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ABSTRACT

We present the gauged N = 4 (half-maximal) supergravities in four and five

spacetime dimensions coupled to an arbitrary number of vector multiplets.
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The gaugings are parameterized by a set of appropriately constrained con-
stant tensors, which transform covariantly under the global symmetry groups
SL(2) x SO(6,n) and SO(1,1) x SO(5,n), respectively. In terms of these ten-
sors the universal Lagrangian and the Killing Spinor equations are given. The
known gaugings, in particular those originating from flux compactifications,
are incorporated in the formulation, but also new classes of gaugings are found.
Finally, we present the embedding chain of the five dimensional into the four
dimensional into the three dimensional gaugings, thereby showing how the

deformation parameters organize under the respectively larger duality groups.
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1 Introduction

The first examples of N = 4 supergravities in four spacetime dimensions were con-
structed in the second half of the seventies [I], 2] B, 4] and within the following decade
the coupling of vector multiplets to these theories and some of their gaugings were
worked out [5], 6], [7, 8, ©O]. In N = 4 the gaugings are the only known deformations
of the theory that are compatible with supersymmetry. They are induced by minimal
couplings of vector fields to isometry generators, but supersymmetry requires various
additional couplings and in particular the emergence of a scalar potential, thus giv-
ing the possibility of ground states with non-vanishing cosmological constant. So far,
however, no stable de Sitter ground state has been found in these theories [10].

From a string theory perspective the N = 4 theories result from orientifold com-
pactifications of IIB supergravity [II, 12]. In this picture part of the deformation
parameters of the gauging correspond to fluxes or additional branes on the background
[13, 14}, 15], 16, 17]. But so far not all known gaugings could be identified in this way.
Lower N theories can be obtained by truncation of the N = 4 supergravities, for exam-
ple certain relevant N = 1 Kéhler potentials can be computed from the N = 4 scalar
potential [I8] 19] 20].

By incorporating all possible gauged N = 4 supergravities in a universal formula-
tion in this paper we hope to illuminate the interrelation of the different theories but
also to pave the way for a future analysis of particular gaugings. The gaugings are
parameterized by an embedding tensor which can be treated as a group theoretical
object and is subject to a set of consistency constraints. This method was successfully
used to work out the general gaugings of maximal supergravities for various spacetime
dimensions [21], 22], 23] 24]. For an even number of spacetime dimensions there are sub-
tleties that seem to hamper the universal description. For example in D = 4 magnetic
vector fields are usually introduced on-shell via the equations of motion, while for a
general gauging they may possibly occur as gauge fields in the covariant derivative al-
ready at the level of the Lagrangian. Closely related to this problem is the fact that in
D = 4 the global symmetry group of a supergravity theory is generically only realized
on-shell since it involves duality rotations between the electric and magnetic vector
fields [25] 26]. These issues were resolved in [27], where for a general four dimensional
theory it was explained how to consistently couple electric and magnetic vector gauge
fields together with two-form tensor gauge fields for a general gauging. Here we apply
this method to the case of gauged N = 4 supergravities.

In D = 4 the global symmetry group of the ungauged theory is G = SL(2) x
SO(6,n), where n denotes the number of vector multiplets. This group also organizes
the gaugings since the deformation parameters f,yrnp and &,p are tensors under G

(they are explicitly defined below). These tensors are the irreducible components of



the embedding tensor. In terms of them the bosonic Lagrangian and the Killing spinor
equations are presented, the consistency constraints which they have to satisfy are
explained and solutions to these constraints are discussed. In particular the SU(1,1)
phases that were introduced by de Roo and Wagemans to find ground states with non-
vanishing cosmological constant [7, 8, 28] are identified as parameters incorporated
in fopmnvp. In the same manner the parameters that correspond to three-form fluxes
in compactifications from IIB supergravity [13], 14, 15 16] are identified. Also the
gaugings that originate from Scherk-Schwarz reduction from D = 5 are included in
our formulation [29]. In addition, there are various other gaugings that have not yet
been discussed in the literature, in particular all gaugings with both foynp and Eqanr
non-zero are novel.

Analogous to the four dimensional case the general five dimensional gauged N = 4
supergravit is worked out by applying the ideas of [23], where the corresponding
gauged maximal supergravity was presented. In D = 5 the irreducible components
of the embedding tensor are tensors fiynp, Emn and &y, which are tensors under
the global symmetry group SO(1,1) x SO(5,n). The first account of the ungauged
N = 4 supergravity in D = 5 was given in [30], where also the first gauging of the
theory was already considered. Those gaugings where the gauge group is a product of
a semi-simple and an Abelian factor were already presented in [31], examples of this
type were already known for a while [32]. Also some non-semi-simple gaugings were
already constructed [29]. Our presentation incorporates all these known gaugings and
also includes new ones.

