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DESY 06-031SFB/CPP-06-12TTP06-11Two-Loop Mathing CoeÆients for Heavy QuarkCurrentsB.A. Kniehl(a) , A. Onishhenko(a;b), J.H. Pilum(a;), M. Steinhauser()(a) II. Institut f�ur Theoretishe Physik, Universit�at Hamburg22761 Hamburg, Germany(b) Theoretial Physis Department, Petersburg Nulear Physis Institute, Orlova Rosha188300 Gathina, Russia() Institut f�ur Theoretishe Teilhenphysik, Universit�at Karlsruhe76128 Karlsruhe, GermanyAbstratIn this paper we onsider the mathing oeÆients up to two loops betweenQuantum Chromodynamis (QCD) and Non-Relativisti QCD (NRQCD) for thevetor, axial-vetor, salar and pseudo-salar urrents. The struture of the e�etivetheory is disussed and analytial results are presented. Partiular emphasis is puton the singlet diagrams.PACS numbers:In the reent years quite a lot of ativity has been devoted to the treatment of boundstates of two heavy partiles both in QED and QCD (for a reent review see, e.g., Ref. [1℄).From the theory point of view the alulations have been put onto a solid basis due to theformulation of proper e�etive theories [2, 3℄, NRQED and NRQCD, respetively, whihprovide the possibility to systematially evaluate higher order orretions. The onstru-tion of the e�etive theories onsists of essentially two steps: First, the e�etive operatorsinvolving the light degrees of freedom have to be onstruted and seond the orrespond-ing ouplings, the so-alled oeÆient funtions, have to be omputed by omparing thefull and the e�etive theories. The latter is also referred to as mathing alulation.The framework whih is onsidered in this letter onsists of QCD aompanied by ex-ternal urrents where we allow for vetor, axial-vetor, salar and pseudo-salar ouplings.The main results of this letter are the two-loop mathing oeÆients. Thus, following thepresription outlined above we determine in a �rst step the e�etive urrents and thenperform a mathing alulation.The mathing oeÆients provided in this paper onstitute a building blok in allalulations involving the orresponding external urrents. This inludes in partiularprodution and deay proesses of heavy quarkonia or the prodution of top quark pairs



lose to threshold. One ould also think of the deay of a CP-even or CP-odd Higgs boson(with mass M) into two quarks with 2m �M .The basi idea behind the onstrution of the Lagrange density for NRQCD is toexpand all terms of the QCD Lagrangian in the limit of a large quark mass. A similarproedure has to be applied to external urrents whih we de�ne in oordinate spae asj�v = � � ;j�a = � �5 ;js = �  ;jp = � i5 : (1)Note that the anomalous dimension of j�v and j�a is zero whereas for the salar and pseudo-salar urrent it is obtained from the renormalization onstant Zs = Zp = Zm, whih isgiven at the two-loop level in Ref. [4℄.In order to perform the transition to the e�etive theory it is onvenient to work inmomentum spae and to introdue the two-omponent Pauli-spinors in the formu(~p ) =rE +m2E � �~p�~�E+m� � ; v(�~p ) =rE +m2E � (�~p )�~�E+m �� � ; (2)where m denotes the heavy quark mass. In Eq. (2) � is a spinor that annihilates a heavyquark and � orrespondingly reates a heavy anti-quark with momentum ~p.In a �rst step we want to express the urrents of Eq. (1) in terms of � and � andexpand in the inverse heavy quark mass. This atually leads to the tree-level mathingonditions. When inserting Eq. (2) into (1) it turns out to be onvenient to split thetime-like and spae-like oeÆients of the vetor and axial-vetor urrents. This leads toj0v = 0 +O� 1m2� ;jkv = ~jkv +O� 1m2� ;j0a = i~jp +O� 1m2� ;jka = ~jka +O� 1m3� ;js = ~js +O� 1m3� ;jp = ~jp +O� 1m2� ; (3)2



