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I. INTRODUCTIONCharmonium prodution at high energies has provided a useful laboratory for testing thehigh-energy limit of quantum hromodynamis (QCD) as well as the interplay of perturbativeand non-perturbative phenomena in QCD. The fatorization formalism of non-relativistiQCD (NRQCD) [1℄ is a theoretial framework for the desription of heavy-quarkoniumprodution and deay. The fatorization hypothesis of NRQCD assumes the separation of thee�ets of long and short distanes in heavy-quarkonium prodution. NRQCD is organizedas a perturbative expansion in two small parameters, the strong-oupling onstant �s andthe relative veloity v of the heavy quarks.The phenomenology of strong interations at high energies exhibits a dominant role ofgluon interations in quarkonium prodution. In the onventional parton model [2℄, theinitial-state gluon dynamis is ontrolled by the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi(DGLAP) evolution equation [3℄. In this approah, it is assumed that S > �2 � �2QCD,where pS is the invariant ollision energy, � is the typial energy sale of the hard in-teration, and �QCD is the asymptoti sale parameter. In this way, the DGLAP evolutionequation takes into aount only one big logarithm, namely ln(�=�QCD). In fat, the ollinearapproximation is used, and the transverse momenta of the inoming gluons are negleted.In the high-energy limit, the ontribution from the partoni subproesses involving t-hannel gluon exhanges to the total ross setion an beome dominant. The summation ofthe large logarithms ln(pS=�) in the evolution equation an then be more important thanthe one of the ln(�=�QCD) terms. In this ase, the non-ollinear gluon dynamis is desribedby the Balitsky-Fadin-Kuraev-Lipatov (BFKL) evolution equation [4℄. In the region underonsideration, the transverse momenta (kT ) of the inoming gluons and their o�-shell proper-ties an no longer be negleted, and we deal with reggeized t-hannel gluons. The theoretialframework for this kind of high-energy phenomenology is the so-alled kT -fatorization ap-proah [5, 6℄, whih an be based on e�etive quantum �eld theory implemented with thenon-abelian gauge-invariant ation, as was suggested a few years ago [7℄.This paper is organized as follows. In Se. II, the kT -fatorization approah is brieyreviewed and ompared with the ollinear parton model. The NRQCD formalism appliedto heavy-quarkonium prodution is briey reapitulated in Se. III. In Se. IV, we presentin analyti form the squared amplitudes for S- and P -wave quarkonium prodution via the2



fusion of reggeized gluons at leading order (LO) in �s and v. In Se. V, we perform �ts to thetransverse-momentum (pT ) distributions of inlusive harmonium prodution measured atthe Fermilab Tevatron to obtain numerial values for the non-perturbative matrix elements(NMEs) of the NRQCD fatorization formalism. In Ses. VI and VII, we ompare ourtheoretial preditions with reent experimental data of harmonium prodution in , p,and deep-inelasti ep sattering at the DESY HERA and CERN LEP2 olliders. Setion VIIIontains our onlusions.II. THE kT -FACTORIZATION APPROACHIn the phenomenology of strong interations at high energies, it is neessary to desribethe QCD evolution of the gluon distribution funtions of the olliding partiles startingfrom some sale �0, whih ontrols the non-perturbative regime, to the typial sale �of the hard-sattering proesses, whih is typially of the order of the transverse massMT = qM2 + jpT j2 of the produed partile (or hadron jet) with (invariant) mass Mand transverse two-momentum pT . In the region of very high energies, the typial ratiox = �=pS beomes very small, x � 1. This leads to large logarithmi ontributions ofthe type [�s ln(1=x)℄n, whih need to be resummed. This is onveniently done by adoptingthe high-energy fatorization sheme, whih also known as the kT -fatorization approah,in whih the inoming t-hannel gluons have a �nite transverse two-momentum kT andare o� mass shell. This implies the notion of an unintegrated gluon distribution funtion�(x; jkT j2; �2). The resummation is then implemented by the BFKL evolution equation [4℄.E�etive Feynman rules for proesses involving inoming o�-shell gluons were providedin Ref. [6℄. The speial trik is to hoose the polarization four-vetor of the inoming gluonas "�(kT ) = k�TjkT j ; (1)where k�T = (0;kT ; 0) is the transverse four-momentum of the gluon. In the ase of gluon-gluon fusion, the four-momenta of the inoming gluons an be written ask�1 = x1P �1 + k�1T ;k�2 = x2P �2 + k�2T ; (2)where P �1 = (pS=2)(1; 0; 0; 1) and P �2 = (pS=2)(1; 0; 0;�1) are the four-momenta of the3



olliding protons in the enter-of-mass frame. In the following, we shall also use the short-hand notation pT = jpT j et. for the absolute of the transverse two-momentum.In Ref. [8℄, the inoming o�-shell gluons are onsidered as Reggeons (or reggeized gluons),whih are interating with quarks and on-shell Yang-Mills gluons in a spei� way. Reently,in Ref. [9℄, the Feynman rules for the e�etive �eld theory based on the non-abelian gauge-invariant ation [7℄ were derived for the vertiesRRg, Rgg, RRgg, Rggg, and RRggg, whereR is an o�-shell reggeized gluon and g is an on-shell Yang-Mills gluon. The interation of areggeized gluon with a quark is mediated via the transition vertex Rg. For the relevant LOamplitudes, whih are alulated below, both approahes [6, 8℄ give the same answers. Aswas shown in Ref. [10℄, the e�etive vertex RRg [8℄ an be obtained using the presription[6℄ for the o�-shell gluon polarization four-vetor of Eq. (1).In the kT -fatorization approah, whih is based on the high-energy limit of QCD, thehadroni ross setion of quarkonium (H) prodution through the proessp+ p! H +X (3)and the partoni ross setion for the reggeized-gluon fusion subproessR+R !H +X (4)are related asd�KT(p+ p !H +X;S) = Z dx1x1 Z djk1T j2 Z d'12� �(x1; jk1T j2; �2)� Z dx2x2 Z djk2T j2 Z d'22� �(x2; jk2T j2; �2)d�̂(R +R! H+X;k1T ;k2T ; ŝ); (5)where ŝ = x1x2S � (k1T + k2T )2, x1;2 are the frations of the proton momenta passed onto the reggeized gluons, and '1;2 are the angles enlosed between k1;2T and the transversemomentum pT of H, whih we take to point along the x axis.In our numerial alulations, we use the unintegrated gluon distribution funtions byBl�umlein (JB) [11℄, by Jung and Salam (JS) [12℄, and by Kimber,Martin, and Ryskin (KMR)[13℄. A diret omparison between di�erent unintegrated gluon distributions as funtionsof x, jkT j2, and �2 may be found in Ref. [14℄. Note, that the JB version is based on theBFKL evolution equation [4℄. On the ontrary, the JS and KMR versions were obtained usingthe more ompliated Catani-Ciafaloni-Fiorani-Marhesini (CCFM) evolution equation [15℄,whih takes into aount both large logarithms of the types ln(1=x) and ln(�=�QCD).4



For �� �QCD and not too small x = �=pS, the ollinear approximation of the onven-tional parton model is reovered. In the ollinear parton model, the hadroni ross setiond�(p + p ! H + X;S) and the relevant partoni ross setion d�̂(g + g ! H + X; ŝ) arerelated asd�PM(p+ p! H +X;S) = Z dx1G(x1; �2) Z dx2G(x2; �2)d�̂(g + g ! H +X; ŝ); (6)where ŝ = x1x2S and G(x; �2) is the ollinear gluon distribution funtion of the proton,whih satis�es the DGLAP [3℄ evolution equation. The ollinear and the unintegrated gluondistribution funtions are formally related asxG(x; �2) = Z �20 djkT j2�(x; jkT j2; �2); (7)so that the normalizations of Eqs. (5) and (6) agree.III. NRQCD FORMALISMIn the framework of the NRQCD fatorization approah [1℄, the ross setion of heavy-quarkonium prodution via a partoni subproess a + b ! H + X may be presented as asum of terms in whih the e�ets of long and short distanes are fatorized asd�̂(a+ b! H +X) =Xn d�̂(a+ b! Q �Q[n℄ +X)hOH[n℄i; (8)where n denotes the set of olor, spin, orbital and total angular momentumquantumnumbersof the Q �Q pair and the four-momentum of the latter is assumed to be equal to the one of thephysial quarkonium state H. The ross setion d�̂(a+ b! Q �Q[n℄ +X) an be alulatedin perturbative QCD as an expansion in �s using the non-relativisti approximation forthe relative motion of the heavy quarks in the Q �Q pair. The non-perturbative transitionof the Q �Q pair into H is desribed by the NMEs hOH[n℄i, whih an be extrated fromexperimental data.To LO in v, we need to inlude the � Fok states n = 3S(1)1 ; 3S(8)1 ; 1S(8)0 ; 3P (8)J ifH = J= ; 0 and n = 3P (1)J ; 3S(8)1 if H = �J , where J = 0; 1; 2. Their NMEs satisfythe multipliity relationshO (nS)[3P (8)J ℄i = (2J + 1)hO (nS)[3P (8)0 ℄i;hO�J [3P (1)J ℄i = (2J + 1)hO�0 [3P (1)0 ℄i;hO�J [3S(8)1 ℄i = (2J + 1)hO�0 [3S(8)1 ℄i; (9)5