In former descriptions of D = 5 gauged supergravities the vector fields that are not
needed as gauge fields were dualized into two-form fields to make the theory consistent
1311, 32] 33, 34], 35, 36, B7]. This makes the field content of the theory dependent on
the particular gauging and makes it difficult to formulate the general gauged theory in
a covariant way. It was shown in [23] that one can deal with this issue by introducing
both the vector fields and all their dual two-form fields as off-shell degrees of freedom
and couple them via a topological term such that their duality equation results from
the equations of motion. The same concept is used here to describe the general five
dimensional gauged theory.

The gauged N = 4 supergravities in five dimensions are naturally embedded into
the four dimensional ones by dimensional reduction and we make this relation explicit
within this paper. Noteworthy, the five dimensional gaugings are parameterized in
terms of three tensors fynvp, Eunv and &y while the four dimensional ones are param-

eterized in terms of two tensors fonnp and &,ar only. Thus with decreasing spacetime

'We denote by N = 4 the half-maximal supergravity, although in five spacetime dimensions this

theory is sometimes referred to as N = 2.



dimension one finds not only a larger duality group but also a more uniform descrip-
tion of the deformations. This is the typical picture of dualities in string theory where
dimensional reduction relates theories with different higher-dimensional origin.

The paper is organized as follows. In section 2] we present the general four dimen-
sional theory. We give its bosonic Lagrangian and its Killing spinor equations, discuss
the consistency constraints on the deformation parameters, and describe examples of
gaugings, including those known from the literature. In section [3 the five dimensional
theories are discussed analogously. Eventually, having both general gauged theories at
hand, their embedding induced by a circle reduction is given. For completeness, we

sketch the analogous embedding of the D = 4 into the D = 3 gaugings in the appendix.

2 Gauged N =4 supergravities in D =14

The gaugings of N = 4 supergravity in four spacetime dimensions are parameterized
by two real constant tensors f,y nyp and &,p. These are tensors under the global on-
shell symmetry group SL(2) x SO(6,n), and o = 1,2 and M = 1,...,6 + n are the
respective vector indices. In the following section the Lagrangian of the theory is given
in terms of these tensors. However, f,yvp and &, can not be chosen arbitrarily, the

consistency conditions that they have to obey are discussed in section 2.2

2.1 Lagrangian and field equations

The N = 4 supergravity multiplet contains as bosonic degrees of freedom the metric, six
massless vectors and two real massless scalars. The corresponding supergravity theory
has a global SL(2) x SO(6) symmetry [3] which is realized only on-shell. The scalar
fields constitute an SL(2)/SO(2) cose. Coupling this theory to n vector multiplets,
each containing one vector and six real scalars, yields an N = 4 supergravity with
global on-shell symmetry group G = SL(2) x SO(6,n) [6]. This is the theory whose
deformations we want to study here for arbitrary n € N.

For the vector fields of the theory one can choose a symplectic frame such that
the subgroup SO(1,1) x SO(6,n) of G is realized off-shell. The electric vector fields
AMT (M = 1,...,6 +n) then form a vector under SO(6,n) and carry charge +1
under SO(1,1). Their dual magnetic vector fields A4,"~ form an SO(6,n) vector as
well but carry SO(1,1) charge —1. Together they constitute an SL(2) vector A4,"* =
(4,0, AR

2 In the literature the symmetry group is usually denoted by SU(1, 1), however, we prefer to treat it
as SL(2) which is of course the same group but with different conventions concerning its fundamental

representation.
3 Here and in the following we use indices a, 3, ... = +, — for SL(2) vectors. The embedding of the



The scalar fields form the coset space G/H, where H = SO(2) x SO(6) x SO(n)
is the maximal compact subgroup of G. The SL(2)/SO(2) factor of this coset can
equivalently be described by a complex number 7 with Im(7) > 0 or by a symmetric
positive definite matrix M,z € SL(2). The relation between these two descriptions is

given by

1 I7|>  Re(r) ws 1 1 —Re(7)
Maﬁ—Im(T) (RG(T) ) ) Mﬁ_Im(T) (_RG(T) P ) (2.1)

where M is the inverse of M,z. The SL(2) symmetry action on Mg

M — gMg" , g= (“ Z) € SL(2), (2.2)
C

acts on 7 as a Mobius transformation 7 — (a7 + b)/(c7 + d).

