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Abstract

We consider scattering amplitudes in string models in the Regge limit of high energies
and fixed momentum transfers with the use of the unitarity in direct channels. Interme-
diate states are taken in the multi-Regge kinematics corresponding to the production of
resonances with fixed invariant masses and large relative rapidities. In QCD such kinemat-
ics leads to the BFKL equation for the Pomeron wave function in the leading logarithmic
approximation. We derive a similar equation in the string theory and discuss its proper-
ties. The purpose of this investigation is to find a generalization of the BFKL approach to
the region of small momentum transfers where non-perturbative corrections to the gluon
Regge trajectory and reggeon couplings are essential. The BFKL equation in the string
theory contains additional contributions coming from a linear part of the Regge trajectory
and from the soft Pomeron singularity appearing already in the tree approximation. In
higher dimensions in addition, a non-multi-Regge kinematics corresponding to production
of particles with large masses is important. We solve the equation for the Pomeron wave
function in the string theory for D = 4 and discuss integrability properties of analogous
equations for composite states of several reggeised gluons in the multi-colour limit.
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1 Introduction

The derivation of the BFKL equation for QCD scattering amplitudes in the Regge regime of
high energies F = /s and fixed momentum transfers ¢ = /—t [] is based on the fact that
gluon is reggeized in perturbation theory. In the leading logarithmic approximation (LLA)
the Pomeron singularity in the j-plane of the ¢-channel partial waves appears as a composite
state of two reggeized gluons. The gluon Regge trajectory is known in two first orders of
perturbation theory and the integral kernel for the BFKL equation is calculated in the next-
to-leading approximation [Z], which is important for the phenomenological applications [H].

It is reasonable to believe, that the gluon reggeization has a physical meaning even beyond
the QCD perturbation theory, although up to now its Regge trajectory is calculated only at
sufficiently large momentum transfers ¢ where the effective coupling constant is small. For low
momentum transfers we should use non-perturbative methods. For example, one can assume
that the gluon trajectory in this region is approximately linear, as it takes place for the hadron
trajectories. The linearity of the Regge trajectories was an important property in constructing
the dual model by G. Veneziano []. Later a string interpretation of the dual amplitudes was
developed [{]. In the Born approximation the dual hadron models include only particles lying
on the secondary Regge trajectories. The Pomeron-like singularity appearing in the open string
scattering amplitudes in one loop approximation was identified with a leading Regge trajectory
for the closed sector. Later it was found that four dimensional string theories meet with
difficulties, which were avoided in their superstring generalizations to space-time dimensions
D =10 [@]. Now these superstring models are considered as candidates for an unified theory of
all elementary particle interactions including the gravity. Moreover, all of them are supposed
to be various realizations of the same M-theory.

In the modern interpretation the closed string sector is associated with the graviton Regge
family rather than with the Pomeron singularity!, and so the Pomeron does not directly present
in the string theory. In a line with the Maldacena proposal [fl] for the N = 4 super-Yang-Mills
model one might expect an appearance of a colorless composite state becoming a graviton in
the t"Hooft limit g* N, — oo, where ¢ is a coupling constant and N, is the number of colors. The
Pomeron singularity seems to be a candidate for such graviton state [§]. However, in this paper
we treat the Pomeron similar to the case of perturbative QCD where it is a composite state of
two reggeized gluons. Namely, this singularity should appear in the diagrams where two open
strings are exchanged in the ¢ channel. Such Feynman graphs lead to the Mandelstam cut in
the j-plane of the t-channel partial wave ¢;(¢). The sum of contributions from the ladder-type
diagrams in the string theory corresponds to the BFKL-like equation. We hope that its string
modification is a reasonable model for non-perturbative effects in the region of small momentum
transfers. Indeed, the string models in extra dimensions can lead to a dual description of gauge
theories including QCD [H].

Note, that in the critical dimensions D = 10 the multi-Regge kinematics for intermediate
particles in the s-channel is not unique even for small coupling constants. Namely, one should
take into account also the production of resonances having large masses at high energies, which
leads in particular to the graviton contribution appearing in one loop. In the last case the

Note that the Regge asymptotics was investigated also in the pure (super) gravity [H].



imaginary part of the corresponding non-planar diagram with the graviton Regge pole in the
t-channel appears from the production of two resonances with masses m ~ /s. Below we does
not discuss this problem in details and consider mainly the D = 4 case.

We use the superstring 4d model in the Ramond-Neveu-Schwarz version [B], but the su-
persymmetry is involved only to remove the tachion from the spectrum. It is known, that
non-critical string models have difficulties related to the absence of the S-matrix unitarity in
higher loops. In particular, to restore the unitarity in one loop approximation it is needed to
introduce an additional 2D gravity field [B]. This field provides the conformal symmetry on
the tree and one-loop levels, and restores the modular invariance of the one-loop closed string
amplitudes [F]. Nevertheless, the modular invariance of higher loop closed string amplitudes
remains to be broken [[f]. Thus, the higher loop amplitudes for non-critical string models can
not be constructed in a self-consistent way.

The difficulties of non-critical string models are related mainly to the closed string sector. In
the perturbation theory with respect to the closed string coupling constant g, the contributions
from this sector grow with energy very rapidly ~ s?¢g?"In"(s). Such behavior in the case of
hadron-hadron interactions is not compatible with the s -channel unitarity. So one expects that
once a relevant summation over n being performed, the high asymptotics of the amplitude is
reduced to A ~ s. It is reasonable to omit initially the closed string sector taking into account
also, that ¢, is quadratic in the Yang-Mills coupling constant g and for N. — oo the open
string terms in the amplitude are enhanced comparing to closed string ones. Thus, we consider
here the contributions to the production amplitude only from the open string states in crossing
channels leading to the Mandelstam cuts for the elastic ¢ -channel partial wave ¢;(¢) in the
angular momentum plane 7 =1 4+ w.

In the discussed model the gluon trajectory w(?) is given by the perturbative expansion

w(t) =a't +wi(t) + ... (1)

where w,(t) ~ ¢g*" are radiative corrections, and the Regge slope o’ is a reversed square of an
characteristic mass scale. Below the correction w(t) ~ ¢* to the trajectory is also taken into
account. This correction is calculated from one-loop diagrams for the scattering amplitude.
One-loop non-planar diagrams contain also a contribution destroying the unitarity, but the
correction to the Regge trajectory appears only from the planar graphs, where the problem
with the closed string sector does not exist. Providing that —a’t < 1, the loop correction
in the D = 4 case has the infrared divergency ~ ¢*N.In(¢/A\*) which is cancelled with the
contribution from the massless particle production. For —a’t > 1 the radiative correction to
the Regge trajectory has a complicated form.

An important difference between QCD and the string model is related to the role of in-
termediate states with relatively large masses: (o/)™' <« M? <« s for produced resonances.
These states are absent in QCD. In the string theory the large mass states are responsible for
the appearance of the graviton contribution to the elastic scattering amplitude in the one-loop
approximation. Further, the impact factors for the reggeon-particle scattering vanish for planar
diagrams as a result of integration over large masses. In particular, it leads to the absence of
the Mandelstam cuts in the color octet channel. In QCD the cancellation of these cuts for



the t-channel with gluon quantum numbers is provided by another mechanism related to the
so-called bootstrap relations for scattering amplitudes [IE1].

The large mass kinematics is responsible also for the additional term in the kernel of the
BFKL equation corresponding to the soft pomeron contribution. It is important, that in the
considered string model even in the tree approximation there is a colorless state in the t-channel
with vacuum quantum numbers and a positive signature. In upper orders of the perturbation
theory its Regge trajectory is renormalized. At small ¢ this state mixes with the Mandelstam cut
constructed from two reggeized gluons. The radiative corrections to its trajectory are calculated
from ladder diagrams in the ¢-channel. The s-channel imaginary part of scattering amplitudes
appears from the intermediate states in the above considered kinematics with relatively large
masses: (o/)™t <« M? < s for produced resonances. Physically the j-plane singularity with the
vacuum quantum numbers in the tree approximation corresponds to the soft Pomeron which
can exist together with the hard BFKL Pomeron.

Similar to the perturbative QCD, we restrict ourselves to the region ¢*N.In(s/M?*) ~ 1.
However, in the string case, the region |w(¢)|In(s/M?) > 1 is possible also because the Regge
slope o/ = 1/M? has no ¢g* smallness. Some important properties of the BFKL equation are
related to this fact. In particular, we obtain that for —a't > ¢*N. its solution is concentrated
near the saddle point ¢, /2 for the reggeon transverse momenta k;. For D > 4 the fluctuations
of this momentum are small A(k;—qy/2)* ~ 1/(a’Ina’s) and therefore the transverse momenta
of the emitted gluons are also small |k]|* < o/(Ina’s)™!. In the same time there are no similar
restrictions on transverse momenta of the virtual gluons entering in the loop corrections to
the gluon Regge trajectories. It means, that the contribution from the multiple saddle points
ki1 & q/2 is suppressed by the reggeization effects.

The paper is organized as follows. In Sec. 2 the BFKL approach to the perturbative QCD
is briefly reviewed. In Sec. 3 the superstring model which will be used later is introduced. In
Sec. 4 the calculation of the multi-Regge asymptotics of production amplitudes is presented.
In Sec. 5 the BFKL-like equation for the superstring model is derived. Also the vanishing
of the impact factors for planar diagrams is demonstrated. In more details this problem is
considered in Appendix D. In Sec. 6 the calculation of the BFKL kernel is performed. In
Sec. 7 the equation for the case D = 4 is discussed. Among other things, it is explained why
in the space-time D = 10 the non-Regge kinematics contributes to the Regge asymptotics of
amplitudes. In Sec. 8 the solution of the BFKL equation at small values of o/t is constructed.
In Sec. 9 an algebraic approach to this problem is developed and integrability properties of
similar equations for composite states of several open strings in the multi-colour limit including
a relation with the Heisenberg spin model are discussed. Appendices A, B and C contain some
details of calculations.

2 BFKL approach in the perturbation QCD

As it was mentioned already, in the perturbative QCD the BFKL Pomeron appears as a com-
posite state of two reggeized gluons [l]l. The gluon is reggeized as a result of summing radiative
corrections to the Born amplitude Ag,,, for the colored particle scattering AB — A’B’ in the



Regge kinematics of large energies /s and fixed momentum transfers ¢ = \/—1
A(s,t) = ABorn s¢® \ (2)

where Ap,., 1s given below
& 1 & & C/ N
ABorn:ZSQTA’A(S/\A//\A;QTB’B5/\3//\13 5 [T ,T ] =1 cc/de (3)

and j = 1 4+ w(?) is the gluon Regge trajectory known in two first orders of the perturbation
theory

wt) = wi (1) + walt) + ... (4)

The trajectory contains logarithmic divergencies cancelled in the total cross sections with
the contributions from the production of soft gluons. For example, in one loop approximation
we have

92

2 2 2 2
— N. /d2 ¢ +A ~ q
16 73 (K2 4+ A ((g— k) + A\?) 87

> Nc In 2 (5)

wl(—qz) =

where X is a gluon mass introduced for the regularization of the infraredly divergent integral.
On the other hand, the amplitude for the production of n gluons with momenta k. in the
multi-Regge kinematics

s> s = (ko1 + k)0 > ¢ (6)
has the factorized form
S;J(fl) . S;J(fz)) .
A=2sgT5i4 5AA/AA Tg Tc21C1C(q2, ¢) s ch32C2C(q3, ¢2)..-9T55 5/\B/AB , (7)

where the effective vertex C'(ga, ¢1) for an emission of the gluon with a definite helicity is

*

C((haﬂh) = q}{i]z s ki=q —q. (8)

Here we introduced the complex coordinates

for transverse components ¢, k% of gluon momenta. The contribution to the elastic scattering

amplitude from the intermediate state having a gluon with the momentum k; is proportional
to the expression
Cla2, a1) O (a3 1) + C7 (a2, 01) Clay, a1) (10)
and contains the pole 1/[k;]?. The integration over k; cancels the infrared divergency in the
gluon Regge trajectory appearing in the virtual corrections to the production amplitudes.
It is convenient to present the elastic amplitude for the colorless particle scattering in the

form of the Mellin representation

a+100 d
A(s,t) = is/ it

a—ico 271

s fw(t)v (11)
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where f,(t) is the t-channel partial wave analytically continued to the complex values j = 1 +w
of the angular momentum. The amplitude A(s,?) contains only the contribution from the ¢-
channel state with vacuum quantum numbers and the positive signature, corresponding to the
BFKL Pomeron. A positive value of the parameter a in the above representation is chosen
from the condition, that all singularities of f,(?) are situated to the left from the integration
contour.

The t-channel partial wave f,(¢) can be expressed in terms of the gluon-gluon scattering
amplitude f,(q1, ¢q2; q) integrated with the impact-factors ®(¢;, ¢ — ¢;)

o [ P ®aa—q) [ Loz Pp,q—¢) _
d Q)_/(QW)Q 4 (4 —@1)? /(27r)2 Blg—q)p ). (12

The impact-factors of colorless particles vanish at small gluon momenta

(I)(07Q) = (I)(Q7O) =0, (13)

which leads to an infrared stability of f,(—¢*). The partial wave f,(qi,qq;q) satisfies the
BFKL equation [

2

g~ N.
@ fulq, @39) =@ (a1, g2 q) — ooz 1 fular, a239)- (14)

Here f? is a non-homogeneous term corresponding to the impact factor. The hamiltonian H is
an integral operator, which can be defined by its action on the Pomeron wave function f(p1, p1/)
in the coordinate representation [[i4]

1
0,05

1
970

H =1n|0h* +1n |0 + In [pral* 0105 + In |pi2|* 070, —4W(1), (15)

where U(z) = (InT'(x))" and we introduced the complex coordinates and momenta

d
pr’:xr‘l’iyrvar:a—prvp12:p1_p2' (16)

The hamiltonian has the property of the Mobius invariance, which allows us to find its
eigenfunctions [Z7]

Em,m,ﬁz;ﬁo):( prz ) ( it ) | (17)

P10 P20 Pio P30
where | |
m:§—|—i1/—|—g,7ﬁ:§—l—il/—g (18)

are conformal weights.
The high energy asymptotics of the total cross-section is parametrized by the Pomeron
intercept A
oy ~ 8 (19)



In the leading logarithmic approximation we have

2 Nc
987'['2 E,
where I/ = —8In2 is the ground state energy of the Hamiltonian H. Therefore the cross-
section o, violates the Froissart theorem o; < cln®(s). In the next-to-leading approximation
the cross-section grows also, but not so rapidly (see [H]).