whih follow to LO in v from heavy-quark spin symmetry. For example, in the ase of J= prodution, the wave funtion of the physial orthoharmonium state an be presented as asuperposition of the Fok states:jJ= i = O(v0)j�[3S(1)1 ℄i+O(v1)j�[3P (8)J ℄gi+O(v2)j�[3S(1;8)1 ℄ggi+O(v2)j�[1S(8)0 ℄gi+ � � � ; (10)where we use usual spetrosopi notation for the angular-momentum quantum numbers ofthe Q �Q pair and the index in parentheses (1; 8) denotes the olor state, either olor singletor olor otet. The olor-singlet model (CSM) [16℄ only takes into aount the �rst termin Eq. (10), whih is of order v0. In this ase, the NME hOJ= [3S(1)1 ℄i is diretly related tothe J= wave funtion at the origin 	(0), whih an be alulated in the framework of thequark potential model [17℄, ashOJ= [3S(1)1 ℄i = 2N(2J + 1)j	(0)j2; (11)where N = 3 and J = 1. Similarly, the olor-singlet P -wave NME readshO�J [3P (1)J ℄i = 2N(2J + 1)j	0(0)j2; (12)where 	0(0) is the derivative of the �J wave funtion at the origin.In the general ase, the partoni ross setion of quarkonium prodution reeives fromthe Q �Q Fok state n = 2S+1L(1;8)J the ontribution [1, 18℄d�̂(a+ b! Q �Q[2S+1L(1;8)J ℄!H) = d�̂(a+ b! Q �Q[2S+1L(1;8)J ℄)hOH[2S+1L(1;8)J ℄iNolNpol ; (13)where Nol = 2N for the olor-singlet state, Nol = N2 � 1 for the olor-otet state, andNpol = 2J + 1. The partoni ross setion of Q �Q prodution is de�ned asd�̂(a+ b! Q �Q[2S+1L(1;8)J ℄) = 1I jA(a+ b! Q �Q[2S+1L(1;8)J ℄)j2d�; (14)where I is the ux fator of the inoming partiles, whih is taken as in the ollinear partonmodel [6℄ (for example, I = 2x1x2S for proess (4)), A(a + b ! Q �Q[2S+1L(1;8)J ℄) is theprodution amplitude, the bar indiates average (summation) over initial-state (�nal-state)spins and olors, and d� is the phase spae volume of the outgoing partiles. This onventionimplies that the ross setion in the kT -fatorization approah is normalized approximatelyto the ross setion for on-shell gluons when k1T = k2T = 0.6



The prodution amplitude A(a+ b ! Q �Q[2S+1L(1;8)J ℄) an be obtained from the one foran unspei�ed Q �Q state, A(a+ b! Q �Q), by the appliation of appropriate projetors. Theprojetors on the spin-zero and spin-one states read [19℄:�0 = 1p8m3  p̂2 � q̂ �m!5  p̂2 + q̂ +m! ;��1 = 1p8m3  p̂2 � q̂ �m!�  p̂2 + q̂ +m! ; (15)respetively, where p̂ = �p�, p� is the four-momentum of the Q �Q pair, q� is the four-momentum of the relative motion, m = M=2 is the mass of the quark Q, and M is themass of the quarkonium state H. In our numerial alulations, we use m = 1:55 GeV. Theprojetion operators for the olor-singlet and olor-otet states read:C1 = ÆijpN ;C8 = p2T aij; (16)respetively, where T a with a = 1; : : : ; N2 � 1 are the generators of the olor gauge groupSU(3). To obtain the projetion on a state with orbital-angular-momentum quantumnumberL, we need to take L times the derivative with respet to q and then put q = 0. For theproesses disussed here, we haveA(a+ b! Q �Q[1S(1;8)0 ℄) = Tr hC1;8�0A(a+ b! Q �Q)iq=0 ;A(a+ b! Q �Q[3S(1;8)1 ℄) = Tr hC1;8��1A(a+ b! Q �Q)"�(p)iq=0 ;A(a+ b! Q �Q[3P (1;8)J ℄) = ddq�Tr hC1;8��1A(a+ b! Q �Q)"��(p)iq=0 ; (17)where "�(p) is the polarization four-vetor of a spin-one partile with four-momentum p�and mass M = p2 and "��(p) is its ounterpart for a spin-two partile. For the 3S1 state,the polarization sum readsXJz "�(p)"��0(p) = P��0(p) = �g��0 + p�p�0M2 : (18)For the 3PJ states with J = 0; 1; 2, we have"(0)��(p)"(0)��0�0(p) = 13P��(p)P�0�0(p);XJz "(1)��(p)"(1)��0�0(p) = 12 [P��0(p)P��0(p)�P��0(p)P�0�(p)℄ ;XJz "(2)��(p)"(2)��0�0(p) = 12 [P��0(p)P��0(p) + P��0(p)P�0�(p)℄� 13P��P�0�0(p): (19)7



The subproesses relevant for our analysis read: R + R ! Q �Q, R + R ! QQ + g,R +  ! QQ, R +  ! QQ+ g, R+ e! e+QQ, and R+ e! e+QQ+ g.IV. CHARMONIUM PRODUCTION BY REGGEIZED GLUONSIn this setion, we obtain the squared amplitudes for inlusive harmonium produtionvia the fusion of two reggeized gluons or a reggeized gluon and a real or virtual photon inthe framework of NRQCD. We work at LO in �s and v and onsider the following partonisubproesses: R+R ! H[3P (1)J ; 3S(8)1 ; 1S(8)0 ; 3P (8)J ℄; (20)R+R ! H[3S(1)1 ℄ + g; (21)R +  ! H[3S(8)1 ; 1S(8)0 ; 3P (8)J ℄; (22)R +  ! H[3S(1)1 ℄ + g; (23)R+ e ! e+H[3S(8)1 ; 1S(8)0 ; 3P (8)J ℄; (24)R+ e ! e+H[3S(1)1 ℄ + g: (25)Notie that, in the ollinear parton model, subproesses (20), (22), and (24) only ontributefor pT � 0. Therefore, to LO in the ollinear parton model, we need to take into aountthe orresponding subproesses with an additional hard gluon in the �nal state, for exampleg+g !H[3S(8)1 ℄+g. The amplitudes of these olor-otet subproesses, after replaing g ! Rin the initial state, are of next-to-leading order (NLO) in the kT -fatorization approah andsu�er from infrared divergenes, in ontrast to the subproesses (21) and (23) in the olor-singlet hannel. The analysis of NLO ontributions to inlusive harmonium prodution byreggeized gluon-gluon fusion in the kT -fatorization approah is beyond the sope of thispaper and needs a separate investigation.The phenomenologial proedure, adopted in Ref. [20℄, to regularize infrared divergenesdue to propagators getting on-shell with the help of some ut parameter, whih is unknowna priori, is likely to be problemati. The analysis of NLO orretions in the kT -fatorizationapproah is urrently an open issue, whih has been onsistently solved only in part, e.g. inRef. [21℄, where NLO orretions to the subproess R +R! g were studied.Aording to the presription of Ref. [6℄, the amplitude of R +R! + �(+g) is related8