The SO(6,n)/SO(6) x SO(n) factor of the scalar coset is described by coset repre-
sentatives V,* and V™ where m = 1,...,6 and a = 1,...,n denote SO(6) and SO(n)
vector indices, respectively. The matrix V = (Vy,/™, Vi) is an element of SO(6,n),

i.e.
NN = _vaVNm + VMaVNa , (23)

where nyy = diag(—1,—-1,—1,—-1,-1,—1,+1,...,+1) is the SO(6,n) metric. Global
SO(6,n) transformations act on V from the left while local SO(6) x SO(n) transforma-
tions act from the right

V = gVh(z), g €80(6,n), h(z) €SO6) x SO(n).  (2.4)

Analogous to Mys this coset space may be parameterized by a symmetric positive

definite scalar metric M = VYT, explicitly given by
MMN — VM“VNa + vaVNm . (25)

Its inverse we denote by MM~ Note that each of the matrices My;n, Vi/™ and Vy,°
alone already parameterizes the SO(6,n) part of the scalar coset.
In order to later give the scalar potential we also need to define the scalar dependent

completely antisymmetric tensor

MMNPQRS = €mnopqr VMmVNnVPOVQpVRqVST . (26)

off-shell symmetry group SO(1,1) into SL(2) defines a basis for these vectors and thus components
v = (vt,v7) and v, = (v4,v_). For the epsilon tensor €,3 we use €;_ = e~ = 1 which yields
e B = §8
ay a’



The ungauged theory contains the metric, electric vector fields and scalars as free
fields in the Lagrangian, while the dual magnetic vectors and two-form gauge fields are
only introduced on-shell (this is the description we choose). The latter come in the
adjoint representation of G and since G has two factors there are also two kinds of two-
form gauge fields, namely BYN = B}/ and B2 = BYY”) = (B},+, B}, B, ). For
the general description of the gauged theory all these fields appear as free fields in the
Lagrangian [27]. For the magnetic vectors this is necessary because they can appear
as gauge fields in the covariant derivative while the two-forms in turn are required in
order to consistently couple the vector fields. Some of the vector fields that are not
needed in the gauging become Stueckelberg fields for the two-forms.

Neither the magnetic vector fields A“M’ nor the two-form gauge fields have a kinetic
term and via their first order equations of motion they eventually turn out to be dual
to the electric vector fields AMM * and to the scalars, respectively. Thus the number of
degrees of freedom remains unchanged as compared to the ungauged theory.

The gauged supergravities are parameterized by two G-tensors {onr = (E4mr, &)
and fomne = (frmwe, fomne) with fayne = fapunp). One should think of these
tensors as generalized structure constants of the gauge group. They have to satisfy
certain consistency constraints to be introduced later. The following combinations

occur regularly

Ourvne = famnp — §a[N npeim

faMNP = famnp — fa[M neiN — %faNﬁMP . (2.7)

In addition we use a gauge coupling constant g which is actually dispensable by rescal-
ing foune — 9 ' famnpe and Eapr — gt €anr. Nevertheless it is convenient to use g
to keep track of the order in the gauge coupling.

We can now present the bosonic Lagrangian of the general gauged theory@

Lpos = Lyin + Etop + ['pot . (28)
It consists of a kinetic term
1
— MN *
€ I[,kin = %R + % (DMMMN)(D”M ) - W(DMT)(DMT )

— iIm(T) MMNH“VM+7-[””N+ + % Re(7) nun 6‘“”’)‘7-[,“,MJ“?-[p,\]VJr , (2.9)

4 Our space-time metric has signature (—,+,+,+) and the Levi-Civita is a proper space-time

0123 1

tensor, i.e. € =e °, €123 = —€.



a topological term for the vector and tensor gauge fields [27]

1 g A
e Liyp=—€""

{§+M77NPA£/[A1]/V+8/)A5\D+ - (f—MNP +2 §—N77MP> A;]l/lfAiVJrapAfi
9 ; 7 a - g R
- Z faMNRfﬁPQRAﬁ/[ A,],V-'_AfﬂA? + E @+MNP@—MQRBZXJPB?)\

— 1 (OonneBY +EuBlT + EnBL) (20,477 = gfagr™ AFTAT) } ,
(2.10)

and a scalar potential
e_lﬁpot = —g2V

2

g @
= _1_6{faMNPfBQRSM P1E MMRMNEMPS 4 (2pM@ — MMQ)nNRnPS]

—%faMNPfﬁQRseaﬁMMNPQRS+3§£4§évM°‘5MMN} : (2.11)

The covariant derivative D, appearing in Ly, acts on objects in an arbitrary represen-
tation of G = SL(2) x SO(6,n) as

D# = Vu - gAuMa@aMNPtNP + gAuM(a66)7£7Mtag y (212)

where V,, contains the spin-connection and ¢yp and ¢,4 are the generators of the global

symmetry groupH. Explicitly one finds for the scalar fields
Dy Mg = 0,Map + gA;]ng(aMMﬂ)v - gA;]yéngq(aewMﬁ)v )
DuMMN = auMMN + QQA#PQC‘)QP(MQMN)Q . (213)
Note that Im(7)~*(D,7)(D*7*) = —1(D,Ms)(D* M), i.e. the kinetic term for 7

can equivalently be expressed in terms of M,g.