To verify the gluon reggeization one can use the s and u-channel unitarity constraints and

A=—

(20)

dispersion relations to calculate by iterations the scattering amplitude with the color octet
quantum numbers in the ¢-channel [l]. In LLA it is enough to consider only the multi-Regge
kinematics for intermediate particles in the direct channels. In this kinematics the production
amplitude has the multi-Regge form (l). The reggeization hypothesis should be in an agreement
with the s- and u- channel unitarity. This requirement leads to the so-called bootstrap relations.
The simplest bootstrap relation corresponds to the statement, that the scattering amplitude,
obtained from the solution of the Bethe-Salpeter equation for the wave function of the composite
state of two reggeized gluons in the octet channel should coincide with the Regge pole anzatz for
the amplitude constructed in terms of the reggelzed gluon exchange. In the momentum space
the equation for the ¢-chanel partial wave f5( 7 , ¢ — K) with the gluon quantum numbers
has the form [

—

wff(kv?_

o1 PRGNSR, T - F)
) ?_F)\z /QWk’—k)\?(? ?)2+)\+

<y, [ Faa (?—?VH? SO 7 =) = S8R, T -

sm ) am \ e (T W4 (?—?)Jrv ’
where the gluon mass A is introduced with the use of the Higgs mechanism to regularize the
infrared divergencies.

(21)

It is obvious, that in an accordance with the bootstrap requirement the solution of the above
equation corresponds to the Regge pole anzatz

o - 1 1
SEERT-T) = s o (22)

where w(—"¢7) is the gluon Regge trajectory.

3 String model

In the string and superstring models the scattering amplitude in the tree approximation satisfies
the duality requirement: namely, the sum over the resonances in the ¢-channel related to its
Regge asymptotics in the s-channel is equal to the (analytically continued) sum of resonances
in the s and u-channels:

Als,tou) = Alst) + Alust) + Alsou) s As 1) = 3 9L g~ all) (23)




The particles with squared masses equal to ¢; and integer spins 7 = j; lie on the linear Regge
trajectories

j=Jjo+at, (24)

where jo and o' are their intercept and slope, respectively. The slope o' is universal for all
excitations of the open string. For the closed strings it is equal to o//2. As for intercepts, in
the critical dimensions D = 26 for the bosonic string and D = 10 for the superstrings, they are
integer or half-integer numbers. In particular, for the intercepts of the leading bosonic Regge
trajectories, corresponding to the massless vector (V') particle - "gluon” and tensor (T') particle
- 7graviton” we have respectively

Jo =1, jo =2. (25)

We put 3¢ = 1 also for the D = 4 model to leave the gluon on the trajectory. The "graviton”
is absent in this case, instead one has a non-physical cut in the j -plane.

The Regge asymptotics of A(s,t) in the dual models appears as a result of summing over
the poles in the s-channel. Really at large s the contributions ~ s=% with integer values of k
are cancelled and we can substitute approximately the sum over ¢ by the dispersion integral

o0 !

Als, 1) ~ ~ / WA 1), o = (i), SAT) = mei(t)
TJo s—s

It agrees with the Regge asymptotics A(s, 1) ~ (—s)/® providing that SA(s, 1) ~ s/,

In the Born approximation there are only stable particles in the intermediate state, but
with taking into account loop corrections these particles acquire the widths due to their decay
into lower mass states. As a result, SA(s,t) has the d-like singularities only for a finite number
of stable states and the amplitude is a smooth function for large values of s. The function
A(s,t) ~ s1ot can be expanded in the series over the parameter o/t and one can interpret the
corresponding term of the expansion ~ s (Ins)"(a’t)"/n! as a contribution from the production
of n particles in a multi-Regge kinematics. In QQCD such a non-perturbative contribution
w(t) ~ o't to the Regge trajectory could appear from the integration region k* ~ A, in the
loop corrections of the type of (H). In this case the common factor ¢ would lead to the linearity
of the trajectory at small ¢.

To begin with, let us consider the Born amplitude for the tachyon-tachyon scattering am-
plitude in the bosonic string theory

, I(—a(s)) T(—a(1))
A= ) —als)

where for simplicity we omitted the Chan-Paton factors. Asymptotically one obtains

a(t)=1+a't, (26)

ILm A(s, 1) = —g* 'sT(—a(t)) (—o/s)a/t : (27)
This result corresponds to the Regge asymptotics described by the reggeized gluon exchange
in the t-channel. For other colliding particles there are additional factors depending on their

spins. They are related to different residues for the corresponding Regge pole. Note, that the



effective vertices for reggeized gluon interactions in QCD were obtained also from the string
amplitudes in the limit o/ — 0 [].

For the superstring models the multiplier I'(—«(t)) in (EQ) is replaced by ['(—a't), which
leads to the absence of the tachyon pole at o't = —1. At small momentum transfers both
models give the same amplitude for the massless vector boson scattering. Taking, however,
into account that one should sum over other intermediate ¢-channel states for the scattering
amplitude with arbitrary momentum transfers, it is natural to consider only the superstring
model where the tachyon disappears from the spectrum. The Regge limit of the superstring
scattering amplitude is given in the end of this section (see [H]).

As it was said in Introduction, we use the Ramond-Neveu-Schwarz version of the open
superstring model. In this model the interaction vertices are calculated in terms of the scalar
superfield XM (z,9) where z is a world-sheet coordinate and ¥ is its superpartner. Here M
labels the space-time coordinates, M = 0,1, ..., (D — 1). The vertex V(z,9;k,§) for the
emission of a massless vector boson with its momentum & = {k™} and polarization vector

£ = {M} is given below [B, I
V(z, 01k, ) =D X e (28)

where kX = ky XM(2,9) and € D X = &y D(z,9) XM(z,4) are scalar products of the corre-
sponding D-dimensional vectors. As usually, the relation k¢ = 0 is valid for polarizations of
external vector bosons. In the contrast to the string tradition, in this paper we use the "mostly
minus metrics” ab = apgby — @ . The covariant super-derivative D(z,9) appearing in (E) is
given below

D(z,0) = 8. + 00, (29)

where dy is the 7left” derivative in . Note, that the gauge invariance & — ¢ 4 ck of the
amplitudes is valid due to the relation

/ dzddDe= " = ¢ (30)

The superfield vacuum correlator <XM(Z,19)XN(Z’,19’)> in super-coordinates for z > 2z’

equals

!
<XM(Z, NXN(, 19’)> 2a'nMN In(z — 2/ — 9') = 2a'n™MV [ln(z -z — oo , (31)

z— 2z

where nM¥ is the space-time metrics. The massless boson tree amplitude is obtained by inte-
grating the vacuum expectation of the product of the vertices V; (B3) over (z;,9,;). The variables
(z;,9;) are assigned to the vertex for an emission of the boson carrying the momentum k; and
polarization ¢;. In the amplitude we do not integrate over three of coordinates z; using the
integrand invariance under SL(2, R)-transformation. To conserve this symmetry after fixing
the variables (211, 2(2)| 2(®) one should include in the final expression the additional multiplier

A0 @) = () @) ) () _ ) (32)



leading to an independence of the Born amplitude from the choice of these variables.
Thus, the open string amplitude A, ({k;,£;}) for the interaction of n massless bosons in a
tree approximation is given by

An({k), €51 ZT AV ki, 61 (33)

where each a term corresponds to an ordering of the parameters z; : {(r) : z;, > z;, > ... >
zj.} and the sum is taken over the configurations, which are non-equivalent under the cyclic
transmutations of indices j.. The coefficient T(, is the Chan-Paton factor [H] for the given
color group. Further, the expression A" ({k;,£;}) is the integral over (z;,9;) from the vacuum
expectation of the product of interaction vertices multiplied by the factor r(z;,, zj,, zj, ):

r ({k],&}) =g" (Zn 25, W25 — 2, )25, — Zja /‘9 Zjy = Zjs) H 0(z st+1)d2js
s=3
X <d19]1 V(Zjl ) 19]1; k]l ) fjl) s dﬁ]nv(zjnv 19]‘”; kjnv f]n)> ) (34)

where () is the step function: (x) =1 for « > 0 and §(z) = 0 for = < 0.

Since the correlator (Ell) is singular at z = z', the integral (Bf) is convergent only in a
certain region of invariants constructed from external particle momenta. Fach of the terms
AW in (B3 is calculated for such signs of the invariants where it is convergent, and the result
is analytically continued to their physical values for the production kinematics. The integrand
in (B) contains some contributions which do not contribute to the final result because they are
total derivatives in integration variables. One can make their cancelation explicit using the fact,
that the integrand in the superstring case is invariant under the SL(2, R)-SUSY transformation

[IH7 |r];

0z

where £(z) and f(z) are given below

= f(3), 9= %) (9 +2(2)) (1_5—5), Z=240¢e(%), (35)

az+b af(2) 1

e(2)=B2+48,  flo)=_— 5 T oxd

(36)

Here a, b, ¢, d are bosonic parameters and 3, § are their Grassmann partners. Note, that the
superinterval is transformed in a simpler way

s 9y = Q_1(271§)Q_1(2/71§/)<2‘—ZA’—Iglgl) 7 (37)
where . .
Q7N (£,9) = D(2,0)9. (38)

Also, one can verify that

D(z,9) = Q(£,9)D(2,9). (39)



An appropriate transformation (EH) of the integration variables in (E) allows us to extract
an explicit dependence from two ;, which gives a possibility to perform the integration over
these variables. This symmetry is non-splitted because it mixes the Grassmann variables to
bosonic ones. Note, that the step function factors in (EM) lead after the symmetry transfor-
mation to the § -function type terms which are multiplied by expressions vanishing in the
kinematical region where the integral is convergent. To avoid the consideration of such terms,
one can explicitly fix 5 variables (3|2) among all coordinates (z;|¥;) using the super-SL(2, R) in-
variance. After that the integrand is multiplied by a supersymmetric generalization of the above
factor r(z;,, zj,, zj,) [ (for details see Appendix A). It is convenient to put v; =9, = 0. In
this case the generalized factor r is (z;, — z;,)(2j, — 2;,). Thus, expression (E) is replaced by

-1

Ak, 61) = 6" (2, — 2j,) (25 — Zjn)/e(% —z;) [T 0025, — 2j.y )dz;,

5s=3

X <V(Z]1 ) 0; k]l ) fjl )V(Z]év 0; k]é ’ §j2 )dﬁjs V(stv 19]3; k]s ) 5]'3) s dﬁ]nv(zjnv 19]‘”; kjnv g]n)> . (40)

Using relation (EH) for the vacuum expectation of the product of vertices (EH), one finds
finally

AV kG, 61 = 9" (25 — 23 ) (25 — Zjn)/e(% — 2j,)dd;, doj,do;, di;, X
(H 0(2). = 2j.p1 )dzj.d;, dV; )
X exp [20/ Z [fijme (ijv ]m) ]m][f]nqb]n (Z]n7 ) ikjn] ln(zjm — fin T ﬂjmﬂjn)]7 (41)

m>n

where ¥; = v;, = 0. The additional Grassmann variables ¢; are introduced for each of the
vertices

Ve, 0k, €) = / depe PED=RX (42)

So, the tree amplitude is presented by expression (Ed), where Ag ({k;,&;}) is given in eq.
(EW). Note, that under an anti-cyclic permutation the amplitude AU ({k;, £:}) receives only the
factor (—1) Provided that three variables are fixed as z;, = oo, z;, = 1 and z;, = 0, one can
verify this property with the use of transformation (E3) for the mtegrand in (E) choosing the
functions f(2) = 2,_, /2 and <(2) = —4;, — 2(0;,_, — 0/

The Chan-Paton factor in (BJ) is glven by

Ty = trace[X;, ... A1, (43)
where A, is a color matrix for the corresponding group generator in the fundamental represen-

tation. Below we discuss the oriented string, for which A, are U(n)-matrices in the fundamental
representation. In this case

trace(AAs) = &y, Z()\j)ab()\j)cd = adlpe - (44)

J
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Hence

A = Ztrace()\,,)\s)\j))\j ) (45)
J

We take A\; = I/y/n as the U(l)-generator and the matrices Az, ..., A, as generators of the
SU(n) group. They satisfy the following relations

1 1 _
S = AT =S Fidi s S AN = T £ 3 ddy s Y i =0, (46)
J J J

Obviously, the tensor d is symmetric in two first indices d,; = d,-; and the structure
constants f,,; are completely anti-symmetric. Furthermore, fi5; = 0, di1; = dj,1 = 0, and, in
addition, d,; is symmetric in all indices provided that both s # 1, r # 1 and j # 1. Besides,

ds1j = /1/nds; when s # 1 and j # 1. We obtain also

n
Zdrsjdrsl — Zfrsj srl — 5[5]1 - 5j1511] . (47)
Below in the Regge kinematics (s 3> —t ~ m?) we calculate the amplitude Agi; describing

the scattering a+b — a’ 4 b’ of the vector massless particles (gluons) with momenta p; (p? = 0).
The corresponding kinematical invariants are s = (p, +pp)* = (por +pp)? and t = (po — par)* =
(py —pw)*. The gauge is chosen to be £ = 0 for i = a,a’,b,b". In the Regge limit the amplitude

a’d’y .
Al s (cf. ()

lim AL = —292a’sF<—a’t)(a’sf’f(fa&a/><¢z&,/>{Z T Lo (€77 1)