to the one of g + g ! + �(+g) byA(R+R ! + �(+g)) = "�(k1)"�(k2)A��(g + g ! + �(+g)); (26)where "�(k1) and "�(k2) are de�ned aording to Eq. (1). Analogous relations hold forR +  !  + �(+g) and R + e ! e +  + �(+g). The amplitudes of the relevant QCDsubproesses g+ g ! +�(+g), g+  ! +�(+g), and g+ e! e+ +�(+g) are evaluatedusing the onventional Feynman rules of QCD.We now present and disuss our results for the squared amplitudes of subproesses (20)and (21), ontributing to hadroprodution. In the ase of the 2 ! 1 subproesses (20), weobtain jA(R+R! H[3P (1)0 ℄j2 = 83�2�2s hOH[3P (1)0 ℄iM5 F [3P0℄(t1; t2; ');jA(R+R! H[3P (1)1 ℄j2 = 163 �2�2s hOH[3P (1)1 ℄iM5 F [3P1℄(t1; t2; ');jA(R+R! H[3P (1)2 ℄j2 = 3245�2�2s hOH[3P (1)2 ℄iM5 F [3P2℄(t1; t2; ');jA(R+R !H[3S(8)1 ℄j2 = 12�2�2s hOH[3S(8)1 ℄iM3 F [3S1℄(t1; t2; ');jA(R+R !H[1S(8)0 ℄j2 = 512�2�2s hOH[1S(8)0 ℄iM3 F [1S0 ℄(t1; t2; ');jA(R+R! H[3P (8)0 ℄j2 = 5�2�2s hOH[3P (8)0 ℄iM5 F [3P0℄(t1; t2; ');jA(R+R! H[3P (8)1 ℄j2 = 10�2�2s hOH[3P (8)1 ℄iM5 F [3P1℄(t1; t2; ');jA(R+R! H[3P (8)2 ℄j2 = 43�2�2s hOH[3P (8)2 ℄iM5 F [3P2℄(t1; t2; '); (27)whereF [3S1℄(t1; t2; ') = (M2 + jpT j2) h(t1 + t2)2 +M2 �t1 + t2 � 2pt1t2 os'�i(M2 + t1 + t2)2 ;F [1S0℄(t1; t2; ') = 2 M2(M2 + t1 + t2)2 �M2 + jpT j2�2 sin2 ';F [3P0℄(t1; t2; ') = 29 M2 (M2 + jpT j2)2 h(3M2 + t1 + t2) os'+ 2pt1t2i2(M2 + t1 + t2)4 ;F [3P1℄(t1; t2; ') = 29 M2 (M2 + jpT j2)2 h(t1 + t2)2 sin2 '+M2 �t1 + t2 � 2pt1t2 os'�i(M2 + t1 + t2)4 ;F [3P2℄(t1; t2; ') = 13 M2(M2 + t1 + t2)4 �M2 + jpT j2�2 n3M4 + 3M2(t1 + t2) + 4t1t29



+ (t1 + t2)2 os2 '+ 2pt1t2 h3M2 + 2(t1 + t2)i os'o : (28)Here pT = k1T +k2T , t1;2 = jk1;2T j2, and ' = '1�'2 is the angle enlosed between k1T andk2T , so that jpT j2 = t1 + t2 + 2pt1t2 os': (29)It is interesting to onsider the ontribution of the diagram involving a three-gluon vertexseparately. It is equal tojA3(R +R! H[3S(8)1 ℄)j2 = �2�2s hOH[3S(8)1 ℄i2M3 (M2 os2 '+ jpT j2): (30)For jpT j2 �M2, one hasjA3(R+R !H[3S(8)1 ℄)j2 � �2�2s hOH[3S(8)1 ℄i2M3 jpT j2; (31)whih makes up the bulk of the ontribution and an be interpreted as being due to thefragmentation prodution of the H meson. In fat, the right-hand side of Eq. (31) an bewritten in the fatorized formjA3(R+R !H[3S(8)1 ℄)j2 � jA(R+R! g)j2P (g !H[3S(8)1 ℄); (32)where jA(R +R! g)j2 = 32��sjpT j2 (33)refers to real-gluon prodution by reggeized-gluon fusion [10℄ andP (g !H[3S(8)1 ℄) = ��s hOH[3S(8)1 ℄i3M3 (34)is the probability for the fragmentation of a gluon to a H meson, whih may be gleanedfrom the result for the orresponding fragmentation funtion at the starting sale �0 [22℄,Dg!H[3S(8)1 ℄(z; �0) = ��s hOH[3S(8)1 ℄i3M3 Æ(1� z): (35)The ounterparts of Eq. (27) in the ollinear parton model of QCD emerge through theoperationjA(g + g !H[2S+1L(1;8)J ℄j2 = limt1;t2!0 Z 2�0 d'12� Z 2�0 d'22� jA(R+R ! H[2S+1L(1;8)J ℄j2: (36)10



In this way, we reover the well-known results [23℄:jA(g + g ! H[3P (1)0 ℄j2 = 83�2�2s hOH[3P (1)0 ℄iM3 ;jA(g + g ! H[3P (1)1 ℄j2 = 0;jA(g + g ! H[3P (1)2 ℄j2 = 3245�2�2s hOH[3P (1)2 ℄iM3 ;jA(g + g !H[3S(8)1 ℄j2 = 0;jA(g + g !H[1S(8)0 ℄j2 = 512�2�2s hOH[1S(8)0 ℄iM ;jA(g + g ! H[3P (8)0 ℄j2 = 5�2�2s hOH[3P (8)0 ℄iM3 ;jA(g + g ! H[3P (8)1 ℄j2 = 0;jA(g + g ! H[3P (8)2 ℄j2 = 43�2�2s hOH[3P (8)2 ℄iM3 : (37)In the ase of the 2! 2 subproess (21), we �ndjA(R+R !H[3S(1)1 ℄ + gj2 = �3�3s hOH[3S(1)1 ℄iM3� �320M481(M2 � ŝ)2(M2 + t1 � t̂)2(M2 + t2 � û)2 (4t1t2M2(t1 + t2 +M2)2 os4('1 � '2)� 2pt1t2(t1 + t2 +M2) os3('1 � '2)(�t22M2 � 3M6 + t22t̂+ 3M4 t̂+ t2M2û+ 3M4û+ t2t̂û�M2 t̂û+ t21(t2 �M2 + û) + t1(t22 + t̂(M2 + û) + t2(5M2 + t̂+ û))� 2pt2jpT j(t21 � (t2 �M2)(M2 � t̂) + t1(t2 + 2M2 + t̂)) os'2)� (�M2 + t̂+ û)2(t22M2 + t2M4 + t21(t2 +M2) + t2t̂2 +M2t̂2 +M2û2+ t1(t22 +M4 + û2 + 2t2(4M2 + t̂+ û))� 2pt2jpT j(t21 + (t2 +M2)(M2 � t̂)+ t1(t2 + 8M2 + t̂+ 2û)) os'2 + (t21 + (t2 +M2)2 + 2t1(t2 + 5M2))jpT j2 os2 '2)+ os2('1 � '2)(t32M4 � 2t22M6 + 5t2M8 � 2t32M2t̂+ 4t22M4t̂� 10t2M6t̂+ t32t̂2� 2t22M2 t̂2 + 5t2M4t̂2 � t32M2û� 7t2M6û+ t32t̂û� t22M2t̂û+ 11t2M4t̂û� 3M6t̂û+ t22t̂2û� 4t2M2t̂2û+ 3M4 t̂2û+ 2t2M4û2 + t22t̂û2 + 3M4t̂û2 � 2M2 t̂2û2+ t31(�4t22 + (M2 � û)(M2 � t̂� û) + t2(�5M2 + t̂+ û)) + t21(�4t32 � 2M6 + 4M4û+ t̂û(t̂+ û)� 2t22(12M2 + t̂+ û)�M2û(t̂+ 2û) + t2(�25M4 + t̂2 + 7t̂û+ 2û2+M2(8t̂+ 15û))) + t1(5M8 � 4M2 t̂û2 + t32(�5M2 + t̂+ û)�M6(7t̂+ 10û)+M4(2t̂2 + 11t̂û+ 5û2) + t22(�25M4 + 2t̂2 + 7t̂û+ û2 +M2(15t̂ + 8û))+ t2(�11M6 + 15M4(t̂+ û) + 6t̂û(t̂+ û)� 2M2(4t̂2 + 3t̂û+ 4û2)))11



