in the 2! 1 gluon-gluonfusion pro
ess is forbidden, if the initial gluons are onshell, but is allowed if the gluons are o� shell. However,the real situation is 
ompli
ated by the ne
essity to takeinto a

ount also the 2! 2 pro
esses. The results of ouranalysis are presented in the next subse
tion.We begin our dis
ussion with showing the predi
tionsof the 
ollinear parton model for the produ
tion of P -wave 
harmonia at Tevatron 
onditions. The 
olor-singletprodu
tion s
heme refers to the 2! 2 gluon-gluon fusion
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ess g + g ! �+ g: (28)(It would be inadequate to rely upon the 2 ! 1 sub-pro
ess g + g ! � in this 
ase, be
ause the �nal stateparti
le would then be produ
ed with zero transverse mo-mentum, and thus 
ould not be dete
ted experimentally.)The 
omputational te
hnique is explained in detail else-where [118{120℄.For the sake of de�niteness, we only present the pa-rameter setting used in our 
al
ulations. Throughout thepaper we use the LO GRV set [121℄ for gluon densitiesin the proton, and the value for the �
 wave fun
tion,jR0�
 (0)j2 = 0:075 GeV5, taken from the potential modelof Ref. [122℄. The renormalization s
ale in the strong
oupling 
onstant �s(�2R=�2) is set to �2R = m2� + p2T;�with �=200 MeV. The integration over the �nal statephase spa
e is restri
ted to the pseudorapidity interval�0:6 < �(�
) < 0:6, in a

ord with the experimental 
utsused by the CDF 
ollaboration [123{128℄.Sin
e in the 
ollinear formalism the predi
tions basedon the 
olor-singlet me
hanism alone are known to be in-
onsistent with the data [123{128℄, the theory has to beampli�ed with the so 
alled 
olor-o
tet 
ontribution, asit is 
ommonly assumed in the literature [120℄. Unlike thepredi
tions of the 
olor-singlet model, the size of the 
olor-o
tet matrix elements are not 
al
ulable within the theory.Therefore, the 
orresponding numeri
al results are alwaysshown with arbitrary normalizing fa
tors (just 
hosen to�t the experimental data when possible).The numeri
al predi
tions of the 
ollinear partonmodel are summarized in Fig. 17 (upper panel). At rela-tively low transverse momenta, the produ
tion of �
 statesis dominated by the 
olor singlet me
hanism. The di�er-ential 
ross se
tion d�=dpT diverges when pT ! 0 for �2states (dashed histogram), while it remains �nite for �1states (solid histogram). The produ
tion of �1 states atzero pT is suppressed (in a

ord with the Landau-Yangtheorem), be
ause in the limit of very soft �nal state glu-ons the 2 ! 2 gluon-gluon pro
ess degenerates into the2! 1 pro
ess. The shape of the �0 spe
trum is similar tothat of �2 (up to an overall normalizing fa
tor), and thisspe
trum is not shown in the �gure.The produ
tion of �
 mesons at high pT is dominatedby the 
olor-o
tet 
ontribution, whi
h mainly 
omes fromthe `gluon fragmentation' diagrams. Here, the perturba-tive produ
tion of 3S1 
olor o
tet states,g + g ! 3S81 + g; (29)is followed by a nonperturbative emission of soft gluons,whi
h results in the formation of physi
al 
olor singlet �
mesons: 3S81 ! 3P 1J + ng: (30)As the 
o-produ
ed gluons in eq. (30) are assumed tobe soft, the momentum distribution of �
 mesons is takenidenti
al to that of the 
olor-o
tet 3S1 state in eq. (29).The nonperturbative matrix elements responsible for thepro
ess eq. (30) are related to the �
titious 
olor-o
tetwave fun
tions, whi
h are used in 
al
ulations based on eq.

(29) in pla
e of the ordinary 
olor-singlet wave fun
tion:< 0jO8j0 >= (9=2�) jR8(0)j2.It should be noted that the fragmentation of an almoston-shell transversely polarized gluon into a �1 state via theemission of a single additional gluon, g ! 3S81 ! �1 + g,is suppressed in a

ord with Landau-Yang theorem. Interms of the nonrelativisti
 approximation, it is equiva-lent to say that the formally leading 
olor-ele
tri
 dipoletransitions are forbidden, and one must go to nonlead-ing higher multipoles. As the degree of this suppression isnot 
al
ulable within the 
olor-o
tet model on its own, werather arbitrarily set the suppression fa
tor to 1/20, whi
h
orresponds to potential model expe
tations for the aver-age value of v2.We now pro
eed with showing the results obtained inthe k?-fa
torization approa
h. In this 
ase the produ
tionof 
harmonium �
 states 
an be su

essfully des
ribedwithin the 
olor-singlet model alone [117℄, or with onlya minor admixture of 
olor-o
tet 
ontributions [95℄. The
onsideration is based on the 2! 1 partoni
 subpro
essg + g! �; (31)whi
h represents the true leading order in perturbationtheory. The nonzero transverse momentum of the �nalstate meson 
omes from the momenta of the initial gluons.The 
omputational te
hnique, whi
h we are using here, isidenti
al to the one des
ribed in detail in Ref. [117℄1.In order to estimate the degree of theoreti
al un
er-tainty 
onne
ted with the 
hoi
e of unintegrated gluondensity, we also use the pres
ription proposed in [9℄. Inthis approa
h, the unintegrated gluon density is derivedfrom the ordinary density G(x; q2) by di�erentiating itwith respe
t to q2 and setting q2 = k2?. Among the di�er-ent parameterizations available on the present-day theo-reti
al market, this approa
h shows the largest di�eren
ewith Bl�umlein's density [129℄. Thus, these two gluon den-sities 
an represent a theoreti
al un
ertainty band.The numeri
al results are exhibited in Fig. 17 (middlepanel). In 
ontrast with the 
ollinear parton model, thedi�erential 
ross se
tions are no longer divergent, evenat very low pT values. This property emerges from thefa
t that the relevant 2 ! 1 matrix elements are al-ways �nite. One 
an see that the produ
tion of the �1state (solid histogram) at low pT is strongly suppressed(in 
omparison with the �0 and �2 states, short and longdashed histograms) be
ause the initial gluons are almoston-shell. The suppression goes away at higher pT , as theo�-shellness of the initial gluons be
omes larger.In Fig. 17 (lower panel) we 
ompare the predi
tions ofthe 
ollinear and k?-fa
torization approa
hes by showingthe ratio of the di�erential 
ross se
tions d�(�
1)=dpT andd�(�
2)=dpT plotted as a fun
tion of pT . As long as theratio of the nonperturbative 
olor-o
tet matrix elements,O(3S81 ! �1)=O(3S81 ! �2), is unknown, the predi
tionsof the 
ollinear parton model are very un
ertain. The dif-ferent dotted 
urves in Fig. 17 from top to bottom 
orre-spond to the 
olor-o
tet �1=�2 suppression fa
tor set to 1,1 We use the FORTRAN 
ode developed in [117℄. This 
odeis publi
 and is available from the author on request.
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Fig. 17. Theoreti
al predi
tions for the produ
tion of �
mesons at Tevatron 
onditions. Upper: Predi
tions of the
ollinear parton model. Solid histogram, �1 produ
tion via
olor-singlet me
hanism; dashed histogram, �2 produ
tion via
olor-singlet me
hanism; the lower and the upper dotted his-tograms, �1 and �2 produ
tion via 
olor-o
tet me
hanism,respe
tively. Middle: Predi
tions of the k?-fa
torization ap-proa
h. Solid histograms, �1 produ
tion; thin and thi
k dashedhistograms, �0 and �2 produ
tion, respe
tively. The upper andthe lower histograms of ea
h type 
orrespond to the gluon den-sities of Refs. [129℄ and [9℄. Only the 
olor singlet me
hanismis assumed in all 
ases. Lower: Predi
tions on the ratio ofthe di�erential 
ross se
tions d�(�1)=d�(�2). Solid histograms,k?-fa
torization approa
h with gluon densities of Refs. [129℄and [9℄; dashed histogram, 
ollinear parton model, 
olor singlet
ontribution only; dotted histograms, 
ollinear parton modelwith both singlet and o
tet produ
tion me
hanisms taken intoa

ount. The di�erent 
urves from top to bottom 
orrespondto the 
olor-o
tet �1=�2 suppression fa
tor set to 1, 0.3, 0.1and 0.03, respe
tively.
Fig. 18. Theoreti
al predi
tions on the produ
tion of �b. Thenotations are the same as in Fig. 17.0.3, 0.1, and 0.03, respe
tively. The band between the twolowest histograms may be 
onsidered as the most realisti

ase. The predi
tions of the 
ollinear and k?-fa
torizationapproa
hes 
learly di�er from ea
h other in their absolutevalues, and show just the opposite trend in the experimen-tally a

essible region (pT > 5 GeV).We 
on
lude our dis
ussion with showing the predi
-tions for the bottomonium states. The 
al
ulations areperformed with the parameter setting given above, andwith the value of the �b wave fun
tion set equal tojR0�b(0)j2 = 1:4 GeV5 [130℄. The integration over the �nalstate phase spa
e is now restri
ted to the pseudorapid-ity interval �0:4 < �(�b) < 0:4, in a

ord with the CDFexperimental 
uts [123{128℄.Our numeri
al results are displayed in Fig. 18. Thequalitative features of the di�erential 
ross se
tions aresimilar to the ones, whi
h we have seen in the 
ase of
harmonium. It is worth re
alling that the produ
tion of� mesons has been already measured by the CDF 
ol-laboration [123{128℄ at pT values 
lose to zero. Althoughthe pT dependen
e of the dire
t (�pp! �X) and indire
t
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X) 
ontributions have not been stud-ied separately, the net result seems to be at odds with
ollinear 
al
ulations. In fa
t, the predi
ted magnitude ofthe indire
t 
ontribution 
oming from the de
ays of �b2states at pT < 2 GeV ex
eeds the total measured � pro-du
tion rate in this region. In 
ontrast the measured di�er-ential 
ross se
tion d�(� )=dpT de
reases with de
reasingpT , in perfe
t agreement with the k?-fa
torization predi
-tions [117℄.In summary, one major di�eren
e between the 
ollinearand the k?-fa
torization approa
hes is 
onne
ted with thebehavior of the di�erential 
ross se
tion d�(�2)=dpT atlow transverse momenta. This quantity remains �nite inthe k?-fa
torization approa
h, while it diverges in the
ollinear parton model when pT goes to zero. The lat-ter predi
tion seems to be not supported by the availableexperimental data on the bottomonium produ
tion at theTevatron.Another well pronoun
ed di�eren
e refers to the ratiobetween the produ
tion rates d�(�1)=d�(�2). The under-lying physi
s is 
onne
ted with the o�-shellness of the glu-ons. In the 
ollinear parton model the relative suppressionof �1 states be
omes stronger with in
reasing pT be
auseof the in
reasing role of the 
olor-o
tet 
ontribution. Inthis approa
h the leading-order fragmentation of an on-shell transversely polarized gluon into a ve
tor meson isforbidden. In 
ontrast with that, in the k?-fa
torizationapproa
h the in
rease in the �nal state pT is only dueto the in
reasing transverse momenta (and 
orrespond-ing virtualities) of the initial gluons, and 
onsequently thesuppression motivated by the Landau-Yang theorem be-
omes weaker at large pT .In 
on
lusion we see that quarkonium produ
tion 
anbe regarded as a dire
t probe of the gluon virtuality, andprovides a dire
t test of the need for a non
ollinear partonevolution. Our results seem espe
ially promising in viewof the fa
t that the di�eren
e between the two theoreti
alapproa
hes is 
learly pronoun
ed at 
onditions a

essiblefor dire
t experimental measurements.4 BFKL dynami
s in jet-physi
sMain author G. Mar
hesiniIt has been generally taught that QCD dynami
s inhigh-energy s
attering and in jet-physi
s are quite di�er-ent. However it has been re
ently shown [131℄ that 
lassesof jet observables satisfy equations formally similar to theones for the high-energy S-matrix. The jet-physi
s observ-able here dis
ussed are the heavy quark-antiquark multi-pli
ity (in 
ertain phase-spa
e region) and the distributionin the energy emitted away from jets. They satisfy equa-tions formally similar to BFKL and Kov
hegov equationsrespe
tively. One may expe
t that by exploiting su
h aformal similarity will bring new insights in both �elds.The 
ommon key feature shared by the observablesin these two 
ases is that enhan
ed logarithms 
ome onlyfrom infrared singularities (no 
ollinear singularities). Thedi�eren
es between the two 
ases is in the relevant phase

spa
e for multi soft-gluon ensemble. For the S-matrix alltransverse momenta of intermediate soft gluons are of
omparable order (no 
ollinear singularities in transversemomenta). For the 
onsidered jet-observables all angles ofemitted soft gluons are of 
omparable order (no 
ollinearsingularities in emission angles).We dis
uss �rst the Q �Q (heavy quark-antiquark) mul-tipli
ity in the phase-spa
e region where 
ollinear singular-ities 
an
el and then the distribution in the energy emittedaway from jets.4.1 Q �Q-multipli
ity and BFKL equationThe standard multipli
ity in hard events has both
ollinear and infrared enhan
ed logarithms whi
h are re-summed by the well known expression [132,133℄.lnN (Q) � Z QQ0 dktkt p2 ��s(Q) ; ��s = N
�s� : (32)The Q �Q-multipli
ity introdu
ed and studied in [131℄ is,due to the pe
uliar phase spa
e region 
hosen, without
ollinear singularities. In e+e� with 
enter of mass en-ergy Q one 
onsiders the emission of a Q �Q system of massM and momentum k. In the 
al
ulation one takes: smallvelo
ity v = jkj=Ek so that there are no 
ollinear singu-larities; Q�M so that perturbative 
oeÆ
ients are en-han
ed by powers of lnQ=M; and studies the pro
ess nearthreshold. In this region, the leading logarithmi
 
ontribu-tions (�ns lnnQ=M) are obtained by 
onsidering soft se
-ondary gluons q1; � � �qn emitted o� p�p, the primary quark-antiquark. The Q �Q system originates from the de
ay ofone of these soft gluons, a
tually the softest one, we de-note by k,e+e� ! p�p+ q1 : : : qn k ; k! Q �Q : (33)As shown in [131℄, to leading logarithmi
 order, the Q �Q-multipli
ity distribution fa
torizes into the in
lusive dis-tribution I for the emission of the soft o�-shell gluon ofmass M and momentum jkj and the distribution for itssu

essive de
ay into the Q �Q systemEk dNdM2 djkj = �2sCF3�2M2rM2 � 4M2M2 M2 + 2M2M2 � I ; (34)where M is the heavy quark mass. The Born distributionis I(0) = v2 Z d
k4� wab(k)wab(k) = (ab)(ak)(kb)= (1� 
os �ab)(1� v 
os �ak)(1� v 
os �kb) ; (35)with wab(k) the (angular part of the) distribution for theo� soft gluon emitted o� the ab-dipole (for e+e� in 
enterof mass �ab = �). For v<1 the Born 
ontribution is �nite.
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ondary radiation 
ontributes. Sin
ethe Born 
ontribution is regular, only soft logarithms(�ns lnnQ=M) are generated whi
h need to be resummedby re
urren
e relation. To understand the stru
ture of theresulting equation and appre
iate the similarity with theBFKL equation we 
onsider the �rst non trivial 
ontribu-tion in whi
h, besides the o�-shell soft gluon k, there is anadditional massless soft gluon either emitted or virtual.The real emission 
ontribution is given bywRab(k; q) = (ab)(aq)(qk)(kb) + (ab)(ak)(kq)(qb)=�(q�k)wab(q) � [waq(k) + wqb(k)℄+�(k�q)wab(k) � [wak(q) + wkb(q)℄ ; (36)where, for massless q,wab(q) = (ab)(aq)(qb) = 1�
os �ab(1�
os �aq)(1�
os �qb) : (37)The 
orresponding virtual 
orre
tion is obtained by inte-grating over the massless momentum q in the expression(softest gluon emitted o� external legs)wVab(k; q) =� �(q�k)wab(q) �wab(k)� �(k�q)wab(k) � [wak(q) +wkb(q)℄ : (38)By summing the two 
ontributions one �ndswR+Vab (k; q) =�(q�k)wab(q)� [waq(k)+wqb(k)�wab(k)℄ ; (39)whi
h shows that k is the softest gluon. From this wederive the �rst iterative stru
ture giving I(1) in terms ofthe Born 
ontribution (35)I(1)(�ab; � ) = Z QM dqtqt ��s(qt)Z d
q4� wab(q)hI(0)(�aq)+I(0)(�qb)�I(0)(�ab)i ;�ij= 1�
os �ij2 ; (40)with� = Z QM dqtqt ��s(qt) = 2N2
11N
 � 2nf ln� lnQ=�lnM=�� : (41)Here the running 
oupling in qt is restored so � is givenby an expansion in �s(Q) lnQ=M. The measure in (40)is the bran
hing distribution for a massless soft gluon qemitted o� the ab-dipole. One generalizes this bran
hingstru
ture as su

essive dipole emission of softer and softergluons and one dedu
es [131℄�� I(�ab; � ) =Z d
q4� wab(q) hI(�aq ; � )+I(�qb; � )�I(�ab ; � )i : (42)This re
urren
e stru
ture is very similar to the one ob-tained in the dipole formulation of the BFKL equation

[134{136℄. The fundamental di�eren
e is that here the in-
lusive distribution I depends on the angular variable �(with the limitation � < 1), while in the high energy s
at-tering one deals with the S-matrix as a fun
tion of theimpa
t parameter b (whi
h is not bounded).The similarity with the BFKL equation 
an be madeeven more evident if one performs the azimuthal integra-tion. One obtains [131℄��I(�; � ) = Z 10 d�1� � ���1I(��; � ) � I(�; � )�+ Z 1� d�1� � �I(��1�; � )� I(�; � )� : (43)The lower limit � > � in the se
ond integral ensures thatthe argument of I(�=�; � ) remains within the physi
al re-gion �=� < 1. The presen
e of this lower bound is the onlyformal di�eren
e with respe
t to the BFKL equation forthe high energy elasti
 amplitude T in the impa
t param-eter representation��T (�; � ) = Z 10 d�1� � ���1T (��; � ) � T (�; � )�+ Z 10 d�1� � �T (��1�; � ) � T (�; � )� : (44)Here � = b2 is the square of the impa
t parameter and� = ��s Y with Y the rapidity with the QCD 
oupling�xed. We dis
uss now the di�eren
es in the two solutions.Re
all �rst the solution for the high-energy s
attering
ase. Sin
e b has no infrared bound we 
hange the variableb2 = e�x ; �1 < x <1 : (45)The BFKL equation (44) satis�es translation invarian
eand the area 
onservation law�� Z 1�1 dx e 12 x T (e�x; � ) e�4 ln 2 � = 0 :This allows us to obtain the solution and then its asymp-toti
 behavior (using D = 28�(3) = 33:6576 : : :)T (b; � ) = Z 1�1 dk2� ~T (k) e(ik� 12 ) x e�(k) �' ~T (0) e4 ln 2 � e� 12x e� x22D�p2�D� (46)with ~T determined by the initial 
ondition and �(k) =2 (1)� ( 12+k)� ( 12�k) the BFKL 
hara
teristi
 fun
tion.In the Q �Q-multipli
ity 
ase, the 
ru
ial di�eren
e isthat the angular variable � is bounded. Introdu
ing the x-variable as in (45) one observes that translation invarian
eis lost and, instead of area 
onservation, one has absorp-tion �= 1�
os �2 = e�x ; 0 < x <1 ;�� Z 10 dx e 12x I(e�x; � ) e�4 ln 2 � < 0 :
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ondition I(�; 0) = 12�.The exa
t solution of (43) was obtained in [137℄I(�; � ) = Z 10 dk ~I(k)P� 12+ik �2��� � e�(k) �� (x+x0)e4 ln 2 � e� 12 x e� x22D��p2�D� ; (47)with P�(z) the Legendre fun
tion (well known in Reggetheory) and ~I given by initial 
ondition.From (47) and from the upper plot of Fig. 19, onehas that the in
lusive distribution vanishes at the non-physi
al point x = �x0 whi
h is slowly varying with � .The asymptoti
 shape is developed already at relativelysmall � . At x = 0, 
orresponding to the physi
al value� = 1 for e+e� in 
enter of mass, the fun
tion �(x; � )is de
reasing, however, thanks to the e4 ln 2� fa
tor thein
lusive distribution I(� = 1; � ) is in
reasing as shown inthe lower plot of Fig. 19.