5— 00

n

.y 0 4,54 ]
_I_(e—wzoz t 1) [M + Zdja]alsdsjbjb’] } ’ (48)

where the color index j; refers to U(n)-quantum numbers of the particle carrying the momentum
pi. The spin structure described by the polarization vectors & (1 = a,a’,b,b’) corresponds to
the conservation of helicities for each of colliding particles. Various terms in (E3) are associated
with different Regge contributions. Their quantum numbers are the SU(n) singlet (with the
signature ”+”) and two adjoint SU(n)-representations (having the dimension n*—1 and the sig-
natures ”4+” and ”-”). Note, that in QCD the Regge asymptotics of the scattering amplitude in
the Born approximation contains only a contribution with the negative signature, corresponding
to an exchange of the reggeized gluon. The contribution from the positive signature with octet
quantum numbers appears only in upper orders of perturbation theory. Nevertheless, for large
N. the Regge trajectories with opposite signatures coincide each with another. The degeneracy
of these t-channel states is important for the duality symmetry between the colorless composite
states with different signatures [lI]. As for the Regge contribution with vacuum quantum num-
bers, it also takes place in QCD only in upper orders of perturbation theory and corresponds to
the BFKL Pomeron. Its appearance in the superstring model already in a tree approximation
can be considered as a manifestation of the soft Pomeron having a non-perturbative nature.
When n = N, is large, one can neglect this soft Pomeron contribution in expression (EJ).
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To derive the above asymptotic behavior of the scattering amplitudes in the superstring
theory we used the relation

;. ty. 1 ; 1y ;. 1y
)‘m )\rje—wr(oz ti;+1) + )\7’] )\” — _5r,'rj(€_m(a ti;+1) + 1) + derjs)\s(e—m(a ti;+1) + 1)
n

3 Frarys s 1) (49)

which follows from (EH). Note, that the soft pomeron contribution appears also for the Chan-
Paton factors corresponding to the colour group O(n). Moreover, in the one-loop approximation
its Regge trajectory does not contain ultraviolet divergencies for n = 32 and D = 10 [i§]. In
this model the gluon Regge trajectory wi(t) is finite is given below (see Appendix B)

Ldx 1 I ol
arlt) ==sg’n [ 5 [[dva sinma)? (1 +2L1) (1+ L), (50)
where N = 32, and
L, =-=2
1 ;::1 (1 — 2A" cos 2wy + A27)2
Lo = ‘ 1
2 nl;[l (1 — 2A" cos 2Ty + )\Qn)Q (5 )

If we consider only a contribution of the planar diagram, the low limit of integration over
A in the above expression is zero and the gluon Regge trajectory contains the logarithmic
divergency at small A, which can be removed by a renormalization of the slope o in the Born
amplitude [E5]. In a similar way for the SU(n) group we have

Ly
1+ Ly

o (t) = —8g2Nc/01 dA—A /01 dvy(sin 7). [( )_a/t (141" —1], (52)

where n = N, is the number of colors.

4 Particle production in the multi-Regge kinematics

Similar to the QCD case for string models the contribution of the ladder diagrams Fig.1 is
factorized in the multi-Regge kinematics. This factorization was verified for the boson string
theory [l9] and it is valid also for the superstring models. We are going to calculate the kernel
of the BFKL equation with the use of the s-channel unitarity by integrating the square of
inelastic amplitudes over the intermediate particles in the multi-Regge kinematics.

In particular the diagram Fig.1b describes the production of one additional resonance with
a fixed mass and momentum k — k’. In this diagram the initial particles have non-vanishing
color quantum numbers whereas usually the solution of the BFKL equation for the gluon-gluon
scattering should be sandwiched between the impact factors for the colorless colliding objects
to avoid infrared divergencies. Note, however, that the integral kernel of the BFKL equation
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for the Pomeron wave function does not depend on quantum numbers of initial particles. To
take into account a tower of the intermediate string states for the middle line on Fig.1b we
find in this section the multi-Regge asymptotics of the amplitude for the tree diagram Fig.2.
Then we calculate the sum over residues in the poles over the particle invariant mass k% and
integrate over other kinematic variables to obtain the BFKL kernel.

As far as a large number of colors n is considered, only planar diagram contributions are
important and the kernel is proportional to n = N.. In the multi-Regge kinematics the momenta
k1, ka, k7, kg on Fig.2 are almost collinear. Their space components are opposite in sign to the
corresponding components of the momenta kg, ks, ke, ks.

To each particle with the momentum £;, the string coordinates z;,?; and the color matrix
A; are assigned. It is assumed that 25 < 27 < 26 < 25 < 24 < 23 < 23 < 2. We fix five
variables: z; = 00, 23 = 1, zg = 0 and ¥y = J3 = 0. In amplitude (BA) one should sum over the
contributions of the diagrams which can not be obtained from one configuration by cyclic or

anti-cyclic transmutations of gluon indices. We should take into account also the Chan-Paton
factors T'(+)

T = trace[ X A Mg A Mg Ars Ay Art 4 Are Ao Arr A Art Ary A Ay ] (53)

To calculate the kernel from Fig.2 only contributions having poles in the invariant k? are
essential. There are 16 diagrams of such type corresponding to the configuration

(ki =i ko= —pa), (ka=—py,ks=¢q), (ks=—q,ke=p), (kr=ps,ks=—q)
(54)
and those obtained by the interchange (k; = ki) inside each of the above brackets, which
leads to the signature factors. As it was pointed out already, p,,p, and p,s, py are momenta
of the initial and final particles, respectively. The momenta ¢1, ¢z, ¢; and ¢, correspond to
intermediate particles. Obviously, for the calculation of a discontinuity of the elastic amplitude
the relations ¢ = —¢; and ¢4, = —¢o are valid, but temporally we distinguish between ¢; and
—¢! performing later an analytical continuation in the invariants (k + ¢1)2, (k + q2)?%, (k — ¢})?
and (k — ¢})* to their physical values. In the multi-Regge configuration the momentum k on
Fig.2 obeys some kinematical constraints. Namely, the quantities &%, k7 and (k°)? in the c.m.
system are assumed to be much smaller than the energy invariants s, s; and s,. Integral (E)
for each of 16 diagrams is calculated in the kinematics where it is convergent, and subsequently
the result is analytically continued to the physical region of the reaction.
In expression () several polarization structures arise, but only the term

Ay ~ (£62)(E384)(E586) (€7és)

contributes to the multi-Regge asymptotics of the tree amplitude for Fig.2

Ay = gPATD (G 6)(66) (E66)(E6s) (55)

where the polarization vector ¢; is associated with the momentum k; and the Chan-Paton
factor Tt is given in eq. (B¥). Fixing the parameters as follows: z; = 0o, 25 = 1, 25 = 0 and
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Y1 = U3 = 0, one obtains from eq. (EI)

~ BBO(1 — 25)0(z7)d07d0s d=7 6
A:/ O(zs — 211 )dz, dV,
(23 — 24 — V304) (25 — 26 — VsUg) (27 — V7Vsg) 51;[3 (25 = 2og1)dz (56)
Here the pre-factor B is given below
. 20/ (ksk 20/ (ksk 20/ (ksk 20/ (ksk
B = [1+70‘( i) g )y g,y 20U0S) g 2SR,
Z3 — %4 Z3 — %y Z3 — Zg Z3 — %7
20/ (ksk 20/ (kyk 20/ (k4k 20/ (kyk
| 2 kahs) 8)193198] [1+70‘( 55) 0y 4 20 FR) g o 2 Babn)y o,
Z3 — 28 Z4 — %5 Z4 — Zg Z4 — R7
20/ (kyk "(ksk 20/ (ksk 20/ (ksk
| 2 kabs) 8)194198] [1+20‘( oK)y gy 4 20 kD) 4y 207 hshs) 8)195198]
Z4 — R8 Z5 — Zg 5 — R7 Zr — 28
20/ (kek 20/ (kgk 20/ (krk
% [1 + Mgeﬂg? + Mgeﬂgg] [1 + Mﬂ?ﬂg] (57)
<6 — 27 <6 — <8 &7 — 28

and the expression B coincides with the integrand for a multi-tachyon scattering amplitude of
the boson string theory:

B= J[ (2 —z,) 2mkn, (58)

2<m<n<8

Similar to the case of bosonic strings [Z] one concludes from eq. (BJ) that in the multi-Regge
kinematics the essential values of parameters are

2320, zz=z4x, zs=z+y, x/26—=>0, y/ze—0, z:/26 —0. (59)

In this configuration of variables the expression for B is simplified as follows

B =~ x—Qa'k3k4y—2a'k5k6 Z;?a'k7k8 Z4—2a'(ks+k4)(k7+k8)26—2a'(k5+k6)(k?‘l-ks)

X(z4 — 26)_2a/(k3+k4)(k5+k6) exp [2a'koksw + 20 kaksy + 20’ ky (ks 4 kq)z4

+20'ky (ks + ko) z6 — 20" kshr o + 20k (ks + ka)— — 20/ ksky 2
Z4 Z4 Zg
120"k (ks + ko)== — 2a/ks(kr + kes)— — 20 ks (ky + ks) 2| . (60)
Zg 24 <6

In the multi-Regge limit we have

k‘z(kg + k4) — —kg(kg, + k6) — k‘lk, k‘7(k3 + k4) — —k7(k5 + k6) — kgk,
k‘g(k7 + kg) — —k4k, k‘5(k7 + kg) — —k6k . (61)

The integral is convergent in the following kinematical region of invariants

koks < 0, koks <0, kskr >0, Fkskr >0, Fko(ks+ky) <O,
k7(k5 + k6) < 0, kg(k7 + kg) > 0, k5(k7 + kg) > 0. (62)
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We redefine the variables as follows

z 2 z
. —m%éﬁw@’%_ﬁwmé+%y ”%prh+mﬁw@%+%w
- t%ﬁggy yéiﬁ&%@g‘ (63)
The asymptotics of A in expression (B3) can be written as follows
A = GA(tsers, &2, Laars, Lag, Use, Lz, Lrs) (64)

where the factor G collects all large energy invariants, and A(tsers, £2, {3478, t34, {56, L12, t7s) de-
pends only on fixed transverse momenta. We define the energy invariants s; and s;; as follows

si= (k1 + k) m2(kik), su3=—2(ksks), so5 = —2(koks). (65)
Then the expression for G in (B) has the factorized form
G = ()5 (s (g () (66)
where the fixed invariants are
ti= (k1 + k), tijm = —(ki +kj + ki + k) (67)
Note, that we have the kinematical constraint
t3as6 + taars + tsers = tig + taa + s + t1s. (68)
The fixed invariant £? in (B is given below
P a's184/503 = a'81586 /525 = o/[(ko)2 — kﬁ), (69)

where k) is the longitudinal component of the momentum k. To simplify the last factor in (B
one can use the following relations valid in the multi-Regge kinematics due to eqs. (B

(kskr)(keks) — (ksks)(kekr) = %[((% + ke )k ) (ke — ks )ks))
(ks — koo (ks + kb)) = 5 (koks)ltsors — t50 — trs — 7] (70)
and |
(kakr)(ksks) — (kaks)(kskr) = §(k3k8)[t4378 —ty3 — tos + K7 (71)

After redefinition (B) of variables in expression (BH) with the use of above simplifications
one can perform the Grassmann integrations. As a result, the last factor in (B) turns out to

be
A(t56787/fzat34787t347t567t127t78) :/0 dl’/o dy/o d24/0 B,V d267 (72)
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where both B and V;, depend on integration parameters and external variables. The expression
for V4 is the same as in the bosonic string model, and the pre-factor B, arises due to the
superstring modifications. Explicitly,

‘/b — x—a’t34y—a’t56 27—0/7,‘78 24—0/[753478—7534—7578]26—0/[755678—7556—7578](Z4 _ Z6)—a’[t3456—t34—t56][xy27]—2
27X 7 27 Z7 T
xexp[—(x—l—y—l——z—l——Zy)—<z4—z6—|————)—I—/i2<——|—£)]. (73)
24 26 Z6 Z4 Z4 Z6

The integrals in (E) are defined for x* < 0, and

2
TYZ
By = (a'tsa+ 1)(a'tse + 1)(a'tzs + 1) + —;227 [a'tss + a'lss + a'tys + a'lyg)
176
"[tsers — tse — trs] — K% 1
—y?z2(atay + 1) [a faors = 3 o —4]
Y=z72g 26
/ 2
2.2/ 1 o' [taars —tag — lzs] + K 1
- fse + 1 - 74
x27(a'tse + )[ o o (74)

In expression () one can perform easily the integration over the variables @ and y

Altsers, K7, taars, taas tse, tia, trs) = D(—a'tzq)[(—a'tse)
><€m(a faate t56)[(t56787 KJQ, 3478, 134, Us6, L12, t?s) ’ (75)

where the factor [(¢sers, 5%, taars, {34, Is6, t12, {7s) is obtained from eq. (). Its form can be
essentially simplified as it is shown in Appendix C. Below we present the final result using in
addition the fact that the calculated amplitude is symmetric under an interchange between the
left and right parts of the considered diagram (see Section 3). Thus, taking into account the
relation t1256 = t347s €q. (&) can be written as follows