+ 2pt2jpT j(t41 + t31(3t2 + 11M2 + ŝ+ t̂) + t21(3t22 + 7M4 + ŝt̂+ t2(33M2 � 2ŝ+ 3t̂)+M2(11ŝ + 4t̂)) + t1(t32 � 3M6 � 4M2t̂2 + 7M4(ŝ+ t̂) + t22(5M2 + ŝ+ 3t̂)+ t2(27M4 + 2M2(ŝ� 10t̂) + 6ŝt̂))� (M2 � t̂)(t32 � t2M4 + t22ŝ+M2(�4t̂(ŝ+ t̂) +M2(3ŝ + 4t̂)))) os'2 � 4t2jpT j2(t31 + 2t21(t2 + 2M2) + 2(M3 �Mt̂)2+ t1(t22 + 2t2M2 + 5M4 � 4M2t̂)) os2 '2)� jpT j2 os2 '1(2t31t2 + 4t21t22 + 2t1t32+ 4t21t2M2 + 8t1t22M2 + t21M4 + 12t1t2M4 + t22M4 + 6t1M6 + 10t2M6 +M8+ 4M6jpT j2 � 2t21M2t̂� 4t1t2M2t̂� 2t22M2t̂� 4t1M4t̂� 20t2M4t̂� 2M6t̂� 8M4jpT j2t̂+ t21t̂2 + 2t1t2t̂2 + t22t̂2 + 2t1M2t̂2 + 10t2M2t̂2 +M4t̂2 + 4M2jpT j2t̂2� 2t21M2û� 12t1t2M2û� 2t22M2û� 12t1M4û� 20t2M4û� 2M6û� 8M4jpT j2û+ 2t21t̂û+ 4t1t2t̂û+ 2t22t̂û+ 4t1M2 t̂û+ 20t2M2t̂û+ 2M4t̂û+ 8M2jpT j2t̂û+ t21û2+ 2t1t2û2 + t22û2 + 6t1M2û2 + 10t2M2û2 +M4û2 + 4M2jpT j2û2� 8pt1M2jpT j(t2 +M2 � û)(M2 � t̂� û)� os'1 + os('1 � 2'2)�+ 4pt1t2 os('1 � '2)�M2 � t̂� û��(t1 + t2)2 +M2(5M2 + 2t1 + 6t2 � 4û)�+ 2t1 os(2('1 � '2))�t2�(t1 + t2)2 +M2(2t1 + 4t2 + 5M2 � 4û)�+ 2M2�M2 � û�2�� 16M2jpT jpt2 os'2�M2 � t̂� û�2+4M2jpT j2 os(2'2)�M2(M2 � 2t̂� 2û) + (t̂+ û)2�� 2pt1(M2 � t̂� û) os('1 � '2)(�2jpT j(2t21t2 �M6 + 2t22(M2 � t̂) +M4t̂+M4û� 2M2 t̂û+ t2(8M4 � 7M2t̂� t̂(t̂+ û)) + t1(2t22 +M2(3M2 � t̂� 3û) + t2(11M2 + t̂+ 3û))) os'2+pt2(2t22M2 + 7t2M4 �M6 + t22jpT j2 + 2t2M2jpT j2 + 5M4jpT j2+ t21(2t2 + 2M2 + jpT j2)� 4t2M2t̂� 4M2jpT j2t̂+ t2t̂2 + 3M2t̂2 � t2M2û� t2t̂û�M2t̂û� t̂2û+ 3M2û2 � t̂û2 + t1(2t22 + 7M4 +M2(6jpT j2 � t̂� 4û) + û(�t̂+ û)+ t2(13M2 + 2jpT j2 + 3(t̂+ û))) + jpT j2(t21 + t22 + 2t2M2 + 5M4 + 2t1(t2 + 3M2)� 4M2t̂) os(2'2))) + 2jpT j os'1(2t1pt2(t1 + t2 +M2)(t22 +M4 �M2û+ t1(t2 �M2 + û) + t2(2M2 + û)) os3('1 � '2) +pt1 os2('1 � '2)(t42 + 11t32M2 + 7t22M4� 3t2M6 + t32ŝ+ 11t22M2ŝ+ 7t2M4ŝ� 3M6ŝ+ t32û+ 4t22M2û+ 7t2M4û� 4M6û+ t22ŝû+ 7M4ŝû� 4t2M2û2 + 8M4û2 � 4M2ŝû2 � 4M2û3 + t31(t2 �M2 + û)+ t21(3t22 + ŝ(�M2 + û) + t2(5M2 + ŝ+ 3û)) + t1(3t32 +M6 �M4û+ t22(33M2 � 2ŝ+ 3û) + t2(27M4 + 2M2(ŝ� 10û) + 6ŝû)) + 2pt2jpT j(�5M6 + 5M4t̂� 4t2(M4 �M2t̂) + t21(M2 � t̂� û) + t22(M2 � t̂� û) + 5M4û� 2t1(2M2(M2 � û)12



+ t2(M2 + t̂+ û))) os'2) +pt1(�M2 + t̂+ û)2(t1t2 + t22 + t1M2 + 8t2M2 +M4+ 4M2jpT j2 + 2t2t̂� t1û+ t2û�M2û� 2pt2jpT j(7M2 + t̂+ û) os'2 + 4M2jpT j2 os(2'2))� (M2 � t̂� û) os('1 � '2)(�(jpT j(3M6 � 3M4t̂� 12t2(M4 �M2t̂) + t21(M2 � t̂� û)+ t22(M2 � t̂� û)� 3M4û+ 4M2t̂û� 2t1(6M2(M2 � û) + t2(11M2 + 3(t̂+ û)))) os'2)� 2pt2(2t21(t2 +M2 � û)�M2(M4 + 2t̂(jpT j2 + û)�M2(2jpT j2 + t̂+ û)+ t2(�3M2 + 3t̂+ û)) + t1(2t22 + 8M4 +M2(2jpT j2 � 7û)� û(t̂+ û)+ t2(11M2 + 3t̂+ û)) + 2M2jpT j2(t1 +M2 � t̂) os(2'2))))); (38)where ŝ = (k1+k2)2, t̂ = (k1�p)2, and û = (k2�p)2 are the standard Mandelstam variables.With the aid of Eq. (36), we reover from Eq. (38) the well-known ollinear-parton-modelresult [23℄,jA(g + g !H[3S(1)1 ℄ + gj2 = �3�3s hOH[3S(1)1 ℄iM3 320M481(M2 � t̂)2(M2 � û)2(t̂+ û)2� (M4t̂2 � 2M2 t̂3 + t̂4 +M4t̂û� 3M2 t̂2û+ 2t̂3û+M4û2� 3M2 t̂û2 + 3t̂2û2 � 2M2û3 + 2t̂û3 + û4): (39)We now turn to subproesses (22) and (23), with one real photon in the initial state. Forthe 2! 1 subproesses (22), whih are pure olor-otet proesses, we �ndjA(R +  ! H[3S(8)1 ℄j2 = 0;jA(R +  ! H[1S(8)0 ℄j2 = 8�2��se2Q hOH[1S(8)0 ℄iM ;jA(R+  ! H[3P (8)0 ℄j2 = 323 �2��se2Q hOH[3P (8)0 ℄iM3 (3M2 + t1)2(M2 + t1)2 ;jA(R+  ! H[3P (8)1 ℄j2 = 643 �2��se2Q hOH[3P (8)1 ℄iM3 t1(2M2 + t1)(M2 + t1)2 ;jA(R+  ! H[3P (8)2 ℄j2 = 6415�2��se2Q hOH[3P (8)2 ℄iM3 6M4 + 6M2t1 + t21(M2 + t1)2 ; (40)where eQ is eletri harge of the heavy quark Q. Appliation of Eq. (36) to Eq. (40) yieldsthe well-known results of the ollinear parton model [24℄,jA(g +  ! H[3S(8)1 ℄j2 = 0;jA(g +  ! H[1S(8)0 ℄j2 = 8�2��se2Q hOH[1S(8)0 ℄iM ;jA(g +  !H[3P (8)0 ℄j2 = 96�2��se2Q hOH[3P (8)0 ℄iM3 ;13