The full covariant field strengths of the electric and magnetic vector fields are given

Hg/z[/—i_ — 28[uA1/}M+ _ gfaNPMA[uNaAy}P—i_
9o M NP , 9+ Mp++ , 90 Mpt—
+ 5 C NPB;W + §§+ B;w + 55* B;w )
H%_ - 28[“AV}M’ -9 faNPMA[uNaAV}Pi

— 20BN + 56 VB + 26 B (2.14)

5 In the vector representation the symmetry generators have the form (¢t )p® = 55\417N] p and
(tag)y’ = 0(,€4),» Tespectively.

6 Note that the indices + and — on the vector fields and on their field strengths distinguish the
electric ones from the magnetic ones and thus do not indicate complex self-dual combinations of the
field strengths as is common in the literature. We hope note to confuse the reader with that notation.

7



Only ’Hﬁ,{J’ enters the Lagrangian, but ’Hﬁ,{_ appears in the equations of motion. To
express the latter it is also useful to define the following combination of the electric
field strengths

= _% Epvpx Im(T)MMNUNp’HP”)‘ — 1:{6(7')’7"[%,Jr ) (2.15)

The importance of Qu,,M ~ becomes clear in the ungauged theory obtained from (2.8)
in the limit ¢ — 0. In this limit the topological term and the potential vanish and
’HWMJr and ’HWM’ reduce to Abelian field strengths. Since the magnetic vectors and
the two-form gauge fields only appear projected with some combination of f,y/nvp and
&anr they completely decouple from the Lagrangian at ¢ = 0. The equations of motion
for the electric vector fields then take the form 8[#Ql,p}M = = 0. In the ungauged theory
magnetic vector fields are introduced by hand via ;= = G/~ and G¥* = (GM*, GM~)
and HM* are on-shell identical.

Turning back to the gauged theory one finds for general variations of the vector

and two-form gauge fields that the Lagrangian varies as [27]

e_léﬁbos = %g (G—MNPAB;)[[/P + §_MAB:[I,_ + §+MAB:V+) Ele)\ (%%_ - gﬁ_)
+ %(5142“) (9 Earr M DM MPY 4 g O ap" MygD* M@ — ePyy D,,gﬁ*)
+304)7) (96a M, D MP + 20110 Myg D' MO + Py DG
+ total derivatives, (2.16)

where we used the “covariant variations”

ABMN = 6BMN — 2e,5 A0 5AN
AB = 6B + 2y Al @ 04D (2.17)

Equation (ZI6]) encodes the gauge field equations of motion of the theory. Variation of
the two-form gauge fields yields a projected version of the duality equation ), = G/~
between electric and magnetic vector fields. From varying the electric vector fields one
obtains a field equation for the electric vectors themselves which contains scalar currents
as source terms. Finally, the variation of the magnetic vectors gives a duality equation
between scalars and two-form gauge fields. To make this transparent one needs the
modified Bianchi identity for #}/* which reads

A (2.18)

wvp

M+ _ 9 M 3)PQ M (3)++ M
D[HHWJ} _6(@* PQ%EW)p + &4 %Ew)p +&TH



where the two-form field strengths are given by
3)MN __ MN a[M N1
HEVN =30, BN +6eas AT, 0,47 + O(9)

HE =30,B00 + 6nun AL 9, AN + 0(g) | (2.19)

wvp

up to terms of order g.

Thus we find that the tensors f,yvp and &,y do not only specify the gauge group
but also organize the couplings of the various fields. They determine which vector gauge
fields appear in the covariant derivatives, how the field strengths have to be modified,
which magnetic vector fields and which two-form gauge fields enter the Lagrangian
and how they become dual to electric vector fields and scalars via their equation of
motion. However, consistency of the entire construction above crucially depends on
some particular quadratic constraints that f,y/nvp and &,y have to satisfy and which
are presented in the next subsection.

In principle one should also give the fermionic contributions to the Lagrangian
and check supersymmetry to verify that (2.8) really describes the bosonic part of a
supergravity theory. We have obtained the results by applying the general method of
covariantly coupling electric and magnetic vector gauge fields in a gauged theory [27]
to the particular case of N = 4 supergravity. This fixes the bosonic Lagrangian up
to the scalar potential. The latter is also strongly restricted by gauge invariance, only
those terms that appear in (Z11]) are allowed. We obtained the pre-factors between the
various terms by matching the scalar potential with the one known from half-maximal
supergravity in three spacetime dimensions [38], see appendix [Al The general theory
then was compared with various special cases that were already worked out elsewhere
[7, O, 10} 13], 14, 15, 16l 28| 29, 39], see section 2.4l