A(t56787 KJQ, 3478, 134, Us6, L12, t?s) = F(—O/tlz)r(—O/t78)€m(a/tl2+a/t78)

x I (ts67s, K7, Lzars, L2, Urs, 34, Use) (76)

where

[(t56787 /i27 t34787 t127 t787 t347 t56) — (KQ)—a/t12_ozlt78_2 / dydzdfe_f_yf—a/tgA—ly—a/t56_1
XZ_a/t5678_1(1 _ Z)—O/t3456+0é'7534+0/7556 [f + yz — /432(1 _ Z)]O/tw[y + fZ _ /432(1 _ Z)]O/l‘m
o'tay(l — 2)
fryz—r*(1-2)

+z—(f+y)|. (77

X |ty + a'trg — O/t3478(1 —z)+

a'trsf(1 —2)
y+ fz—r2(l—2)

Here all integrations are performed from 0 to co. The above expression is convergent at x? < 0.
For the factor in a front of the integral we choose the condition arg k* = —m. Really the phase
arising in this case, is compensated by a similar phase in (EH) and A is real for k < 0.
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The final result is obtained by summing the contributions of 16 diagrams listed in the
beginning of this Section, every term being analytically continued from the kinematical region
where the corresponding integral () is convergent. Taking into account the spin structure

(B3) for each diagram and relations (B), (BH) and (EH), we derive the following expression for
A

AW = ghsyelined2 @ltoateltoot2 (¢ £0)(6364) (E566) (G ) T (— 0/ tyg) T (—atrg )™ 2 "tre)
X Z frlﬂ?yjl (t12)f7’377’47j2 (t34) f7’577’67js (t56)f7’777’87]3 (t78)

J1,02,J3,74
KT I(tsers, K2, tsars, Lo, trs, ta, tse) (78)
where '
f‘7’57rlvj(t51) = trace[()\rs)\rle_WZ(a/tSH—l) —I_ )\7’5 )\7’1))\]] (79)
and
Tj(l-l,—j)z,jg,jzl = trace[)‘]é )‘js )‘]é )\jl + )\jl )‘]é )‘js )‘j4] . (80)

For the group U(n) the index r; enumerates color states of the particle carrying the mo-
mentum k; defined in (B). After an analytical continuation we put s; = +s7 and s4 = +s6.
In a similar way, I(¢sers, £°, {3478, t12, t78, (34, t56) in (B ) is calculated using a similar continua-
tion of expression () to the region x* > 0. This procedure is performed by the replacement
k%2 — k%2 + 48 with § — +0. We have also the condition £© > 0, and therefore due to (EJ),
our prescription corresponds to the Feynman rule for going around the singularity. After the
analytic continuation the factor in front of the integral turns out to be positive.

5 BFKL equation in the string model

Omitting the impact factors of colored particles in the left and right hand sides of the contri-
bution of the diagram Figl.b one can obtain expressions for higher order ladder diagrams by
iterating its interior part. To find the BFKL kernel in the considered string model, one should
calculate from expression () its contribution to the ¢t-channel partial wave for the scattering of
massless particles. Also one-loop correction wi(t) ~ g*N, to the trajectory (ll) should be taken
into account (see (Bl)). Thus, o't;; in (B is replaced by the expression o't;; 4+ wi(t;;). Due to
the presence of non-planar diagrams, the one-loop correction to the singlet trajectory differs
from that for the octet case. However, assuming that the number of colors is large, below we
neglect this difference.

The contribution to the t-channel partial wave from the diagram Figl.b is given by the
Mellin transformation in Ins applied to the imaginary part of the amplitude. To calculate it
one should find in eq. (E3) the sum of residues for the poles in the variable o’k? and integrate
the result over a relevant phase volume. Initially we put ¢; = —q1, ¢4 = —qa, 11 = 18, T4 = 15,
& = &, &4 = & summing subsequently over indices ry, ry and polarization states & and &,.
The poles are situated at o’k* = m, where m is an integer number changing from 0 to co.
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Below we denote by [, I’ the transverse momenta of two neighboring reggeons and by ¢ the
total momentum transfer related to the corresponding invariants as follows

P=—ty, (I')=—ta, (¢—1"=—trs, (¢—1)° = —ts6. (81)
With these definitions, £? in (&) is given below (cf. (BEJ))
KE=d B+ (-1, k* = 1334 = Lsers - (82)

The multi-Regge kinematics implies, that the inequalities s;/k? > 1 and sq/k* > 1 are
fulfilled. The integration over this region leads to the singularities of the ¢ -channel partial
wave at w = j — 1. Here j is the total angular momentum. The contribution F®)(w;¢?) to the
t-channel partial wave from the diagram Figl.b including the correction to the trajectory wy(t)

(@) is given below

F(b)(w’ q2) = Z /dD_zl&)ra,ra/,rl,m(q; Z)F(O/ZQ)F(O/((] . Z)Q)e—ﬂ(a/l2+oz'(q—l)2)

1,72,73,7'4

2 © dsqyds 2 2
i1 / 1824 1o V=B =B((a=)?)+2
4(27‘[‘) -1 r17’27’37’4 Z/S S (m) 52 (a 51)

X /dD_zl'[m(q; LI 54)_6((1/)2)_6((‘1_ +25(0z s184/5 — a'k? — m)&)r’b,rb/,rz,rs(% . (83

Here

B(¢*) = o'q* — wi(—¢"), (84)
and D is the number of space-time dimensions. The quantity I, (¢;1,1') is the residue of the
pole at o'k* = m in the integral I(¢sers, £, 3478, t12, {78, L34, t56) appearing in expression (E3)
(see also definitions (Bl)). Further, s(m) is the low energy cut-off: s(0) = s for m = 0 and
s(m) = sor? for m > 1. In this case k2, = m + o’k?. We impose the condition a'sq > 1
because the production amplitude is known only in the multi-Regge kinematics. The cut-off is

introduced to have a possibility to verify that the non-multi-Regge kinematics is not essential.
The factor T*)  is presented in eq. (EH) and

rir2r3r4

&)ra,ra/,rl,m(q; l) — (5 5 Zfr 1571 t12 Fra,r,m; (t78)7

2

&)rbvrblvr%r?)(q; l/) = (&7&7 ) Z‘Ff’blﬂ’ r2 t34)Ff’bJ’ ra (t56) (85)

(

where the function F is defined in (E&). Expressions (E) are massless state contributions to the
impact factors. The total impact factor for the planar diagram Figlh being the sum of a tower of
string states is equal to zero, which can be verified with the use of the quasi-elastic asymptotics
of the production amplitude (for more details see Appendix D). Its vanishing ensures the
cancellation of the Amati-Fubini-Stangelini cuts in the j-plane for the planar diagrams.
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Once the integration over s, s; and s4 being performed, eq.(Bd) is represented as follows

F(b)(w’ q2) — Z /dD_Ql&)T’aJ’a/,m,m(q; Z)F(o/lz)r(o/(q . l)z)e—fi(a/l2+0/(q—l)2)

2 ()2 o H(IIN2 112
2 (OélSo) w—a'l?—a'(q-1) (OélSo) w—a'(I")2—a'(q=1")

w2\ ") ( /dD 2y ( )
4(2m)bt Rt e £+ 8(2) + B((g = DP)]lw £+ BI)?) = B((g = 1)?)]

xf(q; [, l/)&)rb,r’burws(q; . (86)
Here R
g 1,1 = SOq; 1) + Su(q; 1, 1) (87)
and, in turn,
(], l7l io: a/(q_1)2_a/(ll)2_a/(q_1/)2_|_2’[“m(q . l, l/) ,
m=1
SO (g 1.1) = o (kg)* T Io( g 1, 1) . (88)

In this expression the factor fm(q;l,l’) is the same as in eq. (Bd). We remind, that the
quantity 2, = m + o'k? coincides with x* on the mass shell o’k* = m (m is an integer
number). Expression (BH) is correct only in the domain where it does not depend on the cut-off
8o, which means, that the power of sy in this expression should be much smaller than unity. In
an accordance with eq. (), it is convenient to present the contribution F(w;¢?) to the partial
wave as a sum of contributions of the diagrams Fig.1 starting from Fig.1b written in the form

2

g
Feid) = qompr, o [0 [ @708 (g DU (g = 1)

g2 1 \2 RTT’T’T(W'(]'ZZ) N
mi(a'P+a’(¢—1)?) 1rararg \Wsy 45 b, o
X G, (@3 1) 39
e w + 6(([’)2) + 6(((] _ l/)z) bl pt T3, (q ) ( )

The particle-particle-reggeon vertices ® contained in eq.(BH) can be extracted from eq.(E3).
Omitting these vertices in eq. (BH), one can verify that the amplitude R, .., (w;q;l,{1) for
Fig.1 obeys the BFKL-like equation

(w =+ B2+ B(q = D) Ry oy (w3 g3 1, h) =I(q: ,I)TH)

o'g? D—2
d l[ g E Ryprr (Wi gl
+4(27T)D—1/ (g1, ,,1,, I ara(wi g 1)
> 2:[6”(“'(")2“) + (_1)0][€iw(a’(q—l’)2+1) + (_1)cr’]e—m(a’(l’)2+oz’(q—l’)2 7 (90)

o0’

where the summation over (o,0’) is associated with the signatures for the corresponding tra-
jectories having their color group quantum numbers denoted, respectively, by (r,r’). So, o,0’
are 0 for a positive signature and 1 for the negative one.

The number of colors is considered to be large and therefore one can neglect the color-singlet
reggeons in (BH). In this case r;, 7,1’ coincide with color indices of the corresponding adjoint
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representations. Because o and o take values 0 and 1, the expression inside the large square

brackets in eq. (EH) is equal to 4. Using eqs. (Ed) and (BH) one finds that

Tr’(l—lr—)rrg = Tr’(l—l;’zrrg —I_ 257’17’257’7’//n 9 Z 7’17’7’7’2 = (91)
So, Trlg ., annihilates the singlet state. Furthermore,
Besrorara (@34 1.1) = 20 (@51, 10)80, 000+ [ (g5 L )T, (92)

where f(9(q;1,1;) and f(V(q;1,1;) are partial waves for the vacuum channel and for the state
belonging to the adjoint representation of the SU(N,.) group, respectlvely

Using expression (E) one can derive, that the partial waves f(*)(q;1,1;) with s = 0,1 obey
the BFKL-like equation

w4 '+ al(q = 1 = wr(~12) —wr(~(g — DO (wi g L 1)

2

T g Nee, /A n £(s) D—2q1
= I(q;1,1 ——— [ I(¢; 1,1 Ly)yd=—=l",
((L ’ 1) + (27T)D_1 (Q7 ’ )f ((L ’ ) (93)

where ¢ = 1 and ¢; = 1/2. The integral kernel f(q; [,11) is calculated in the next Section.

6 Integral kernel

With the use of (B) one can verify, that the massless state contribution to [ () is given by
SO, 1) o = (1 = Lm0 [ g yeoe) o0t
><[f _ O/(l _ l/)2 _ ié]_a/l2 [y _ O/(l _ l/)2 _ ié]_a/(q_l) [_a/qz T O/(l/)2 T a/(q _ l/)2

oIy o'(g—1)°f
TP —id [y—a(—IP—id
The integral in the above expression can be written in terms of the Whittaker function

W .(—k? —i€) defined as follows

—(f+y) (99

J(a,b;z) = /Oo et (z 4 1) dt = ZTVRERT(b+ YWiiay o amsiy () (95)
0
which has the following representation
atb1 [(—a—b-1)
J(a,b;z) =z [(a+1) (0] Ola+1,a+04+2,2)+(a+b4+1)P(—b, —a—b,z) (96)

as a linear combination of the confluent hypergeometric function ®(a, b, z)

a ala+1)
Dla,b,z) =14+ — A
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Indeed, we obtain for I, (E3)

(/io)w+2[0(q; lvl/) — [Ozl(l o l/)z]w+a/12+a/(q_1)2 [—Ozlq2 + O/(l/)2 + Ozl(q _ l/)Z]

xJ('(I')? =1, =l —a' (Il = "*)J(a' (¢ = I')* = 1,—d'(qg— )% —a'(l = I)?)
—dPJ((I)? = 1,—a'l? = 1; =’ (Il = U')*)J(a'(qg = "), —a'(q — 1)*; —a/( )7)
—a/(q = 1)*J(/(I')?, =a'l% =/ (1 = U)") I (a'(q = I)* = L, /(g = 1)* = L; =a/(I = I')?)
—J(@(I')?, =/l —a’(1 = I')*)J('(q = I')* = 1, =a/(¢ = 1)*; =a/(1 = I')")

)

)
(@1 1=l (= U)o q — 1) (g — I a1 = 1)) . (98)

To calculate the massive state contribution S(g¢;(,{") to the kernel (B it is convenient to
change the integration variables f — k?f, y — %y in expression (). As a result, the factor
being a power of k2 is extracted from the integral

2——/l2+/—l2—/l/2—/—l/2+2 2
(k%) o' lg=) =l o (¢=1) I(tse7s, K7, taars, L2, L7s, Lag, ts6) @

1 2 2 2 1.2
— dfdud wta'l?4+al(g=1)*—1 _—r?*(y+f+v) ,—o'k* -1
F(w—l—oz’l2+oz’(q—l)2)/ fdydvo ¢ -
1
X [%(vavy;%lvl/) + ;[w + O/lz + O/(q - l)2 - 1]%(va7y;Q7l7l/) ) (99)

where Vi(z, f,y;q,(,l') does not depend on ?