4.2 Away-from-jet energy 
ow in e+e�Consider in e+e� annihilation the distribution in the en-ergy emitted outside a 
one around the jets, Eout:
out

out inin

θinthrust
axis�e+e� (Eout)=Xn Z d�n�T � Eout�Xout qti! :This is the simplest (in prin
iple) observable involvingnon-global single logarithms whi
h were (re)dis
overed byMrinal Dasgupta and Gavin Salam [138{141℄. These enterall jet-shape observables whi
h involve only a part of phasespa
e and therefore are present in a number of distribu-tions su
h as: Sterman-Weinberg distribution (energy in a
one); photon isolation; away from jet radiation; rapidity
uts in hadron-hadron (e.g. pedestal); DIS jet in 
urrenthemisphere. As for the observable previously dis
ussed,these non-global logs originate from multiple soft gluonemissions at large angles (i.e. not in 
ollinear 
on�gura-tion).�e+e�(Eout) 
ontains only single logarithms(�ns lnnQ=Eout) 
oming from soft singularities sothat �n=�T 
an be taken as the distribution in thenumber of soft gluons emitted o� the primary p�p quark-antiquark pair whi
h is known [142℄ in the large N
 limit.�e+e� (Eout) was �rst studied [138{141℄ numeri
ally by aMonte Carlo method and then studied [143℄ analyti
allyby deriving the following evolution equation���ab = �(��Rab)�ab+Zin d
q4� wab(q) [�aq ��qb � �ab℄ ;Rab = � Zout d
q4� wab(q) ; (48)where � is the single logarithmi
 variable previously intro-du
ed (41). As before, to set up a re
urren
e relation, oneneeds to generalize the problem by introdu
ing distribu-tion �ab = �ab(Eout) for the emission o� ab-dipole form-ing an angle �ab. The physi
al distribution �e+e�(Eout)for e+e� in the 
enter of mass is obtained by setting�ab = �.As shown in (48), the dipole dire
tions a and b arealways inside the jet region (q in the integral is boundedinside the jet region). If a; b are in opposite semi
ones,then either a; q or q; b are in the same semi
one. There aremany properties of this jet-physi
s equation (see [138{141℄and [143℄). What 
on
erns us here as far as the 
onne
tionwith high-energy physi
s is the 
ase in whi
h a; b are in thesame semi
one and we 
onsider a very 
lose to b. In thesmall angle limit we introdu
e the 2-dimensional variable� for the ab-dipole (�ab ! �(�)). For small � we 
annegle
t the linear term (Rab � �2) so that the evolution
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omes���(�; �)=Z d2�02� �2�02(���0)2h�(�; �0)�(�; ���0)� �(�; �)i ; (49)with �0 ranging in the full plane. The initial 
ondition is�(0; �) = 1. This equation is formally the same as theKov
hegov equation [144℄ for the S-matrix��S(�; b) = Z d2b02� b2b02(b�b0)2hS(�; b0)S(�; b�b0)� S(�; b)i; (50)where b is the impa
t parameter ranging in the full planeand � = ��sY as before. Here the initial 
ondition is 1�S(0; b) � �2s 
orresponding to the two gluon ex
hange.The asymptoti
 properties of the solutions are wellknown. Both solutions undergo well known saturation forthe variable �2 or b2 larger than a 
riti
al value withasymptoti
 behavior e�
� with 
 ' 4:88 � � � determinedfrom the BFKL 
hara
teristi
 fun
tion. Beyond su
h a
riti
al value the solution de
reases in � as a Gaussian,� � S � e�
�2=2.The di�eren
e in the initial 
ondition makes a dif-feren
e in the way the saturation regime is asymptoti-
ally rea
hed in the two 
ases. In the high-energy 
ase(1�S(0; b) � �2s) the saturation regime is rea
hed aftera 
riti
al time �
 � ln��2s =4 ln2. In the jet-physi
s 
ase(�(0; �) = 1) there is not a 
riti
al � and the solutiongoes without impediment into the saturation regime.In addition to the di�erent initial 
onditions, an im-portant di�eren
e is that the variables in (48) are angularvariables ranging in 
ompa
t regions. We have seen in theprevious analysis that even at small angle it is not fully
orre
t to negle
t the 
ompa
tness a�e
ting the integra-tion limits. This question will be further studied [145℄.4.3 Physi
s di�eren
esThe basis for the two 
lasses of equations, (43),(48) injet-physi
s and (44),(50) in high-energy s
attering, is of
ourse the (same) multi-soft gluon-distribution. Howeverthe dominant 
ontributions for the two 
lasses of observ-ables (Iab; �ab and T; S) are obtained from very di�erentkinemati
al 
on�gurations as we dis
uss now.Jet-physi
s 
ase: Here all angles �i of emitted gluonsare of same order. This is due to the fa
t that this observ-able does not 
ontain 
ollinear singularities for �ij ! 0.Moreover, in the (leading) infrared limit soft gluon ener-gies 
an be taken ordered so that also the emitted trans-verse momenta qti are ordered. The ordered variables qtienter the argument of the running 
oupling. The distribu-tion Iab or �ab are fun
tions of the angular variable �ab(whi
h ranges in a 
ompa
t region) and � , the logarithmi
integral of the running 
oupling in (41). We are then in-terested in the solution for �nite �ab (e.g. �ab = � in e+e�
enter of mass) and for � never too large.

High-energy s
attering 
ase: Here all intermedi-ate soft gluon transverse momenta qti are of same order(no singularities for vanishing transverse momentum dif-feren
es). On the other hand, energy ordering implies inthis 
ase that intermediate gluon angles �i are ordered.Contrary to the previous 
ase, the running 
oupling is afun
tion of the variables qti whi
h all are of same order.Therefore, in �rst approximation, one 
an take �s �xed.The high-energy S-matrix is a fun
tion of the impa
t pa-rameter (whi
h has no bound at large b) and � = ��s Y . Inthis 
ase we are then interested in the solution for small� (the short distan
e region) and for � large.As dis
ussed in se
tion 4.1, the fa
t that the variable� entering the jet-observable ranges in a 
ompa
t regiona�e
ts the prefa
tor of the asymptoti
 behavior and theshape of the distribution at �nite angles. In the non linear
ase dis
ussed in se
tion 4.2, even negle
ting 
ompa
tnessat small angle, the di�eren
e in the initial 
onditions af-fe
ts the ranges in � at whi
h the asymptoti
 behavior(saturation) is developing.Con
luding, by exploiting similarities and di�eren
esin the dynami
s of high energy s
attering and jet-physi
s(with non-global logs) one hopes that new insights in both�elds 
ould be developed.5 SaturationMain authors M. Lublinsky and K. KutakA parton evolution equation whi
h attempts to de-s
ribe saturation phenomena was originally proposed byGribov, Levin and Ryskin [9℄ (GLR equation) in momen-tum spa
e and proven in the double log approximation ofperturbative QCD by Mueller and Qiu [146℄. In the lead-ing ln 1=x approximation it was derived by Balitsky inthe Wilson Loop Operator Expansion [147℄. In the formpresented later it was obtained by Kov
hegov [144℄ (now
alled the Balitsky-Kov
hegov, or BK equation) in the
olor dipole approa
h [134℄ to high energy s
attering inQCD. This equation was also obtained by summation ofthe BFKL pomeron fan diagrams by Braun [148℄ and mostre
ently Bartels, Lipatov, and Va

a [149℄. In the frame-work of Color Glass Condensate it was obtained by Ian
u,Leonidov and M
Lerran [150℄.5.1 Basi
 fa
ts about the BK equationBe
ause the transverse 
oordinates are un
hanged in ahigh energy 
ollision, unitarity 
onstraints are generallymore easy to take into a

ount in a formalism basedon the transverse 
oordinate spa
e representation, andseveral suggestions for how to in
lude saturation e�e
tsin su
h a formalism have been proposed. Gole
{Biernatand W�ustho� [151℄ formulated a dipole model, in whi
ha virtual photon is treated as a q�q or q�qg system im-pinging on a proton, and this approa
h has been furtherdeveloped by several authors (see e.g. [152℄ and [153℄).Mueller [134, 135, 154℄ has formulated a dipole 
as
ade
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oordinate spa
e, whi
h reprodu
esthe BFKL equation, and in whi
h it is also possible to a
-
ount for multiple sub-
ollisions. Within this formalismBalitsky and Kov
hegov [144, 147℄ have derived a non-linear evolution equation (BK equation), whi
h also takesinto a

ount these saturation e�e
ts from multi-pomeronex
hange and whi
h is the best presently available tool tostudy saturation phenomena at high energies. Contrary tomany models the BK equation has solid grounds in per-turbative QCD. The equation readsdN (x01; y; b)d y = N
 �s2� Z� d2x2 x201x202 x212 ��2N (x02; y;b� 12x12) � N (x01; y;b)�N (x02; y;b� 12x12)N (x12; y;b� 12x02)� (51)The fun
tion N (r?; x; b) is the imaginary part of the am-plitude for a dipole of size r? elasti
ally s
attered at animpa
t parameter b.In the equation (51), the rapidity y � � lnx. The ul-traviolet 
uto� � is needed to regularize the integral, butit does not appear in physi
al quantities. We also use thelarge N
 limit (number of 
olors) value of CF = N
=2.Eq. (51) has a very simple meaning: The dipole of sizex01 de
ays in two dipoles of sizes x12 and x02 with the de-
ay probability given by the wave fun
tion j	 j2 = x201x202 x212 .These two dipoles then intera
t with the target. The non-linear term takes into a

ount a simultaneous intera
tionof two produ
ed dipoles with the target. The linear part ofeq. (51) is the LO BFKL equation [7, 8℄, whi
h des
ribesthe evolution of the multipli
ity of the �xed size 
olordipoles with respe
t to the energy y. For the dis
ussionbelow we introdu
e a short notation for eq. (51):dNd y = �s Ker 
 (N � N N ) : (52)The BK equation has been studied both analyti
ally[155{161℄ and numeri
ally [148, 162{168℄. The theoreti
alsu

ess asso
iated with the BK equation is based on thefollowing fa
ts:{ The BK equation is based on the 
orre
t high en-ergy dynami
s whi
h is taken into a

ount via the LOBFKL evolution kernel.{ The BK equation restores the s-
hannel unitarity ofpartial waves (�xed impa
t parameter) whi
h is badlyviolated by the linear BFKL evolution.{ The BK equation des
ribes gluon saturation, a phe-nomenon expe
ted at high energies.{ The BK equation resolves the infrared di�usion prob-lem asso
iated with the linear BFKL evolution. Thismeans that the equation is mu
h more stable withrespe
t to possible 
orre
tions 
oming from the non-perturbative domain.{ The BK equation has met with phenomenologi
al su
-
esses when 
onfronted against DIS data from HERA[162,165,169{175℄.

The BK equation is not exa
t and has been derived inseveral approximations.{ The LO BFKL kernel is obtained in the leading softgluon emission approximation and at �xed �s.{ The large N
 limit is used in order to express the non-linear term as a produ
t of two fun
tions N . This limitis in the foundation of the 
olor dipole pi
ture. To alarge extent the large N
 limit is equivalent to a mean�eld theory without dipole 
orrelations.{ The BK equation assumes no target 
orrelations. Con-trary to the large N
 limit, whi
h is a 
ontrollable ap-proximation within perturbative QCD, the absen
e oftarget 
orrelations is of pure non-perturbative nature.This assumption is motivated for asymptoti
ally heavynu
lei, but it is likely not to be valid for proton or re-alisti
 nu
leus targets.There are several quite serious theoreti
al problemswhi
h need to be resolved in the future.{ The BK equation is not symmetri
 with respe
t totarget and proje
tile. While the latter is assumed tobe small and perturbative, the former is treated as alarge non-perturbative obje
t. The fan stru
ture of thediagrams summed by the BK equation violates the t-
hannel unitarity. The t-
hannel unitarity is a 
om-pleteness relation in the t-
rossing 
hannel. It basi-
ally re
e
ts a proje
tile-target symmetry of the Feyn-man diagrams. The down-type fan graphs summed bythe BK equation, obviously violate the symmetry. A�rst step towards restoration of the t-
hannel unitar-ity would be an in
lusion of Pomeron loops.{ Though the BK equation respe
ts the s-
hannel uni-tarity 2 the ex
hange of massless gluons implies thatit violates the Froissart bound for the energy depen-den
e of the total 
ross se
tion. In order to respe
t theFroissart bound, gluon saturation and 
on�nement areneeded. On one hand, the BK equation provides gluonsaturation at �xed and large impa
t parameters. Onthe other hand, being purely perturbative, it 
annotgenerate the mass gap needed to ensure a fast 
onver-gen
e of the integration over the impa
t parameter b.Be
ause of this problem, up to now all the phenomeno-logi
al appli
ations of the BK equation were based onmodel assumptions regarding the b-dependen
e. It isalways assumed that the b-dependen
e fa
torizes andin pra
ti
e the BK equation is usually solved withoutany tra
e of b. At the end, the b-dependen
e is restoredvia an ansatz with a typi
ally exponential or Gaussianpro�le. An attempt to go beyond this approximationhas been reported in Ref. [167,168℄.{ It is very desirable to go beyond the BK equation andrelax all underlying assumptions outlined above. Thehigher order 
orre
tions are most needed. In parti
ularit is important to learn how to in
lude the running of�s, though in the phenomenologi
al appli
ations therunning of �s is usually implemented.2 There was a re
ent 
laim of Mueller and Shoshi [176℄ thatthe s-
hannel unitarity is in fa
t violated during the evolution.
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orre
t shortdistan
e limit responsible for the Bjorken s
aling vi-olation. As a result the BK equation does not natu-rally mat
h with the DGLAP equation. Though sev-eral approa
hes for uni�
ation of the BK equationand DGLAP equations were proposed [52, 162, 165,177, 178℄, the methods are not fully developed. Allapproa
hes deal only with low x and only with thegluon se
tor. We would like to have a uni�ed evolutions
heme for both small and large x and with quarksin
luded.5.2 Phenomenology with the BK equationThe deep inelasti
 stru
ture fun
tion F2 is related to thedipole amplitude N viaF2(x;Q2) =Q24�2 Z d2r? Z dzP 
�(Q2; r?; z)�dipole(r?; x); (53)with the dipole 
ross se
tion given by the integration overthe impa
t parameter:�dipole(r?; x) = 2 Z d2bN (r?; x; b): (54)The physi
al interpretation of eq. (53) is transparent.It des
ribes the two stages of DIS [179℄. The �rst stage isthe de
ay of a virtual photon into a 
olorless dipole (q�q -pair). The probability of this de
ay is given by P 
� knownfrom QED [134,180{182℄. The se
ond stage is the intera
-tion of the dipole with the target (�dipole in eq. (53)). Inthe large N
 limit a 
olor 
harge has a well-de�ned anti-
harge partner in a 
olor dipole. Eq. (53) illustrates thefa
t that in this limit these 
olor dipoles are the relevantdegrees of freedom in QCD at high energies [134℄.For the phenomenologi
al appli
ations one may usethe fun
tion N (r?; x; b) or �dipole(r?; x) obtained dire
tlyfrom the solutions of the BK equation (51). With addi-tional DGLAP 
orre
tions this approa
h was adopted byGotsman et al. in Ref. [162℄.Alternatively one 
an relate N to an unintegratedgluon distribution fun
tion F(x; k2) = f(x; k2)=k2. Thedipole 
ross se
tion 
an be expressed via f [183,184℄:�dipole(r?; x) =8�2N
 Z d k2k4 [1 � J0(k r?)℄ �s(k2) f(x; k2) (55)The inversion of eq. (55) is straightforwardf(x; k2) = Z d2b h(k2; x; b); (56)h(k2; x; b) = N
4�s �2 k4�k ~N (k2; x; b)= N
�s �2 k2 �2� (lnk2)2 ~N (k2; x; b) : (57)

