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SASE FEL with energy-hirped eletron beam and its appliationfor generation of attoseond pulses �E.L. Saldin, E.A. Shneidmiller, and M.V. YurkovDeutshes Elektronen-Synhrotron (DESY), Hamburg, GermanyAbstratInuene of a linear energy hirp in the eletron beam on a SASE FEL operation is studiedanalytially and numerially using 1-D model. Expliit expressions for Green's funtions and foroutput power of a SASE FEL are obtained for high-gain linear regime in the limits of small andlarge energy hirp parameter. Saturation length and power versus energy hirp parameter arealulated numerially. It is shown that the e�et of linear energy hirp on FEL gain is equivalentto the linear undulator tapering (or linear energy variation along the undulator). A onsequene ofthis fat is a possibility to perfetly ompensate FEL gain degradation, aused by the energy hirp,by means of the undulator tapering independently of the value of the energy hirp parameter. Anappliation of this e�et for generation of attoseond pulses from a hard X-ray FEL is proposed.Strong energy modulation within a short slie of an eletron bunh is produed by few-yle optiallaser pulse in a short undulator, plaed in front of the main undulator. Gain degradation withinthis slie is ompensated by an appropriate undulator taper while the rest of the bunh su�ers fromthis taper and does not lase. Three-dimensional simulations predit that short (200 attoseonds)high-power (up to 100 GW) pulses an be produed in Angstroem wavelength range with a highdegree of ontrast. A possibility to redue pulse duration to sub-100 attoseond sale is disussed.PACS numbers: 41.60.Cr 41.50.+h 42.55.V
�Preprint DESY 06-051, April 2006 submitted to Phys. Rev. ST AB1



I. INTRODUCTIONStart-to-end simulations [1℄ of the TESLA Test Faility Free Eletron Laser (TTF FEL),Phase 1 [2℄, have shown a presene of a strong energy hirp (energy-time orrelation) withina short high-urrent leading peak in eletron density distribution that has driven Self-Ampli�ed Spontaneous Emission (SASE) FEL proess. The energy hirp was aumulateddue to the longitudinal spae harge after ompression. Aording to the simulations (thatreprodued well the measured FEL properties), the energy hirp had a dramatial impat onSASE FEL saturation length and output harateristis. A similar e�et takes plae duringthe operation of VUV FEL at DESY in a "femtoseond mode" [3, 4, 5℄. Suh a mode ofoperation might also be possible in future X-ray SASE FELs.There also exists a onept of frequeny-hirped SASE FELs (frequeny hirp of SASEFEL radiation is orrelated with energy hirp in the eletron beam due to the FEL resonaneondition) aiming at the shortening of radiation pulse with the help of a monohromator[6℄. Energy hirp an also be used to tune the output frequeny of an FEL with oherentprebunhing as it was demonstrated in the experiment at the DUV FEL faility [7℄. Thus,a theoretial understanding of the energy hirp e�et on the FEL performane is of ruialimportane.Analytial studies on this subjet were performed in [8℄ in the framework of one-dimensional approximation. The general form of a time-domain Green's funtion as aninverse Laplae transform was derived in [8℄. It was then redued to the expliit expressionin the limit of small energy hirp parameter up to the �rst order, resulting in phase orre-tion (and ignoring the gain orretion). This expliit solution for the Green's funtion wasused to analyze statistial properties of a hirped SASE FEL in this limit. A seond orderorretion to the FEL gain was presented in [6℄ but this result is inorret.In this paper we study the impat of energy hirp on SASE FEL performane. We also�nd that FEL gain degradation an be perfetly ompensated by undulator tapering. Wedisuss an appliation of the ompensation e�et for generation of attoseond pulses fromX-ray FELs suh as European XFEL [9℄ and Lina Coherent Light Soure [10℄.2