Vilz, frys qp 1, 1) = fo00 tyo amt =t (g g yald=al (et e gnelta=0

% [[_a/q2+a/(l/)2 —|—o/(q—l')2 —I-Oé/l2 —|—o/(q—l)2 —o/(l—l’)Q](l —Z) _a/l2

P IR E SR S/ IR A RS S (100)
q1 q2
‘/2(27 f7 v q, l, l/) _ foz’(l’)2—1yoz'(q—l')2—1(1 . Z)oz'q2—oz'(l')2—oz'(q—l')2 ql—a’l2 q;a (g-1)

x[(1=2)=(f +y)]. (101)
In these expressions we denoted
an=f4+yz—(1—2)—ie, =y+fz—(1—-2)—1ie, €—0, (102)

where € — +0. In integral (EH) the residue in the pole at k? = m depends on m only through
the exponent exp[—m(f + y + v)] multiplied by the derivative 97"'Viy(z, f,y; ¢, 1,1')/(m — 1)!
calculated at z = 0. Therefore after summing the residues over m we obtam

S eI (2, £y L) [ (m = 1) = Vi(e V) fyiq, 0,0

z=0
—Vi(0, fy;q.1,0). (103)

m=1
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Thus, the quantity S,(q;[,1') can be written as follows

1
[(w+ a2+ o'(qg—1)?)

Sl 0ol = [ ddydouererien
x e (=t 4) [[‘/1(6_(”““)7 Lyia. L) = Va0, foys q,1,1)
1
t-lwtal +alg 1) - [Va(e U)oy q 1 1) = Va(0, £y g, 1 1)) (104)

Integrating the last term in (EE) over v by parts we obtain

1
[(w+a'l?+ o' (qg—1)?)

Sulg; L,1) /o' = /dfdydvvw+a/l2+a/(q P =1g=o (=0 (vt f )

% [fa/(l/)2_1ya/(q_l/)2_1(1 . e—f—y—v)oz'q2—oz'(l')2—oz'(q—l')2

T e e e e e R s

XB(G_f_y_vavy; Q7l7l/) - ‘/l(ovaya Q7l7l/) - O/(l - l/)2‘/2(0,f,y, Q7l7l/) ) (105)
where

B(z fy;q, 1) = =" (L =) (f+y)+ Py +a'(g—1)*f + [a'(¢—1')
z P fy(l — 2z o(g— D% fy(l — =
Lol — o] [1 = y)] B fy(l —=) (q—=D*fy(l = =)

1—=z f—l—yz—(l—z)—ie_y_|_f2_(1_2)_l.6- (106)

Really the leading contribution to (EIE) arises from the region of small integration variables.
In particular, it results in a pole at w = a’q?, as well as in a Mandelstam cut term. To find
the main part of (II) we cut from below the integration variables in eq. () by a parameter
A < 1. Then from eq. (EH), one can obtain, that the leading contribution to S, is given by
the expression

72 ' 2 "> — o l/) (q — l/ '
y -] l/ / _a'lPtal(q-1) [Oé q ( / dfdudvv® a’ (1)
S (Q7 b )/Oé —> € F(w_l_o/lQ —I‘Oé( f y v f

1

a(g=1")2-1 o'g? =o' (') =o' (g=1')? -1 _ 107
Xy (v+f+y) /(120! (¢ — U)2(w + o'I2 + o/ (q — 5)2)] » (107)

where the pole term arises from two last terms in (EIH).

To calculate the integral (EI) the integration region is divided into 6 domains: v > f >y,
v>y>f, f>v>y, f>y>v,y>v>fand y > f > v. In the first domain we replace
initially y — fy and then f — vf. As a result, the v-dependence of the integrand turns out to
be pwtes’, Integrating it over v we observe the pole at w = —a’¢*. The similar procedure is
performed in each of the rest domains. As far as, in addition, the expression w—+a/l*+a/(¢g—1)? is

implied to be small ~ 1/ In s, the factor exp[a/l*+a/(¢g—1)?] in () should be replaced by unity.
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For the same reason ['(w+o'I*+a'(¢g—1)?) = T(1+w+ ' *+a'(¢—1)*) ) (w+ '+ (¢—1)*) ~
1/(w+ o'I* + o'(qg — 1)*). Using these simplifications expression (I is given below

1

RO IRV . —
Sulg: 1,1/ T o)

[d'¢* = a'l? — o (q—1)[a'q" =o' (') — o' (¢ = I')’]

[Pt = el = 0 = o= )
+F(1—a'q’, (¢ =)/ = o' (1) = o' (q = 1)?)
PO = ol a0l — (1Y — (g — 1Y), (08)

where

Flabye) = /01 4 /01 dyf "N+ 4 )T Ty =

_ ¥ I'(e)

One can verify that at small momenta o/¢* ~ o'l* ~ o'l < 1 the first term in the large square
brackets of eq. () gives the main contribution

[a'q* — a'l? — o/(q — 1)*][e'q® — o'(I')* — o'(q — I')*]
o/(w + oz’qz)(l’)z(q _ l/)2 )

Expressions (&) and (L) are correct in a neighbourhood of the pole and of zeros of the
numerator with the deviations being ~ 1/Ins ~ N_g*. As far as the numerator does not vanish
at w+al*+a'(¢g—1)* =w+ I+ a'(qg—1U')* =0, it contributes to both the Mandelstam cuts
and the pole at w = —a'q?.

S5 (g5 1, 1) = (110)

The pole at w = —a’g? corresponds to the soft Pomeron which exists already in the Born
expression () for the elastic amplitude. Relatively large masses 1 < o/ M? < o's of produced
resonances contribute to this pole. Therefore in the box diagram Fig.la we expect a pole of the
second order from the integration over large masses of two intermediate s-channel resonances.
This second order pole appears as a result of the perturbative expansion of the Pomeron Regge
pole over the one-loop correction wy(¢) ~ ¢g*. In the two-loop approximation, corresponding
to Fig.1b, we should have the third order pole with the residue proportional to wi(¢). In this
diagram, apart from the pole () there is a product of two pole singularities 1/(w +a’¢*) from
the integration over the large masses of resonances produced in the fragmentation regions of
initial particles. In the multi-Regge kinematics one obtains also the poles 1/(w+a'I*+a'(g—1)?)
and 1/(w+ o'l 4+ o/(q—1")?) leading after the integration over [ and !’ to the Mandelstam cuts
(we put here | = k; and I’ = k). Because the residue of the pole () in the BFKL kernel is
small due to the smallness of the expressions in the square brackets, it cancels approximately
the neighboring poles depending on [ and [ and therefore one can attempt to extract from the
contribution for Fig.1b the third order pole being the second order term in the expansion of
the soft Pomeron pole in w(t).
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Indeed, let us present the numerator of the pole in eq. () in the form
o'q? — o' — (g~ (el — /(1) — (g~ 1)) = ot /P + (g~ D[ + ') 4 (g~ 1)
— [w+ o/qz] {w —d P+ P+ o (g — l)2 +al?+ a'(q— l’)z} ) (111)

Then the second term in the right hand side of this equality, killing the pole 1/(w + o/¢?) in
(EX), contributes only to the Mandelstam cuts. As for the first term in (), it corresponds
to the second term of expansion for the soft Pomeron pole. Indeed, its numerator cancels
the neighboring propagators for Mandelstam cuts. Therefore the corresponding integrals over
the relative rapidities In s;3 and In s93 are convergent for the large invariants si5 and s,3. So,
we should calculate these integrals exactly without simplifications corresponding to the multi-
Regge kinematics. It is plausible, that as a result of such calculation the pole in expression
(LX) together with additional poles 1/(w 4 a’¢?) from two impact factors would reproduce the
total one-loop correction ~ w? from Fig.1b in the second order expansion of the Pomeron pole.

The first term in (L) is important also for a cancellation of the singularities in () at
(I,I") = 0 and (I,I") — ¢ leading to a convergence of the corresponding integrals over the multi-
Regge region. In addition, it has a non-trivial funcional dependence containing both poles and
cuts in w. So, for the investigation of the BFKL equation in the D = 4 model we use the whole
expression (EH) without neglecting the soft Pomeron pole. Simultaneously, we add a piece
from the non-multi-Regge kinematics.

For a general case of the ladder Fig.1 one can perform a decompositions similar to ()
for each kernel. The contributions appearing from the first terms in the right hand sides of
(EX) correspond to the particles produced in a non-multi-Regge kinematics. The form of
production amplitudes in this region can not be extracted from our above results. Probably
this contribution corresponds to a geometric progression appearing from an expansion of the
soft Pomeron pole in wy ().

Presumably one can represent the partial wave as follows f,(—¢?) as

ful=¢") = fP(=¢") + [ (=4*) . (112)

where the first term corresponds to the soft Pomeron contribution in the form of the geometrical
progression and the term f7(—¢*) results from the multi-Regge kinematics. In principle there
can be a more complicated situation with an interference between the Regge pole and cut.

7 BFKL equation in the D = 4 string model

It follows from the above discussion that the singularities of the t=channel partial waves arise
from the region where w + o'l'’? + a'(q¢ — I')* ~ 1/Ins. For D > 4 after the integration
over the region o'’ the corresponding contribution is suppressed by powers of logarithms
~ (In 8)~P=H/2 for each produced particle, which leads to a possibility to find the solution of
the BFKL equation as a series in this small parameter. In principle, it is not excluded that
for very large energies the number of produced particles grows so rapidly, that the averaged
pair energies sy ;41 for these particles are not so large to justify the saddle-point method of
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calculations of the integrals. In this case the BFKL equation which sums contributions from
the multi-Regge kinematics could have non-trivial solutions even for D > 4. Here, however,
we restrict ourselves to the D = 4 case hoping to return to the discussion of other values of
D in future publications. Moreover, only the amplitude with vacuum quantum numbers in the
crossing channel is considered.

At D = 4 the BFKL equation has a non-trivial solution in terms of the function f(%)(q¢;()
defined by the relation

- /fo(JO)(CI; L@ (g h)dl (113)

where ®(¢;[;) is an impact factor. Generally the solution contains contributions from non-
planar diagrams.
One loop correction wy(t) to the gluon trajectory for D =4 (l) has the form

92N

T (@ /2) + ™ (@) (114)

wi(t) =
where the first contribution corresponds to massless states in the ¢ -channel and the second
term non-singular at ¢* = 0 appears from the massive string excitations (cf. expression (H) in
QCD).

To begin with, let us discuss the region of small ¢, where o’¢* ~ g N.. In this case for D = 4
the small gluon virtualities o/I*> ~ ¢g*N. ~ o/(I')* ~ ¢g*N, are important. For such momenta /
and [’ the pole contribution (M) dominates in S, (¢ : ,!’) and the singularities of the ¢-channel
partial wave are situated for small ¢g* at w ~ ¢?. Because the infra-red divergencies in the
integral kernel are cancelled between the contribution from the real particle emission and one-
loop correction to the Regge trajectories, the factor [({ — 1)<+ *+'(a=0 i the right hand side
of eq. (EH) can be omitted. Hence, from expression (E) we obtain the following contribution
to the kernel () corresponding to the massless state production

O, .7 1 — 7 [ (q—1)?
B U P A e e G e s R

Expression (E&) coincides with the corresponding result ] in QCD. The massive state
term in (EX) is expected to vanish at ¢ — 0. So, the radiative correction to the gluon trajectory

for small momentum transfers [ and ¢ — [ also can be approximated by the QCD expression
(@). As a result, the BFKL equation (E3) for the vacuum channel at D = 4 and o/¢* ~ ¢* N, is
drastically simplified

2

[w+ o'l 4 o"(q = )P (as 1) = (a51) + 98 ]Z /{5(0)(61 L 1)

1 2 (g —1)° ©)( .. 271
<Z—z'>2l[< IS GE I (O >]]fw <q””}“
PN, [ [0/ — o — o= D — (I — (= V] oy e
I [ ot DT IO Y (116)

where the contribution from Fig.1la is also taken into account.
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In eq. (EIH) we performed a relevant subtraction of the Regge trajectory contribution to
obtain the integral kernel in the BFKL form (cf. []), and the expression for S (q : [,1) is
given in (E&). Equation () differs from the BFKL equation in QCD only by terms linear
in squared gluon momenta at its left hand side and by an additional pole term ~ 1/(w + o/¢?)
in the kernel. The terms ~ [* and ~ (¢ — [)* improve the properties of its kernel at | — oo.
As a result, unlike the QCD case in LLA, eq.(E) is expected to have a discrete spectrum at
nonzero values of ¢2.

Comparing the large-l behaviour of the left and right hand sides of eq.(IZH) we conclude,
that the linear terms in the gluon trajectories in eq. (IEH) lead to a constant behaviour of
FOq;1) at | — oo. As a result, the integral

[¢* = (I)* = (¢ = I')"]
hot) = [ O (g, 1) 17
(Q) (l/)Q(q _ l/)Q fUJ (Q7 Y ) ( )
in the last term on its right hand side is divergent. Taking into account, that this term plays
role of an additional inhomogenious contribution to eq.(IH) we present fU(JO)(q; [) in the form

2N[/ — 2= ol(qg—1)] zNh() .
( Nl h _J TTetwAd)

A (118)
where h,(q) is given by (E&), while ]fU(JO)(q; [) a d f( )(g;1) are determined from the equation
(below F(9)(g;1) is denoted either by f(©)(¢;1) or ( 0))

o+ g =PI ) = )+ 0 {50000,
1 r (q — 1) ]
— + FO (g, 1) vl 119
(e [ A e )
Here for F)(q;1) = fU(JO)(q; [) we have
2 o — I')2
—|— % ) +a'(q— l’)2
J21 12 —l "2 _ ol]2 — _
T R e | e e
and for F{0(q;1) = f9(qg;1), N
O(g;1) = @(g;1) .- (121)
Using (E) and (EX) one obtains h,(q) as the solution of a linear equation
w+a'q? [¢" = 1" — (¢ = 1)] 2
ho(q) = g / FO (g D 122
(9) o e ) Elg = 1) (g5,1) (122)

2 2 2 212
. 5 _ch ~ [/ o'lg* = 1* = (q—=1)°] A2l — 1/\2]
Blw,d) = T lﬁﬁ e ot ol 5 oy =PI = D T e

T e e U | e
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We subtracted the logarithmic divergency from the second term in the brackets assuming
that subtraction term is added to the quantity 3y determined by the integration region o’k? ~ 1.
S0, [y depends also on the non-multi-Regge configurations, leading to the renormalisation w
of the soft Pomeron Regge trajectory. This conclusion follows from expression (EBH) for the
production cross-section, where the kernel dependence from the cut-off sg is essential, and from
our discussion of eq. (EEH). It is natural to expect that By ~ 1. So, the solution of eq. (E3)
depends on the additional parameter 3o. The equation w + /¢ = B(w,qz) allows to find
the Regge trajectories . In addition, one can conclude from (EZJ) that B(w,qz) contains the
Mandelstam cuts in the w-plane.