Here �k is the 2-dimensional Lapla
e operator. The fun
-tion ~N is related to the Fourier transform of N~N (k2; x; b) = Z d2 r?2� r2? e ikr? N (r?; x; b) : (58)In fa
t, ~N obeys a nonlinear version of the LO BFKLevolution equation in momentum spa
e. The fun
tion ~N
an be interpreted as an unintegrated gluon distribution.~N and h 
oin
ide at large momenta but di�er at smallones. On one hand, within the dipole pi
ture it is ratherthe fun
tion ~N whi
h gives the probability to �nd a gluonwith a given transverse momentum and at a given impa
tparameter. On the other hand, it is the fun
tion f (or h)whi
h enters the k? (high energy) fa
torization formula.In what follows we will 
on
entrate on the unintegratedgluon distribution f only.Instead of solving the BK equation (51) and then in-verting the relation (55) one 
an adopt another strategyand reformulate the problem dire
tly in terms of the un-integrated gluon density f . This approa
h was adopted inwork by Kutak-Kwie
inski [178℄ and Kutak-Stasto [185℄.Using relations (54) and (55) one 
an transform (51) intoan equation for the unintegrated gluon distributionf(x;k2) = ~f (0)(x; k2)+ N
�s(k2)� k2 Z 1x dzz Zk20 dk02k02�f(xz ; k02) � f(xz ; k2)jk02 � k2j + f(xz ; k2)j4k04 + k4j 12 ���1� k2 ddk2�2 k2R2 Z 1x dzz�Z 1k2 dk02 k04�s(k02) ln �k02k2� f(z; k02)�2 : (59)Here it is written as an integral equation, 
orrespondingto the BFKL equation in momentum spa
e supplementedby the negative nonlinear term. The input ~f (0)(x; k2) isgiven at the s
ale k20 = 1GeV 2. This equation was derivedunder the following fa
torization ansatz:~N (k2; x; b) = ~n(k2; l; x)S(b) (60)with normalization 
onditions on the pro�le fun
tion S(b)Z d2bS(b) = 1; Z d2bS2(b) = 1�R2 : (61)The assumption (60) is 
rude and 
orresponds to a situ-ation where the proje
tile size (
olor dipole) is negle
ted
ompared to the target size (proton). A simple way to im-prove (59) is to implement NLO 
orre
tions in the linearterm of the equation. It 
an be done within the uni�edBFKL-DGLAP framework whi
h is presented below. The�nal equation (eq. (64) below) 
an be used for phenomeno-logi
al appli
ations. Figs. 20, 21 display the unintegratedgluon distributions f obtained in Refs. [162,185℄.
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tion of x for di�erent values k2 = 1:5GeV 2 (top) andk2 = 30GeV 2 (bottom). Solid lines 
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orrespond to the approximatesolution of (64) [178,185℄. For referen
e we also present linearBFKL/DGLAP evolution (KMS) [52℄ .5.3 The saturation s
aleIn order to quantify the strength of e�e
ts that slow downthe gluon evolution one introdu
es the saturation s
aleQs(x). It divides the (x; k2)-spa
e into regions of diluteand dense partoni
 systems. In the 
ase when k2 < Q2s(x)the solution of the BK equation exhibits geometri
al s
al-ing, whi
h means that it depends on one variable only,N (r; x) = N (r Qs(x)) or in momentum spa
e ~N (k2; x) =~N (k=Qs(x)). In Fig. 22 we present saturation s
ales ob-tained from (59) in [185℄ and the 
orresponding result ob-tained from Ref. [162℄. Note, however, that the satura-tion s
ale is de�ned di�erently in these two approa
hes.In ref. [185℄ the saturation s
ale is de�ned quantitativelyas a relative di�eren
e between the solutions to the linearand nonlinear equations, while in ref. [162℄ it is de�nedby the requirement that N (2=Qs; x) is 
onstant equal to1=2 or 1=e. Note that both the KKS [185℄ and the GLLMmodels predi
t a saturation s
ale mu
h bigger than theone from the GBW model.
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Fig. 22. Saturation s
ale from various models. The solid linesde�nes a band of possible saturation s
ales 
oming from theGLLM model [162℄. The dashed line (KKS) is from Ref. [185℄.The dotted line (GBW) is the Gole
-Biernat W�ustho� model[151℄.
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ts are most easily studied in the 
oordi-nate spa
e representation in whi
h it has been diÆ
ultto in
lude non-leading e�e
ts, and the non-leading e�e
tshave mainly been studied in momentum spa
e, where it ishard to in
lude saturation. We now present a short (not
omplete) review of re
ent theoreti
al a
tivities whi
h at-tempt to go beyond the leading order BK equation. Animportant issue relating to the NLO 
orre
tions is energy{momentum 
onservation, whi
h was already addressed inse
tion 2.2 and will be further dis
ussed in more detail inse
tion 5.5.5.4.1 Beyond leading orderThe BFKL kernel is known at next-to-leading order. Nev-ertheless, a nonlinear equation at NLO has not been de-rived yet. I. Balitsky and A. Belitsky [186℄ have been ableto 
ompute a single NLO 
ontribution whi
h has maximalnonlinearity, namely the N3 term:dNd y = �sKer 
 (N �N �N )� �2sKer 
N �N �N: (62)The new kernel Ker 
an be found in Ref [186℄. Triantafyl-lopoulos [187℄ has 
onsidered NLO BFKL in the presen
eof a saturation boundary. The results show a de
reasein the saturation s
ale growth as a fun
tion of rapid-ity towards the value � ' 0:3 observed experimentally(GBW [151℄ and GLLM [162℄ models).Another approa
h [177, 178℄ to partially in
lude theNLO 
orre
tions into the BK equation is to implementin the linear term of eq. (59) the uni�ed BFKL-DGLAPframework developed in [52℄. In this s
heme the BFKLkernel also gets modi�ed by the 
onsisten
y 
onstraint [17,24,188℄ k02 < k2=z: (63)The origin of this 
onstraint is the requirement that thevirtuality of the ex
hanged gluon is dominated by itstransverse momentum jk02j ' k02T (see also se
tion 2.2).The 
onstraint (63) resums a large part of the subleading
orre
tions in ln 1=x, and it is also 
onne
ted to the 
on-servation of the negative light
one 
omponent p� = E�pL(
f. se
tion 5.5). Additionally, the non-singular part of theleading order DGLAP splitting fun
tion, whi
h in
uen
esthe normalization of the unintegrated gluon distribution,is in
luded into the evolution and �s is assumed to run

with the s
ale k2 . The �nal improved nonlinear equationfor the unintegrated gluon density be
omesf(x; k2) = ~f (0)(x; k2)++ N
�s(k2)� k2 Z 1x dzz Zk20 dk02k02� f(xz ; k02)�(k2z � k02) � f(xz ; k2)jk02� k2j + f(xz ; k2)j4k04+ k4j 12 �+ �s(k2)2� Z 1x dz �Pgg(z) Z k2k20 dk02k02 f(xz ; k02)��1� k2 ddk2�2 k2R2 Z 1x dzz�Z 1k2 dk02k04 �s(k02) ln�k02k2 � f(z; k02)�2 ; (64)with the input distribution ~f (0)(x; k2).5.4.2 JIMWLKThe N
 
orre
tions 
an be a

ounted for through theJIMWLK fun
tional equation [189{193℄, whi
h is equiva-lent to Balitsky's original in�nite 
hain of equations [147℄.Introdu
ing N as a target expe
tation value of a 
ertainoperator (produ
t of two Wilson lines), N � hW itarget,the �rst 
ouple of equations of the Balitsky 
hain ared hW id y = �sKer 
 ( hW i � hW W i); (65)d hW W id y = �sKer 
 (hW W i � hW W W i): (66)The large N
 limit and the absen
e of the target 
orre-lations used by Kov
hegov [144℄ is equivalent to a mean�eld approximation whi
h allows to express a 
orrelatorof a produ
t as a produ
t of 
orrelators:hW W i = hW i hW i = N N ; N
 ! 1:Thus the �rst equation of the Balitsky 
hain 
loses to theBK equation.Rummukainen and Weigert [166℄ have produ
ed a �rstnumeri
al solution of the JIMWLK equation. They do not�nd any qualitative deviation from solutions of the BKequation. The N
 
orre
tions were found to be at a levelof a few per
ents.Bartels, Lipatov, and Va

a [149℄ have 
onsidered N

orre
tions to the triple Pomeron vertex:dNd y = �s Ker 
 (N � N N � 1N2
 n)where the fun
tion n has to satisfy a separate equation.
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orrelationsFor proton and realisti
 (not very dense) nu
leus targetsa systemati
 approa
h towards in
lusion of target 
orre-lations has been developed by Levin and Lublinsky [194℄.Target 
orrelations 
an be introdu
ed via a 
ertain lin-ear fun
tional di�erential equation. In general, this linearfun
tional equation 
annot be reformulated as a non-linearequation. However, in a parti
ular 
ase when all n-dipole
orrelations 
an be a

ounted for by a single 
orrelationparameter, the equation 
an be brought to a modi�ed ver-sion of the BK equation:dNd y = �sKer 
 (N � �N N ); (67)In Eq. (67) � � 1 is the 
orrelation parameter to be foundfrom a model for the target.5.4.4 Pomeron loopsPomeron loops are the �rst steps towards restoration ofthe t-
hannel unitarity. Ian
u and Mueller [195℄ have 
on-sidered rare 
u
tuations whi
h were interpreted by Kozlovand Levin [196℄ as pomeron loop 
ontributions. Unfortu-nately, it looks as if 
ontributions from the pomeron loopsare diÆ
ult to in
orporate in a framework of a single equa-tion. They are known to modify the asymptoti
 behaviorof the amplitude N in the deep saturation limit, wherethey give the following asymptoti
 behavior:N (Y ) = 1 � e� 
 (Y �Y0)2 ; Y ! 1 
 = 2 ��s BKEN (Y ) = 1 � e� 
 (Y �Y0)2=2; Y ! 1 Pom LoopsRe
ently there has been a lot of a
tivity in attemptingto 
onsistently in
lude Pomeron loops into high energyevolutions [197{202℄.5.4.5 Lo
al multi-pomeron ex
hangeIt is 
laimed that the BK equation sums all possible 
on-tributions whi
h are not suppressed either by �s or N
.For example, the 
ubi
 term in Eq. (62) appears at next-to-leading �s order only. In parti
ular it is implied that allmulti-pomeron ex
hanges and multi-pomeron verti
es areeither absorbed by the triple pomeron vertex of the BKequation or suppressed. Levin and Lublinsky [194℄ haveargued that this might be not true. They argue that inaddition to a possibility for a pomeron to split into two,there exists a pro
ess of multi-pomeron ex
hange, whi
h islo
al in rapidity. After these 
ontributions were resummedin the eikonal approximation, a new modi�
ation of theBK equation was proposed:dNd y = (1 � N )�s Ker 
 (N � N N ): (68)

5.5 Energy 
onservation aspe
tsMain author G. Gustafson5.5.1 Rapidity vetoIt is well known [16℄ that a major fra
tion of the higherorder 
orre
tions to (not only) BFKL is related to energy
onservation. The large e�e
t of energy-momentum 
on-servation is also 
learly demonstrated by the numeri
alanalyses by Andersen-Stirling [21℄ and Orr-Stirling [18℄.Conservation of energy and momentum implies the 
on-servation of both the positive and the negative light
one
omponents, p� = E � pL. Although most analyses have
on
entrated on the 
onservation of p+, as being more im-portant, we will see below that also 
onservation of p� hasa very signi�
ant e�e
t. In LLA the steps in ln(1=x) are as-sumed to be large, and the ne
essary re
oils due to energy
onservation are negle
ted. The main e�e
t of 
onserva-tion of the positive light
one 
omponent p+ = E + pL, isthat small steps in ln(1=x) with 
orresponding large re
oilsare suppressed. One way to take this into a

ount is to in-trodu
e a veto, not allowing steps in ln(1=x) smaller thana 
ut �. (This is 
alled a rapidity veto also if the evolutionvariable is de�ned as y = ln(1=x) and not the true rapid-ity.) The e�e
t of su
h a veto is studied in refs. [75,78,203℄,and at high energies it has a similar e�e
t as the higherorder 
orre
tions, redu
ing the growth at small x.A re
ent study of the BK equation in the presen
e ofa rapidity veto is presented by Cha
hamis, Lublinsky andSabio Vera [204℄. The appli
ation of this method to theBK equation makes it non-lo
al in rapidity:dN (y)d y = �sKer 
 (N (y� �) � N (y� �) N (y� �)) :The veto somewhat delays saturation in a

ordan
e withthe expe
tations asso
iated with the next-to-leading order
orre
tions. If the veto is put on top of the BK equationwith running �s then the e�e
t of NLO 
orre
tions is sig-ni�
antly redu
ed. This observation gives support to thephenomenologi
al studies of Refs. [162,178℄.An similar approa
h to this problem is presented byGotsman, Levin, Maor, and Naftali [205℄. The e�e
ts ofthe 
ut in ln(1=x) is taken into a

ount in a modi�ed BKequation:�N (r; Y ; b)�Y = CF�s�2 Z d2r0r2(r� r0)2r02 �1� ��Y �� �2N �r0; Y ;b� 12(r� r0)��N (r; Y ;b)�N �r0; Y ;b� 12(r� r0)�N �r� r0; Y ;b� 12r0�� :(69)The derivative under the integral is related to a 
ut inln(1=x) / lnp+. The modi�
ation of the pole at 
 = 1,
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oordinatespa
e is split into su

essively more dipoles via gluon emission.whi
h is related to 
onservation of the negative light
one
omponent p� = E � pL (or the inverse k? ordering) andthe 
onsisten
y 
onstraint, is not in
luded. The motivationfor this is that this e�e
t is not important on
e the dipoledensity has rea
hed saturation, that is for x so small thatQ2s(x) > Q2.We note, however, that the non-leading e�e
ts 
an sig-ni�
antly redu
e the value ofQ2s(x), and thus delay the on-set of saturation, as dis
ussed in e.g. refs. [187℄. An essen-tial result of the analysis dis
ussed in the next subse
tionis that also the 
onservation of p� has an important ef-fe
t, and 
ontributes signi�
antly to pushing the x-values,where saturation be
omes essential, to smaller values. Wenote also that an estimate of the relative importan
e ofsaturation and non-leading e�e
ts for the redu
ed growthrate is very important for reliable extrapolations to higherenergies at LHC and high energy 
osmi
 rays.5.5.2 Full energy-momentum 
onservationA di�erent approa
h to energy-momentum 
onservationis presented in ref. [206℄. As dis
ussed above non-leadinge�e
ts are most easily studied in momentum spa
e, whileunitarity or saturation e�e
ts are easier analyzed whenformulated in transverse 
oordinate spa
e. In ref. [206℄similarities between the Linked Dipole Chain model(LDC) [203, 207℄ in momentum spa
e and the Muellerdipoles in transverse 
oordinate spa
e [134,135, 154℄ areused to derive a s
heme for implementing energy momen-tum 
onservation in Mueller's dipole formalism. It is 
on-je
tured that only those gluon emissions, whi
h satisfyenergy-momentum 
onservation, 
an 
orrespond to real�nal state gluons, and that keeping only these (with a
orresponding modi�
ation of the Sudakov form fa
tor)will not only give a better des
ription of the �nal states,but also a

ount for essential parts of the NLO 
orre
tionsto the BFKL equation. The approa
h is based on the ob-servation that the emission of a dipole with a very smalltransverse size, r, 
orresponds to having two very well lo-
alized gluons, and su
h gluons must have large transversemomenta of the order p? � 1=r. By in this way assign-ing a transverse momentum to ea
h emitted gluon, andalso taking into a

ount the re
oils of the emitting glu-ons, it is possible to make sure that ea
h dipole splittingis kinemati
ally allowed.Formalism In the pro
ess 
� ! Q �Q! Qg �Q! Qgg �Q!: : :, a virtual photon is split into a Q �Q 
olor dipole, whi
h

a� a0 b � b12 34 5 6

 d e fFig. 24. A dipole 
as
ade, where a 
hain of smaller and smallerdipoles is followed by a set of dipoles with in
reasing sizes.This is interpreted as one k?-ordered 
as
ade from the leftand one from the right, up to a 
entral hard sub
ollision, whi
his represented by the dipole with minimum size and thereforemaximum k?.is �rst split into two dipoles by the emission of a gluon,then into three dipoles by a se
ond gluon, et
. The pro-
ess is illustrated in transverse 
oordinate spa
e in �g. 23.The probability for su
h a dipole splitting is given by theexpression [134,135,154℄ (for notation see �g. 23)dPdy = ��2�d2r2 r201r202 r212 � S;S = exp �� ��2� Z dy Z d2r2 r201r202 r212� : (70)Here S denotes a Sudakov form fa
tor. We note that theintegral over d2r2 in the exponent diverges for small valuesof r02 and r12. Therefore Mueller introdu
ed a 
uto� �,su
h that the integration region satis�es r02 > � and r12 >�. A small 
uto� value � will here imply that we get verymany dipoles with small r-values.If a dipole size, r, is small, it means that the gluons arewell lo
alized, whi
h must imply that transverse momentaare 
orrespondingly large. This implies that not only thenew gluon gets a large k? � 1=r, also the original gluon,whi
h is 
lose in 
oordinate spa
e, gets a 
orrespondingre
oil. Let us study the example in �g. 24. For the emis-sions of the gluons marked 2, 3, and 4 the dipole sizesbe
ome smaller and smaller, a� b� 
� d, in ea
h stepof the evolution. The 
orresponding k? therefore be
omelarger and larger in ea
h step. After the minimum dipole,with size d, the subsequent emissions, 5, and 6, give againlarger dipoles with 
orrespondingly lower k? values. Theprobability for this 
hain is proportional tod2r2 a2a2 b2 � d2r3 b2b2 
2 � d2r4 
2
2 d2 � d2r5 d2e2 e2 � d2r6 e2f2 f2 (71)For the �rst emissions, 2 and 3, in this expression were
ognize the produ
t of fa
tors d2ri=r2i � Q d2ki=k2i ,just as is expe
ted from a \DGLAP evolution" of a 
hainwith monotoni
ally in
reasing k?. Emission number 4 
or-responds to the minimum dipole size, d, and we herenote that the fa
tors of d 
an
el in eq. (71). We there-fore get the weight d2r4 � d2kmax=k4max, whi
h 
orre-sponds to a hard gluon-gluon 
ollision. When the dipolesizes get larger again, this gives fa
tors 
orresponding toa \DGLAP 
hain" from the other end of the 
hain, up tothe 
entral hard sub
ollision.It is also easy to see that for a 
hain with in
reasingdipole sizes up to a maximum value, rmax, whi
h thus
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� 
�Q�Q �Q0Q0r3r4r1r2r1r2 r3r4 r y =rapidityFig. 25. A symboli
 pi
ture of a 
�
� 
ollision in rapidity-r?-spa
e. The two dipole 
hains intera
t and re
ouple withprobability f given by eq. (72).
orresponds to a minimum transverse momentum, k?min,we get the weight d2rmax=r4max � d2kmin. Therefore thereis no singularity for the minimum k?-value. This resultagrees exa
tly with the result in the Linked Dipole Chainmodel, LDC [203, 207℄, whi
h is a reformulation of theCCFM model [24,25℄, interpolating between DGLAP andBFKL for non-k?-ordered 
hains.To study 
�
� s
attering we imagine that the two vir-tual photons split up into quark-antiquark pairs, whi
hdevelop into dipole 
as
ades as s
hemati
ally illustratedin �g. 25. When the two 
entral dipoles 
ollide and inter-a
t via gluon ex
hange, it implies a re
oupling of the 
olor
harges, as indi
ated by the arrow, and the probability forthis is given by the expression [208℄f = �2s2 �ln� jr1 � r3j � jr2 � r4jjr1 � r4j � jr2 � r3j��2 : (72)As the dipole 
as
ades from the two virtual photonsbran
h out, it is also possible to have multiple 
ollisions,when more than one pair of dipoles from the left and theright moving 
as
ades are intera
ting. The total 
ross se
-tion is then given by� � Z d2b(1� e�P fij ); (73)where b denotes the impa
t parameter.With a small 
uto� � (r > �) we get, as mentionedabove, very many small dipoles. If these are interpretedas real emissions, it would imply a violation of energy-momentum 
onservation. The emission of these smalldipoles must be 
ompensated by virtual emissions. Thusthe result in eq. (73) will des
ribe the in
lusive 
ross se
-tion, but the many dipoles produ
ed in all the bran
hing
hains will not 
orrespond to the produ
tion of ex
lusive�nal states.The main feature of the LDC model is the observa-tion that both the total 
ross se
tion and the �nal statestru
tures are determined by 
hains 
onsisting of a subsetof the gluons appearing in the �nal state. These gluonswere 
alled \primary gluons" in ref. [203℄ and later 
alled\ba
kbone gluons" in ref. [209℄. Remaining real �nal stategluons 
an be treated as �nal state radiation from theprimary gluons. Su
h �nal state emissions do not mod-ify the total 
ross se
tions, and give only small re
oils to