jA(g +  !H[3P (8)1 ℄j2 = 0;jA(g +  !H[3P (8)2 ℄j2 = 1285 �2��se2Q hOH[3P (8)2 ℄iM3 : (41)For the 2! 2 subproess (23), whih is a olor-singlet proess, we �ndjA(R+  !H[3S(1)1 ℄ + gj2 = �3��2se2Q hOH[3S(1)1 ℄iM3 2048M227(M2 � ŝ)2(M2 � û)2(t1 +M2 � t̂)2� �t41M2 +M2(ŝ2 + ŝû+ û2 �M2(ŝ+ û))2 + t31(M2(5ŝ+ 3û)� 7M4 � ŝû)+ t21(ŝû(û� ŝ) +M4(3û� 11ŝ) +M2(7ŝ2 + 2ŝû� 3û2)) + t1ŝ(ŝû2 +M4(û� 6ŝ)+M2(4ŝ2 + ŝû� û2))� 2pt1jpT j(t31M2 + t21(�7M4 � ŝû+M2(3ŝ+ 4û))+ t1(M4(�7ŝ+ 2û)� ŝ2û+M2(2ŝ2 + ŝû� 2û2))�M2(2M4(ŝ+ û) � 2M2û(3ŝ+ 2û)+ û(3ŝ2 + 4ŝû+ 2û2))) os'� 2M2jpT j2(t31 +M2ŝ2 + t21(M2 + 2ŝ)+ t1(2M2ŝ+ ŝ2 � 2t̂2)) os2 '�; (42)where k�2 now represents the photon four-momentum and '2 = 0. Equation (42) agrees withthe orresponding result in Ref. [25℄, but has a more ompat form. By means of Eq. (36),Eq. (42) ollapses to the well-known ollinear-parton model result [26℄,jA(g +  ! H[3S(1)1 ℄ + gj2 = �3��2se2Q hOH[3S(1)1 ℄iM3 2048M427(M2 � t̂)2(M2 � û)2(t̂+ û)2� (M4t̂2 � 2M2t̂3 + t̂4 +M4t̂û� 3M2 t̂2û+ 2t̂3û+M4û2� 3M2t̂û2 + 3t̂2û2 � 2M2û3 + 2t̂û3 + û4): (43)Finally, we turn to subproesses (24) and (25), through whih eletroprodution proeedsat LO. As for the 2 ! 2 subproesses (24), whih are all olor-otet proesses, we havejA(R+ e! e+H[3S(8)1 ℄j2 = 0;jA(R+ e! e+H[1S(8)0 ℄j2 = 64�3�2�se2Q hOH[1S(8)0 ℄iM3 1y22Q2(M2 +Q2 + t1)2� �(2 + (y2 � 2)y2)�(M2 + t1)2 +Q4 + 2Q2M2 � 2Q2t1y2�+ 4Q2t1+4Qqt1(1� y2)(M2 +Q2 + t1)(y2 � 2)y2 os ('1 � '2)+ 2(y2 � 1)�Q4 + (M2 + t1)2 +Q2(2M2 + 2t1 � t1y22)� os (2('1 � '2))�M2;jA(R+ e! e+H[3P (8)0 ℄j2 = 2563 �3�2�se2Q hOH[3P (8)0 ℄iM5 1y22Q2(M2 +Q2 + t1)4� �(2 + (y2 � 2)y2)�9M8 + 24M6(Q2 + t1) + 22M4Q4 + 22M4t21 + (Q2 + t1)2(Q4 + t21)14



+ 8M2(Q2 + t1)(Q4 + t21)�+ 2M4Q2t1(52 + y2((43 � 9y2)y2 � 64))+ 2Q2t1(Q2 + t1)2(10 � y2(14 + (y2 � 6)y2))+ 4M2Q2t1(Q2 + t1)(16 � 3y2(8 + (y2 � 5)y2))+ 4Qqt1(1� y2)(M2 +Q2 + t1)(Q4(4 + (y2 � 2)y2) + 2Q2(t1(4 + (y2 � 6)y2)+M2(8 + y2(�4 + 3y2))) + (3M2 + t1)(t1(4 + (y2 � 2)y2)+M2(4 + y2(3y2 � 2)))) os ('1 � '2)� 2(3M2 +Q2 + t1)(y2 � 1)� (3M6 + 7M4(Q2 + t1) + (Q2 + t1)(Q4 + t21 +Q2t1(2 + (y2 � 4)y2))+M2(5Q4 + 5t21 +Q2t1(10 + y2(3y2 � 4)))) os (2('1 � '2))�M2;jA(R+ e! e+H[3P (8)1 ℄j2 = 5123 �3�2�se2Q hOH[3P (8)1 ℄iM5 1y22Q2(M2 +Q2 + t1)4� �(2 + (y2 � 2)y2)�Q8 + t1(M2 + t1)2(2M2 + t1)�+ 2Q6(y2 � 2)(M2(y2 � 2)� t1(2 � y2 + y22))+Q4(4M2t1(y2 � 3)(y2 � 2) +M4(10 + (y2 � 10)y2)� 2t21(y2(6 + y2(�5 + 2y2))� 6))+ 2Q2(M4t1(10 + (�8 + y2)y2)� 2M6(y2 � 1)� t31(y2 � 2)(2 + (y2 � 1)y2)�M2t21(y2(10 + y2(2y2 � 5))� 12)) + 4Qqt1(1� y2)(M2 +Q2 + t1)(M4(y2 � 2)+ (Q2 + t1)2(y2 � 2)y2 �M2(Q2(2 + y2) + t1(2 + y2 � 2y22))) os ('1 � '2)+ 2(y2 � 1)((Q2 + t1)4 �Q2t1(Q2 + t1)2y22 +M4((Q2 + t1)2 � 2Q2t1y2) + 2M2((Q2 + t1)3�Q2t1(Q2 + t1)y2 �Q2t21y22)) os (2('1 � '2))�M2;jA(R+ e! e+H[3P (8)2 ℄j2 = 51215 �3�2�se2Q hOH[3P (8)2 ℄iM5 1y22Q2(M2 +Q2 + t1)4� �(2 + (y2 � 2)y2)�Q8 + (M2 + t1)2(6M4 + 6M2t1 + t21)�+ 2Q6(M2(8 + (y2 � 8)y2)� t1(y2 � 3)(y2 � 2)2) +Q4(M4(38 + y2(7y2 � 38)) + 4M2t1(20 + y2(8y2 � 25))+ t21(44 � 2y2(30 + y2(2y2 � 13)))) + 2Q2(�(t31(y2 � 3)(y2 � 2)2) + 6M6(3 + (y2 � 3)y2)�M2t21(y2(50 + y2(6y2 � 25))� 40) �M4t1(y2(52 + y2(6y2 � 25)) � 46))+ 4Qqt1(1� y2)(M2 +Q2 + t1)(Q4(4 + (y2 � 2)y2)+ t21(4 + (y2 � 2)y2) + 3M4(2 + y2(2y2 � 3)) +M2t1(10 + y2(6y2 � 11))+Q2(M2(10 � 11y2) + 2t1(4 + (y2 � 6)y2))) os ('1 � '2)� 2(y2 � 1)(2M2((Q2 + t1)3 � 5Q2t1(Q2 + t1)y2 + 3Q2t21y22)15



+ (Q2 + t1)2(Q4 + t21 +Q2t1(2 + (y2 � 4)y2))+M4(Q4 + t21 + 2Q2t1(1 + 3(y2 � 1)y2))) os (2('1 � '2))�M2: (44)As usual, Q2 = �q2 and y2 = (q � P )=(k � P ), where P �, k�, k0�, and q� = k� � k0� are thefour-momenta of the inoming proton, the inoming lepton, the outgoing lepton, and thevirtual photon, respetively, '1 is the angle between k1T and pT , and '2 is the angle betweenqT and pT . The orresponding formulas in the ollinear parton model [27℄ are reovered asexplained in Eq. (36) and read:jA(g + e! e+H[3S(8)1 ℄j2 = 0;jA(g + e! e+H[1S(8)0 ℄j2 = 64�3�2�se2Q hOH[1S(8)0 ℄iM y22 � 2y2 + 2y22Q2 ;jA(g + e! e+H[3P (8)0 ℄j2 = 2563 �3�2�se2Q hOH[3P (8)0 ℄iM3� (y22 � 2y2 + 2)(Q2 + 3M2)2y22Q2(Q2 +M2)2 ;jA(g + e! e+H[3P (8)1 ℄j2 = 5123 �3�2�se2Q hOH[3P (8)1 ℄iM3� ((y22 � 2y2 + 2)Q2 � 4(y2 � 1))M2y22(Q2 +M2)2 ;jA(g + e! e+H[3P (8)2 ℄j2 = 51215 �3�2�se2Q hOH[3P (8)2 ℄iM3� ((y22 � 2y2 + 2)(Q4 + 6M4)� 12(y2 � 1)M2Q2)y22Q2(Q2 +M2)2 : (45)Our analyti result for the 2 ! 3 olor-singlet subproess (25) is rather lengthy, and werefrain from listing it here.V. CHARMONIUM PRODUCTION AT THE TEVATRONDuring the last deade, the CDF Collaboration at the Tevatron [28, 29℄ olleted data onharmonium prodution at energies pS = 1:8 TeV (run I) and pS = 1:96 TeV (run II) inthe entral region of pseudorapidity j�j < 0:6. The data over a large interval in transversemomentum, namely 5 < pT < 20 GeV (run I) and 0 < pT < 20 GeV (run II). The datasample of run I [28℄ inludes pT distributions of J= mesons that were produed diretly inthe hard interation, via radiative deays of �J mesons, via deays of  0 mesons, and viadeays of b hadrons. That of run II [29℄ inludes pT distributions of prompt J= mesons, so16