In the region ¢g*°N. < o'¢* < 1 the asymptotic behaviour of the scattering amplitude is
related to singularities of the integral [ f((q;, ', 1})d?l' near w ~ —¢*/2. They appear from
the kinematics, in which the solution of eq. (EIH) is concentrated at [ = ¢/2. Let us introduce
the new momenta v and v’ according to the definition

l=q/24+v, U'=q/2+v, <, ()< (124)
Leaving only leading terms, eq. (E) is simplified as follows

| — l/)?]w—l—a'q2/2

/
5O 1,1y = 2 11 125
w (q ? ) (l _ l/)z ? ( )
where [ — I = v — v'. The numerator in (EZJ) is different from unity only in the region
a'r? =o' (l —U')* < so/s. Due to eq. (BE2) for a massless intermediate state the value of ? in

the multi-Regge kinematics sy, 3 > s >> 1/’ is restricted by the condition r? > s2/s.
However, according to the generalized Gribov theorem the gluon production amplitude for
the momenta r? < 1/’ is also large in the quasi-elastic regions s; < 1/a’ and sy < 1/a’ and
equals to the elastic amplitude multiplied by a bremstrahlung factor (see for example [E1]).
Therefore the integral over r? is not bounded from below by s2/s being infraredly divergent.
As usually, this divergency is cancelled with the contribution from the virtual corrections pro-
portional to the gluon Regge trajectories. Thus, we substitute by unity the numerator in (IEZ3)

and represent the massless contribution to the gluon trajectory correction as follows

2 2712y _ d*l 12 (¢ —1)7 _ 40’
g N, hl(l /)\ ) = / (l — l/)2 [[([ _ l/)2 + (l/)z] + [(l _ l/)2 + (q _ l/)Q] (U2 + (U’)Q)
4o2d?l’

o 12

Here [ and v are related according to eqs. (EZM). Performing the expansion in v in the right
hand side of eq. (E) one can write it as follows

2
N.
w4 a'¢? /2 4 20"v* + 947 In(¢*/64v*)] £ (g3 v,v1) = @(q; /2)

83

¢*N. 2 l O (s v vy _L O (g: v vlldzl’ Lo
‘|‘ /(U—U’)z fw (Q77 9 ) (U2—|—(U/)2)fw (QM 9 ) . ( )
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The impact factor in (EZJ) is taken at [ = ¢/2 because it is expected to be a smooth function
of [ near [ = q/2. For o/q* > 1 the radiative correction (H) to the gluon trajectory at a small
momentum transfer should be replaced by wi(?) taken at ¢ = —¢*/4. Thus, the final equation
valid for both restrictions ¢*N. < o’¢*> < 1 and a’¢*> > 1 is obtained from (IEZJ) by the
substitution w — w'(¢*) where

2
m NC
W (q?) = w+ 2|l (=g /4) + T In(q?/43%) (128)
7T
The corresponding quantities are defined in eqs. (l) and (). Note, that the infra-red
divergency at A — 0 in the last term is cancelled with a similar divergency in the right hand

side of eq. (@) at v/ — v.

8 Solution of the equation at small momentum transfers

At g # 0 the integral kernel of the BFKL equation for the string theory at D = 4 is non-
singular at small momenta. In this case one can expect that for the ¢-channel partial wave the
cut at w = wy disappears, and instead of a fixed singularity of f,(¢*) in the w-plane there are
only Regge poles. Here we demonstrate this phenomenon in the case of small values of o/¢?,
where there exists an analytic solution of the equation in the D = 4 string theory. The pole
contribution to the kernel corresponding to the soft Pomeron will be neglected.

In the domain of relatively small ¢

o7 < g* N.. (129)

one can divide the region of possible values of p? ~ k=2 into two subregions p? ~ ¢7? and p? ~
a'(g* N.)~t, where p = pya. In the first subregion one can use the conformal (Mobius) invariance
and the eigenfunction in the mixed representation coincides with the Fourrie transformation in
the c.m. coordinate gy from the function F,, ~(p1, p2; po) (). Its asymptotics at small 5* has
the form [Z7]

Byl @.) o~ p" (7)€ P D g (o) (130)

where o

4 ¢) Tlmt ) D=m+3)
For simplicity we consider the case n = 0, where
— 45y 2 .
i@ _ [ 14l 0 +w) 132
‘ ( 1 ) r2(1 —iv) (132)
and the wave function for small |p]

By (. ) ~ |12 4 eiomn® |12 (133)
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After the Fourrie transformation to the momentum space we obtain
WGR) = [ d ™ By (d5) ~ k[a] 7+ 5 /g (134

where

(1 4 v) F(—l — i) F(§ —iv)

2 2

15(v) — 24iu )
21 =) (=3 + ) T2 +w)

€

(135)

On the other hand, in the region p? ~ lg_zo/(g2 N.)™! one can put ¢ = 0 and after the
redefinition of the wave function and its argument

V(G k) = [k ¢(2), 2 = In(a'k?) (136)

the BFKL homogeneous equation in the string model can be written as the Schrodinger equation

2
Eqb:qu, w:—g4]\£CE, H:HBFKL(Z'a/aZ)—I-)\GZ, (137)
T
where 42
Hprwp(v) = 0(iv + 1/2) + (—iv +1/2) = 20(1), A= g;TN . (138)

The analogy with the Schrodinger equation is especially fruitful in the diffusion approxima-
tion, where

Hprrp(i0)0z) = —41In2 — 14((3) (0/0z) (139)

has the form of the non-relativistic kinetic energy. The potential energy Ae” grows rapidly at
large positive z and therefore the wave function ¢ should tend to zero in this region

: A z/2
le}rgo @(z) ~ exp (—2 e e ) : (140)

For z — —oo the potential energy vanishes, which agrees with a possibility to neglect the string
effects at small k2. In the momentum representation

o) = [ (=) dz, (141)
where p = i0/0z, the BFKL equation is reduced to the equation in finite differences

(E — Hprrr(p))o(p) = Ad(p —1). (142)

The function ¢(p) can have the singularities (poles) only in the upper semi-plane. It is analytic
in the lower semi-plane to provide a rapidly decreasing behaviour of ¢(z) at = — +oo. The
positions of the poles is given below

pr=po+ir, (r=0,1,2,...), (143)
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where the possible values of pg satisfy the equation
Hprrr(po) = E. (144)

For example, in the diffusion approximation, where
E — Hprir(p) = E+41n2 —14((3) p*, (145)

the solution of the above recurrent relation is
g* N, ) JE+41n?2 . C(E+4In2
_ Plip—i /Erdnzy o prims 14
o(p) = ¢o(p) ( ¢(3 ) ) (@p AYYeE) ) (@pﬂ EIE) ) (146)

up to a periodic function satisfying the relation ¢o(p) = @o(p + 7). We should substitute this
function by a constant

bo(p) = const (147)

because in an opposite case for p — Fico the wave function does not decrease sufficiently
rapidly due to the additional factors ~ exp(F2mip). Indeed, for ¢o(p) = 1 the normalization
integral

E+4+41n
[ kst = [ ap A o109,
- sinh (7Tp -7 El:';‘é(lgf) sinh (7Tp +7 El:';‘é(lgf)

(148)

is convergent at p — +oo. Moreover, for ¢o(p) = 1 the wave functions ¢(p) with different
E are orthogonal. Note, that the integrand (EIJ) contains the poles. After their appropriate
regularization it leads to the d-function ~ §(E — E’) in the orthonormality conditions.

Let us go to the z representation

00—10 ] .
oe)= [ o). (149)

For large positive z the contour of the integration over p should be shifted in the lower semi-
plane up to the saddle point situated at

Z:¢(ip—i %4(?;2)+¢(zp+z %) (7(() N)

< (G ren S (150

We can estimate ¢(z) by the value of the integrand in (EZ&) at this point

~ —ipZ ~ _ 272 €Z/2
¢(z) ~ e cb(p)fvexp( 273 N, ) (151)

in an accordance with eq. (EZ).
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At small £ + 41n 2, where the diffusion approximation is valid, the solution near the poles
at small values of p is

(7¢(3) 4% N./(27%))"

~ . 152
o)~ g e - 14c3) (152)
Thus, ¢(z) at z = ln(o/lgz) — —oo behaves as follows
T3 g NN VI (70(3) 67 N\ TV R
o(z) ~ | ———=— — | = . (153)
2m2al k? 2m2alk?

By comparing this result with expressions (E3) and (EX3) for small v in the intermediate
region o/ /(¢*N.) < p? < 1/¢* we obtain the quantization of the Regge trajectories

B, +4ln2, (7gcmg2ﬁa
RO 7

2m2alq

) =2r(r+1/2), r=0,1,2,... (154)

for n = 0 and small
Wy — W

g*N.

For comparatively large energies E in the diffusion approximation one can use the semiclas-

E+4In2 =14 <1, (155)

sical approximation near the turning point z = zg, where

e = FE+4In2, A= (156)

g*N.’

corresponding to the following simplification of the solution (EH) at p < vV E +41n2

AN C4C3) PP
o) ~ (B 1D L) e (i L ) (157

The Fourrie transformation to the z-representation can be performed with the use of the saddle-
point method

~ (— 23/22 Lw_if exp | —i (— 23/22 Et4ln2 I
ote) ~ exp (325 [EEARE 7)o (il (B2 ) s

where Az = z — zg. Therefore in the diffusion approximation of small v the wave function at
z — —o0 equals

;. [Etam2 ;. [Etama
b(2) ~ el (M) Vi L il (M) Vs )
27T2Oélk2 27T2O{/k2
and the quantization condition for energies is
E.+4In2  [7¢(3)¢* N.
14¢(3) n ( om0/ G2 =2m(r +1/4) (160)
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for large integer r.

We investigate below a general case of arbitrary v for small o/t without using the diffusion
approximation. To begin with, one can verify, that here in the semiclassical approach expression
(E23) for the wave function is also valid near the returning point z = zo, where p = 0. The only
difference with the diffusion approximation is an additional v-dependence of the phase d(v) in
(E23), which leads to the modified quantization condition

12

2|y, In (%) =0(vy)+2r(r+1/4), r=0,1,2,... (161)

and the corresponding quantized energies can be obtained from the relation £ = Hppgp(v)
(see (CX))

To derive an exact solution of the BFKL equation for small a’¢? let us introduce the new
variables

r=2al*, a' =2/ (I')?, z; = 2017 (162)

In these variables the inhomogeneous BFKL equation has the form

00 f(x/) B 1 B 1 1 x‘|dx/ c:gch 163
[|x—x’| [|:Ii—:1;’| \/m]w,f() , o -(163)

Here f(x) ~ ¢(x)/\/x is FO0;1) )z averaged over the angle o between [ and I, and d(x) is
®(0;1)/x averaged over p. We expect that ®(0;1) = 0 at # — 0 and CI)( ) is ﬁnlte at © = 0.
The above BFKL equation differs from that in QCD [ by the presence of an additional
term proportional to x in its left hand side. As in the QCD case, we search the solution in the
form of the Mellin transformation

o= [ e i

—ico 27

o+ 2l f(z) = b(a) + ¢ |

0

, O =1v. (164)

Similarly, the inhomogeneous term is presented as follows

. ico d

b(@) = [ (a) ()5 (163)
—i00 2m1

To obtain an equation for C'(o) one collects the terms proportional to 7. For the contri-

bution xf(x) the integration contour should be moved to the line Ro = —1 and therefore the

function C'(o) can not have any singularities inside the strip —1 < Ro < 0. If this condition is

fulfilled, we have
Clo—1)=®(0)—[eblo) + w]C(0), (166)

where
blo) = (o +1/2) + (-0 +1/2) —2¢(1) (167)

and ¢ (x) = dInT'(z)/dx is the derivative of the logarithm of the gamma-function.
It is convenient to introduce the new variable ¢ according to the definition

o=——. (168)



In the new variables eq. (EBH) can be written as follows
C&e™™™) = By(0) = [eb(a) + w]C(6), (169)

where C’(f) = C(0(£)). The calculation of C'(£) is reduced to the known mathematical problem
of finding a function satisfying the requirement, that its discontinuity is proportional to the
same function. Let us define an auxiliary function ¢(o, o) being a solution of the homogeneous
equation

oo —1,01) = [cb(o) + w]p(o,01) . (170)

with o1 being an arbitrary subtraction point, where ® = 1. Note, that the sign in the right
hand side of eq. () is opposite in comparison with the sign in front of the corresponding

term in eq. (EBH).

The explicit expression for such function is given below

¢(0,01) = exp [/ZOO sinm(a) — o) In[eb(a’) + W] d;‘., .

—ico sinm(o’' — 1) sinm(o’ — o) 2

where it is implied that Ro < 0 and Ro; < 0. At Ro > 0 the result is obtained by an analytic
continuation of (L) from the region o < 0. Furthermore, it is implied, that the solution
for w < wy = (¢*N.In2)/7? can be derived also by an analytic continuation from the region
w > wp, where the argument of the logarithm has two zeros situated on the imaginary axes and
pinching the integration contour at w — wy.