2.2 Quadratic constraints and gauge invariance

We have seen that the tensors {on and fomne = fomnp) Parameterize the possible
gaugings of the theory. These are constant tensors (their entries are fixed real numbers)

for which we demand in addition the following set of consistency constraints

f(lyfﬁM - 07
g(];fﬁ)PMN - 07
3faR[MNfﬁPQ]R + 28 foynpg =0,

e’ (fffﬁPMN + faMf,BN) =0,

e (famnrfsrQ™ — £ farmaipnain) — Ea fNipis + Satpfaiunis) = 0. (2.20)



These quadratic constraints guarantee the closure of the gauge group, as will be ex-
plained below. The deformation of the theory is consistent if and only if these con-
straints are satisfied. They are invariant under the global symmetry group: given one
solution one can create another one by a GG action. But all solutions generated in this
way describe the same gauged supergravity. This is obvious for those G' transformation
that belong to the SO(1,1) x SO(6,n) off-shell symmetry since the entire construction
of the last section was formally invariant under these transformations, i.e. these trans-
formations correspond to a linear field redefinition that does not mix magnetic and
electric vector fields. In contrast, two solutions of the constraints which are related by
a general SL(2) transformation yield two theories which at first sight look rather differ-
ent but are related by a symplectic transformation which rotates electric into magnetic
vector fields and vice versa.

It is convenient to define a composite index for the vector fields by A4,M = A4,

and a symplectic form Qs by

QMN = QMaNB = NIMN€ag » QMN = QMaNﬁ = nMNéaﬁ, (221)

The symplectic group Sp(12 + 2n) is the group of linear transformations that preserve
Qun- An arbitrary symplectic rotation of the theory gives a Lagrangian that is not
yet contained in the description above but which describes the same theory on the level
of the equations of motion. All possible Lagrangians of gauged N = 4 supergravity are
thus parameterized by £,ns, farmrnp and an element of Sp(12 + 2n).

In order to illustrate the meaning of the quadratic constraints (Z20) we first consider
the case of purely electric gaugings for which £, = 0 and f_p;yp = 0. In this case only
electric vector fields A,M* enter the Lagrangian. We then find f,yn" = fiarnvg n®F
to be the structure constants of the gauge group and the constraint (2:20) simplifies to
the Jacobi identity

fermnfarg™ =0. (2.22)

Due to this identity the topological term L., vanishes in this case. Note that the
SO(6,n) metric nyx is used to contract the indices in (Z22]), while in the ordinary
Jacobi identity the Cartan Killing form occurs. Also the indices M, N,... run over
6 + n values while the gauge group might be of smaller dimension. These issues will
be discussed in section 2.4l

In the general case of an arbitrary solution of (Z20) we can read off the gauge
group generators from the covariant derivative (2.12)). For an object in the vector field

representation we want

D AM =V, AM + g AV Xy pM A7 (2.23)

10



which yields

XMNP = XMaN,BP7

1
= =03 Jann" + 5 (081 0% Ean — On 0% Eanr — 03 marn &5 + €ap O Esma ) .
(2.24)

Note that these objects satisfy
X 2Qp10 =0, Xoun©Qpyo =0. (2.25)

It was found in [27] that the last of these equations is crucial for consistency of the
gauged theory. It is this linear constraint that demands the gauge group generators to
be parameterized by foanp and &, according to (2.24)).

An infinitesimal gauge transformation is parameterized by AM(x) = AM®(z) and

acts on objects 2 and x4 in the (dual) vector field representations as
SaM = —g AN Xpp™M ", S =g AN Xyn¥ zp | (2.26)

where ¢ is the gauge coupling constant. This defines the gauge group Gy C G C
Sp(12 + 2n). Treating the generators X~ = (XM)N73 as matrices we find the
following commutator relations to be satisfied

[XMaXN] = _XMNP XP ) (227)

i.e. the gauge group Gy is closed. Some computation reveals that the last equation is
equivalent to the quadratic constraint (Z.20). Therefore the quadratic constraint is a
generalization of the Jacobi identity (2:22)) guaranteeing the closure of the gauge group.
Furthermore according to (Z27) the generators X take the role of generalized
structure constants. However, they are only antisymmetric in M, A after having
contracted with Xp. The fact that X MN)P is in general not vanishing explains the
need for the two-form gauge fields in the generalized field strengths (ZI4]). The ordinary
field strength would not transform covariantly under gauge transformations A% (z).
The two-form gauge fields B)Y and Bg/ are equipped with tensor gauge transfor-
mations parameterized by =YV = =M and =08 = =) Under general vector and

tensor gauge transformations the gauge fields transform as

—

g - g - g —f—
6A¥+ZD#AM+—§@,M HNP_§£+MH++__£7M:+

NP—=p Jz 92 w0
sAM- —p AM- L Ig M NPT Mmoo T Mot
ABYN = 2D, 20N — 2e05A M GNP
ABg = 2D, 257 + 2y AM @GN (2.28)