far without separation into diret, �J -deay, and  0-deay ontributions, and of J= mesonsfrom b-hadron deays.As is well known, the ross setion of harmonium prodution measured at the Tevatronis more than one order of magnitude larger than the predition of the CSM evaluatedwithin the ollinear parton model [30℄. Swithing from the ollinear parton model to thekT -fatorization approah [20, 31, 32℄ somewhat ameliorates the situation, but still does notlead to agreement at all. On the other hand, a suessful desription of the data ould beahieved with the NRQCD fatorization formalism [1℄ implemented in the ollinear partonmodel, inluding the fusion and fragmentation mehanisms of harmonium hadroprodution[33, 34℄.Charmonium hadroprodution was studied some time ago using the NRQCD fatorizationformalism implemented in the kT -fatorization approah invoking both the fusion [20, 31, 32℄and fragmentation pitures [10℄. It was found [20, 31, 32℄ that, in order to desribe theexperimental data from the CDF Collaboration [28℄, it is neessary to employ a set of NMEsthat greatly di�ers from the one favored by the ollinear parton model. In this paper, weon�rm this onlusion only to some degree.On the other hand, the polarization of prompt J= mesons measured at the Tevatron[35℄ also provides a sensitive probe of the NRQCD mehanism. This issue was arefullyinvestigated both in the ollinear parton model [36℄ and in the kT -fatorization approah [37℄.None of these studies was able to prove or disprove the NRQCD fatorization hypothesis.In ontrast to previous analyses in the ollinear parton model or the kT -fatorizationapproah, we perform a joint �t to the run-I and run-II CDF data [28, 29℄ to obtain the olor-otet NMEs for J= ,  0, and �J mesons. We use three di�erent versions of unintegratedgluon distribution funtion. Our alulations are based on exat analytial expressions forthe relevant squared amplitudes, whih were previously unknown in literature. Our �tsinlude �ve experimental data sets, whih ome as pT distributions of J= mesons fromdiret prodution, prompt prodution, �J deays, and  0 deays in run I and from promptprodution in run II.We now desribe how to evaluate the di�erential hadroni ross setion from Eq. (5) inombination with the squared matrix elements of the 2 ! 1 and 2 ! 2 subproesses (20)and (21), respetively. The rapidity and pseudorapidity of a harmonium state with four-17



momentum p� = (p0;pT ; p3) are given byy = 12 ln p0 + p3p0 � p3 ; � = 12 ln jpj+ p3jpj � p3 ; (46)respetively. For the 2! 1 subproess (20), we haved�KT(p + p! H+X)djpT jdy = jpT j(jpT j2 +M2)2 Z djk1T j2 Z d'1��p(�1; jk1T j2; �2)�p(�2; jk2T j2; �2)jA(R+R !H)j2; (47)where �1 = p0 + p3pS ; �2 = p0 � p3pS ; (48)and k2T = pT � k1T . In our numerial analysis, we hoose the fatorization sale to be� =MT . For the 2! 2 subproess (21), we haved�KT(p+ p !H +X)djpT jdy = jpT j(2�)3 Z djk1T j2 Z d'1 Z dx2 Z djk2T j2 Z d'2� �p(x1; jk1T j2; �2)�p(x2; jk2T j2; �2) jA(R+R! H+ g)j2(x2 � �2)(2x1x2S)2 ; (49)where x1 = 1(x2 � �2)S h(k1T + k2T � pT )2 �M2 � jpT j2 + x2�1Si : (50)We now present and disuss our results. In Table I, we list out �t results for the relevantolor-otet NMEs for three di�erent hoies of unintegrated gluon distribution funtion,namely JB [11℄, JS [12℄, and KMR [13℄. The olor-singlet NMEs are not �tted, but deter-mined from the measured partial deay widths of  (nS) ! l+ + l� and �2 !  + .The numerial values are adopted from Ref. [34℄ and read: hOJ= [3S(1)1 ℄i = 1:3 GeV3,hO 0 [3S(1)1 ℄i = 6:5 � 10�1 GeV3, and hO�J [3P (1)J ℄i = (2J + 1) � 8:9 � 10�2 GeV5. Theywere obtained using the vauum saturation approximation and heavy-quark spin symmetryin the NRQCD fatorization formulas and inluding NLO QCD radiative orretions [38℄.The relevant branhing ratios are taken from Ref. [39℄ and read B(J= ! �++��) = 0:0601,B( 0 ! J= + X) = 0:576, B(�0 ! J= + ) = 0:012, B(�1 ! J= + ) = 0:318, andB(�2 ! J= + ) = 0:203. They somewhat di�er from the values used previously [40℄. Foromparison, we list in Table I also the NMEs obtained in Ref. [34℄ for the ollinear partonmodel with the LO parton distribution funtions of the proton by Martin, Roberts, Stirling,and Thorne (MRST98LO) [41℄. 18



We �rst study the relative importane of the di�erent intermediate states in diret J= and  0 prodution. In previous �ts to CDF data from run I [28℄, with pT > 5 GeV, thelinear ombinations MHr = hOH[1S(8)0 ℄i+ rm2 hOH[3P (8)0 ℄i (51)for H = J= ; 0 were �xed beause it was infeasible to separate the ontributions propor-tional to hOH[1S(8)0 ℄i and hOH[3P (8)0 ℄i. By ontrast, the new run-II data [28℄, whih reahdown to pT = 0, allow us to determine hOH[1S(8)0 ℄i and hOH[3P (8)0 ℄i separately beausethe respetive ontributions exhibit di�erent pT dependenes for pT < 5 GeV. This featureis niely illustrated in Fig. 1, where the shapes of the relevant olor-otet ontributions toprompt J= prodution, proportional to hOH[3S(8)1 ℄i, hOH[1S(8)0 ℄i, and hOH[3P (8)0 ℄i, are om-pared with that of the CDF data from run II [29℄. Notie that the olor-otet ontributionsdi�er in the peak position, by up to 1 GeV. Apparently, this suÆes to disentangle the on-tributions previously ombined by Eq. (51). We �nd that hOJ= ; 0 [3P (8)0 ℄i and hO 0[1S(8)0 ℄iare ompatible with zero, independent of the hoie of unintegrated gluon density|a strik-ing result. For the ase of J= prodution from  0 deay, this implies that the 3S(1)1 and3S(8)1 hannels are suÆient to desribe the measured pT distribution (see Fig. 3).In Figs. 2{5, we ompare the CDF data on J= mesons from diret prodution,  0 deays,and �J deays in run I [28℄ and from prompt prodution in run II [29℄, respetively, with thetheoretial results evaluated with the NMEs listed in Table I. From Fig. 2, we observe thatthe olor-singlet ontribution is signi�ant, espeially at low values of pT , and omparableto the one from the 1S(8)0 hannel. As is familiar from the ollinear parton model, the 3S(8)1ontribution makes up the bulk of the ross setion at large values of pT . Inidentally, thevalues of hOJ= [3S(8)1 ℄i obtained in the kT -fatorization framework are in average quite loseto the one obtained in the ollinear parton model, as may be seen fromTable I. The situationis very similar for J= prodution from  0 deay, onsidered in Fig. 3, exept that the 1S(8)0and 3P (8)J ontributions are negligible.At this point, we wish to ompare our results for diret J= hadroprodution in thekT -fatorization approah with the literature, spei�ally with Refs. [20, 32℄, whih onsiderthe partoni subproess (20). By ontrast, in Ref. [31℄, the NLO subproess R + R !J= [3S(8)1 ℄ + g was studied, leaving aside the LO subproess (20). In Ref. [32℄, the valuehOJ= [3S(8)1 ℄i = 7:0 � 10�3 GeV3 was obtained using the Kwieinski-Martin-Stasto (KMS)[42℄ unintegrated gluon distribution funtion. This value is 2.6 times larger than the result19



we found using the KMR [13℄ version, whih is very similar to the KMS one. We attributethis di�erene in hOJ= [3S(8)1 ℄i to the di�erent sale hoie, � = kT , used by the authorsof Ref. [32℄. Adopting their value for hOJ= [3S(8)1 ℄i, we an reprodue their result for therespetive ross setion ontribution. On the other hand, the value hOJ= [3S(8)1 ℄i = 15:0 �10�3 GeV3 found in Ref. [20℄ exeeds the one of Ref. [32℄ by a fator of 2.1 and our KMRvalue by a fator of 5.6. Furthermore, the ross setion evaluated in Ref. [20℄ falls o� withpT onsiderably more slowly than in Ref. [32℄ and here, only by one order of magnitude aspT runs from 2 to 20 GeV, while the unintegrated gluon density in the proton falls o� withkT far more rapidly.The disussion of J= prodution from radiative �J deays, onsidered in Fig. 4, is sim-pler beause there is only one free parameter in the �t, namely hO�0[3S(8)1 ℄i. We on�rm theonlusion of Ref. [31℄, that, in the kT -fatorization approah, the olor-singlet ontributionis suÆient to desribe the data. In fat, the best �t is realized when hO�0 [3S(8)1 ℄i is takento be zero or very small. In ase of the JB gluon density, the �tting proedure even favorsa negative value of hO�0[3S(8)1 ℄i.In Fig. 5, the pT distribution of prompt J= prodution in run II is broken down into theontributions from diret prodution,  0 deays, and �J deays. We observe that the latteris dominant for pT <� 5 GeV, while prompt J= mesons are preferably produed diretly atlarger values of pT . The ontribution from  0 deays stays at the level of several perentfor all values of pT . While the JS [12℄ and KMR [13℄ gluon densities allow for a faithfuldesription of the measured pT distribution [29℄, the JB [11℄ one has a problem in the low-pTrange, at pT <� 5 GeV, where even the �J -deay ontribution, whih is entirely of olor-singlet origin, exeeds the data. This problem an be traed to the speed of growth of theJB gluon density as kT ! 0. By ontrast, the JS and KMR gluon densities are smaller andapproximately kT independent at low values of kT . For this reason, we exluded the CDFprompt-J= data from run I [28℄ and run II [29℄ from our �t based on the JB gluon density.Considering the olor-otet NMEs relevant for the J= ,  0 and �J prodution meha-nisms, we an formulate the following heuristi rule for favoured transitions from olor-otetto olor-singlet states: �L ' 0 and �S ' 0; i.e. these transitions are doubly hromoeletriand preserve the orbital angular momentum and the spin of the heavy-quark bound state.20