II. GREEN'S FUNCTIONLet us onsider a planar undulator with the magneti �eldHz(z) = Hw os(2�z=�w) ;where �w is undulator period, and Hw is peak magneti �eld. Eletri �eld of the ampli�edeletromagneti wave is presented in the form:E = ~E exp[i!0(z= � t)℄ + C:C: ;where !0 is a referene frequeny and ~E is slowly-varying amplitude [11℄. As it was shown in[8℄, for a SASE FEL, driven by an eletron beam with linear energy hirp, ~E an be writtenas follows (we use notations from [11℄):~E = 2E0Xj e�iŝj=�e2i�̂ŝj(ŝ�ẑ=2�ŝj)g(ẑ; ŝ� ŝj; �̂) (1)Here � = �w�=(4�) is the eÆieny parameter, �3 = �j0K2A2JJ=(IA�w30), j0 is the beamurrent density, IA = m3=e ' 17 kA, 0 is relativisti fator,K = e�wHw=(2p2�m2) is rmsundulator parameter,AJJ = J0(Q)�J1(Q) is the Bessel funtion fator, Q = K2=[2(1+K2)℄,E0 = ��20m2=(eKAJJp2) is the saturation �eld amplitude, ẑ = �z is a normalized positionalong the undulator, ŝ = �!0(z=�vz0 � t) is normalized position along the eletron bunh,�vz0 is average longitudinal veloity (de�ned for a referene partile). Let the energy linearlydepend on a partile position in the bunh (or arrival time). The energy hirp parameter�̂ = �ddt 10!0�2 (2)is de�ned suh that, for positive sign of �̂, partiles in the head of the bunh have largerenergy than those in the tail. Relativisti fator 0 for a referene partile (plaed at ŝ = 0)and referene frequeny !0 are onneted by the FEL resonane ondition: !0 = 2kw20=(1+K2). Note that the theory is appliable when ��̂� 1 [8℄. It is also useful to de�ne normalizeddetuning [11℄: Ĉ = [kw � !(1 +K2)=220 ℄=�.3



The Green's funtion g, entering Eq. (1), is given by the inverse Laplae transform [8℄:g(ẑ; ŝ; �̂) = 2 0+i1Z0�i1 dp2�ip exp[f(p; ẑ; ŝ; �̂)℄ ; (3)where f(p; ẑ; ŝ; �̂) = p(ẑ � 2ŝ) + 2iŝp(p + i�̂ŝ) (4)We use a saddle point approximation to get an estimate of the integral (3) for large valuesof ẑ [8℄. The saddle point is determined from the ondition f 0 = 0 whih leads to the 4thpower equation with three parameters:p4 + 2i�̂ŝp3 � �̂2ŝ2p2 � 4iŝẑ � 2ŝ p + 2�̂ŝ2ẑ � 2ŝ = 0 (5)One the saddle point, p0, is found, the Green's funtion an be approximated as follows:g(ẑ; ŝ; �̂) = 2 exp[f(p0; ẑ; ŝ; �̂)℄p0[2�f 00(p0; ẑ; ŝ; �̂)℄1=2 (6)Let us �rst onsider the ase when the energy hirp is a small perturbation, j�̂jẑ � 1,ẑ � 1. A seond-order expansion of the Green's funtion takes the following formg(ẑ; ŝ; �̂) ' e�i�=12p�ẑ exp �i1=3ẑ + i2=3 �̂ŝ2 �1 + i �̂ẑ236 ��9i1=3�1 � �̂2ẑ2216i2=3� (ŝ� ẑ=6)2ẑ � i2 �̂ŝ(ẑ � 2ŝ)� (7)The leading orretion term is the last term in the argument of the exponential funtion.This term was found in [8℄ (note di�erene in de�nition of normalized parameters). Setting�̂ = 0, one gets from (7) the well-known Green's funtion for unhirped beam [12℄.Now let us onsider the ase �̂ > 0 and 1 � �̂ � ẑ. The Green's funtion for ŝ � �̂�1is approximated by: g(ẑ; ŝ; �̂) ' � �̂2�2ẑ�1=4 exp 2r2ẑ̂� � 2r 2̂�ẑ ŝ! (8)More thorough analysis for small values of ŝ shows that the Green's funtion has a maximumat ŝm = 21=3�̂�1, i.e. the position of maximum is independent of ẑ while the width of4



the radiation wavepaket is proportional to p�̂ẑ. The mean frequeny of the radiationwavepaket orresponds to a resonant frequeny at ŝ = 0. Note also that the beam densityexitation is onentrated near ŝ = 0 within muh shorter range, of the order of �̂�7=4ẑ�1=4.In the ase of �̂ < 0 and 1 � j�̂j � ẑ the Green's funtion is given by:g(ẑ; ŝ; �̂) ' 21=4e�i�=2�1=2j�̂j5=4ẑ3=4ŝ exp 2s 2ẑj�̂j+ij�̂jẑŝ+ 2ij�̂j2ŝ � 2p2j�̂j7=2ẑ1=2ŝ2 � 2s 2j�̂jẑ ŝ! (9)The width of the radiation wavepaket (and of the beam density exitation as well) is of theorder of j�̂j�7=4ẑ�1=4. The maximumof the wavepaket is positioned at ŝm = 25=4j�̂j�7=4ẑ�1=4,i.e. the wavepaket is shrinking