11



where we used the covariant variations of the two-form gauge fields (ZI7). Under
these gauge transformations the Lagrangian (Z.8)) is invariant. The only non-vanishing

commutator of these gauge transformations i
[0A,,00,] = 05 + 0= , (2.29)
where
AM = gXpp™MAYAY
= = €ap (A?[M DuAéV]ﬁ - AS[M DuAivm) ;

200 = ey (AN DADY - AYC D ADY) (2.30)

In the action on objects that do not transform under tensor gauge transformations
(like field strengths, scalar fields) this algebra coincides with (2.27).

2.3 Killing spinor equations

So far we have only considered bosonic fields and we do not intend to give the entire
fermionic Lagrangian nor the complete supersymmetry action. They can e.g. be found
in the paper of Bergshoeff, Koh and Sezgin [9] for purely electric gaugings when only
fimnp is non-zero, and we have chosen most of our conventions to agree with their
work in this special Cas. In particular all terms of order ¢°, i.e. terms of the ungauged
theory, can be found there.

Our aim in this section is to give the Killing spinor equations of the general gauged
theory, i.e. the variations of the gravitini and of the spin 1/2 fermions under supersym-
metry. Those are required for example when studying BPS solutions or when analyzing
the supersymmetry breaking or preserving of particular ground states.

All the fermions carry a representation of H = SO(2) x SO(6) x SO(n) which is the
maximal compact subgroup of G. Instead of SO(6) we work with its covering group
SU(4) in the following. The gravity multiplet contains four gravitini w; and four spin
1/2 fermions x' and in the n vector multiplet there are 4n spin 1/2 fermions A%, where
i=1,...,4and a = 1,...,n are vector indices of SU(4) and SO(n). The SO(2) = U(1)
acts on the fermions as a multiplication with a complex phase exp(igA(z)), where the
charges ¢ are given in table [1l

As usual we use gamma-matrices with

(T, T} =21, (T =T, , I Y (2.31)

" In the Lagrangian the two-form gauge fields only appear under a particular projection with

famnp and &, and the gauge transformation on them only close under this very projection [23].
8 The structure constants fynp in [9] equal minus fiarnp-

12



‘ SO(2) charges SU(4) rep. SO(n) rep.

1

gravitini 1/)L -3 4 1
spin 1/2 fermions x* —|—% 4 1
spin 1/2 fermions A\ +1 4 n

Table 1: H-representations of the fermions.

All our fermions are chiral. We choose ¢}, and A* to be right-handed while x* is
left-handed, that is

F5¢L = +¢L ) F5XZ = _Xl ) 1—‘5)\041; = +)\ai . (232)

Vector indices of SU(4) are raised and lowered by complex conjugation, i.e. for an
ordinary SU(4) vector v; = (v')*. However, for fermions we need the matrix B = il'5'y
to define ¢; = B(¢%)*. This ensures that ¢; transforms as a Dirac spinor when ¢* does.
The complex conjugate of a chiral spinor has opposite chirality, e.g. x; = B(x")* is
right—handedﬁ. For ¢; = (¢")'Ty we define the complex conjugate by ¢! = (¢;)*B which
yields ¢;x" = ¥'¢s = (9'x:)* = (Xid')"

An SO(6) vector v™ can alternatively be described by an antisymmetric tensor
v = o[l subject to the pseudo-reality constraint

1 kl

v = (V)" = o CigklV" - (2.33)

We normalize the map v™ — v¥ such that the scalar product becomes

™ = ieijkl’ljijwkl . (234)

We can thus rewrite the coset representative V" as V¥ such that the equations

(23) and (Z6) become

1 ~
NN = _ieijleM”VNkl + V" Vn",

Mynpors = — 21 €ijps €xigt Emnru Yiar? VNV VPV Vg ™ | (2.35)

® Right-handed spinors can be described by Weyl-spinors ¢, and left-handed ones then turn to
conjugate Weyl-spinors ¢ ;. Here A and A are (conjugate) SL(2,C) vector indices. In the chiral
representation of the Gamma-matrices

K 1
o= " 7, ry = ", p=it=( ° ),
o, 0 0 -1 — 0

where € is the two-dimensional epsilon-tensor and o, = (1,5), o# = n*”0, = (—1,5) contains the
Pauli matrices, we find right-handed spinors to have the form ¢ = (¢4, 0)” while left-handed ones look
like ¢ = (0,¢4)T. Thus we have x' = (O,XZ)T and its complex conjugate is given by y; = (x,0)7
where the Weyl-spinors are related by x;' = 4% (x},)*.
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The scalar matrices Vy;” and Vy;* can be used to translate from SO(6,n) represen-
tations under which the vector and tensor gauge fields transform into SO(6) x SO(n)
representations carried by the fermions. They are thus crucial when we want to couple
fermions. For the same reason it is necessary to introduce an SL(2) coset representative,

namely a complex SL(2) vector V, which satisfies
Mo = Re(Va(Vs)") - (2.36)