the parent emitters. The primary gluons have to satisfyenergy-momentum 
onservation, and are ordered in bothpositive and negative light-
one momentum 
omponents,p+ and p�. We saw above that in Mueller's 
as
ade theemission probabilities for gluons, whi
h satisfy the 
ondi-tions for primary gluons in LDC, have exa
tly the sameweight, when the transverse momenta are identi�ed withthe inverse dipole size, 2=r. This inspires the 
onje
turethat with this identi�
ation an appropriate subset of theemissions in Mueller's 
as
ade 
an 
orrespond to the pri-mary gluons in the momentum spa
e 
as
ade, meaningthat they determine the 
ross se
tions while the otheremissions 
an be regarded as either virtual 
u
tuationsor �nal state radiation.A ne
essary 
ondition for this subset of gluons is thatenergy and momentum is 
onserved. Therefore we ex-pe
t that keeping only emissions whi
h satisfy energy-momentum
onservation 
an 
orrespond to real emissions,and keeping only these emissions (with a 
orrespondingmodi�
ation of the Sudakov form fa
tor) will not only a
-
ount for important NLO e�e
ts, but also give a 
loser
orresponden
e between the generated dipole 
hains andthe observable �nal states.A very important 
onsequen
e of energy-momentum
onservation is also that it implies a dynami
al 
uto�,�(�y), whi
h is large for small steps in rapidity, �y, butgets smaller for larger �y. (Alternatively it 
ould be de-s
ribed as a 
uto� for �y whi
h depends on r. Note thatin this formalism y is the true rapidity and not log(1=x).)Conserving also the negative light-
one momentum, p�,implies that in a similar way we may also get a maximumvalue for r in ea
h emission.The net result of 
onservation of both p+ and p�is that the number of dipoles grows mu
h more slowlywith energy. Besides its physi
al e�e
ts, this also sim-pli�es the implementation in a MC program. It is herestraight forward to 
al
ulate 
ross se
tions and to studysaturation e�e
ts, by 
omparing the unitarized expressionR d2b(1�e�P fij ) in eq. (73) with R d2bP fij representingsingle IP ex
hange. (The large numeri
al 
ompli
ations inMCs without energy 
onservation, dis
ussed in ref. [208℄,are not present.)Results Below we show some results obtained with a �xed
oupling �� = 0:2.Dipole-dipole s
attering. The 
ross se
tion for s
atter-ing of two dipoles with sizes r1 and r2 is shown in �g. 26.With a �xed 
oupling the s
aled 
ross se
tion, �=r22, de-pends only on the ratio r1=r2. We 
an imagine a tar-get with size r2 � 1=M , and a varying proje
tile sizer1 � 1=pQ2. The results show that the 
ross se
tiongrows faster with the total rapidity range, Y � ln s, forsmaller r1 (larger Q2), in a way qualitatively similar tothe behavior of the proton stru
ture fun
tion.The e�e
t of energy 
onservation is demonstrated in�g. 27 by the results obtained for the 
ase r1=r2, with a
onstant 
uto�, � = 0:02 ri. Comparing with �g. 26 we seethat energy 
onservation has a very strong e�e
t, redu
ing� by almost an order of magnitude for Y � 13.
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Fig. 26. The s
aled unitarized dipole{dipole 
ross se
tion,�=r22 , as a fun
tion of Y for di�erent initial 
onditions.
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Fig. 27. The s
aled unitarized (full line) and one-pomeron(dashed line) dipole{dipole 
ross se
tions 
al
ulated withoutenergy 
onservation.In �g. 27 we also see that without energy-momentum
onservation the e�e
t of multiple IP ex
hange (satura-tion) is about a fa
tor 2 for r1 = r2 and Y = 13.The mu
h smaller 
ross se
tion obtained with energy-momentum 
onservation implies that the saturation e�e
tis mu
h less important, being only � 20% for the same pa-rameter values.Dipole-nu
leus and dipole-proton 
ollisions. Dipole-nu
leus 
ollisions have been studied using a toy modelnu
leus, with a Gaussian distribution in dipole size r andimpa
t parameter b. The dipole density is given bydN = B � d2r e�r2=r20 � d2b e�b2=b20 (74)The widths of the distributions are taken to be r0 = 1 fmand b0 = A1=3 � 1 fm (where A is the mass number of thenu
leus), and the normalization 
onstant B is adjusted sothat the transverse energy is given by A�1GeV.The results for A = 200 and proje
tile sizes rproj = 0:1and 1 GeV�1 are shown in �gure 28. Results are presentedboth for single pomeron ex
hange and in
luding unitariza-tion. The e�e
t of unitarization grows with nu
lear sizeand with the size of the proje
tile. For a small proje
tile
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rproj=1GeV-1Fig. 28. The dipole{nu
leus 
ross se
tion for rproj = 0:1 and1 GeV�1 and A = 200. The unitarized result is shown by thesolid lines, and the one-pomeron 
ontribution by the dashedlines.of size 0:1 GeV�1 we 
an see the e�e
t of 
olor trans-paren
y, as the 
ross se
tions for the unitarized and theone pomeron 
al
ulations are almost identi
al. For a largerproje
tile we do see a 
lear e�e
t from unitarization, buteven for rproj = 1 GeV�1 and a nu
leus with A = 200 thise�e
t is only about 20% in the rapidity interval 10�14. Forsmaller nu
lei the e�e
t will be 
orrespondingly smaller.When the same toy model is applied to deep inelasti
ep s
attering (with A = 1 and simply identifying Q2 with4=r2proj), we want to emphasize that we here only want tostudy the qualitative behavior. A quantitative 
omparisonwith HERA data has to wait for an improvement of the
rude toy model for the proton target (dipole 
orrelationsmay be important), and one should then also take intoa

ount the detailed e�e
ts of the photon wavefun
tion.The resulting dipole{nu
leon 
ross se
tion is shown in�gure 29 for two di�erent proje
tile sizes, 
orrespondingto Q2 = 4GeV2 and Q2 = 400GeV2. The result for singlepomeron ex
hange, i.e. without unitarization 
orre
tions,is shown by the dashed lines, and we see that the e�e
tfrom unitarization is quite small.In �gure 29 we also see that the logarithmi
 slope�e� = d(log�)=d(log 1=x) is in
reasing with in
reasing Q2.The e�e
tive slope, �e� , is not a 
onstant for �xed Q2, butdepends on both Q2 and x, when unitarization and/orenergy 
onservation is taken into a

ount. For the 
om-parison with experimental data �gure 30 shows �e� deter-mined in the x-interval used in the analysis by H1 [210℄,whi
h varies from x � 2 � 10�5 for Q2 = 1:5 GeV2 tox � 3� 10�2 for Q2 = 90 GeV2. We note that the resultof our 
rude model is not far from the experimental data,although the dependen
e on Q2 is somewhat weaker in themodel 
al
ulations. As in �gure 29 we see that the e�e
tof unitarization is small, and, as expe
ted, it gets furtherredu
ed for larger Q2-values.Thus we �nd that the result of the simple model issurprisingly 
lose to experimental data from HERA. Thee�e
t of energy 
onservation is a suppression for small x-values and small Q2, whi
h is qualitatively similar to the
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Fig. 30. The e�e
tive slope measured at di�erent Q2 
om-pared to data from HERA. The full line is our model in
ludingunitarization, while the dashed line is without. Filled 
ir
lesare data from ZEUS [211℄, �lled [31℄ and open [212℄ squaresare data from H1.e�e
t expe
ted from unitarization. This suppression is sostrong that the e�e
t from adding unitarization is only avery small 
orre
tion, visible for small Q2-values.If we 
ompare these results with those of ref. [205℄, we�nd a signi�
antly larger e�e
t from energy-momentum
onservation. One reason appears to be the in
lusion ofp�-
onservation. This is related to the 
onsisten
y 
on-straint in eq. (63), whi
h orders the emissions in the nega-tive light
one momentum. In the formalismdis
ussed herethis is found to have a noti
eable e�e
t. Thus we �nd thatin
luding only 
onservation of p+, and not of p�, in
reasesthe 
ross se
tion by a fa
tor 2 (3) for dipole{proton 
ol-lisions at Q2 = 4 (400)GeV2. Consequently we 
on
ludethat full energy-momentum 
onservation is very essentialfor the result and for the relative importan
e of saturationand NLO e�e
ts.

5.6 OutlookIt is essential for the future phenomenologi
al studies toeliminate the model dependent treatments of the impa
tparameter. Though the BK equation has been solved nu-meri
ally with the full b-dependen
e tra
ed [167, 168℄,these results are not yet suitable for phenomenologi
al ap-pli
ations.A further study of the relation between the dipole pi
-ture vs. traditional diagrammati
s based on the s-
hannelunitarity is needed. In parti
ular, it is not 
lear if thedipole pi
ture survives at NLO. In general there is a questfor a simple e�e
tive Reggeon �eld theory in QCD.The large e�e
t of full energy-momentum 
onservationmake further studies of the relative importan
e of NLOe�e
ts and saturation important.NLO e�e
ts and saturation both 
ontribute to a redu
-tion of the parton distributions for small x. An improvedunderstanding of these e�e
ts, in
luding the relation be-tween them, is very important for extrapolations to higherenergies at LHC or high energy 
osmi
 ray events.The dis
ussions presented above 
on
entrate on totalor in
lusive 
ross se
tions. More work is also needed to
al
ulate the properties of the resulting �nal states.6 Multiple intera
tions, saturation andrapidity gaps6.1 AGK 
utting rulesMain author J. Bartels6.1.1 Introdu
tionMultiple parton intera
tions play an important role bothin ele
tron proton s
attering at HERA and in high energyproton proton 
ollisions at the LHC. At HERA, the linearQCD evolution equations provide, for not too small Q2, agood des
ription of the F2 data (and of the total 
�p 
rossse
tion, �
�ptot ). This des
ription 
orresponds to the emis-sion of partons from a single 
hain (Fig. 31a). However,at low Q2 where the transition to nonperturbative strongintera
tion physi
s starts, this simple pi
ture has to besupplemented with 
orre
tions. First, there exists a 
lassof models [151, 153, 213℄ whi
h su

essfully des
ribe thistransition region; these models are based upon the idea ofparton saturation: they assume the existen
e of multipleparton 
hains (Fig. 31b) whi
h intera
t with ea
h other,and they naturally explain the observed s
aling behavior,F2(Q2; x) � F2(Q2=Q2s(x)) with Q2s(x) = Q20(1=x)�. Next,in the photoprodu
tion region, Q2 � 0, dire
t eviden
efor the presen
e of multiple intera
tions also 
omes fromthe analysis of �nal states [214℄. A further strong hint atthe presen
e of multi-
hain 
on�gurations 
omes from theobservation of a large fra
tion of di�ra
tive �nal states indeep inelasti
 s
attering at HERA. In the �nal states anal-ysis of the linear QCD evolution equations, it is expe
ted
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Fig. 31. Contributions to the total 
ross se
tion �
�ptot : (a) thesingle 
hain representing the linear QCD evolution equations;(b) gluon produ
tion from two di�erent gluon 
hains.
Fig. 32. Hard di�ra
tive �nal states.(a) dijet produ
tion; (b)the di�ra
tive 
ross se
tion as s-
hannel dis
ontinuity of a two-ladder diagram.that the produ
ed partons are not likely to 
ome withlarge rapidity intervals between them. In the momentum-ordered single 
hain pi
ture (Fig. 31a), therefore, di�ra
-tive �nal states should be part of the initial 
onditions(inside the lower blob in Fig. 31a), i.e. they should liebelow the s
ale Q20 whi
h separates the parton des
rip-tion from the nonperturbative strong intera
tions. Thisassignment of di�ra
tive �nal states, however, 
annot be
omplete. First, data have shown that the Pomeron whi
hgenerates the rapidity gap in DIS di�ra
tion is harder thanin hadron - hadron s
attering; furthermore, there are spe-
i�
 di�ra
tive �nal states with momentum s
ales largerthan Q20, e.g. ve
tor mesons built from heavy quarks anddi�ra
tive dijets (illustrated in Fig. 32): the presen
e ofsu
h �nal states naturally requires 
orre
tions to the sin-gle 
hain pi
ture (Fig. 32b). From a t-
hannel point ofview, both Fig. 31b and Fig. 32b belong to the same 
lassof 
orre
tions, 
hara
terized by four gluon states in thet-
hannel.In proton-proton 
ollisions 
orre
tions due to multi-ple intera
tions should be important in those kinemati
regions where parton densities for small momentum fra
-tions and for not too large momentum s
ales are beingprobed, e.g. jet produ
tion near the forward dire
tion.Another pla
e 
ould be the produ
tion of multijet �nalstates (Fig. 33): multiple jets may 
ome from di�erentparton 
hains, and these 
ontributions may very well af-fe
t the ba
kground to new physi
s beyond the standard

Fig. 33. Jet produ
tion in pp 
ollisions from two di�erentparton 
hainsmodel. Moreover, the modeling of multijet 
on�gurationswill be ne
essary for understanding the underlying eventstru
ture in pp 
ollisions (see [215℄ and referen
es therein).From the point of view of 
ollinear fa
torization, multi-ple intera
tions with momentumordered parton 
hains arehigher-twist e�e
ts, i.e they are suppressed by powers ofthe hard momentum s
ale. At small x, however, this sup-pression is 
ompensated by powers of the large logarithms,ln 1=x: multiple intera
tions, therefore, are mainly part ofsmall-x physi
s. In this kinemati
 region the Abramovsky-Gribov-Kan
helli (AGK) [216℄ rules 
an be applied to theanalysis of multi-gluon 
hains, and it is the aim of this ar-ti
le to present a brief overview about the 
urrent statusof the AGK rules in pQCD.As we will dis
uss below, in the analysis of multipleparton 
hains the 
ouplings of n gluons to the proton playan essential role. Regge fa
torization suggests that these
ouplings should be universal, i.e. the 
ouplings in 
�p
ollisions at HERA are the same as those in pp s
atter-ing at the LHC. Therefore, a thorough analysis of the roleof multiple intera
tions in deep inelasti
 ele
tron-protons
attering at HERA should be useful for a solid under-standing of the stru
ture of events at the LHC.6.1.2 Basi
s of the AGK 
utting rulesThe original AGK paper [216℄, whi
h was written beforethe advent of QCD, addresses the question how, in theopti
al theorem,�pptot = 1s ImT2!2 = Xf Z d
f jTi!f j2; (75)the presen
e of multi-Pomeron ex
hanges (Fig. 34) inthe total hadron-hadron 
ross se
tion leads to observ-able e�e
ts in the �nal states (rhs of eq.(75)). Basedupon a few model-independent assumptions on the 
ou-plings of multi-Pomeron ex
hanges to the proton, theauthors derived simple `
utting rules': di�erent 
ontri-butions to the imaginary part belong to di�erent 
utsa
ross the multi-Pomeron diagrams, and ea
h 
ut has itsown, quite distin
t, �nal state 
hara
teristi
s. As a re-sult, the authors found 
ounting rules for �nal states withdi�erent parti
le multipli
ities, and they proved 
an
ella-tions among res
attering 
orre
tions to single-parti
le anddouble-parti
le in
lusive 
ross se
tions.
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Fig. 34. s-
ut through a multi-Pomeron ex
hange: the zig-zaglines stand for nonperturbative Pomerons.In the QCD des
ription of hard (or semihard) �nalstates a 
lose analogy appears between (
olor singlet)gluon ladders and the nonperturbative Pomeron: multipleparton 
hains (for example, the two 
hains in Fig. 31b)
an be viewed as 
uts through two perturbative BFKLPomerons. In the same way as in the original AGK pa-per, the question arises how di�erent 
uts through a QCDmulti-ladder diagram 
an be related to ea
h other. Inthe following we brie
y des
ribe how AGK 
utting rules
an be derived in pQCD [217,218℄. Subsequently we willpresent a few new results whi
h 
ome out from pQCD 
al-
ulations, going beyond the original AGK rules, followedby some numeri
al estimates of the e�e
ts whi
h 
an beexpe
ted.One of the few assumptions made in the original AGKpaper states that the 
oupling of the Pomerons to the ex-ternal parti
le are (i) symmetri
 under the ex
hange ofthe Pomerons (Bose symmetry), and (ii) that they remainun
hanged if some of the Pomerons are being 
ut. Theseproperties also hold in pQCD, but they have to be refor-mulated: (i') the 
oupling of (reggeized) gluons to exter-nal parti
les is symmetri
 under the ex
hange of reggeizedgluons, and (ii') it remains un
hanged if we introdu
e 
ut-ting lines between the gluons. In QCD, however, the 
olordegree of freedom also allows for another possibility: in-side the n-gluon state (with total 
olor zero), a subsys-tem of two gluons 
an form an antisymmetri
 
olor o
tetstate: in this 
ase the two gluons form a bound state ofa reggeized gluon (bootstrap property). For the 
ase of
�
� s
attering, expli
it 
al
ulations [219℄ have shownthat the 
oupling of n gluons to virtual photons 
an bewritten as a sum of several pie
es: the fully symmetri
(`irredu
ible') one whi
h satis�es (i') and (ii'), and otherpie
es whi
h, by using the bootstrap property, 
an be re-du
ed to symmetri
 
ouplings of a smaller number of glu-ons (`
ut reggeons'). This de
omposition is illustrated inFig. 35. Sin
e the bootstrap property is related to thereggeization of the gluon and, therefore, is expe
ted to bevalid to all orders of perturbation theory, also these prop-erties of the 
ouplings of multi-gluon states to externalparti
les should be of general validity. In this short reviewwe will mainly 
on
entrate on the symmetri
 
ouplings.As an illustrative example, we 
onsider the 
oupling offour gluons to a proton. The simplest model of a symmet-