and bak-propagating (with respet to the eletron beam)with inreasing ẑ. The mean frequeny of the wavepaket is blue-shifted with respet toresonant frequeny at ŝ = 0. In normalized form this shift is �Ĉ = �j�̂jẑ=2.III. LINEAR REGIME OF SASE FELThe normalized radiation power (normalized eÆieny), < �̂ >= PSASE=�Pbeam, an beexpressed as follows [11℄: < �̂ >= < j ~Ej2 >4E20 ; (10)where < ::: > means ensemble average. One an easily get from (1):< �̂(ẑ; �̂) >= 1N Z 10 dŝjg(ẑ; ŝ; �̂)j2 : (11)Here N = N�=(2��) is a number of ooperating eletrons (populating �ŝ = 1), N� is anumber of eletrons per wavelength. The loal power growth rate [13℄ an be omputed asfollows: G(ẑ; �̂) = ddẑ ln < �̂(ẑ; �̂) > : (12)5



Applying Eqs. (11), (12) to the asymptotial ases, onsidered in the previous Setion,we get the following results. For the ase j�̂jẑ� 1, ẑ � 1 the FEL power is given by< �̂ >' exp�p3ẑ �1� (�̂ẑ=12)2 =3� + �̂ẑ=12	35=4p�ẑN (13)and the loal power growth rate isG(ẑ; �̂) ' p3"1 ���̂ẑ12�2#� 12ẑ + �̂12 : (14)It reahes maximumGm = p3 h1 � (j�̂j=16)2=3i+ �̂=12 at the position ẑm = 31=222=3=j�̂j2=3.Numerial simulations show that Eqs. (13) and (14) are pretty aurate up to the valuesj�̂jẑ of the order of unity although the ondition j�̂jẑ � 1 was used to derive them.For the ase �̂ > 0 and 1 � �̂� ẑ we get rather simple expressions:< �̂(ẑ; �̂) >' �̂8�N exp 4r2ẑ̂� ! ; (15)G(ẑ; �̂) ' 2r 2̂�ẑ : (16)For large negative values of �̂ we obtain:< �̂ >' 127=4�1=2j�̂j3=4ẑ5=4N exp 4s 2ẑj�̂j! ; (17)G(ẑ; �̂) ' 2s 2j�̂jẑ � 54ẑ : (18)IV. NONLINEAR REGIMEWe studied nonlinear regime of a hirped SASE FEL operation with 1-D version of theode FAST [11, 14℄. Analytial results, presented above, were used as a primary standardfor testing the ode in linear regime. Green's funtion was modelled by exiting densitymodulation on a short sale, �ŝ � 1. SASE FEL initial onditions were simulated in astandard way [11℄. The results of numerial simulations in all ases were in a good agreementwith analytial results presented in two previous Setions.6
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FIG. 1: Inrease of saturation length �ẑsat = ẑsat(�̂)� ẑsat(0) versus parameter �̂. Here ẑsat(0) =13.The main results of the simulations of the nonlinear regime are presented in Figs. 1 and 2.Saturation length and power are funtions of two parameters, �̂ and N. For our simulationswe have hosen N = 3 � 107 - a typial value for VUV SASE FELs. Note, however, thatthe results, presented in Figs. 1 and 2, very weakly depend on N. Fig. 1 shows inrease ofsaturation length with respet to unhirped beam ase. In Fig. 2 the output power is plottedversus hirp parameter for two ases: when undulator length is equal to a saturation lengthfor a given �̂ and when it is equal to the saturation length for the unhirped beam ase.One an see sharp redution of power for negative �̂ while a mild positive hirp (�̂ < 0:5) isbene�ial for SASE.V. ENERGY CHIRP AND UNDULATOR TAPERINGLet us onsider now the ase when there is no energy hirp (�̂ = 0) and the detuningparameter hanges linearly along the undulator [11℄: Ĉ(ẑ) = b̂1ẑ. This hange an bedue to variation of undulator parameters (K(ẑ) and/or kw(ẑ)), or due to an energy hange0(ẑ). We have found from numerial simulations that in suh ase the e�et on FEL gainis exatly the same as in the ase of energy hirp and no taper if �̂ = 2b̂1 for any value7