VI. CHARMONIUM PRODUCTION AT HERAAt HERA, the ross setion of prompt J= prodution was measured in a wide range ofthe kinemati variables W 2 = (P + q)2, Q2 = �q2, y2 = (P � q)=(P �k), z = (P �p)=(P � q), pTand y, where P �, k�, k0�, q� = k��k0�, and p� are the four-momenta of the inoming proton,inoming lepton, sattered lepton, virtual photon, and produed J= meson, respetively,both in photoprodution [43℄, at small values of Q2, and deep-inelasti sattering (DIS) [44℄,at large values of Q2. At suÆiently large values of Q2, the virtual photon behaves like apoint-like objet, while, at low values of Q2, it an either at as a point-like objet (diretphotoprodution) or interat via its quark and gluon ontent (resolved photoprodution).Resolved photoprodution is only important at low values of z.In the region z <� 1, di�rative prodution, whih is beyond the sope of this paper, takesplae. In order to suppress the di�rative-prodution ontribution, one usually applies theaeptane ut z < 0:9. This e�etively eliminates the ontributions from the 2 ! 1 partonisubproesses (22) and (24), so that we are left with the 2 ! 2 partoni subproesses (23)and (25).Let us �rst present the relevant formulas for the double di�erential ross setions of DIS,diret photoprodution, and resolved photoprodution. In the ase of DIS, we haved�KT(p+ e! e+H+X)djpT j2dz = 18z(2�)5 Z dQ2 Z dy2 Z djk1T j2 Z d'1 Z d'2� �p(x1; jk1T j2; �2) jA(R+ e! e+H + g)j2(y2 � �2)(2x1S)2 ; (52)where x1 = 1(y2 � �2)S h(k1T + q2T � pT )2 �M2 � jpT j2 + y2�1S + (y2 � �2)Q2i ;�1 = p0 + p32Ep ; �2 = p0 � p32Ee : (53)Here, Ep and Ee are the proton and lepton energies in the laboratory frame, and we haveS = 4EpEe and jq2T j = q(1� y2)Q2.In the ase of diret photoprodution, we haved�KT(p+ e! e+H+X)djpT j2dz = 12z(2�)2 Z dy2 Z djk1T j2 Z d'1��p(x1; jk1T j2; �2)f=e(y2) jA(R+  ! H + g)j2y2(y2 � �2)(2x1S)2 ; (54)21



where x1 = 1(y2 � �2)S h(k1T � pT )2 �M2 � jpT j2 + y2�1Si (55)and f=e(y2) is the quasi-real photon ux. In the Weiz�aker-Williams approximation, thelatter takes the formf=e(y2) = �2� "1 + (1� y2)2y2 ln Q2maxQ2min + 2m2ey2 1Q2min � 1Q2max!# ; (56)where Q2min = m2ey22=(1�y2) and Q2max is determined by the experimental set-up, e.g. Q2max =1 GeV2 [43℄.In the ase of resolved photoprodution, we take into aount the 2 ! 1 and 2 ! 2partoni subproesses (20) and (21), respetively, where the �rst reggeized gluon omesfrom the proton and the seond one from the photon. For subproess (20), the relevantdoubly di�erential ross setion reads:d�KT(p+ e! e+H +X)djpT j2dz = 12z(jpT j2 +M2)2 Z dy2 Z djk1T j2 Z d'1��p(x1; jk1T j2; �2)f=e(y2)�(x2; jk2T j2; �2)jA(R+R !H)j2; (57)where x1 = �1; x2 = �2y2 ; k2T = pT � k1T : (58)For subproess (21), the relevant doubly di�erential ross setion is given byd�KT(p+ e! e+H +X)djpT j2dz = 12z(1 � z)(2�)3 Z dy2 Z djk1T j2 Z d'1 Z dx2 Z djk2T j2 Z d'2��p(x1; jk1T j2; �2)f=e(y2)�(x2; jk2T j2; �2) jA(R+R !H + g)j2x2(2x1x2y2S)2 ; (59)where x1 = 1(x2y2 � �2)S h(k1T � pT )2 �M2 � jpT j2 + x2y2�1Si : (60)To evaluate the unintegrated gluon distribution funtion in the resolved photon,�(x2; jk2T j2; �2), we use a proedure suggested by Bl�umlein [45℄, whih is similar to theproton ase [11℄. As input for this, we use the ollinear parton distribution funtions of theresolved photon by Gl�uk, Reya, and Vogt (GRV) [46℄.In Figs. 6{9, our NRQCD preditions in the kT -fatorization approah, evaluated withthe NMEs from Table I, are ompared with the HERA data [43, 44℄. Spei�ally, Figs. 6 and22



7 refer to the p2T and z distributions in photoprodution with Ep = 820 GeV, Ee = 27:5 GeV,60 GeV < W < 240 GeV, andQ2 < 1 GeV2 [43℄, while Figs. 8 and 9 refer to those in DIS withEp = 920 GeV, Ee = 27:5 GeV, 50 GeV < W < 225 GeV, and 2 GeV2 < Q2 < 100 GeV2[44℄. Aeptane uts ommon to both photoprodution and DIS inlude pT > 1 GeV and0:3 < z < 0:9. In this regime, the LO NRQCD preditions in the kT -fatorization approahare mainly due to the olor-singlet hannels and are thus fairly independent of the olor-otet NMEs presented in Table I. Therefore, our results agree well with previous alulationsin the CSM [47℄, up to minor di�erenes in the hoie of the olor-singlet NMEs and the-quark mass.VII. CHARMONIUM PRODUCTION AT LEP2Some time ago, the DELPHI Collaboration presented data on the inlusive ross setionof J= photoprodution in  ollisions (e+ + e� ! e+ + e� + J= + X) at LEP2, takenas a funtion of the J= transverse momentum pT [48℄. The J= mesons were identi�edthrough their deays to �+�� pairs, and events where the system X ontains a promptphoton were suppressed by requiring that at least four harged traks were reonstruted.The average e+e� enter-of-mass energy was pS = 197 GeV, the sattered positrons andeletrons were antitagged, with maximum angle �max = 32 mrad, and the maximum enter-of-mass energy was hosen to be W = 35 GeV in order to rejet the major part ofthe non-two-photon events.Under LEP2 experimental onditions, most J= mesons are produed promptly, while theross setion for J= mesons from b-hadron deays is estimated to be about 1% of the totalJ= ross setion [49℄ and an be safely negleted. Beause the average value of the photonvirtuality Q2 is small, the Weizs�aker-Williams approximation an be used to evaluate thee+e� ross setion from the  ross setion asd�(e+ + e� ! e+ + e� +H +X) = Z dy1 Z dy2 f=e(y1)f=e(y2)d�( +  !H +X): (61)The proess e+ + e� ! e+ + e� + J= + X reeives ontributions from diret, single-resolved, and double-resolved photoprodution. The relevant partoni subproesses are: + !H[3S(8)1 ℄+g, +R ! H[1S(8)0 ; 3P (8)J ℄, +R ! H[3S(1)1 ℄+g, R+R !H[3S(8)1 ; 1S(8)0 ; 3P (8)J ℄,and R + R ! H[3S(1)1 ℄ + g. The squared amplitude of  +  ! H[3S(8)1 ℄ + g may be found23