Fig. 35. De
omposition of the 
oupling of four gluons to avirtual photon. In the last two terms on the rhs it is understoodthat we have to sum over di�erent pairings of gluons at thelower end.Fig. 36. The symmetri
 
oupling of four gluons to an externalparti
le. The lines inside the blob denote the 
olor 
onne
tion,e.g. the �rst term has the 
olor stru
ture Æa1a2Æa3a4 .
Fig. 37. Di�erent 
utting lines in the four-gluon ex
hange.ri
 
oupling is a sum of three pie
es, ea
h of whi
h 
ontainsonly the simplest 
olor stru
ture: The best-known 
uttingrule for the four gluon ex
hange whi
h follows [217, 218℄from this symmetry requirement is the ratio between thethree di�erent pairings of lines given in Fig. 37. Ea
h term,on the partoni
 level, 
orresponds to a 
ertain multipli
itystru
ture of the �nal state: a rapidity gap (`zero multipli
-ity'), double multipli
ity, and single multipli
ity. Simple
ombinatori
s then leads to the ratio [216℄1 : 2 : �4: (76)for the two-ladder 
ontribution to the 
ross se
tion. Inorder to be able to generalize and to sum over an arbitrarynumber of gluon 
hains, it is 
onvenient to use an eikonal
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Fig. 38. AGK 
an
ellations in the one-jet in
lusive 
ross se
-tion.Fig. 39. (a) Nonvanishing res
attering 
orre
tions in the one-jet in
lusive 
ross se
tion; (b) a new vertex: g + 2g ! jet.ansatz:NA2n(k1; a1; : : : ;k2n; a2n;!) =1p(N2
 � 1)n XPairings�A(k1;k2;!12)Æa1a2 � : : :� �A(k2n�1;k2n;!2n�1;2n)Æa2n�1a2n! :(77)Inserting this ansatz into the hadron{hadron s
atteringamplitude, using the large-N
 approximation, and swit
h-ing to the impa
t parameter representation, one obtains,for the 
ontribution of k 
ut gluon ladders, the well-knownformula: ImAk = 4s Z d2beiqbP (s; b) (78)where P (s; b) = [
(s; b)℄kk! e�
(s;b); (79)and 
 stands for the (
ut) two-gluon ladder.Another result [218℄ whi
h follows from the symmetryproperties of the n gluon-parti
le 
oupling is the 
an
el-lation of res
attering e�e
ts in single and double in
lu-sive 
ross se
tions. In analogy with the AGK results onthe res
attering of soft Pomerons, it 
an be shown thatthe sum over multi-
hain 
ontributions and res
attering
orre
tions 
an
els (Fig. 38), leaving only the single-
hain
ontribution (in agreement with the fa
torization obtainedin the 
ollinear analysis). This statement, however, holdsonly for res
attering between the two proje
tiles: it doesnot a�e
t the multiple ex
hanges between the tagged jetand the proje
tile (Fig. 39) whi
h require a separate dis-
ussion (see below). All these results 
an be generalized

Fig. 40. De
omposition into two rapidity intervals: the upper(left) interval has double multipli
ity, the lower (right) one
orresponds to a rapidity gap.to in
lude also the soft Pomeron: all one needs to assumeis that the 
ouplings of soft Pomerons and reggeized glu-ons are symmetri
 under inter
hanges, and they are notaltered if 
utting lines are introdu
ed.6.1.3 New resultsExpli
it 
al
ulations in QCD lead to further results onmultiple intera
tions. First, in the four gluon ex
hangethere are other 
on�gurations than those shown in Fig. 37;one example is depi
ted in Fig. 40. Here the pairing ofgluon 
hains swit
hes from (14)(23) in the upper part (=left rapidity interval) to (12)(34) in the lower part (= rightrapidity interval). One 
an show that the ratio 1 : 2 : �4holds for ea
h rapidity interval. In [218℄ this has beengeneralized to an arbitrary number of ex
hanged gluonlines.Another remark applies to the appli
ability of the 
ut-ting rules to res
attering 
orre
tions in the single jet in-
lusive 
ross se
tion (Fig. 39). Below the jet vertex we,again, have an ex
hange of four gluon lines, similar to thediagram in the middle of Fig. 37. As to the 
utting rules,however, there is an important di�eren
e between the twosituations. In Fig. 37, the blob above the four gluons istotally in
lusive, i.e. it 
ontains an unrestri
ted sum overs-
hannel intermediate states, whereas in Fig. 39 the partabove the four gluon state is semi-in
lusive, i.e. it 
on-tains the tagged jet. This `semi-in
lusive' nature destroysthe symmetry above the four gluon states, and the 
uttingrules have to be modi�ed [220,221℄. In parti
ular, eqs.(77)- (78) are not appli
able to the res
attering 
orre
tionsbetween the jet and proje
tile. A further investigation ofthese questions is in progress [222℄.Finally a few 
omments on reggeization and 
utreggeons. Clearly there are more 
ompli
ated 
on�gura-tions than those whi
h we have dis
ussed so far; an ex-ample appears in 
�p s
attering (deep inelasti
 ele
tronproton s
attering). In 
ontrast to pp s
attering, the 
ou-pling of multi-gluon 
hains to the virtual photon 
an be
omputed in pQCD, and the LO results, for the 
ase ofn = 4 gluons, are illustrated in Fig. 41. It turns out thatwe have two alternative possibilities: in the 
ompletely in-
lusive 
ase (total 
ross se
tion), it is 
onvenient to 
hoseFig. 41a, i.e. the sum of all 
ontributions 
an be de
om-posed into two sets of diagrams. In the �rst set, at the top
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Fig. 41. Four-gluon 
ontributions to 
�p proton s
attering:two equivalent ways of summing over all 
ontributions. (a)the de
omposition of Fig. 35 with the pQCD triple Pomeronvertex. (b) an alternative way of summation whi
h expli
itlyshows the 
oupling of two Pomerons to the photon vertex andwhi
h leads to a new vertex Z.of the diagram two gluons 
ouple to the quark-antiquarkpair, and the subsequent transition to the four-gluon stategoes via the pQCD triple Pomeron vertex. This vertex, asa fun
tion of the 4 gluons below, has the symmetry proper-ties des
ribed above. As a result, we 
an apply the 
uttingrules to the four gluon state, as dis
ussed before. However,there is also the se
ond term in Fig. 41a, whi
h 
onsists ofa two gluon state only: this is the reggeizing 
ontributionwe have mentioned before. As indi
ated in the �gure, thesplitting of the reggized gluons at the bottom amounts toa 
hange in the (nonperturbative) 
oupling. We want tostress that, be
ause of the in
lusive nature of this set ofdiagrams, the triple Pomeron vertex V in Fig. 41a, similarto the BFKL kernel, 
ontains both real and virtual 
on-tributions. For this reason, the de
omposition in Fig. 41ais appli
able to in
lusive 
ross se
tions, and it is not 
on-venient for investigating spe
i�
 �nal states su
h as, forexample, di�ra
tive �nal states with a �xed number ofquarks and gluons in the �nal state.There exists an alternative way of summing all 
on-tributions (Fig. 41b) whi
h is 
ompletely equivalent toFig. 41a but allows to keep tra
k of di�ra
tive q�q,q�qg,. . . �nal states: this form is illustrated in Fig. 41b. Onere
ognizes the `elasti
 intermediate state' whi
h was notvisible in Fig. 41a, and the new triple Pomeron vertex Zwhi
h 
ontains only real gluon produ
tion. This vertex Z,as dis
ussed in [223℄ is no longer symmetri
 under permu-tations of the gluons at the lower end; 
onsequently, we
annot apply the AGK 
utting rules to the four gluonstates below. These �ndings for multiple s
attering ef-fe
ts in DIS imply, stri
tly speaking, that 
ross se
tionsfor di�ra
tive q�q or q�qg states 
annot dire
tly be insertedinto the 
ounting rules (76).Also pp s
attering will 
ontain 
orre
tions due to mul-tiple intera
tions whi
h are more 
omplex. There are, forexample, graphs whi
h 
ontain the 2! 4 gluon vertex V ,

Fig. 42. A 
orre
tion in whi
h the number of lines 
hanges.The bla
k vertex denotes the 2! 4 gluon vertex.leading to a 
hange of the number of gluon lines (Fig. 42).Sin
e this 2 ! 4 gluon vertex, as a fun
tion of the fourgluons below the vertex, satis�es the symmetry require-ments listed above, we 
an apply our previous analysisto the 
utting lines below the vertex. In addition, how-ever, one 
an ask how the lines 
ontinue above the 2! 4gluon vertex: we show two examples, one of them 
ontain-ing a 
ut (reggeized) gluon. Con
entrating on this two-gluon state (i.e. we imagine that we have already summedover all possible 
utting lines below the vertex V ), the
ounting rules are quite di�erent: in 
ontrast to the even-signature Pomeron, the gluon is a odd-signature reggeon.Consequently, the 
ut gluon is suppressed w.r.t. the un
utgluon by one power in �s, and this suppression leads tothe following hierar
hy of 
utting lines: the 
ut betweenthe gluons belongs to leading order, the 
ut through oneof the two reggeized gluons is suppressed by one power in�s, the 
ut through both reggeized gluons is double sup-pressed (order �2s). A 
loser analysis of this question isunder investigation [222℄.6.1.4 Con
lusionsCorre
tions due to multiple intera
tions seem to be im-portant in DIS at small x and low Q2; they are expe
tedto play a signi�
ant role also in multijet produ
tion inpp s
attering. The study of the AGK rules to pQCD pro-vides help in understanding the systemati
s of multiplegluon 
hains. Results des
ribed in this review representthe beginning of a systemati
 analysis. We have listed afew questions whi
h require further work.As an immediate appli
ation, we believe that a quanti-tative analysis of multiple s
attering at HERA will providea useful input to the modeling of �nal states at the LHC.6.2 Experimental 
onsequen
esMain author H. KowalskiExperimentally it is easy to di�erentiate betweendi�ra
tive and single ormultiple in
lusive �nal states sin
edi�ra
tive states exhibit large rapidity gaps. The multiplein
lusive �nal states should also be distin
t from the single
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γ* γ*

p pFig. 43. The single gluon-ladder 
ontribution to the total 
�p
ross se
tion. The blob at the lower end of the diagrams 
on-tains the physi
s below the s
ale Q20 whi
h separates hard fromsoft physi
s, whereas the blob at the upper end 
ontains hardphysi
s that 
an be des
ribed by pQCD. The dashed line de-notes the 
ut.in
lusive ones sin
e, at least naively, we would expe
t thatin the multiple 
ase the parti
le multipli
ity should be 
on-siderably higher. At low x, however, the relation betweenthe number of virtual states ex
ited in the intera
tion (asmeasured by F2) and the �nal parti
le multipli
ity 
annotbe straightforward sin
e the growth of F2 with de
reasingx is faster than the multipli
ity in
rease. This may indi-
ate that the hadronization me
hanism may be di�erentfrom the string pi
ture 
ommonly used in the hadroniza-tion pro
edure of single 
hain parton showers. The in-
uen
e of multiple s
attering on the parti
le multipli
ityof the �nal states should also be damped by the energy
onservation. The 
ut through several Pomerons leads
learly to more gluons produ
ed in the �nal state, but theavailable energy to produ
e parti
les in the hadronizationphase remains the same. A detailed Monte Carlo programis therefore ne
essary to evaluate this e�e
t.The number of diagrams 
ontributing to the rea
-tion amplitude in
reases very qui
kly with the number ofPomerons. For the 3-Pomeron amplitude the gluons 
an bepaired in 15 possible ways, shown in Fig. 44 with the exam-ples of 0-Pomeron, 1-Pomeron, 2-Pomeron and 3-Pomeron
uts. For m-Pomerons the number of possible gluon pairsand also diagrams is:(2m�1)(2m�3)(2m�5):::: = (2m�1)!=(2m�1(m�1)!):Assuming that all the diagrams for a given multi-Pomeron ex
hange amplitude 
ontribute in the same way,the above analysis suggests that the probability for di�er-ent 
uts to 
ontribute should be given by the 
ombinato-rial fa
tors. This is the 
ontent of the AGK rules whi
hwere obtained from the analysis of �eld theoreti
al dia-grams well before QCD was established [216℄ and whi
hrelate the 
ross-se
tion, �k, for observing a �nal state withk-
ut Pomerons with the amplitudes for ex
hange of mPomerons, F (m):�k = 1Xm=k(�1)m�k 2m m!k!(m� k)!F (m): (80)The same result is also obtained from a detailed analy-sis of the Feynman diagram 
ontributions in QCD above

0-Pomeron

1-Pomeron

2-Pomeron

3-PomeronFig. 44. 3-Pomeron 
ontributions to the elasti
 
�p amplitude.All 15 possible diagrams are shown with some examples ofPomeron 
uts.with the oversimpli�ed assumption that only the symmet-ri
 part of the two-gluon 
ouplings 
ontributes [218℄.6.3 Multiple Intera
tions in the Dipole ModelMain author H. KowalskiThe properties of the multi-Pomeron amplitude andof the 
ut Pomeron 
ross-se
tions 
an be quantitativelystudied in a dipole model. Along the lines whi
h were dis-
ussed in se
tion 5 the 
�p intera
tion pro
eeds in threestages: �rst the in
oming virtual photon 
u
tuates into aquark-antiquark pair, then the q�q pair elasti
ally s
atterson the proton, and �nally the q�q pair re
ombines to forma virtual photon. The total 
ross-se
tion for 
�p s
atter-ing, or equivalently F2, is obtained by averaging the dipole
ross-se
tions with the photon wave fun
tions,  (r; z), andintegrating over the impa
t parameter, b:F2 = Q24�2�em Z d2r Z dz4� � Z d2bd�qqd2b : (81)Here  � denotes the probability for a virtual photon to
u
tuate into a q�q pair, summed over all 
avors and he-li
ity states. The dipole 
ross-se
tion is assumed to be a
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tion of the opa
ity 
:d�qqd2b = 2 �1� exp(�
2 )� : (82)At small-x the opa
ity 
 