where k = 1; 2; 3 and the urrents in the e�etive theory are given by~jkv = �y�k� ;~jka = 12m�y[�k; ~p � ~�℄� ;~js = � 1m�y~p � ~�� ;~jp = �i�y� : (4)Note that ~jp also appears in the expansion of j0a whih means that the orrespondingmathing oeÆients are equal. This will be used as a hek of our alulation. Due tothe ourrene of the momentum ~p in ~jka and ~js an expansion in the external momentahas to be performed in order to obtain the loop orretions to the orresponding mathingoeÆients.The basi idea to obtain the mathing oeÆients is to ompute vertex orretionsindued by the onsidered urrent both in the full and the e�etive theory. In pratieit is onvenient to onsider the renormalized vertex funtion with two external on-shellquarks and to perform an asymptoti expansion about s = 4m2, where s is the momentumsquared of the external urrent, the so-alled threshold expansion [5,6℄. Denoting by �x theproper struture of the genuine vertex orretions and by Z2 and Zx the renormalizationonstants due to the quark wave funtion and the anomalous dimension of the urrentone obtains the equation Z2Zx�x(q1; q2) = x ~Z2 ~Z�1x ~�x + : : : ; (5)where x 2 fv; a; s; pg with the understanding that the axial-vetor part is split into time-like and spae-like omponents. The ellipses denote terms suppressed by inverse powersof the heavy quark mass and the quantities in the e�etive theory are marked by a tilde.x is the mathing oeÆient we are after. In our approximation ~Z2 = 1. Z2 to twoloops has been omputed in Ref. [7℄. As far as ~�x is onerned only the tree-level resultdetermined by ~jx ontributes to Eq. (5). The momenta q1 and q2 in Eq. (5) orrespondto the outgoing momenta of the quark and anti-quark whih are onsidered on-shell.Starting from order �2s the mathing oeÆients x exhibit infra-red divergenes whihare ompensated by ultra-violet divergenes of the e�etive theory rendering physialquantities �nite. In Eq. (5) the renormalization onstant ~Zx whih generates the anoma-lous dimension of ~jx takes over this part.The quantities �x are onveniently obtained with the help of projetors whih areonstruted in suh a way that they projet on the oeÆients of ~�x. For the vetorase, the zeroth omponent of the axial-vetor and the pseudo-salar ase we an simplyidentify q21 = q22 = q2=4 = m2 and use�v = Tr �P (v)� �(v);�� ;�p = Tr �P (p)�(p)� ;�a;0 = Tr �P (a;0)� �(a);�� ; (6)3



Figure 1: Feynman diagrams ontributing to the mathing oeÆients. In (e) the so-alled singlet diagram is shown whih does not ontribute to v. In the losed fermionloop all quark avours have to be onsidered.with P (v)� = 18(D � 1)m2 ��=q2 +m���=q2 +m� ;P (p) = 18m2 ��=q2 +m�5�=q2 +m� ;P (a;0)� = � 18m2 ��=q2 +m� �5�=q2 +m� : (7)As already mentioned above the ase (a; 0) is used as a hek for the pseudo-salar math-ing oeÆient.For the axial-vetor and salar ases we have the equations analogous to Eq. (6).However, sine the orresponding e�etive urrents have a suppression fator j~p j=m it isneessary to hoose q1 = q=2 + p and q2 = q=2 � p, to expand up to linear order in pand to set afterwards p = 0 and q2 = 4m2. Note that we hoose a referene frame whereq � p = 0 [5,6℄. Thus the projetors are more ompliated and are given byP(a;i);� = � 18m2 � 1D � 1 ��=q2 +m� �5��=q2 +m�� 1D � 2 ��=q2 +m� mp2 �(D � 3)p� + �=p� 5�=q2 +m�� ;P(s) = 18m2 ���=q2 +m�1��=q2 +m�+��=q2 +m� mp2=p�=q2 +m�� : (8)In Fig. 1 some Feynman diagrams ontributing to the mathing oeÆients are shown.Due to the appliation of the projetors the orresponding integrals an be redued tothe funtions J� and L� as de�ned in Eqs. (14) and (55) of Ref. [5℄. However, dueto the expansion in the momentum p the powers of the denominators are higher anda systemati redution of the salar integrals to master integrals is neessary. For theurrent alulation we implemented the method of Ref. [8℄. For some of the ouringintegrals the program AIR [9℄ is applied. The details will be desribed elsewhere.An important lass of diagrams is onstituted by the so-alled singlet diagrams (f.Fig. 1(e)) where the external urrent does not ouple to the quark{anti-quark pair of4