The integral over o’ is convergent at large ¢’ since from (EB) one obtains

Inb(o) = Inln S o| (172)

at So — too.

Let us show, that indeed expression (&) is a solution of eq. (). The pole at o/ = o
is situated to the left of the integration contour and can pinch only the right singularity of
the logarithm situated at the zero of its argument. The pole at ¢’ = o — 1 being to the right
from the contour pinches with the left singularity of the logarithm. It means, that the function
¢(o,01) has no singularities in the strip —1 < o < 0. To verify that solution () satisfies
eq. (E) it is enough to note that after the shift o — o — 1 the pole at ¢/ = o 4+ 1 of the
integrand moves to the point ¢’ = o which was earlier to the left from the integration contour.
The initial and final expressions differ each from another by an additional term in the exponent.
This term is obtained by taking the residue in the pole at ¢’ = 0. As a result, relation (IEZ) is
fulfilled.

It is useful to investigate the positions of zeroes and poles of ¢(o,51). Both of them are
obtained due to pinching the poles 1/ sin m(¢’—0) with the singularities of the logarithm situated
at zeros and poles of its argument [¢b(o”) 4+ w]. The poles are situated at o’ = +(n+ 1), where
n=0,1,2,.... The zeros are situated between these poles. We denote their position by () for
Ro,, >0 and o) for Ro,, < 0. It is obvious, that |ReF)| < |Ro{7)| for m < n. The function
#(0,51) has zeroes at ¢ = o{-) — r, where r is an integer or zero for m = 1,2,... and r # 0
(-)

for m = 0. Indeed, due to the above discussion o = o ’ is not a singularity of the exponent.
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Furthermore, ¢(o, 1) has zeros in the right half-plane at o = n 4 1/2, where n is an integer or
zero. The poles are situated in the right half-plane at ¢ = o(t) 4 n and in the left half-plane

at 0 = —(n 4 3/2) for n = 0,1,2,.... Similar to the case 0'(()_) the point ¢ = —1/2 does not
corresponds to a singularity of the exponent. In the above discussion we used the relation

sinm(oy — o)

. — . = cotn(o’ — 1) — cot (o’ — 7). (173)
sinm(oy — o) sinmw(o — o)

Using expression () one can find for large o = r 4 1y
d(o,01) —>exp[—(lnln|y|)[iy—|—r—|—1/2] (174)

up to a phase independent from o. Here in the essential region of integration o’ ~ o we replaced
the logarithmic function ¢b(o’) + w by its asymptotic value at ¢’ = o.

In a similar way one can check that for w > wg the solution C'(o) of the inhomogeneous
equation is given by

A

_ [ d(o’,5,)Dy (o )do’
C(U) - /—ioo 2i¢(0/731)[cb(0/) ‘|‘w] Sinﬂ'(o" — U) . (175)

In an agreement with general arguments the continuation of the partial wave in the complex
plane from the integer points is performed from the region w > wy. Similar to (EZ) in (EZ3)
the conditions Ro < 0 and 77 < 0 are assumed to be fulfilled and the expression in the region
Ro > 0 are obtained by an analytic continuation. It can be written in the equivalent form

(o) = /ioo ¢ (0")p(o’, 0)do’ (176)

—ico 21[cb(0’) + w]sin 7 (o’ — o)

with the same conventions concerning the signs of Ro and w.

As in the case of QCD [EH], the leading singularity in the w-plane is situated at w =
wo = (¢*N.In2)/7%. Tt is obtained from the region ¢/ ~ o — 0 in eq. (EH). In this limit
the corresponding denominator is approximated by the diffusion expression w — wy — a(o”)?.

Calculating the integral at o — 0, one obtains

Clo)~1/(c —vVw—wp), (177)

where the omitted factor has no singularity at small o. Thus, at * — 0 the solution is ~
gV¥=w0=1/2 Tn QCD there are singularities in both points o = +/w — wp, but in the string
model only the singularity at ¢ = \/w — wp survives. Another singularity is absent because at
large momenta the kernel of the equation is non-singular due to the linear term in the trajectory

on the left hand side of eq. (EBJ).

In the important case of the leading singularity, where the diffusion approximation
2
cb(o) +w = alop — o?), a=—T7¢((3) 29—2 , oo =—4In2 —w/[¢* 7¢(3)/27°] (178)
s
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is valid, the function ¢(o) is given by
o) =a T (09— o)[l'(00+ 0+ 1)]_1 ) (179)
It is related to the solution qg(a) of the homogenious equation as follows

d(o) = —md(o)/sinm(o + o) . (180)

At w < 0, as it was discussed above, & describes the wave function of the particle with an
energy equal to —cw, which is rejected from the potential barrier €*. In this case z = In x, and
—t0 1s the momentum of the colliding particle.

According to (@), the function C'(o) in (EBAM) determining the solution of eq. (EBA) is given

below

Clo) =

a=T'(og — o) /‘HOO agl_li)(a’)F(a’ + 09) do’ (181)

(oo +0+1)Joico 20T(0g — 0"+ 1)sinm(c’ — )
In (EX0) it is implied that Ro < 0, and so that the pole at o' = o is twisted with the right
side. At Ro > 0 the result is obtained by an analytic continuation in ¢. Furthermore, in
(EB3) the pole at o = o0y is on the right hand side from the integration contour. It is solely the
solution at o9 > 0 because in this case (E2) determines a function of x increasing at * — oo.
At 09 < 0 the solution is not unique because (EX) might be added to (EXH). In an agreement
with general arguments one should chose the solution which is an analytical continuation of the
solution (EX) to the region o¢ < 0. The result is presented by eq. (E2H) where the integration
contour is defined in an accordance with these arguments.

9 Heisenberg spin model and integrability

To investigate the region of o/¢* ~ ¢? N, it is convenient to use the conformal invariance of
the BFKL kernel in QCD (see [EF]). In the coordinate representation for the wave function
describing the composite state of two reggeized gluons with the impact parameters g; and g,
we have the expression [E] (see ()

Em,%(ﬁlaﬁ%ﬁO):( pr ) ( Pio ) » P12 = P1— P2, (182)

P10P20 PioP30

where gy is the coordinate of the Pomeron, p, = z, + 1y, and p = x, — 1y, are respectively the
holomorphic and anti-holomorphic variables, p.; = p, — ps and

B L S PR (183)
m=ztwtg, m=5tw-—g

are conformal weights related to the eigenvalues of the Casimir operators of the Mobius group

. . . o 9
M2E, + =m(m—1)E, ~, M*E, ~ =m(m - 1)E,, 5, M 2

m,m m,m 9 = - a. a9 - 184
s s pl?aplapz ( )
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Note, that in (E2J) the conformal spin n is integer n = 0,41, 42, ... and the parameter v is a
real number for the principal series of the unitary representations.
The operator M? is related to the generators of the Mobius group M
0 0 , 0

M=M + My, M? =p,— . M~ = Mt = — .
1+ 2 r P apr ’ r apr ’ r prapr

(185)
The generators satisfy the following commutation relations
(M7, ME] =M%, (MY M~ =2M7, [M**, M**] = £ M** | [M*T, M*"]=2M"*. (186)

For the solution of the BFKL equation in the string theory it is convenient to introduce also
the generators

N =M, —M,. (187)
Together with the operators M they produce the Lie algebra for the Lorentz group
[M?, N¥] = £N* | [MT N7 =2N*, [M* N7 =FN*, [M~,Nt] = —2N*, (188)
[N*, N¥] = +M* | [NT,N"]=2M". (189)
We can find the representation of this algebra in the space of the functions F,,
N e (190)
P10P20

as follows

MZEm = (—,0080 - m)Em, M+Em = (,0(2)80 —|— Qmpo)Em, M_Em = —aoEm,

62
(Em_|_1 + ﬁEm_l) , (NZ _ pON_)Em =
(Nt + 200N — piNTVE,, = —2mE,,_, (191)
v NG

and analogously for the representation of M™ and N* on functions EX.
The BFKL integral operator Kppry, is diagonal in the (m,m)-representation and its eigen-
value has the property of the holomorphic separability

m(m — 1) m

NTFE, =
2m — 1

3o Err |
10 1

m —

2
WBFKL = —2—5 Ne €, 5y €05 = €+ €5, (192)

87'['2 mym ? ™m,m
where the holomorphic energies are the following functions of the conformal weights m and m
en = P(m) + (1 —m) = 2¢(1), e =v(m) + (1 —m) — 24(1). (193)

In the case of the string theory in the eigenvalue equation for the Pomeron wave function
f in the dimension D = 4 we have the additional contribution AKprky (neglecting the pole
term from the soft Pomeron)

wf=Kf, K=Kprgr +AK, AK = —a'p} — o'p3. (194)
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It is convenient to use the mixed representation (§ = py + pa, p = p12), where the additional
string contribution to A" has the form

7 02 9?
AK = —o' [ 2 —9 ~ NN~ N = B _ B ‘ X
5 ¢ a (2 (apM)Q) ’ (apM)Q ) al 627 Y P1 P2 ( 95)

In this representation the Pomeron wave function in QCD can be obtained by the Fourrie
transformation

. L p " P~ " p1+ p2
E_~(§,p) :/dZReWR ( ) ( . ) , R = . (196)
, (R4 8)(F-5)) \(F+ 5 -5 2

2

Let us present the solution of the BFKL homogenious equation in the string theory as a
superposition of the above functions

@i = [ dv ¥ Cm@ T ) B, 50 6), (197)

n=—0oo

Here we extracted the factor I'(m)I'(m) from coefficients C, ~(§) to simplify the relations

between them. The operators N~ and N*~ act on the functions F,, ~(4,p) as follows
_ m(m — 1) q*?
NFE ~=—0 S |\E  ~———F  ~ 198
m,m 9 — 1 ( m+1,m 4(m o 1)2 m—1m ? ( )
_ m(m —1) q*
NTE ~=——|E ~, ———=F ~ . 199
m,m 2’7,;;5 -1 ( m,m+1 4(m _ 1)2 m,m—1 ( )

Therefore the function f(¢, p) is a solution of the homogeneous BFKL equation in the string
theory if the coefficients C,, ~(¢) in (EEd) satisfy the following recurrent relation

2

g 7
(w + 52 N (€m +€5) + 0/5) Croild) =

m+1 m—2 q*ZC
Im+12m—3 4 mtimol

()

m—2 m—2
20! (Qm —3 2 —3 (m-1-1(@)

m—2 m+1 ¢ m+1 m+1 ¢2¢
- T On O .
2m —32m+1 4 m_l’m"'l((?) T Im412m4+1 4 4 m-l—l,m-l—l(@

By introducing the new function

G (@) = (2m — 1)1 (2 — )7 (q/2)"(¢7/2)" C,po () (201)

one can write this recurrent relation in a simpler form

(200)

(o4 Mt )+ D) = 12— 116,50 -
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o/% ((m —-2)(m—2) ¢m_1,%—1(® —(m+1)(m—2) qu"‘lv%_l((?)

— (m—2)(m+1) ¢m—17%+1(® +(m+1)(m+1) ¢m+1,%+1(®) . (202)

One should add to this recurrent relation the information about the asymptotic behavior of the
coefficients €, ~(q) at large m and m corresponding to |k[ > |¢| investigated above. Note, that
contrary to the case of small o’q?, considered in the previous section, now the eigenfunctions
contain a mixture of states with different conformal spins. Expanding ¢,, ~ in the basis of the
functions ™2*™ one can reduce the recurrent relation (BI) in the diffusion approximation to
a differential equation, which can be solved, for example, by the semi-classical methods similar
to those used in the previous section.

In the case of the colourless state constructed from several reggeized gluons [Z3] the homo-

geneous equation for its wave function in the string theory is given in the multi-colour limit

N, — oo below (cf. [4])

g*N,
E o1, p2y s pu) = HO(p1, P2y ooy ) s W = — 87r20 ; (203)
where . 82 5
= i +P 37, PSS i o
Here H;;}KL has the property of the holomorphic separability
Hifdcr = Whcn + DEics . iibcr = R 205)

WGk = G pn) + 01 = 10g1) = 20(1) 5 Bppa (pppn — 1) = —p%, 10,041 (206)

and h'y g is the local hamiltonian for the integrable XXX model [Z4] with the spins coinciding
with the generators of the Mébius group (EZ3). Really we have two independent spin chains
for holomorphic and anti-holomorphic subspaces. The term ~ [? in eq. (BE) describes an
additional interaction between these two spin chains because according to (IEZ3)

(7r)* = =4 M7 M7 (207)

This term violates the Mobius symmetry for H and leaves only its invariance under translations
and rotations. Therefore the eigenvalues of H can depend on ¢?, which leads to the Regge
trajectories for composite states of reggeized gluons. We do not know, if the corresponding
Heisenberg spin model is integrable or not. But in the region o'¢? < ¢?NV, it is possible to
apply the integrability of the QCD hamiltonian for calculating the Regge trajectories. Indeed,
as in the previous section, one can divide the essential momenta in two regions 1272, ~ ¢* and
E?, ~ 1/a’'. In the first region we can use the integrability of the BFKL hamiltonian to obtain
the wave function of the composite state. For the leading singularity the integrals of motion
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are quantised and depend only on the conformal weights m,m [[4 EA E3]. Therefore the
corresponding energy Fpriy for this leading singularity is a function of these variables

EBFKL = E(m,?ﬁ) . (208)

It means, that for the solution of the equation in the second region k2 ~ 1/a’ we can use
the same methods which were used in the previous section for the calculation of the Pomeron
trajectory. We hope to return to the problem of finding the Regge trajectories for the Odderon
and other gluon composite states in our future publications.
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A Conformal factor for SL(2)-SUSY transformations

If the fixed variables are (Z§0)|19(10)), (Zgo)w(zo)) and Z:())O) while the superpartner ¢ of Z:())O) is not
fixed, then the discussed factor H(ZYJ), zéo), Z:())O), 19(10), 19(20), ¥) turns out to be [EH]

Y

H(O 0 0 50 500 5y (0 (0)y (00 (0)y]] _ _
( 1 2 3 1 2 ) ( 1 3 )( 2 3 ) 2(Z§0) —Z:())O)) 2(Zgo) —Z:())O))

When 19(10) = 19(20) = 0 this factor is reduced to the expression given in Sec.3 of the paper.
Refixing the above variables to the new values (%0)7 250), 2':())0), 19(10), 19(20)) can be achieved by the
following transformations.