an be dire
tly related to thegluon density, xg(x; �2), and the transverse pro�le of theproton, T (b):
 = �2NC r2 �s(�2)xg(x; �2)T (b): (83)The parameters of the gluon density are determined fromthe �t to the total in
lusive DIS 
ross-se
tion [224℄.The transverse pro�le was determined from the ex
lusivedi�ra
tive J=	 
ross-se
tions [224℄. The opa
ity fun
tion
 determined in this way has predi
tive properties; itallows to des
ribe other measured rea
tions, e.g. 
harmstru
ture fun
tion or elasti
 di�ra
tive J=	 produ
tion.For a small value of
 the dipole 
ross-se
tion, eg. (82),is equal to 
 and therefore proportional to the gluondensity. This allows to identify the opa
ity with the sin-gle Pomeron ex
hange amplitude of Fig. 43. The multi-Pomeron amplitude is determined from the expansion:d�qqd2b =2 �1� exp(�
2 )�=2 1Xm=1(�1)m�1 �
2 �m 1m! (84)as F (m) = �
2 �m 1m! ; (85)sin
e the dipole 
ross-se
tion 
an be expressed as a sumof multi-Pomeron amplitudes [225℄ in the following way:d�qqd2b = 2 1Xm=1(�1)m�1 F (m): (86)The 
ross-se
tion for k 
ut Pomerons is then obtainedfrom the AGK rules, eq. (80), and from the multi-Pomeronamplitude, eq. (85), as:d�kd2b = 1Xm=k(�1)m�k 2m m!k!(m� k)! �
2 �m 1m!=
kk! 1Xm=k(�1)m�k 
m�k(m � k)! (87)whi
h leads to a simple expression:d�kd2b = 
kk! exp(�
): (88)
Fig. 45. Examples of b dependen
e of various 
ut dipole anddi�ra
tive 
ross-se
tions.The di�ra
tive 
ross-se
tion is given by the di�eren
e be-tween the total and the sum over all 
ut 
ross-se
tions:d�diffd2b =d�totd2b � 1Xk=1 d�kd2b=2�1� exp��
2 ��� (1� exp(�
))=�1� exp��
2 ��2 (89)The 
ut 
ross-se
tions determined in the dipole modelanalysis of HERA data have several interesting proper-ties shown in Fig. 45: for small dipoles (r = 0:1 fm) theopa
ity 
 is also small, so the single 
ut 
ross-se
tion,�1, dominates. This leads to parti
le produ
tion emergingonly from the one-
ut pomeron, whi
h should 
orrespond,in the 
ontext of e.g. the LUND model, to a fragmenta-tion of only one string. For larger dipoles (r = 0:6 fm)the dipole 
ross-se
tion starts to be damped in the middle
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-2Fig. 46. F2 and the 
ontributions of k-
ut Pomeron pro
esses,F k2 .of the proton (at b � 0) by saturation e�e
ts. Therefore,the single 
ut 
ross-se
tion is suppressed in the middlewhile the multiple 
ut 
ross-se
tions, �2; �3, et
, be
omesubstantial and in
reasingly 
on
entrated in the proton
enter. These, fairly straightforward properties of dipolesindi
ate that in the 
entral s
attering events the multiples
attering probability will be enhan
ed, whi
h may leadat the LHC to substantial e�e
ts in a surrounding eventmultipli
ity.The 
ontribution to F2 from the k-
ut Pomeron ex-
hanges are 
omputed in the analogous way to F2:F k2 = Q24�2�em Z d2r Z dz4� � Z d2bd�kd2b : (90)These 
ontributions are shown, together with F2, as afun
tion of x for two representative Q2 values in Fig. 46.One �nds that multiple intera
tion 
ontributions, i.e. k �2, in the perturbative region, at Q2 = 4 GeV2, are sub-stantial. In the typi
al HERA range of x � 10�3 � 10�4,
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-2Fig. 47. Fra
tions of single (k=1), multiple intera
tion (MI)and di�ra
tion (D) in DIS.the k = 2 
ontribution is around 10% of F2 and the 
on-tributions of higher 
uts are also non-negligible. For ex-ample, the 
ontribution of the 5-
ut Pomeron ex
hanges isstill around 0.5%, whi
h means that at HERA, many thou-sand events may 
ome from this type of pro
ess. Figure 47shows the fra
tion of the multiple intera
tion pro
esses,FMI2 = F k=22 +F k=32 +F k=42 +F k=52 in F2, at the same Q2values. At Q2 = 4 GeV2 the fra
tion of multiple s
atteringevents is around 14% and at Q2 = 40 GeV2 around 6%, inthe HERA x region, whi
h indi
ates that the de
rease ofmultiple s
attering with in
reasing Q2 is only logarithmi
.The fra
tion of di�ra
tive pro
esses, shown for 
ompari-son, is of the same order, and drops also logarithmi
allywith Q2. The logarithmi
 drop of the di�ra
tive 
ontri-bution expe
ted in the dipole model is 
on�rmed by thedata [226℄.The dipole model provides a straightforward extrap-olation to the region of low Q2, whi
h is partly pertur-bative and partly non-perturbative. Figure 48 shows the
ontribution to F2 of k-
ut Pomeron pro
esses and the
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tions of multiple intera
tions and di�ra
tive pro
essesat Q2 = 0:4 GeV2.Note also that, as a byprodu
t of this investiga-tion, the ratio of di�ra
tive and in
lusive 
ross-se
tions,FD2 =F2 is found to be almost independent of x, in agree-ment with the data and also other dipole model predi
-tions [153,213,226℄. The absolute amount of di�ra
tive ef-fe
ts is underestimated, sin
e the evaluation of di�ra
tionthrough AGK rules is oversimpli�ed. It is well known [153℄,that a proper evaluation of di�ra
tion should also takeinto a

ount the q�qg 
ontribution whi
h is missing in thesimple AGK s
hema.Hen
e, we �nd that the impa
t parameter dependentdipole saturation model [224℄ reprodu
es well the mainproperties of the data and leads to the predi
tion that mul-tiple intera
tion e�e
ts at HERA should be of the order ofdi�ra
tive e�e
ts, whi
h are known to be substantial. Themultiple intera
tion e�e
ts should de
rease slowly (loga-rithmi
ally) with in
reasing Q2, similarly to the di�ra
tive
ontribution.7 Experimental 
omparisonsWith the luminosity 
olle
ted at HERA during the pastyears very pre
ise measurements of the proton stru
turefun
tion, F2(x;Q2), have been performed over a largerange in the fra
tional proton energy, x, and in the photonvirtuality, Q2. The measurements are now limited by sys-temati
 errors rather than statisti
al. Parton density fun
-tions have been obtained mainly by �tting the DGLAPequations, evolved from an input s
ale Q20, to the stru
-ture fun
tions, measured at some s
ale Q2. Espe
ially thepre
ision data at low Q2 have provided an important in-put to various QCD �t analyses. It was re
ognized earlythat in
lusive measurements, like that of stru
ture fun
-tions, are not very sensitive to the new parton dynami
sexpe
ted to appear in the low x region. Instead eviden
efrom su
h dynami
s has to be found from investigationsof hadroni
 �nal states in a phase spa
e region where theDGLAP governed evolution is suppressed. Thus, a global�t, whi
h also in
ludes data frommore ex
lusive pro
esses,would further 
onstrain the PDFs. A problem is that mea-surements of the hadroni
 �nal states su�er from mu
hlarger un
ertainties than the in
lusive stru
ture fun
tionmeasurements and therefore measurements of many dif-ferent 
omplementary pro
esses are desirable.Forward jet produ
tion in DIS is expe
ted to be sen-sitive to new dynami
s and early results indeed showed adeviation from the predi
tions of the LO DGLAPmodel aswell as of NLO 
al
ulations. However, with the in
lusionof resolved photon 
ontributions, DGLAP provided thesame level of agreement as the 
olour diple model (CDM),in whi
h the parton emission follows the same s
heme asin the new dynami
s proposed. Only re
ent studies of �-nal states with a 'forward jet and two additional jets' givethe �rst eviden
e for parton dynami
s in whi
h there isadditional breaking of the kt-ordering 
ompared to thatpredi
ted by the resolved photon model.
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-2Fig. 48. Left: F2 and the 
ontributions of k-
ut Pomeron pro-
esses. Right: Fra
tions of single (k=1), multiple intera
tion(MI) and di�ra
tion (D) in DIS at Q2 = 0:4 GeV2.Dijet data may be used to gain better insight intothe dynami
s of the parton evolution and for extra
t-ing updf's. In the low x region boson-gluon fusion pro-
esses are dominating and in the LO DGLAP des
riptionthe gluon and the photon 
ollide head on in the hadroni

enter-of-mass system and thus will be produ
ed ba
k-to-ba
k. Deviations from this may arise from additional radi-ation and if the parton propagator, entering the hard s
at-tering pro
ess, has signi�
ant transverse momentum, su
hthat the two partons produ
ed in the hard intrera
tion areno longer balan
ed in transverse momentum. Thus, thetwo jets produ
ed will not be ba
k-to-ba
k in azimuth.A measurement of the azimuthal 
orrelation between thetwo jets should be dire
tly sensitive to the predi
tions ofmodels based on di�erent evolution s
hemes.The 
avour 
omposition of the �nal state 
an also pro-vide important information about the evolution and pro-du
tion me
hanisms of partons. This has motivated a mea-surement of �nal states with identi�ed strange parti
les.
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an be well des
ribed by the ex-
hange of a single gluon ladder, it is unlikely that a single
hain generates large rapidity gaps, whi
h is the signatureof di�ra
tive pro
esses. The traditional pi
ture of di�ra
-tive pro
esses is s
attering by the virtual photon againsta pomeron with a partoni
 stru
ture. Over the past yearssigni�
ant progress in the understanding of di�ra
tion hasbeen made at HERA, whi
h has led to a modi�
ation ofthis des
ription. Data are mu
h better des
ribed assumingmulti-gluon ex
hange, where a pair of gluons is the mini-mum to 
reate a 
olour singlet state. The multi-pomeronex
hange model provides a natural 
onne
tion between in-
lusive s
attering, di�ra
tive s
attering and multiple s
at-tering given by di�erent 
uts through the ladder diagramsa

ording to the so 
alled AGK 
utting rules, as dis
ussedin se
tion 6. Rapidity gaps between high-transverse en-ergy jets have been observed at the Tevatron, at a fra
-tion that is in good agreement with BFKL predi
tions.Also multiple s
attering has been studied at the Teva-tron, and found to give signi�
ant 
ontributions to the�nal state. In ep-
ollisions at HERA multiple intera
tions
an o

ur in pro
esses where the ex
hanged photon in-tera
ts via its parton 
ontent. Through the possibility to
ontrol the fra
tion of the photon momentum,x
 , enteringinto the s
attering pro
ess, more systemati
 investigationsof underlying events may be performed at HERA over awide energy range.In general, measurements of �nal states provide infor-mation about the hard s
attering pro
ess, parton evolu-tion, initial and �nal state radiation and multiple inter-a
tions. Thus, it is important to measure, as a

uratelyas possible, the �nal states in order to test the theoreti
almodels.In the following the studies of multiple intera
tions,gaps between jets, forward jets and strange parti
le pro-du
tion will be dis
ussed in more detail.7.1 Multiple intera
tions at the Tevatron and HERAMain author J. TurnauSin
e hadrons are 
omposite obje
ts of quarks and glu-ons there is a 
ertain probability that 
ollisions betweenhadrons involve more than one parton intera
tion i.e. wehave multiple intera
tions (MI). As a 
onsequen
e of thestrong rise of the parton distribution at low x the proba-bility to have MI in
reases with the 
ollision energy andthe e�e
t at the Tevatron has turned out to be signi�
ant.At the LHC the 
ontribution from MI will be even larger.In ele
tron-proton 
ollisions at HERA MI may o

ur inpro
esses where the ex
hanged photon is resolved and in-tera
ts via its parton 
ontent. The �nal state of 
ollisionswith MI will thus 
ontain the produ
ts of the primaryhard 
ollisions, those of additional soft or semihard par-ton intera
tions, 
ontributions from initial and �nal stateradiation and from the beam remnants. All produ
ts not
oming from the primary intera
tion 
ontribute to the so
alled underlying event (UE).

E�e
ts of MI will in
uen
e the total 
ross se
tion, thein
lusive jet 
ross se
tion, the jet multipli
ity, the jet pro-�le, the jet pedestal (the level of transverse energy outsidethe jets), the transverse energy 
ow and transverse energy
orrelations, the hadron multipli
ity, the multipli
ity 
or-relations and may 
ause large multipli
ity 
u
tuations.Experimental data from HERA and the Tevatron havebeen 
ompared to various theoreti
al models 
ontaining ades
ription of MI.7.1.1 Monte Carlo models for des
ription of multipleintera
tionsSo far multiple intera
tions are theoreti
ally not well un-derstood. The theoreti
al des
ription is mainly based onQCD inspired models, whi
h assume a hard s
attering pro-
ess superimposed on soft or semi-hard intera
tions. Var-ious models di�er in how initial and �nal state radiationis taken into a

ount as well as how the hadronizationpro
ess and the beam remnants are treated.HERWIG [227,228℄ assumes that the UE is a soft 
olli-sion between the two beam \
lusters". The parameters ofthis model are tuned to des
ribe experimental results onsoft hadron-hadron 
ollisions. Also the strength and fre-quen
y parameters of the se
ondary intera
tions are sub-je
t to tuning. There is a possibility to in
lude multipar-ton intera
tions by employing an interfa
e to the JIMMYgenerator [229,230℄. To some extent the formalism that isused to des
ribe MI in JIMMY is the same as in PYTHIA(see below).PYTHIA [231℄ assumes that ea
h intera
ting beamhadron (or resolved photon) leaves behind a beam rem-nant, whi
h does not radiate. In 
ontrast to the originalHERWIG and ISAJET generators PYTHIA uses multi-ple parton intera
tions to enhan
e the a
tivity of the UE.In the simplest version of the PYTHIA multiple inter-a
tion model, the transverse momentum 
ut-o� of thehard intera
tions is lowered to pmiat < pmint . The meannumber of (semi-) hard intera
tions is given by < n >=�parton(pmiat )=�nd, where �nd is the non-di�ra
tive partof the total 
ross se
tion. The distribution of the numberof intera
tions is not uniquely determined. In the simplestapproa
h the 
u
tuations are 
al
ulated from a Poissondistribution. In the more sophisti
ated version the numberof intera
tions are given by a Poisson distribution for ea
hgiven impa
t parameter, where the impa
t parameter de-penden
e is given by a double-Gaussian overlap fun
tion.The number of additional intera
tions is typi
ally of order1 -2 . The parton pro
ess with the highest transverse mo-mentum in the partoni
 �nal state 
an be 
al
ulated bythe quark/gluon 2! 2 matrix element. Additional partonintera
tions in the event are 
al
ulated from perturbativegluon-gluon s
attering pro
esses.Simulations of photon-hadron pro
esses have fre-quently been performed using the PHOJET generator[232℄. PHOJET was designed to simulate, in a 
onsistentway, all 
omponents whi
h 
ontribute to the total photo-produ
tion 
ross se
tion. In 
ontrast to PYTHIA, PHO-JET in
orporates both multiple soft- and (semi-)hard par-
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tions on the basis of a dual unitarization s
heme[233℄.In their initial investigations of UE [234℄ CDF usedthe ISAJET Monte Carlo [235℄, whi
h does not in
ludemultiple s
attering a la PYTHIA or HERWIG. Insteadthe beam jets are added assuming that they are identi
alto a minimumbias event at the energy remaining after thehard s
attering. However, ISAJET did not des
ribe theUE data and has not been used in subsequent analyses.Generally speaking, the Monte Carlo models whi
h in-
lude multiple s
attering have enough free parameters todes
ribe the most important features of data from HERA,the Tevatron and of other data found in the JetWebdatabase [236℄. A program to tune the model parametersis under way.7.1.2 Underlying events at the TevatronIn the standard analysis of hard s
attering events one mea-sures jet 
ross se
tions and jet properties, whi
h in gen-eral are very well des
ribed by QCD Monte Carlo modelsand NLO QCD 
al
ulations, provided that jet pedestalsare properly parameterized. The un
ertainty in the UE
ontribution to jet events is a
tually dominating the sys-temati
 errors for in
lusive jet measurements. In order tounderstand the physi
s of UE, spe
ial studies whi
h gofar beyond a simple parameterization of the energy 
owoutside the jets, are required.The CDF 
ollaboration at the Tevatron has performed[234, 237℄ detailed studies of the stru
ture and propertiesof the underlying event in two 
omplementary analysesof Run I data at p(s) = 1800 and p(s) = 630 GeV.The overall event stru
ture was investigated using globalvariables su
h as 
harged parti
le multipli
ities and thes
alar sum of the transverse momenta of 
harged parti
lesas a fun
tion of the leading jet momentum. The sensitiv-ity to UE is expe
ted to be the highest in phase spa
eregions perpendi
ular to the dire
tion of the leading jet.In the �rst analysis [234℄ jets were de�ned by applying thesimple 
one algorithm to 
harged parti
les only. Sin
e thelower limit of the jet transverse momenta (s
alar pT sum)was 
hosen as low as 0.5 GeV, UE 
ould be studied in thetransition region fromminimumbias events to events withhigh transverse momentum jets. In a later analysis [237℄jets were de�ned using the 
one algorithm on 
alorimetri
obje
ts with ET > 15�20GeV. As shown in Fig. 49 (left)the dire
tion of the leading jet in ea
h event is used to de-�ne di�erent regions in ��� spa
e : \toward", \away" and\transverse". The \transverse" region is parti
ularly sen-sitive to the UE. In ref. [237℄ the \transverse" region wasde�ned as the area in the � � � plane 
overed by the two
ones with radii R = p(��)2 + (��)2 = 0:7 perpendi
u-lar to the highest energy jet (Fig. 49 right). On an event-by-event basis the regions of \minimal" and \maximal"transverse momentumwere de�ned as the regions 
ontain-ing the smallest and largest s
alar pT sum of 
harged par-ti
les, respe
tively. Su
h an investigation of the UE helpsseparating the initial and �nal state radiation 
omponentfrom the \beam remnant" 
omponents. It 
an be argued

"Transverse" "Transverse"

"Toward"

"Away"