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FIG. 2: Normalized output power versus parameter �̂. Solid: ẑ = ẑsat(�̂) (see Fig. 1); dash:ẑ = ẑsat(0) = 13.of �̂ (Figure 3 shows an example). Therefore, all the results of two previous Setions anbe also used for the ase of linear variation of energy or undulator parameters with thesubstitution �̂ ! 2b̂1. The amplitudes of Green's funtions are also the same while thephases are obviously di�erent. In ase of b̂1 = 0, �̂ 6= 0 there is a frequeny hirp along thebunh while in the ase b̂1 = 0, �̂ 6= 0 the frequeny is hanging along the undulator.An e�et of undulator tapering (or energy hange along the undulator) on FEL gain wasstudied in [13℄ in the limit b̂1 � 1. Comparing our Eq. (13) (with the substitution �̂! 2b̂1)and Eq. (45) of Ref. [13℄, we an see that quadrati orretion term in the argument of theexponential funtion is the same but the linear term is two times larger in [13℄. The reasonfor disrepany is that the frequeny dependene of the pre-exponential fator in Eq. (42)of Ref. [13℄ is negleted.A symmetry between two onsidered e�ets (energy hirp and undulator tapering) an beunderstood as follows. If we look at the radiation �eld ating on some test eletron from aneletron behind it, this �eld was emitted at a retarded time. In the �rst ase a bak eletronhas a detuning due to an energy o�set, in the seond ase it has the same detuning beauseundulator parameters were di�erent at a retarded time. The question arises: an these two8
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FIG. 3: Normalized power versus undulator length. Solid line 1: �̂ = 0, b̂1 = 0; triangles: �̂ = 4,b̂1 = �2; solid line 2: �̂ = 4, b̂1 = 0; irles: �̂ = 0, b̂1 = 2.e�ets ompensate eah other? We give a positive answer based on numerial simulations(see Fig. 3 as an example): by setting b̂1 = ��̂=2 we get rid of gain degradation, and FELpower at any point along the undulator is the same as in the ase of unhirped beam anduntapered undulator. This holds for any value of �̂. For instane, if one linearly hangesmagneti �eld Hw of the undulator, the ompensation ondition an be written as follows(nominal values of parameters are marked with subsript '0'):1Hw0 dHwdz = �12 (1 +K20)2K20 130 ddt (19)Of ourse, in suh a ase we get frequeny hirped SASE pulse. Sine ompensation of gaindegradation is possible also for large values of �̂ (there is no theoretial limit on the valueof hirp parameter, exept for above mentioned ondition ��̂ � 1), one an, in priniple,organize a regime when a frequeny hirp within an intensity spike is muh larger than thenatural FEL bandwidth (given by �!0). 9
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modulatorFIG. 4: Shemati diagram of attoseond X-ray soure. Energy modulator performs slie energymodulation of the eletron bunh (see Fig. 6). Undulator tapering leads to omplete suppressionof the ampli�ation proess in the most fration of the eletron bunh, and output X-ray pulse has200 attoseond pulse duration.VI. GENERATION OF ATTOSECOND PULSESUp to now several shemes for generation of attoseond pulses from X-ray SASE FELshave been proposed [15, 16, 17, 18, 19, 20℄. Here we mention the shemes onsidered in [17,18℄ making use of energy modulation of a short slie in the eletron bunh by a high-powerfew-yle optial pulse in a two-period undulator. Due to energy modulation the frequenyof SASE radiation in X-ray undulator is orrelated to the longitudinal position within thefew-yle-driven slie of the eletron beam. The largest frequeny o�set orresponds to asingle-spike pulse in time domain (about 300 attoseonds). The seletion of single-spikepulses is ahieved by using a rystal monohromator after the X-ray undulator [17℄, or withthe help of the other undulator tuned to the o�set frequeny [18℄.In this paper we propose a new sheme (see Fig. 4) that makes use of the ompensatione�et, desribed in the previous Setion. Indeed, there is a strong energy hirp around zero-rossing of energy modulation. If one uses appropriate undulator taper then only a shortslie around zero-rossing produes powerful FEL pulse. The main part of the bunh isunmodulated and su�ers from strong negative undulator tapering (see Fig. 2). One shouldalso note that for large negative taper the SASE FEL gain is very sensitive to longitudinalveloity spread. Therefore, a high-ontrast attoseond pulse is diretly produed in theundulator. 10