Under SO(2) V, carries charge +1 while its complex conjugate carries charge —1.
When gauging the general theory all partial derivatives are replaced by covariant
derivatives @ — D and all Abelian field strengths by covariant ones FM+ — HM+,
Moreover one has to add the topological term and the scalar potential to the Lagrangian
as we have described in section 2. In the fermionic sector the only additional change
that has to be made in the Lagrangian is the introduction of fermionic mass terms and
fermionic couplings, all of order g'. For example those terms that involve the gravitini

read
€ Lomass = 3 gAY 0 T by — Lig AT i Ty +ig Asoi? 04, T# A2 + hee., (2.37)

where A = Agij ), AY and A,,;7 are the so called fermion shift matrices which depend
on the scalar fields.
Also the supersymmetry transformations of the fermions have to be endowed with

corrections of order g', namely

55, = 2D, + Li (Vo) Vi GUT Ty — 2 g ATT e
Ox' =i €PVo (D V)T + 5 i Vo V7 Goo T e, — 5ig A'e;
ON, = 20 V,M (D Var" )T e — 2 Vo Vara GUOTH e + 21 g Ayt e (2.38)

where the same matrices A; and A, appear as in the Lagrangian. There are also higher
order fermion terms in the supersymmetry rules, but those do not get corrections in
the gauged theory. We wrote the vector field contribution to the fermion variations in
an SL(2) covariant way. Using the definition (2.15]) one finds

iVaVMijguMyaFuV = (V) ty W (HM+ 41 “Wp/\fHMerA) N
= (V) T VTR (1 - Ty)
iVaVM“Q%OTW =V "V (7{%+ o %ieuupAHMerA) |NES
= (V) VrH T (14 Ts) (2.39)

10 The complex scalars ¢ and ¢ in [9] translate into our notation as Vy =, V_ =i¢ and /¢ = it*.

14



Explicitly, the fermion shift matrices are given by
AV = (V) Vg VIV N
AT = OV VYR NP 40, M
Agei? = PV VN VN g VP fopn — iageaﬂvavaMgﬁM : (2.40)
Supersymmetry of the Lagrangian forces them to obey in particula
DAL o — VAR Ay - LAy Ay = — L8V (2.41)

where the scalar potential V' appears on the right hand side. The last equation is
indeed satisfied as a consequence of the quadratic constraints (2:20).

If we have chosen f,ynp and &,y such that the scalar potential possesses an ex-
tremal point one may wonder whether the associated ground state conserves some
supersymmetry, i.e. whether €’ exists such the fermion variations (238)) vanish in the
ground state. The usual Ansatz is ¢/ = ¢* £, where ¢* is just an SU(4) vector while ¢ is
a right-handed Killing spinor of AdS (V' < 0) or Minkowski (V' = 0) space, i.e

D, = g\/—-LVT,BE* . (2.42)

The Killing spinor equations ' = 0, §x* = 0 and §A* = 0 then take the form
Aijqj =/-3Vq, qu%i =0, Agaj'q? = 0. (2.43)

Due to (241]) the first equation of (Z43]) already implies the other two.

2.4 Examples

In this section we give examples of tensors f,yyp and &,y that solve the constraints
(220), therewith giving examples of gauged N = 4 supergravities. We recover those

gaugings that were already discussed in the literature but also obtain new ones.

2.4.1 Purely electric gaugings

It can be shown that as a consequence of the constraints (2.20)) for every consistent
gauging one can perform a symplectic rotation such that only the electric vector fields
serve as gauge fields [27]. In the maximal supersymmetric theory, i.e. for N = 8,

this statement can even be reversed, i.e. every gauging (defined by some embedding

11 This equation is obtained by considering terms of the form g2t T'*¢ in the variation 6L.
12 Consistency of the AdS Killing spinor equation can be checked by using Rvox = =29V gu(,97v
[, BTyB* = —T, and [D,, D, )¢ = —1R,,PT)\¢E.
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tensor similar to our fuanp and £,pr) that is purely electric in some symplectic frame
is consistent (i.e. solves the quadratic constraints for the embedding tensor). This
is different in N = 4 where a nontrivial quadratic constraint remains also for purely
electric gaugings.