the �nal state. Due to Furry's theorem there is no ontribution to the vetor ase fromthese diagrams, however, non-vanishing, �nite results are obtained for a, s and p. Forthe salar and the pseudo-salar urrents only the heavy quark is running in the losedfermion loop. All other quark avours are suppressed by the light quark mass. This isdi�erent for the axial-vetor oupling. Here we onsider the e�etive urrent formed bythe top and bottom quark �eld j�a = �t�5t� �b�5b ; (9)whih ensures the anellation of the anomaly-like ontributions. For the same reason theontributions from the remaining light quarks anel.In the analytial results given below the ontributions from the singlet diagrams aremarked separately. At this point we only want to mention that in the axial-vetor andpseudo-salar ase 5 was treated aording to the presription of Ref. [10℄. In pratiethis means that we perform the replaements�5 ! i3!�������� ;5 ! i4!��������� ; (10)strip o� the � tensor and deal with the objets with three and four indies, respetively.The orresponding projetors are obtained by performing the replaements of Eq. (10) inEqs. (7) and (8) whih makes them more ompliated. However, the very alulation isin lose analogy to the non-singlet ase. After summing all two-loop ontributions oneobtains a �nite result.Note that for the non-singlet ontributions it is save to use anti-ommuting 5. A-tually, the treatment aording to Ref. [10℄ leads to a wrong result. This is due to theinfra-red divergenes whih are absent in the singlet diagrams.An alternative method to perform the alulation of the vertex orretions is based onthe evaluation of the tensor integrals. Here, we used the T-operator method of Ref. [11℄to redue the tensor integrals to produts of the metri tensor and external momenta andsalar integrals with shifted spae-time dimension. The resulting Dira strutures werefurther simpli�ed and rewritten in terms of NRQCD �elds.In addition to the bare two-loop diagrams we have to take into aount the one-looprenormalization ontribution from the heavy quark mass, whih we renormalize on-shell,and the strong oupling renormalized in the MS sheme.We want to mention that all ontributions have been evaluated for general gaugeparameter �. The �nal results for the mathing oeÆients are all independent of � whihonstitutes an important hek on our alulation.Let us in the following present our results and ompare with the literature. Thetwo-loop mathing oeÆient for the vetor urrent has been omputed almost ten yearsago [12, 13℄. We on�rmed these results and provide for ompleteness the analytial5



expressions v = 1� 2�s(m)� CF +��s(m)� �2 �CFT �1118nl + 229 � 43�2�+C2F �238 � 796 �2 + 6�2 ln 2� 12�3 � �2 ln �2m2�+CFCA��15172 + 8924�2 � 5�2 ln 2 � 134 �3 � 32�2 ln �2m2�� ; (11)where CA = N and CF = (N2 � 1)=(2N) are the Casimir operators of the adjoint andfundamental representation of SU(N), respetively, T = 1=2, and nl is the number ofmassless quarks. �n denotes Riemann's zeta-funtion. The one-loop result an alreadybe found in Ref. [14℄. The anomalous dimension of the e�etive vetor urrent, whih isrelated to ~Zv through v = d ln ~Zvd ln� , readsv = ���s� �2 �2C2F + 3CFCA� �2 : (12)Our results for the two-loop mathing oeÆients a, s and p are given bya = 1 � �s(m)� CF +��s(m)� �2 �CFT � 718nl + 209 � 43�2�+C2F �2324 � 274 �2 + 194 �2 ln 2� 2716�3 � 54�2 ln �2m2�+CFCA��10172 + 3524�2 � 72�2 ln 2� 98�3 � 12�2 ln �2m2�+ CFTX(a)sing� ;s = 1 � 12 �s(m)� CF +��s(m)� �2 �CFT �� 536nl + 12136 � 2�2�+C2F � 516 � 378 �2 + 3�2 ln 2 � 114 �3 � 2�2 ln �2m2�+CFCA� 49144 + 18�2 � 3�2 ln 2� 54�3 � 12�2 ln �2m2�+ CFTX(s)sing� ;p = 1 � 32 �s(m)� CF +��s(m)� �2 �CFT � 112nl + 4312 � 2�2�+C2F �2916 � 798 �2 + 6�2 ln 2 � 92�3 � 3�2 ln �2m2�+CFCA��1748 + 178 �2 � 6�2 ln 2 � 3�3 � 32�2 ln �2m2�+ CFTX(p)sing� : (13)The one-loop result for p an already be found in Ref. [15℄; the two-loop oeÆients ofEq. (13) are new. They onstitute our main result. The one-loop oeÆients an be easilyobtained from the one-loop on-shell vertex orretions with arbitrary momentum squared6