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t  [fs]FIG. 5: Possible evolutions of the eletri �eld in the 5-fs pulse. arried at a wavelength 800 nmfor two di�erent pulse phases (� = 0; �=2)Operation of attoseond SASE FEL is illustrated for the parameters lose to those of theEuropean XFEL operating at the wavelength 0.15 nm [9℄. The parameters of the eletronbeam are: energy 15 GeV, harge 1 nC, rms pulse length 25 �m, rms normalized emittane1.4 mm-mrad, rms energy spread 1 MeV. Undulator period is 3.65 m.The parameters of the seed laser are: wavelength 800 nm, energy in the laser pulse 3 mJ,and FWHM pulse duration 5 fs (see Fig. 5). The laser beam is foused onto the eletronbeam in a short undulator resonant at the optial wavelength of 800 nm. Optimal onditionsof the fousing orrespond to the positioning of the laser beam waist in the enter of themodulator undulator. It is assumed that the phase of laser �eld orresponds to "sine" mode(dashed line with ' = �=2, see Fig. 5). Parameters of the modulator undulator are: periodlength 50 m, peak �eld 1.6 T, number of periods 2. The interation with the laser lightin the undulator produes a time-dependent eletron energy modulation as it is shown inFig. 6. This modulation orresponds to the energy hirp parameter �̂ ' 2 at zero rossing(t = 5 fs in Fig. 6).Optimization of the attoseond SASE FEL has been performed with the three-dimensional, time dependent ode FAST [14℄ taking into aount all physial e�ets in-11
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possibility of a oneptual breakthrough: one an get from SASE FEL a radiation pulsewhih is muh shorter than the inverse FEL bandwidth. Indeed, in the ase of �̂ � 1,the frequeny hirp inside an intensity spike is muh larger than FEL bandwidth. Thus,one an use a monohromator to redue pulse duration. By an appropriate hoie of themonohromator bandwidth one an selet an X-ray pulse that is shorter by a fator ofp2�̂ than the inverse FEL bandwidth. The only theoretial limit in this ase is given bythe ondition ��̂ � 1. Note that for hard X-ray FELs the parameter � is in the range10�4 � 10�3.To illustrate a possible tehnial realization of this idea, we an suppose that the energymodulation by a few-yle optial pulse is inreased by a fator 3 so that �̂ ' 6. Inombination with undulator tapering and a monohromator, this would allow to obtain sub-100-GW oherent X-ray pulses with a duration below 100 attoseonds and a ontrast about80-90 %.[1℄ M. Dohlus, et al., Nul. Instr. Meth. A 530, 217 (2004).[2℄ V. Ayvazyan, et al., Phys. Rev. Lett. 88, 104802 (2002).[3℄ E. Saldin, E. Shneidmiller, and M. Yurkov, DESY Print TESLA-FEL 2004-06, July 2004.[4℄ E. Saldin, E. Shneidmiller, and M. Yurkov, DESY Print DESY 05-239, November 2005.[5℄ V. Ayvazyan, et al., The European Physial Journal D 37, 297 (2006).[6℄ C. Shroeder, et al., Nul. Instr. Meth. A 483, 89 (2002).[7℄ T. Shaftan, et al., Pro. of the 2004 FEL Conferene, p. 282.[8℄ S. Krinsky and Z. Huang, Phys. Rev. ST Ael. Beams 8, 050702 (2003).[9℄ P. Audebert, et al., in: R.Brinkmann, et al. (Ed.), TESLA XFEL: First Stage of the X-rayLaser Laboratory - Tehnial Design Report, Preprint DESY 2002-167.[10℄ SLAC Lina Coherent Light Soure (LCLS) Coneptual Design Report, SLAC-R-593, 2002.[11℄ E. Saldin, E. Shneidmiller, and M. Yurkov, The Physis of Free Eletron Lasers (Springer-Verlag, Berlin, 1999).[12℄ S. Krinsky and R. Glukstern, Phys. Rev. ST Ael. Beams 6, 050701 (2003).[13℄ Z. Huang and G. Stupakov, Phys. Rev. ST Ael. Beams 8, 040702 (2005).[14℄ E. Saldin, E. Shneidmiller, and M. Yurkov, Nul. Instrum. and Methods A 429, 233 (1999).14
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