Direction
Charged Jet #1

∆φFig. 49. LEFT: Illustration of 
orrelations in the azimuthalangle �� relative to the dire
tion of leading 
harged jet in theevent. The regions j �� j< 60, j �� j> 120 and 60 <j �� j<120 are referred to as \towards", \away" and \transverse".Ea
h region 
overs the same range j �� j � j �� j= 2� 120Æ.On an event by event basis the regions \transverse mini-mum/maximum" are de�ned to be the ones 
ontaining theminimum/maximum transverse momentum.RIGHT: The phase spa
e regions, as de�ned in the analy-sis [234℄, shown in the � � � plane, where the \transverse"regions are given by 
ones at �90Æ to the leading jet dire
tion.that transverse energy in the \minimal transverse" region(P 90;minT ) is due to multiple s
attering while the di�er-en
e in transverse momentumbetween the \minimal-" and\maximal transverse" regions �P 90T = P 90;maxT -P 90;minTis a measure of the hard initial/�nal state radiation 
on-ne
ted to the primary intera
tion. The CDF analyses haveestablished several basi
 properties of UE, illustrated inFigs 50 (from [234℄) and 51 (from [237℄) and listed below.{ In the \transverse" regions most sensitive to UE, theaverage number of 
harged parti
les and the average
harged s
alar pT sum grow very rapidly with the mo-mentum of the leading jet. At pT (jet) > 5 GeV anapproximately 
onstant plateau is observed (Fig. 50).The height of this plateau is at least twi
e that ob-served in ordinary soft 
ollisions at the 
orrespondingenergy. Although models in
luding multiple s
atter-ings (soft or semi-hard) predi
t a growth of both theaverage number of 
harged parti
les and the average
harged s
alar pT sum at low momenta of the leadingjet, they are not able to des
ribe the data in this region(pT (jet) < 5 GeV).{ For the leading jet above 50GeV, P 90;minT is almostindependent on the momentumof the leading jet whi
his 
orre
tly des
ribed by HERWIG and PYTHIA.{ The di�eren
e �P 90T in
reases slowly.{ Neither PYTHIA nor HERWIG are able to reprodu
ethe PT distribution of tra
ks in minimum bias events(not shown).In summary, the QCD models implemented in thePYTHIA and HERWIGMonte Carlo programs are able todes
ribe the most important features of the UE from theTevatron data. In both 
ases the agreement is rea
hed onlyafter 
areful tuning of many parameters, in parti
ular theregularization s
ale of the transverse momentum. Clearly
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Fig. 50. Data (taken from [234℄) on the average number of
harged parti
les (pT > 0:5GeV; j � j< 1) (top) and the s
alarpT sum of 
harged parti
les (bottom) in transverse region de-�ned in Fig. 49 as a fun
tion of transverse momentum of theleading 
harged jet 
ompared with Monte Carlo Models.the experimental tests of the predi
tions from PYTHIAand HERWIG 
on
erning 
orrelations and 
u
tuations inthe UE will be an important 
hallenge over the 
omingyears [238℄.7.1.3 Underlying event energy at HERAAt HERA, the intera
tion of ele
trons and protons viathe ex
hange of a quasi-real photon 
an result in the pro-du
tion of jets. The photon may intera
t as a point-likeparti
le in so 
alled dire
t pro
ess (Fig. 52a) or it may in-tera
t via its partoni
 stru
ture su
h that a parton 
arry-ing a fra
tion x
 of the photon momentum intera
ts witha parton in the proton. In resolved pro
esses the photonremnant 
an intera
t with the proton remnant very mu
hlike in hadron hadron 
ollisions. The 
enter of mass en-ergy in the 
p system extends up to 300 GeV, mu
h be-low the rea
h of the Tevatron. Thus the e�e
ts of MI atHERA are 
ertainly weaker and more diÆ
ult to study.On the other hand studies of the photon properties frommeasurements of UE at HERA are interesting and 
om-plementary to the measurements at hadron-hadron 
ol-liders. The experimental results presented in this se
tionhave been published by the H1 
ollaboration [239℄. Theyare based on a sample where photoprodu
tion events aretagged by dete
ting the s
attered ele
tron and it 
ontains3 sub-samples : the minimum bias sample (
harged tra
k Fig. 51. P 90;maxT ; P 90;minT and �P 90T as a fun
tion of ET of thehighest energy jet at ps = 1800 GeV (bottom three plots) andps = 630 GeV (top three - plots) taken from [237℄. PYTHIAhas been tuned to des
ribe the data.
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JetFig. 52. Examples of LO QCD diagrams for photoprodu
tionof in
lusive jets in dire
t (a) and resolved (b) photon intera
-tions.with momentum> 0:3 GeV+ re
onstru
ted vertex), thehigh- ET sample (total transverse energy in the pseudo-rapidity range �0:8 < � < 3:3; ET > 20GeV) and the jetsample ( at least 1 jet with ET > 7GeV).At HERA the amount of energy whi
h is 
arried bythe photon remnant 
an be estimated using the variablexjets
 = Ejet1T e��jet1 + Ejet2T e��jet22E
where xjets
 is the fra
tion of the photon energy 
arried byintera
ting parton, Ejet1T and Ejet2T are the energies of thetwo jets with the highest transverse energies, and �jet1 and�jet2 are their pseudorapidities. The energy of the photon,E
 , is determined from the energy measured in the ele
-tron tagger. Fig. 53(a) from ref. [239℄ shows the transverseenergy density outside the jets of 2-jet events in the 
en-tral rapidity region. The data de
rease as xjets
 ! 1 tothe level measured in deep inelasti
 ep s
attering events,dominated by dire
t photon pro
esses. The dashed linein Fig. 53 indi
ates the energy density measured in min-imum bias events (for whi
h xjets
 is not measurable). Atsmall xjets
 the energy density in
reases to the level foundin hadron-hadron 
ollisions (� 0:3 at the SPS and theTevatron). Both PHOJET and PYTHIA with the MI pa-rameters suitably tuned (pmiat depending on 
hoi
e of thethe photon pdf) are able to reprodu
e the data. This typeof the measurement apparently has no analog in hadron-hadron 
ollisions.Energy-energy 
orrelations are sensitive measures ofhow the energy is distributed over the available phasespa
e and provide important information for the modelingof UE. The rapidity 
orrelation 
 is de�ned as
(��)= 1Nev NevXi=1 (hET;��=0i � ET;��=0)i(hET;��i � ET;��)i(E2T )i (91)Here ET is the total transverse energy measured in theH1 
alorimeter and the other terms refer to transverseenergies measured in pseudorapidity bins of size �� =0:22 in the 
p 
ms. The average values were extra
ted fromall events in the sample. Fig. 53 (b) shows the rapidity
orrelations from the high ET sample. The data show a
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Fig. 53. a: The transverse energy density outside jets in the
entral rapidity region, j �
p j< 1, of 
p 
ollisions as a fun
-tion of the momentum fra
tion xjet
 of the parton enteringthe hard s
attering pro
ess from the photon side. The data(taken from [239℄) are 
ompared to models with multiple in-tera
tions (PYTHIA mia, PHOJET) and without (PYTHIA).The dashed horizontal line marks the energy density level ofminimum bias events.b: the observed rapidity 
orrelations with respe
t to the 
en-tral rapidity of 
p 
ollisions, �? = 0. The dashed (dotted) his-togram represents 
al
ulations of the QCD generator PYTHIAwith (without) intera
tions of the beam remnants.short range 
orrelation around the referen
e bin �� = 0and a long range anti-
orrelation whi
h results from thehard s
attering pro
ess. PYTHIA without MI predi
ts ananti-
orrelation whi
h is too strong. Adding MI i.e. theaddition of un
orrelated energy to the event results in a
orre
t des
ription of the data. The same 
on
lusion holdsfor an event sample where jets are expli
itly required (jetsample).In summary, the underlying event in photoprodu
tionevents 
an be 
onsistently interpreted as the superpo-
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attering pro
ess and intera
tions be-tween the beam spe
tators, as modeled by PYTHIA andPHOJET. Pro
esses with resolved photons at x
 � 0 arefound to produ
e 3.5 times the transverse energy den-sity of minimum bias events 
omparable with that ob-served in hadron-hadron 
ollisions at the SPS (UA1) andthe Tevatron (CDF). Studies of energy-energy 
orrelationsdemonstrate that the additional transverse energy in theevent is not 
orrelated with the hard s
attering pro
ess.Finally, the 
ontribution of higher order radiation to UE
an be studied separately using the kinemati
 quantity x
to swit
h o� the beam remnant intera
tions.7.1.4 Expli
it Observations of Double Hard S
atteringThe general signature of multiple parton s
attering is anin
rease in the transverse energy 
ow of the event. How-ever, in extreme 
ases, the transverse energy of a se
-ondary intera
tion is suÆ
ient to produ
e an additionalpair of jets. The observation of su
h events is highly impor-tant for several reasons. It is sensitive to the phenomenol-ogy of multiple parton intera
tions and provides dire
tinformation on the stru
ture of the proton in transversespa
e. It is also important for estimating ba
kgrounds topro
esses produ
ing di-boson (W+W�, et
.) and boson +jets at the LHC.Double parton s
attering (DP) in the simplest modelprodu
es a �nal state that mimi
s a 
ombination of twoindependent s
atterings. It is 
ustomary [240℄ to expressthe 
ross se
tion for this pro
ess as a produ
t of the 
rossse
tions for the individual hard s
atterings divided by as
aling fa
tor, �eff : �DP = m�A�B2�eff :The fa
tor m is unity for indistinguishable s
atterings andhas a value of two when it is possible to distinguish be-tween A and B. This formula assumes that the number ofparton-parton intera
tions follows a Poisson distributionbut 
an also use other distributions e.g. Poisson statisti
sfor a given impa
t parameter [241℄. The parameter �effdes
ribes the spatial distribution of partons [242℄ e.g. fora model that assumes a proton with uniformly distributedpartons �eff = 11 mb.Events with four or more high transverse momentumobje
ts (jets, leptons, prompt photons...) is an obviouspla
e to look for signatures of multiple hard parton inter-a
tions, although it should be realized that higher orderQCD pro
esses, for whi
h no exa
t QCD 
al
ulations areavailable yet, are dominating. Only few sear
hes for dou-ble parton 
ollisions at the ISR, the SPS and the Tevatronhave been performed and the results are not very 
onsis-tent [240,243,244℄. Re
ently CDF published [245℄ a strongsignal for double parton s
attering. In this analysis a valueof �eff = 14:5 � 1:7+1:7�2:3 mb was extra
ted from data ina model-independent way by 
omparing the number ofobserved double parton events to the number of eventswith hard s
atterings at the separate p�p 
ollisions within

the same beam 
rossing. This represents a signi�
ant im-provement over previous measurements and may be usedto 
onstrain models using a parton spatial density.7.1.5 Multiple intera
tion 
omponent of the underlyingevent at Tevatron and HERA : summaryAnalyses of hadron-hadron and photon-hadron 
ollisionsat the Tevatron and HERA have �rmly established themultiple intera
tion 
omponent of the underlying event.Only QCD models whi
h in
lude se
ondary soft or semi-hard s
atterings a la [242℄ (PYTHIA, HERWIG, PHO-JET) are able to give a reasonable des
ription of the data.The energy 
ow of underlying events as measured outsideleading jets was studied in various phase spa
e regions, ap-plying 
onditions whi
h help to disentangle 
ontributionsfrom beam-beam intera
tion and initial/�nal state radia-tion. At HERA the energy available to the photon beamremnant was used as an additional 
onstraint. The gen-eral stru
ture of the underlying event is reasonably welldes
ribed by Monte Carlo generators like PYTHIA, HER-WIG and PHOJET, but a detailed understanding is stillmissing. Studies of underlying events at HERA are not asextensive as those by CDF at the Tevatron and it would
ertainly be of great interest to apply the same analysismethods to high energy 
p, where x
 provides an addi-tional \degree of freedom". The e�e
ts of the transversesize of hadroni
 photon on the underlying event, i.e. the Q2dependen
e, has not been exploited at all so far. The CDFCollaboration has reported a �rm observation of doublehard parton s
attering in the 
 + 3 jets �nal state andhas made an estimation of the e�e
tive 
ross se
tion fordouble parton s
attering. This fa
t is of paramount im-portan
e for the phenomenologi
al understanding of theunderlying event, in 
onstraining the multiple intera
tionmodels [242,246℄.7.2 Gaps between jets and BFKLMain author G. IngelmanThe observation [247, 248℄ at the Tevatron of eventswith a rapidity gap between two high transverse-energy(ET ) jets provides strong eviden
e for BFKL dynami
sin terms of 
olor singlet gluon ladder ex
hange [249℄. Asillustrated in Fig. 54, the pro
ess 
an be des
ribed by elas-ti
 parton-parton s
attering via a hard 
olor singlet gluonladder. Sin
e there is no 
olor ex
hanged, no 
olor �elds(strings) will be formed in between and hen
e no hadronsprodu
ed through hadronization in the intermediate ra-pidity region.In the high energy limit s=jtj � 1, where the par-ton 
ms energy is mu
h larger than the momentum trans-fer, the amplitude for this diagram is dominated by terms� [�s ln(s=jtj)℄n where the smallness of �s is 
ompen-sated by the large logarithm. These terms are resummedin the BFKL equation, whi
h des
ribes the ex
hange ofthe whole gluon ladder, in
luding virtual 
orre
tions and
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Fig. 54. Hard 
olor singlet ex
hange through a BFKL gluonladder giving a rapidity gap between two high-p? jets.reggeization of gluons. When solving the equation nu-meri
ally it was found that non-leading 
orre
tions arevery important at the non-asymptoti
 energy of the Teva-tron [249,250℄.Formulating the results as matrix elements for e�e
tive2 ! 2 parton s
attering pro
esses, they 
ould be imple-mented in the Lund Monte Carlo Pythia su
h that par-ton showers and hadronization 
ould be added to generate
omplete events. As shown in Fig. 55 these reprodu
e thedata, both in shape and absolute normalization, whi
h isnot at all trivial. The non-leading 
orre
tions are neededsin
e the asymptoti
 Mueller-Tang result has the wrongET dependen
e. A free gap survival probability parame-ter, whi
h in other models is introdu
ed to get the 
or-re
t overall normalization, is not needed in this approa
h.Amazingly, the 
orre
t gap rate results from the 
ompletemodel in
luding parton showers, parton multiple s
atter-ing and hadronization through Pythia together with thesoft 
olor intera
tion model [251,252℄. The latter a

ountsfor QCD res
atterings [253℄ that are always present andif these are ignored one needs to introdu
e an ad ho
 15%gap survival probability fa
tor.Related to this is the new results from ZEUS [254℄on the produ
tion of J= at large momentum trans-fer t in photoprodu
tion at HERA. The data, shown inFig. 56, agree well with perturbative QCD 
al
ulations[255℄, based on the hard s
ales t and m
�
, for two-gluonBFKL 
olor singlet ex
hange. As illustrated in Fig. 57, notonly the simple two-gluon ex
hange is in
luded, but alsothe full gluon ladder in either leading logarithm approxi-mation or with non-leading 
orre
tions. Using a running�s does, however, give a somewhat too steep t-dependen
e
ompared to the data. The 
onventional DGLAP approx-imation provides a good des
ription in the range jtj <m2J= where this model [256℄ is argued to be valid due toordered momenta in the gluon ladder (
f. Fig. 57). How-ever, the DGLAP model gives a very weak dependen
e onthe energyW , whi
h is in 
ontrast to the observed in
reaseof the 
ross-se
tion with energy as also results from theBFKL-based 
al
ulations [254℄. Altogether this providesanother eviden
e for BFKL dynami
s.

Fig. 55. Fra
tion of jet events having a rapidity gap in j�j < 1between the jets versus the se
ond-highest jet-ET . D0 data
ompared to the 
olor singlet ex
hange me
hanism [249℄ basedon the BFKL equation with non-leading 
orre
tions and withthe underlying event treated in three ways: simple 3% gapsurvival probability, Pythia's multiple intera
tions (MI) andhadronization requiring a 15% gap survival probability, MIplus soft 
olor intera
tions (SCI) and hadronization with noneed for an overall renormalization fa
tor. Also shown is theMueller-Tang (MT) asymptoti
 result with a 11% gap survivalprobability.7.3 Jets at small-xMain authors L. J�onsson and A. KnutssonIn the region of low x-values the intera
ting partonfrequently produ
es a 
as
ade of emissions before it in-tera
ts with the virtual photon. Due to the strong order-ing in virtuality, the emissions of the DGLAP evolutionare very soft 
lose to the proton dire
tion, whereas BFKLemissions 
an produ
e large transverse momenta in thisregion. Thus, deviations from the DGLAP parton evolu-tion s
heme are expe
ted to be most visible in a region
lose to the dire
tion of the proton beam.HERA has extended the available region in the Bjorkens
aling variable, xBj , down to values of xBj ' 10�4, forvalues of the four momentum transfer squared, Q2, largerthan a few GeV2, where perturbative 
al
ulations in QCDare expe
ted to be valid.A measurement of the forward jet produ
tion 
rossse
tion at small xBj , as proposed by Mueller andNavelet [257{259℄, has long been regarded as the mostpromising test of perturbative parton dynami
s. The ideais to sele
t events with a jet 
lose to the proton dire
tionhaving the virtuality of the propagator 
losest to the pro-ton approximately equal to the virtuality of the ex
hangedphoton. This will suppress an evolution with strong order-ing in virtuality as is the 
ase in the DGLAP evolution.The additional requirement that the forward jet takes alarge fra
tion of the proton momentum, xjet = Ejet=Ep,
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Fig. 56. Di�erential 
ross-se
tion d�=djtj for the pro
ess 
 +p ! J= + Y . ZEUS data 
ompared [254℄ to BFKL model
al
ulations using leading log (LL) with �xed �s, and in
ludingnon-leading (non-L) 
orre
tions with �xed or running �s aswell as with a model based on leading log DGLAP.
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∗Fig. 57. Di�ra
tive ve
tor meson produ
tion at large momen-tum transfer as des
ribed by perturbative QCD hard 
olor sin-glet ex
hange via two gluons and a gluon ladder in the BFKLframework [255℄.su
h that xjet � xBj opens up for an evolution wherethe propagators are strongly ordered in the longitudinalmomentum fra
tion like in the BFKL s
heme. Experimen-tally this is realized by demanding the squared transversemomentumof the forward jet to be of the same order as Q2and xjet to be larger than a presele
ted value whi
h stillgives reasonable statisti
s. More ex
lusive �nal states, likethose 
ontaining a di-jet system in addition to the forwardjet (
alled `2+forward jet'), provide an additional handleto 
ontrol the parton dynami
s.Produ
tion of forward jets in DIS The H1 experimenthas measured the forward jet 
ross se
tion [260℄ using data
olle
ted in 1997, 
omprising an integrated luminosity of