Firstly, both 19(10) and 19(20) are pushed to vanishing values. The supersymmetric SL(2)
transformation (E&), which preserves the variables zq, z5 and z3 but adjustes to ¥, and 9, the
zero values, is given by

191(2 — 22) 192(2 — Zl)

N N (2—21)(2—22) ~ N
fiz)y=2- VUseo(z3), e(2)= — , 2
) e A 7 R e 7P R

where eg(z) = [1(z — z2) — ¥2(2 — 21)] /(21 — 22). Evidently, we have f'(z1)f'(z2) = 1. Secondly,
by the usual L(2) transformation one changes (Z{O), zéo), Z:())O)) to new values (%0)7 250), 2':(30)).
Finally, using the change of variables inversed to transformation (H) with preserving the values

(A(O) +(0) £(0) (0) 2(0)

21,25 ', %3 ) one can give the new values (2,25 ) to the vanishing superpartners of the
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bosonic coordinates (19(10), 19(20)). To verify that with the factor (ll) the amplitude is independent
of the values (Z§O),Z£O),Z§0),19(10),19(20)) of the fixed world-sheet variables, one should take into
account that under the I' -transformation (Ed) the integrand being SL(2) covariant, receives
the factor Qr(Z,?) for each world sheet variable (z[J), see eqs. (E) and (B). The above factor
is cancelled by the factor 1/Qr(2,9) from the corresponding transformation jacobian for all
variables (z|) except the fixed ones together with the superpartner ¢ of Z:())O), because the last
jacobian is different from 1/Qp(2§05),1§). One can verify, that these additional extra-factors

are just compensated by the corresponding change of factor (l). One can also check that the
amplitude is not changed when another set of variables is fixed.

B One-loop Regge trajectory for the critical superstring

The integral for the one-loop amplitude, corresponding to the sum of the planar and non-
oriented diagrams for the gluon-gluon sccattering

Ctdy ot 3
Apl,no = 8K / - / (H (9(1/[+1 — I/[)dl/[) R, (1)
-1 )\ 0 I=1
is convergent at A = 0 [I3]. In the above expression the integrand is

" (B(V1 — 3, N)B(vs — 1, A))‘“’S (B(m 1\ B(vs — s, A))_a/t

B(I/l —Vg,)\)B(I/Q—l,)\) B(I/l —Vg,)\)B(I/Q—l,)\)
and the function B is given below
o 1 —2X"cos2 A2
B(v,\) =sinmv [] (lcis)\:; + : (3)

n=1

The factor K includes the colour matrices T and the products of polarization vectors. In the
Regge limit —s > —t it equals (cf.(EH))

K = n%g'N T (o's)} (&b (6:6s) (4)

where N = 32 is the dimension of the SO(32) group. In the same limit the region sy =
vy — 1y ~ 1/(a’'s) < 1 is essential and we have the following simplifications
B(r12, \)B(rs — 1, ) N SIN Ty SIN TV39

11— — 47'['1/32 ll 5 (5)

B(r13, A\)B(re — 1, ) - SIN Ty SiN T

B(r1 — 1, A\)B(res — 1, A) __ sin Ty sin gy

B(r13,A\)B(re — 1, A) ™ sin Ty sin T

i A" sin 27y A" sin 27,
h=2 (1 — 2N cos 2miy 4 AP 1 — 2A7 cos 2 A ) (7)
1 21 + cos 2Ty +

L2, (6)

where
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oo (1 — 2X" cos 2wy + A?)(1 — A™)?
h=11 (1 — 2A" cos 2mra; + A7) (1 — 2\7 cos 2 2n) ()
it 31 cos 21y + A?7)

Instead of 14 it is convenient to introduce the new integration variable

Sin w1y SIN T3 Sin Ti/3 SIN Tl9q

. . L] . .
Sin Ty SIN Ti/3; SN Ty SIN Ti/3;

with the inverse transformation

(1 — ) sinmrysin mis
tan Ty = . g ) (10)
COS Ty SIN T3 — T COS T3 SIN s

Then the integral can be written as follows

LN lde 1 1
A= 8[&”/ — / _:1;/ dl/g/ dis sin Ty sin Trs Sin Tiss
-1 )\ 0 m V1 v

(1 - (E)lz)_a/t (x — dmisaly )_als

X = N 2 . (11)
Tvag
(sin g — xsin muy)? 4 4 sin w1y sin T3 sin®

In the Regge limit the essential region of integration over vs; is

L—w =y~ () Com <1, m~ 2 < (12)
32

where the integral is simplified as follows

LA T 1— 't i ? /
A =8K / It = o't) / dl/gM In(—1/a's)(—a's)~'+?
0 m

< (1 le)_a/t (14 L) (13)

Here both
oly

(1)

and Lo are given explicitly by (BI). As the result we obtain for the Regge trajectory eq.(BH) in
the text.

Ly = 4(sin71p)?

|l/1 =V32 =0

C  Multi-Regge production amplitudes

In integral () we redefine z; — zrz426/(24 — z6) and introduce f = z4 — z¢ instead of z4. In
addition, we replace zg — fzs. Then the integral I(¢sers, <%, taars, {34, ts6, t12, 17) in (BB is
given by expression

[(t56787 /i27 t34787 t347 t567 t127 t78) — (/i2)_a tag—a'tsg—2 / dZ? dZG df e_f_Z'?f—Ol t12—2

—a'trg ,—a'tsers —a'tagrs pa'tay Aoltse
X Z7 g (14 26) qr 4y

(a'tzs + D)q1gz (o/tsers — 'tsg — a'tzs — k)G 4 a'tsed
25 (1 + z6)#7 (1 + z6)2d27 28Gn
(taars — @'tsy — 'trs + K ) g2 n a't34G; n a'tss + &'tsg + 'ty + a'tas (1)
(14 z6)%z627 (14 26)%G z6(1 + 26) 7
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where
Gi = f(1 + 2¢) + 2726 — K° —ie, Go= fze+27(1+26) — K> —ic, €¢—0. (2)
Integrating it by parts, one obtain the following result
[(t5678,K27t3478,t34,t56,t12,t?s) = (/iQ)_a/tM_a/t%_z/d27d26df€_f_z7f_a/tl2_1

&tsers + 1) tagrs + 1

—a'trg—1 —a'tagrs ,—a'tzers yo'tsg faltse (
XZ7 (1+ 26) Z6 qr 4y

7 (1 + z6)?
2 /t /t
B K (OéA34 n 04A56)_ [+ 2 ] ‘ (3)
z6(1+ 2z6) \ @1 q2 z6(1 + z6)

To derive eq. (H), one integrates the first term in the brackets in eq. (H) over z; by parts. As
a result, we obtain the expression similar to eq. (H) but the terms inside the brackets turn out
to be

B G142 (a'tsers + 1 — a'tzs — K2)§1 a'tsen
22(1 + z6)?%27 (14 z6)2327 224,
('taars + 1 — atrs + KJ2)Q2 a't34q; a'tss + &'tsg + 'ty + a'tas (4)
(14 z6)%z627 (14 26)%G4 z6(1 + z6)

This expression is the same as

[ (dtsgrs+ 1 — 62 —atzs otaars + 1+ K% — a'lrg
2_7( 2 (1 + 26)? )
iy —dtrs+2 K [atsers+ 1 dltaars + 1 G1G2
z6(1 + z¢) B 2_7(2%(1 +z6)  ze(l +26)2)_zg(1 + z6)227

atrgk? 1 1 (—r?)? a'tseqy a't34qs
* 27 (23(1 + z6) * ze(1 + 26)2) 221+ 26)22r | 226 (L4 26200

(5)

Further, the terms proportional to t7s are integrated by parts over z; to remove this factor
t7s. Analogously the term ~ ¢15 is integrated by parts over f to remove the factor ¢15. The third
term is integrated by parts over zg to remove both nominators (o/tsers + 1) and (a'ts47s + 1)
in the corresponding contributions. After these transformations we obtain (H). If we shall
integrate by parts the first term in eq. (H) over zg is possible to reduce eq. (H) to the expression

[(t56787 /i27 t34787 t347 t567 t127 t78) — (/i2)_a tag—a'tzg—2 /d27d26df€_f—27f—0l t12—1

’ ’ ’ ’ ’ Oé/t Oé/t Oé/t 4 Oé/t
><Z7_a 7578—1(1 + 26)_a t3478 ZEi_a t5678_1€z? t34 A;é tse | __ 3478 . 34 + 56 7 34A
(14 z6) (14 z6) (1+ z6)@n

Jfa'tse 26 B [+

(I+z)de (L4262 (1+2) (6)

One can introduce the variable z instead of zg according to the relation
ze=z[/(1—2), (7)
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and redenote z7 = y. After it (H) can be presented as follows
[(t56787 /i27 t34787 t347 t567 t127 t78) — (/iQ)—a’t34_a/t56—2 / ddedfe_f_yf_a/tl2_ly_a/t78_1 %
XZ_a/t5678_1(1 _ Z)—O/t3456+0é'7512+0/7578(f + yz — /432(1 _ Z) _ ié)a/t34
(y+ fz—r* 1 —2)— iﬁ)a/t% l_a/t3478(1 — 2) 4 &lsg + a'tse

a'tsqy(l — 2) atse f(1 — z)
fHyz—r 1 —2)—ie y+ fz—r*(1—2)—ic

+r—(f+y)|. (8

D Vanishing of impact factors for planar diagrams

The impact factor for the vector particle scattering can be calculated from the asymptotics of
Figlh in the region where s; = 457 — oo while s3, s4, s5 and sg are finite. The impact factors
for the states with the masses a'ts4 = ny and o'ts¢ = ny are just proportional to the resudies in
the poles at a’tsy = ny and o/tss = na. One can see from expression (BH) that for the discussed
asymptotics the essential values of the integration variables are

23—>0, Z7/ZG—>0. (1)

while  and y being defined by the relations z3 = z4 + = and z5 = z¢ + y are now comparable
in their values with z4 and z¢. However, the poles a't34 = ny and o'ty = ny appear from the
regions x/z4 — 0 and y/z¢ — 0. In this kinematics one can expand the integrand in powers of =
and y to obtain the poles at ot34 = ny and o'ts6 = ny. It can be verified that the corresponding
integral vanishes, and, so, the impact factor for the planar diagram is equal to zero.

For the sake of simplicity we give the corresponding proof for the boson string theory,
assuming, that the external interaction states are tachyons. In this case only the leading
term in x and y is needed and expression (BH) can be simplified as it was done in eq. (BI).
Furthermore, similar to the multi-Regge limit we obtain

k‘z(kg + k4) — —kg(kg, + k6) — klk, k‘7(k3 + k4) — —k7(k5 + k6) — kgk, (2)

but relations (Bll) for ks(kr + ks) and for ks(kr + ks) are not valid. It is helpfull to redefine again
the variables according to eq. (B). After calculating integrals over x and y the asymptotics of
A© turns out to be

A(O) — Tp(j:alsl)Oz/t12+ozlt7g—ozlt34—ozlt56(:i:als)ozlt34+ozlt56+2[(0)

[(—a'tzy — DI (—a'tse — 1) (3)

where I'(2) is the gamma function and

22z

[(0) — / dZ7 dz df exp [_f _ 27:| 27—0/7578(1 _ Z)_a/[t3456_t12_t78]2_a/t5678_1f_a/t12_2

I3
:|:51 a'tse+1

:i: oz't34-|—1
(74 2re = Eh b+ k)1 - Z)] [27 + 2= Zatks (s + ho)(1 - 2) )
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In the calculation of I(©) we performed the change of the integration variables as it was
done in Appendix B: z; — zrz426/(24 — 26), 24 = f = 24 — z6 and z6 — fze = fz/(1 — 2)
(see eq.(l)). The impact factor is proportional to the sum over the residues of 1(°) in the poles

'tsers = n for fixed values o'ty = a'ts¢ = —1. The parameter n = m — 1 takes integer values
from n = —1 up n = oo. The result contains the factor
< d" /
1 — )72 [t3ase —t12—t7s] . 5
mZ::o m!dzm( ) (5)

The sum is calculated in the region 3456 — t12 — t7s > 0 where the series is covergent. Then it
is continued analytically to physical values for t3456 — t12 — t7s. For z — 1 this sum is equal
to (1 — Z)_a/[t3456—t12—t78] = 0. Thus, the impact factor for the planar diagram is zero. The
vanishing of the impact factor for the higher mass states o't34 = ny and o'tsg = ny is verified
in a similar way. For the superstring theory one can prove also the vanishing of the impact
factors for the planar diagrams.
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Captions

Fig. 1. The ladder cut determining the BFKL Pomeron in the a +b — a’ + &' process. The
dotted line denotes a reggion, the solid one denotes a particle.

Fig. 2. The diagram for the calculation of the BFKL kernel. The dotted line denotes
massless state; the solide one denotes the tower of string states.
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Fig.1
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Fig.2
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