of the external urrent, s. In the analyti expressions it is straightforward to perform thelimit where the veloity of the produed quarks is small. After subtrating the leadingterm, whih orresponds to the Coulomb singularity, one remains with the result for themathing oeÆients [16℄. At two loops this simple trik does not work any more and thealulation has to be performed from srath as has been done in this letter.The ontributions from the singlet diagrams orrespond toX(a)sing = �2312�2 + 4�2 ln 2� 2 ln 2 + 23 ln2 2 + i��1� 23 ln 2� ;X(s)sing = 23 � 2912�2 + 4�2 ln 2 � ln 2 + i�2 ;X(p)sing = 54�2 + 3�2 ln 2� 218 �3 + i�34�2 : (14)X(s)sing and X(p)sing reeive only ontributions from diagrams whih are �nite and ontain onlythe heavy quark. The orresponding result holds both for top and bottom quarks. Thisis di�erent in the ase of X(a)sing. Atually, the result in Eq. (14) orresponds to the asewhere top quarks are onsidered in the �nal state. Note that X(a)sing reeives ontributionsfrom diagrams with top and bottom quarks in the losed triangle loop (f. Fig. 1(e)).Taken separately they are divergent, however, the sum is �nite. If one onsiders bottomquarks in the �nal state one still has to onsider top and bottom quarks in the losedtriangle loop. Again only the sum of all diagrams is �nite with the resultX(a)sing = 5524 + 1912�2 � 4�2 ln 2� 34 ln m2bm2t +O�m2bm2t� : (15)The diagram in Fig. 1(e) for axial-vetor oupling and with bottom in the �nal state wasalso onsidered in Ref. [17, 18℄, for abritrary values of s and mt, but for mb = 0 so thatno diret omparison with Eq. (15) is possible.As mentioned above, it is possible to extrat the result for p from the zero omponentof the axial-vetor urrent. This is quite evident in the non-singlet ase. However, for thesinglet ontribution this hek is highly non-trivial sine in this approah p is obtainedfrom diagrams both with top and bottom quarks in the losed triangle whereas in thediret alulation only one type of quarks appears.The singlet results of Eqs. (14) and (15) and the fermioni ontributions of Eq. (13)are in agreement with Ref. [19{21℄ where the o�-shell ontributions have been onsidered.Sine they do not develop an infrared singularity the limit s ! 4m2 an be performed.This is di�erent in the ase of the non-fermioni ontributions where due to the infrareddivergene the o�-shell results [20{22℄ annot be used in order to obtain the mathingoeÆients.For ompleteness we also provide the result for the anomalous dimensions orrespond-7



ing to Eq. (13) whih reada = ���s� �2�52C2F + CFCA� �2 ;s = ���s� �2 �4C2F + CFCA� �2 ;p = ���s� �2 �6C2F + 3CFCA� �2 : (16)The result for p agrees with the one extrated from Ref. [23℄.We want to mention that the oeÆient p has been onsidered in Ref. [24℄ in theontext of the B meson. The latter onsists of two heavy quarks, however, with di�erentmasses. This makes the alulation signi�antly more diÆult sine two instead of onemass sale appear in the integrals. In Ref. [24℄ the redution to master integrals has beenperformed exatly whereas the latter have been evaluated in the limit m � mb so thata omparison with the present analysis is not possible.To summarize, in this paper we omputed the two-loop mathing oeÆients betweenQCD and NRQCD for an axial-vetor, salar and pseudo-salar urrent. Furthermore, weperformed an independent hek of the mathing oeÆient in the vetor ase. The latterontributes to the seond order result of the threshold prodution of top quark pairs. Theresult for the axial-vetor urrent only ontributes to the fourth-order analysis whih isurrently still out of reah.Aknowledgments.We would like to thank K.G. Chetyrkin, A.A. Penin, and V.A. Smirnov for useful disus-sions. J.H.P. would like to thank S. Bekava for disussions about Mellin-Barnes integrals.This work was supported by the \Impuls- und Vernetzungsfonds" of the Helmholtz Asso-iation, ontrat number VH-NG-008 and the SFB/TR 9. The Feynman diagrams weredrawn with JaxoDraw [25℄.Referenes[1℄ N. Brambilla et al., arXiv:hep-ph/0412158.[2℄ W. E. Caswell and G. P. Lepage, Phys. Lett. B 167 (1986) 437.[3℄ G. T. Bodwin, E. Braaten and G. P. Lepage, Phys. Rev. D 51 (1995) 1125 [Erratum-ibid. D 55 (1997) 5853℄ [arXiv:hep-ph/9407339℄.[4℄ N. Gray, D. J. Broadhurst, W. Grafe and K. Shilher, Z. Phys. C 48 (1990) 673.[5℄ M. Beneke and V. A. Smirnov, Nul. Phys. B 522 (1998) 321 [arXiv:hep-ph/9711391℄.[6℄ V. A. Smirnov, \Applied asymptoti expansions in momenta and masses," Springer(2002). 8
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