13.7 pb�1. The proton energy is 820 GeV and the positronenergy is 27.6 GeV whi
h 
orrespond to a 
enter-of-mass-energy of ps �300 GeV.DIS events are obtained by applying the 
uts Ee0 >10 GeV, 156Æ < �e < 175Æ, 0:1 < y < 0:7 and 5 GeV2 <Q2 < 85 GeV2, where E0e is the energy of the s
atteredele
tron, �e the polar angle, and y is the inelasti
ity ofthe ex
hanged photon. Jets are de�ned using the in
lu-sive kt-jet algorithm [261,262℄ applied in the Breit-frame.A forward jet is de�ned in the laboratory system as hav-ing pt;jet > 3:5 GeV and being in the angular range7Æ < �jet < 20Æ. In order to enhan
e BFKL evolution it isrequired that xjet > 0:035 whereas DGLAP evolution wassuppressed in the single di�erential 
ross se
tion measure-ment by introdu
ing the requirement 0:5 < p2t=Q2 < 5.Another event sample, 
alled the '2+forward jet' sam-ple, is sele
ted by requiring that, in addition to the forwardjet, at least two more jets are found, all of them havingpt;jet larger than 6 GeV. In this s
enario the p2t=Q2-
ut isnot applied, due to the limited statisti
s.The forward jet 
ross se
tions for single and triple dif-ferential 
ross se
tions are 
ompared to LO (�s) and NLO(�2s) 
al
ulations of dire
t photon intera
tions as obtainedfrom the DISENT program. Comparisons of the in
lusiveforward jet 
ross se
tions with the DISENT predi
tionsfor a di-jet �nal state are adequate, sin
e the forward jetevents always 
ontain at least one additional jet due to thekinemati
s. The renormalization s
ale (�2r) is given by theaverage p2t of the di-jets from the hard s
attering pro
ess,while the fa
torization s
ale (�2f ) is given by the averagep2t of all forward jets in the sele
ted sample.In the analysis of events with two jets in addition tothe forward jet, the measured 
ross se
tions are 
omparedto the predi
tions of NLOJET++. This program providesperturbative 
al
ulations of 
ross se
tions for three-jetprodu
tion in DIS at NLO (�3s) a

ura
y. In this 
ase thes
ales �r = �f are set to the average p2t of the three se-le
ted jets in the 
al
ulated event.The NLO 
al
ulations by DISENT [263,264℄ and NLO-JET++ [265℄ are performed using the CTEQ6M [266℄ pa-rameterization of the parton distributions in the proton.Single Di�erential Cross Se
tion The measured singledi�erential forward jet 
ross se
tions on hadron level are
ompared with LO (�s) and NLO (�2s) 
al
ulations fromDISENT in Fig. 58a. In Fig. 58b and 
 the data are 
om-pared to the various QCD models.In Fig. 58a it 
an be observed that, at small xBj , theNLO di-jet 
al
ulations from DISENT are signi�
antlylarger than the LO 
ontribution. This re
e
ts the fa
tthat the 
ontribution from forward jets in the LO s
e-nario is suppressed by kinemati
s. For small xBj the NLO
ontribution is an order of magnitude larger than the LO
ontribution. The NLO 
ontribution opens up the phasespa
e for forward jets and improves the des
ription of thedata 
onsiderably. However, the NLO di-jet predi
tionsare still a fa
tor of 2 below the data at low xBj. Thesomewhat improved agreement at higher xBj 
an be un-derstood from the fa
t that the range in the longitudi-
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0.001 0.002 0.003 0.004Fig. 58. The hadron level 
ross se
tion for forward jet produ
-tion as a fun
tion of xBj as measured by H1 [260℄ 
ompared toNLO predi
tions from DISENT (a) and to QCD Monte Carlomodels (b and 
). The shaded band around the data pointsshows the error from the un
ertainties in the energy s
ales ofthe liquid argon 
alorimeter and the SpaCal ele
tromagneti

alorimeter. The hat
hed band around the NLO 
al
ulationsillustrates the theoreti
al un
ertainties in the 
al
ulations, es-timated as des
ribed in the text. The dashed line in (a) showsthe LO 
ontribution.nal momentum fra
tion whi
h is available for higher orderemissions de
reases.From Fig. 58b it is seen that the CCFM model (bothset-1 and set-2) predi
ts a somewhat harder xBj distribu-tion, whi
h results in a 
omparatively poor des
ription ofthe data.Fig. 58
 shows that the DGLAP model with dire
tphoton intera
tions alone (RG-DIR) gives results similarto the NLO di-jet 
al
ulations and falls below the data,parti
ularly in the low xBj region. The des
ription of thedata by the DGLAPmodel is signi�
antly improved if 
on-tributions from resolved virtual photon intera
tions are in-
luded (RG-DIR+RES). However, there is still a dis
rep-an
y in the lowest xBj-bin, where a possible BFKL sig-nal would be expe
ted to show up most prominently. TheCDM model, whi
h gives emissions that are non-orderedin transverse momentum, shows a behavior similar to theRG DIR+RES model.Events with Re
onstru
ted Di-jets in Addition to theForward Jet By requiring the re
onstru
tion of the twohardest jets in the event in addition to the forward jet,

di�erent kinemati
 regions 
an be investigated by applying
uts on the jet momenta and their rapidity separation.In this s
enario it is demanded that all jets have trans-verse momenta larger than 6 GeV. By applying the samept;jet 
ut to all three jets, evolution with strong kt-orderingis not favored. The jets are ordered in rapidity a

ordingto �fwdjet > �jet2 > �jet1 > �e with �e being the rapidityof the s
attered ele
tron. The 
ross se
tion is measuredby H1 [260℄ in two intervals of ��1 = �jet2 � �jet1. If thedi-jet system originates from the quarks q1 and q2 (seeFig. 59), the phase spa
e for evolution in x between thedi-jet system and the forward jet is in
reased by requir-ing that ��1 is small and that ��2 = �fwdjet � �jet2 islarge. ��1 < 1 favors small invariant masses of the di-jet system and thereby small values of xg (see Fig. 59).With ��2 large, xg 
arries only a small fra
tion of the to-tal propagating momentum, leaving the rest for additionalradiation.The dire
tions of the other jets are related to the for-ward jet through the �� requirements. When��2 is small,it is therefore possible that one or both of the additionaljets originate from gluon radiation 
lose in rapidity spa
eto the forward jet. With ��1 large, BFKL-like evolutionmay then o

ur between the two jets from the di-jet sys-tem, or, with both ��1 and ��2 small, even between thedi-jet system and the hard s
attering vertex. By studyingthe 
ross se
tion for di�erent �� values one 
an test the-ory and models for event topologies where the k? orderingis broken at varying lo
ations along the evolution 
hain.
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nFig. 59. A s
hemati
 diagram of an event giving a forwardjet and two additional hard jets. These may stem from thequarks (q1 and q2) in the hard s
attering vertex or gluons inthe parton ladder. xg is the longitudinal momentum fra
tion
arried by the gluon, 
onne
ting to the hard di-jet system (inthis 
ase q1 and q2) .In this investigation the same settings of the QCDmodels are used as in se
tions 7.3, while the NLO three-jet
ross se
tions are 
al
ulated using NLOJET++.From Fig. 60 it is observed that NLO three-jet givesgood agreement with the data if the two additional hard
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entral region (��2 large). It isinteresting to note that a �xed order 
al
ulation (�3s), in-
luding the log(1=x)-term to the �rst order in �s, is able todes
ribe these data well. However, the more the additionalhard jets are shifted to the forward region (��2 small), theless well are the data des
ribed by NLO three-jet. A pos-sible explanation is that the more forward the additionaljets go, the higher the probability is that one of them, oreven both, do not a
tually originate from quarks but fromadditional radiated gluons. NLO three-jet 
al
ulates theNLO 
ontribution to �nal states 
ontaining one forwardjet and two jets from the di-quarks, i.e. it a

ounts for theemission of one gluon in addition to the three jets. Sin
ethe radiated gluon is predominantly soft it has a smallprobability to produ
e a jet that ful�lls the transversemomentum requirement applied in this analysis. This re-sults in a depletion of the theoreti
al 
ross se
tion in thesmall ��2 region, whi
h is more pronoun
ed when ��1is also small, i.e. when all three jets are in the forwardregion. Consequently a signi�
ant deviation between dataand NLOJET++ 
an be observed for su
h events (see thelowest bin in Fig. 60b). A

ounting for still higher ordersin �s might improve the des
ription of the data in this do-main, sin
e an in
reased number of gluon emissions wouldenhan
e the probability that one of the radiated gluonsprodu
es a jet whi
h is above the threshold on the trans-verse momentum.As explained above, evolution with strong k?-orderingis disfavored in this study. Radiation that is non-orderedin k? may o

ur at di�erent lo
ations along the evolution
hain, depending on the values of ��1 and ��2. In a 
om-parsion to QCD models (these �gures are not shown, fordetails see [260℄) the following observations where made.The 
olour dipole model gives good agreement in all 
ases,whereas the LO DGLAP models give 
ross se
tions thatare too low ex
ept when both ��1 and ��2 are large.For this last topology all models and the NLO 
al
ulationagree with the data, indi
ating that the available phasespa
e is exhausted and that little freedom is left for dy-nami
al variations.Furthermore it was seen that the `2+forward jet' sam-ple di�erentiates between the CDM and the DGLAP-resolved model, in 
ontrast to the more in
lusive sampleswhere CDM and RG-DIR+RES give the same predi
tions.The 
on
lusion is that additional breaking of the k? order-ing is needed 
ompared to what is in
luded in the resolvedphoton model (see Ref. [260℄).7.4 Produ
tion of neutral strange parti
les indeep-inelasti
 s
attering at HERAMain author C. RislerIn deep-inelasti
 s
attering strange parti
les 
an beprodu
ed either if a strange quark is intera
ting in thehard subpro
ess, or if strange quark pairs are produ
edduring the hadronization pro
ess. The produ
tion ofstrange parti
les is sensitive to soft and hard parton radia-tion of the initial and �nal state partons and is thus a 
om-
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0 2Fig. 60. The 
ross se
tion for events with a re
onstru
tedhigh transverse momentum di-jet system and a forward jetas a fun
tion of the rapidity separation between the forwardjet and the most forward-going additional jet, ��2 as mea-sured by H1 [260℄. Results are shown for the full sample andfor two ranges of the separation between the two additionaljets, ��1 < 1 and ��1 > 1. The data are 
ompared to thepredi
tions of a three-jet NLO 
al
ulation from NLOJET++.The band around the data points illustrates the error due tothe un
ertainties in the 
alorimetri
 energy s
ales. The bandaround the NLO 
al
ulations illustrates the theoreti
al un
er-tainties in the 
al
ulations.plementary approa
h to small x pro
esses. Other sour
esof strangeness 
an be the de
ays of 
harm hadrons or moreexoti
 parti
les like glueballs, pentaquarks or instantons.The produ
tion properties of strange parti
les are notyet fully understood nor des
ribed by the QCD mod-els. Sin
e strange parti
les are also produ
ed during thehadronization pro
ess, a measurement of strange parti-
le produ
tion is also a means to test the universality ofhadronization in e+e�, pp or ep 
ollisions.The in
lusive produ
tion 
ross se
tions of strange neu-tral parti
les, namelyK0S-mesons and �-baryons3, in deep-inelasti
 ep-s
attering at HERA were measured with theH1 dete
tor [267℄. The analyzed data were 
olle
ted inthe years 1996 and 1997 at a 
enter of mass energy of3 By �-baryons the � parti
le and its antiparti
le �� are re-ferred to.
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d track unc.Fig. 61. Di�erential K0S and � produ
tion 
ross se
tions inthe laboratory frame.300 GeV and with an integrated luminosity of 17.8 pb�1.The kinemati
 region 2GeV2 < Q2 < 100GeV2 and0:1 < y < 0:6 is investigated, where Q2 is the squaredmomentum transfer and y the inelasti
ity. This allows forprobing very low Bjorken-x, x > 10�5. K0S mesons and� baryons are re
onstru
ted via the de
ay to ���+ and��p, respe
tively. The produ
tion of K0S and � is mea-sured within the visual range, de�ned by �1:3 < � < 1:3and 0:5GeV < pT < 3:5GeV, where � is the pseudora-pidity and pT the transverse momentum in the laboratoryframe.Comparisons of the total K0S and � 
ross se
tions withmodels using the Lund string hadronization [268{272℄show that a lower strangeness suppression fa
tor of �s �0:2� 0:25 is preferred to the default value of �s = 0:3.The di�erential 
ross se
tions in the laboratory and theBreit frame are 
ompared to di�erent model predi
tions,namely the MEPS (matrix element and parton shower)model using the RAPGAP event generator [273℄, CCFM[24{26℄ implemented in the CASCADE program [20, 50℄,the 
olor dipole model (CDM) [274{279℄ using DJANGOH[280℄ and to predi
tions by the HERWIG [227, 228℄ eventgenerator. The HERWIG predi
tion for the � 
ross se
tionis normalized to the observed total 
ross se
tion, sin
eHERWIG overestimates the 
ross se
tion by a fa
tor of 3.Fig. 61 shows the � and pT dependen
e of the K0Sand � 
ross se
tions in the laboratory frame 
omparedto the model predi
tions by MEPS and CCFM, using astrangeness suppression fa
tor of �S = 0:2 and �S = 0:25in the Lund string model, respe
tively. The preliminarydata are shown with statisti
al and systemati
 errors; thesystemati
 un
ertainty of the 
ross se
tion due to the un-
ertainty of the tra
king eÆ
ien
y is separately shown asa grey band.The � spe
trum of K0S produ
tion 
an not be reprodu
edby the MEPS model, while CCFM gives a better des
rip-
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BGF (norm.)Fig. 62. � dependen
e of K0S and � 
ross se
tions in thelaboratory frame 
ompared to MEPS and a modi�ed MEPSmodel with only BGF hard subpro
ess.tion. In � produ
tion a rise in the forward dire
tion, de-�ned by the dire
tion of the outgoing proton beam, isobserved, whi
h is not present in any of the models. ThepT distribution of the K0S and the � 
ross se
tion are toosoft in MEPS as well as in CCFM.The CCFM model yields a better des
ription of the� spe
tra in the data than the MEPS model. In addition,CCFM, in its implementation in the CASCADE program,allows only for gluon indu
ed hard subpro
esses.In Fig. 62 the data are 
ompared to a modi�ed MEPSmodel (BGF), where only boson gluon fusion pro
esses aretaken into a

ount, while quark indu
ed subpro
esses areswit
hed o�. This modi�ed MEPS model gives a slightlybetter des
ription of the data than the standard MEPSpredi
tions.The di�erential K0S and � produ
tion 
ross se
tionsare investigated as fun
tions of xp = 2jpj=Q and pT in theBreit frame.The Breit frame 
an be divided into the target hemi-sphere of the fragmenting proton and the 
urrent hemi-sphere in the dire
tion of the in
oming photon, whi
h isrelated to the fragmentation of the 
urrent quark.In the target hemisphere of the Breit frame (�g. 63)all four models underestimate the K0S and � 
ross se
tionat large xp and the pT spe
tra are modeled too softly inmost of the models.Only a small fra
tion of allK0S and � de
ays is found inthe 
urrent hemisphere of the Breit frame, leading to largestatisti
al errors of the di�erential 
ross se
tions shown inFig. 64. Within these errors CDM gives the best des
rip-tion of the xp and pT dependen
e of the di�erential K0Sand � 
ross se
tions.Con
luding one 
an say that none of the models givesa satisfa
tory des
ription of the observed 
ross se
tionsof neutral strange parti
le produ
tion. In parti
ular thesimulated transverse momentum spe
tra are too soft. Asigni�
ant in
rease of �-baryon produ
tion was observedin the region 0 < � < 1:3 in the laboratory frame, whi
his not reprodu
ed by any of the models.The 
omparison with QCD models using the Lundstring hadronization reveals that a lower strangeness sup-pression fa
tor than the standard LEP-value seems to bepreferred at HERA.
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Fig. 63. Target hemisphere of the Breit frame: xp = 2jpj=Qand pT dependen
e of K0S and � 
ross se
tions in the targethemisphere of the Breit frame.
Fig. 64. Current hemisphere of the Breit frame: xp = 2jpj=Qand pT dependen
e of K0S and � 
ross se
tions in the 
urrenthemisphere of the Breit frame.The 
ross se
tions and 
omparisons shown here areresults of a PhD thesis [267℄.8 OutlookStudies of QCD in high energy ep 
ollisions are interest-ing in themselves, as a highly nontrivial theory due to itsnonlinear nature with a nontrivial va

uum. It is also im-portant in order to fully understand the ba
kground in

attempts to �nd signals for physi
s beyond the standardmodel at the LHC and future high energy 
olliders.For the timelike 
as
ades in e+e�-annihilation, exper-imental data are reprodu
ed to an extent beyond expe
-tations, by a perturbative parton 
as
ade (if only the �rstgluon emission is adjusted to matrix elements) followed bya model for the subsequent non-perturbative hadroniza-tion. To des
ribe the spa
elike 
as
ades in ep s
atteringat high energies poses a mu
h more diÆ
ult 
hallenge.k?-fa
torization and leading order BFKL evolution of-fer a qualitative frame of referen
e at small x, but donot give a quantitative des
ription of the experimentaldata. Non-leading 
ontributions are large, and the separa-tion between perturbative and non-perturbative e�e
ts inthe timelike 
as
ades is not realised in the 
orrespondingspa
elike pro
esses.The non-leading 
ontributions are essential also for thebehaviour at asymptoti
 energies. They give asymptoti-
ally small 
orre
tions to the evolution equation, but notto its solution. The leading order equation �xes the so-lution to the powerlike form � x�� (with logarithmi

orre
tions), but the power � is a�e
ted by the non-leading terms, whi
h therefore have a very large e�e
t.The perturbative{non-perturbative interplay is importantin two regimes. Firstly, the random walk in lnk2?, 
hara
-teristi
 for the BFKL evolution 
hain, extends down intothe soft regime. This problem is further enhan
ed by arunning 
oupling �s. Se
ondly, the high gluon densitiesat small x imply that unitarity 
onstraints and satura-tion be
ome essential. This means that non-perturbativee�e
ts are important also at larger k?, where the running
oupling is small.Re
ent progress, des
ribed in this report, in
ludes inparti
ular:{ Extending the k?-fa
torization formalism introdu
ingtwo-s
ale unintegrated and doubly unintegrated PDFsand investigation of the importan
e of the 
orre
t kine-mati
s even at lowest order.{ The solution to the BFKL evolution at NLO, and theNLO 
� impa
t fa
tor.{ BFKL dynami
s in other �elds, exempli�ed by Q �Q-produ
tion and away-from-jet energy 
ow in e+e�-annihilation.{ Studies of unitarity 
orre
tions and saturation via theBalitsky-Kov
hegov equation.{ Going beyond leading order in the BK equation, wherein parti
ular energy-momentum 
onservation has alarge e�e
t.{ AGK 
utting rules in QCD, multi-pomeron ex
hangeand di�ra
tion.{ Phenomenologi
al appli
ations and 
omparisons withexperimental data. Here studies of forward jet andheavy quark produ
tion are of parti
ular interest.Further work is still needed within all these �elds. Theimpa
t parameter dependen
e and 
orrelations, as well asgeneralisations to eA 
ollisions, need to be studied. Thisis parti
ularly important to get a better understanding ofhigh energy proton-proton 
ollisions. To fully understandthe dynami
s of small-x physi
s we need in the future also
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ombine the di�erent routes listed above in aunifying formalism, whi
h 
an simultaneously a

ount forthe e�e
ts of NLO (and NNLO) 
ontributions and uni-tarity and saturation e�e
ts in
luding multi-pomeron ex-
hange, pomeron loops and di�ra
tion.The detailed understanding of small-x physi
s is essen-tial for the understanding of the underlying event stru
-ture observed at Tevatron and whi
h is expe
ted to beeven more signi�
ant at the LHC. Small x physi
s is animportant issue on its own right and is important alsofor the understanding of the QCD ba
kground for anysear
hes. Small x physi
s is very 
ompli
ated due to thelarge phase spa
e opened but it o�ers also the possibilityto understand the transition from a dilute to a dense sys-tem in a systemati
 way and thus 
ontributes mu
h to theunderstanding of 
ompli
ated pro
esses in general.A
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