in Ref. [49℄, the ones for the other partoni subproesses were presented in Se. IV.The ross setion of diret photoprodution is evaluated asd�(e+ + e� ! e+ + e� +H +X)djpT j2dy = 14� Z dy2 f=e(y1)f=e(y2)� y1y2y2 � �2 jA( +  ! H + g)j2(2y1y2S)2 ; (62)where �1 and �2 are de�ned in Eq. (48) andy1 = y2�1S �M2(y2 � �2)S : (63)In the ase of single-resolved photoprodution via the 2! 1 subproesses, we haved�KT(e+ + e� ! e+ + e� +H+X)djpT j2dy = 4� Z dy1 f=e(y1)f=e(y2)��(x1; jk1T j2; �2)y2 jA(R+  !H)j2(2x1y1y2S)2 ; (64)where x1 = �1=y1, y2 = �2, and k1T = pT . In the ase of single-resolved photoprodutionvia the 2! 2 subproess, we haved�KT(e+ + e� ! e+ + e� +H+X)djpT j2dy = 12(2�)2 Z dy1 Z dy2 Z djk1T j2 Z d'1 f=e(y1)f=e(y2)� �(x1; jk1T j2; �2) y2y2 � �2 jA(R+  ! H+ g)j2(2x1y1y2S)2 ; (65)where x1 = 1y1(y2 � �2)S h(k1T � pT )2 �M2 � jpT j2 + y2�1Si : (66)In the ase of double-resolved photoprodution via the 2! 1 subproesses, we haved�KT(e+ + e� ! e+ + e� +H+X)djpT j2dy = 2 Z dy1 Z dy2 Z djk1T j2 Z d'1 f=e(y1)f=e(y2)� �(x1; jk1T j2; �2)�(x2; jk2T j2; �2) jA(R+R! H)j2(2x1x2y1y2S)2 ; (67)where x1 = �1=y1, x2 = �2=y2, and k2T = pT � k1T . In the ase of double-resolved photo-prodution via the 2! 2 subproess, we haved�KT(e+ + e� ! e+ + e� +H+X)djpT j2dy = 12(2�)3 Z dy1 Z dy2 Z djk1T j2 Z d'1� Z dx2 Z djk2T j2 Z d'2 f=e(y1)�(x1; jk1T j2; �2)f=e(y2)�(x2; jk2T j2; �2)� y2x2y2 � �2 jA(R+R! H+ g)j2(2x1x2y1y2S)2 ; (68)24



where x1 = 1y1(x2y2 � �2)S h(k1T + k2T � pT )2 �M2 � jpT j2 + x2y2�1Si : (69)In Fig. 10, we onfront the p2T distribution of e+ + e� ! e+ + e� + J= +X, where Xis devoid of prompt photons, measured by DELPHI [48℄ with our full theoretial predition(line No. 4), whih is broken down into the single-resolved olor-otet ontribution (lineNo. 1), the single-resolved olor-singlet ontribution (line No. 2), and the diret plus double-resolved ontributions (line No. 3). We observe that the single-resolved ontribution makesup the bulk of the ross setion, while the diret and double-resolved ontributions are greatlysuppressed, and that, within the single-resolved ontribution, the olor-singlet hannel isdominant. The experimental data overshoot the theoretial predition by a moderate fatorof 2{3. For the ase of  ollisions, we onlude that the olor-singlet proesses are dominantin the kT -fatorization approah, a situation familiar from photo- and eletroprodution inep ollisions onsidered in Se. VI. The situation is quite di�erent for the ollinear partonmodel, where olor-otet proesses dominate [49℄.Reently, in Ref. [25℄, it was attempted to interpret the DELPHI data in the kT -fatorization approah invoking only the CSM and negleting the asade deays of the 0 and �J mesons. Curve No. 2 in Fig. 10 approximately agrees with the orrespondingpreditions in Ref. [25℄ for m = 1:55 GeV. In Ref. [25℄, a signi�antly lower value of m isemployed to reah agreement with the DELPHI data.VIII. CONCLUSIONWorking at LO in the kT -fatorization approah to NRQCD, we analytially evaluatedthe squared amplitudes of prompt harmonium prodution by reggeized gluons in RR, R,and Re ollisions. We extrated the relevant olor-otet NMEs, hOH[3S(8)1 ℄i, hOH[1S(8)0 ℄i, andhOH[3P (8)0 ℄i for H = J= ,  0, and �J through �ts to pT distributions measured by the CDFCollaboration in p�p ollisions at the Tevatron with pS = 1:8 TeV [28℄ and 1.96 TeV [29℄using three di�erent versions of unintegrated gluon distribution funtion, namely JB [11℄, JS[12℄, and KMR [13℄. Appealing to the assumed NRQCD fatorization, we used the NMEsthus obtained to predit various ross setion distributions of prompt J= photoprodutionand eletroprodution in ep ollisions and photoprodution in e+e� ollisions and omparedthem with ZEUS [43℄ and H1 [44℄ data from HERA and DELPHI [48℄ data from LEP2,25



respetively. In the ase of photoprodution, we inluded both the diret and resolvedontributions. As for the unintegrated parton distribution funtions of the proton and theresolved photon, we assumed the gluon ontent to be dominant.Our �ts to the Tevatron data turned out to be satisfatory, exept for the one to the�J sample based on the JB gluon density in the proton, where the �t result signi�antlyexeeded the measured ross setion in the small-pT region. We found agreement with theHERA and LEP2 data within a fator of 2, whih is the typial size of the theoretialunertainty due to the lak of knowledge of the preise value of the -quark mass andthe NLO orretions. Spei�ally, we found that diret and resolved photoprodution inep ollisions under HERA kinemati onditions dominantly proeed through olor-singletproesses, namely R(p) +  ! H[3S(1)1 ℄ + g and R(p) + R() ! H[3S(1)1 ℄ + g, respetively.Similarly, photoprodution in e+e� ollisions under LEP2 kinemati onditions is mainlymediated via the olor-singlet subproess R() +  ! H[3S(1)1 ℄ + g, but the olor-otetsubproess R() +  !H[1S(8)0 ℄ also ontributes appreiably.LO preditions in both the ollinear parton model and the kT -fatorization frameworksu�er from sizeable theoretial unertainties, whih are largely due to unphysial-sale de-pendenes. Substantial improvement an only be ahieved by performing full NLO anal-yses. While the stage for the NLO NRQCD treatment of 2 ! 2 proesses has been setin the ollinear parton model [50℄, oneptual issues still remain to be lari�ed in the kT -fatorization approah. Sine, at NLO, inoming partons an gain a �nite kT kik throughthe perturbative emission of partons, one expets that essential features produed by thekT -fatorization approah at LO will thus automatially show up at NLO in the ollinearparton model.AknowledgmentsV.A.S. and D.V.V. thank the 2nd Institute for Theoretial Physis at the University ofHamburg for the hospitality extended to them during visits when this researh was arriedout. The work of D.V.V. was supported in part by a Mikhail Lomonosov grant, jointlyfunded by DAAD and the Russian Ministry of Eduation, by the International Center ofFundamental Physis in Mosow, and by the Dynastiya Foundation. This work was sup-26
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TABLE I: NMEs for J= ,  0, and �J mesons from �ts in the ollinear parton model (PM) [34℄using the MRST98LO parton distribution funtions of the proton [41℄ and in the kT -fatorizationapproah using the JB [11℄, JS [12℄, and KMR [13℄ unintegrated gluon distribution funtions. TheCDF prompt data from run I [28℄ and run II [29℄ have been exluded from our �t based on the JBgluon density.NME PM [34℄ Fit JB Fit JS Fit KMRhOJ= [3S(1)1 ℄i=GeV3 1.3 1.3 1.3 1.3hOJ= [3S(8)1 ℄i=GeV3 4:4� 10�3 1:5� 10�3 6:1� 10�3 2:7� 10�3hOJ= [1S(8)0 ℄i=GeV3 | 6:6� 10�3 9:0� 10�3 1:4� 10�2hOJ= [3P (8)0 ℄i=GeV5 | 0 0 0MJ= 3:4 =GeV3 8:7� 10�2 6:6� 10�3 9:0� 10�3 1:4� 10�2hO 0 [3S(1)1 ℄i=GeV3 6:5� 10�1 6:5� 10�1 6:5� 10�1 6:5� 10�1hO 0 [3S(8)1 ℄i=GeV3 4:2� 10�3 3:0� 10�4 1:5� 10�3 8:3� 10�4hO 0 [1S(8)0 ℄i=GeV3 | 0 0 0hO 0 [3P (8)0 ℄i=GeV5 | 0 0 0M 03:5=GeV3 1:3� 10�2 0 0 0hO�0 [3P (1)0 ℄i=GeV5 8:9� 10�2 8:9� 10�2 8:9� 10�2 8:9� 10�2hO�0 [3S(8)1 ℄i=GeV3 2:3� 10�3 0 2:2� 10�4 4:7� 10�5�2=d:o:f | 2.2 4.1 3.0
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