In the particular electric frame we have chosen — the one in which the electric and
magnetic vector fields each form a vector under SO(6,n) — the purely electric gaugings
are those for which f_j;nvp =0 and £, = 0, thus only fi/np is non-vanishing. This
is the class of theories that were constructed by Bergshoeff, Koh and Sezgin [9]. As
mentioned above the quadratic constraint in this case simplifies to the Jacobi identity

(222), which may alternatively be written as

ferm®fenp™ =0. (2.44)

This is a constraint on f+MNP = f+MNQ77QP only, but in addition the linear constraint
f+mnp = fimnp) has to be satisfied, such that the SO(6,n) metric nyx enters non-
trivially into this system of constraints. The dimension of the gauge group can at most
be 6 + n, which is obvious in the case that we consider here (M =1,...,6 + n), but
which is also the general limit for arbitrary gaugings.

We first want to consider semi-simple gaugings. Let f,,° be the structure constants
of a semi-simple gauge group Gy, where a,b,c = 1...dim(Gy), dim(Gy) < 6 + n, then
Nap = faw”lfbdc is the Cartan-Killing form and we can choose a basis such that it becomes
diagonal, i.e.

Ny = diag(1,...,—1,...). (2.45)
——

———
p q

We can only realize the gauge group Gy if we can embed its Lie algebra gy = {v®} into
the vector space of electric vector fields such that the preimage of 1y, agrees with 7,
up to a factor. This puts a restriction on the signature of 7,,, namely either p < 6,
g <n (case 1) or p < n, ¢ <6 (case 2). To make the embedding explicit we define the
index M with range M =1...p,7...6+¢ (case 1) or M=1...q,7...6+p (case 2).
We then have (n,;5) = £(14) and we can define

(foxrmp) = (fave) all other entries of f,ynp zero, (2.46)

where fope = fabdndc. Since G is semi-simple fq. is completely antisymmetric and thus
fimwp satisfies the linear and the quadratic constraint. For n < 6 the possible simple
groups that can appear as factors in Gy are SU(2), SO(2, 1), SO(3,1), SL(3), SU(2, 1),
SO(4,1) and SO(3,2). For larger n we then find SU(3), SO(5), Ga), SL(4), SU(3,1),
SO(5,1), etc.

Apart from these semi-simple gaugings there are various non-semi-simple gaugings

that satisfy (2.44). Of those we only want to give an example. We can choose three
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mutual orthogonal lightlike vectors ay, by and cpy and define fiy/vp to be the volume

form on their span, i.e.

f+MNP = CL[MbNCp] . (247)

The vectors have to be linearly independent in order that f,;yp is non-vanishing. The
quadratic constraint is then satisfied trivially since it contains 7,y which is vanishing
on the domain of f,)yp. The gauge group turns out to be Gy = U(1)3. We can
generalize this construction by choosing f,ynyp to be any three form that has as
domain a lightlike subspace of the vector space {v™}. All corresponding gauge groups
are Abelian.

None of the purely electric gaugings can have a ground state with non-vanishing
cosmological constant since the scalar potential (ZZI1]) in this case is proportional to
M+ =TIm(7)'. Therefore de Roo and Wagemans introduced a further deformation of
the theory [7]. Starting from a semi-simple gauging as presented above they introduced
a phase for every simple group factor as additional parameters in the description of
the gauging. In the next section we will explain the relation of these phases to our

parameters foarnp and show how these theories fit into our framework.

2.4.2 The phases of de Roo and Wagemans

We now allow for f,ynp and f_p nyp to be non-zero but keep @i” = 0. The quadratic
constraint (2.20) then reads

farnn fapg =0, €’ farrnrfare™ = 0. (2.48)

To find solutions we start from the situation of the last section, i.e. we assume to have
some structure constants fy;yp = fivnp) that satisfy the Jacobi-identity fR[MQpr]R =
0. In addition we assume to have a decomposition of the vector space {v™} into K
mutual orthogonal subspaces with projectors P;y/~, i = 1...K, i.e. such that for a

general vector vy, we have
K
UV = Z PiMNUN s 77MP PiMN IPjPQ =0 for ¢ %j . (249)
i=1

Furthermore this decomposition shall be such that the three form fy;yp does not mix

between the subspaces, i.e. it decomposes into a sum of three-forms on each subspace

K
Junp = Z fj(\?zvp ) f](\/l[)NP = IPiMQ PiNR ]Pz'PS fQRs . (2-50)

=1
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This implies that the gauge group splits into K factors Go = G x G® x ... x G
with f](\?NP being the structure constant of the i-th factor, each of them satisfying the

above Jacobi-identity separately. Solutions of the constraint (2.48)) are then given by

K
Jamnp = Z w? f](\?NP , w® = (wa), w(_i)) = (cos a, sin o), (2.51)
i=1
where the w( could be arbitrary SL(2) vectors which we could restrict to have unit
length without loss of generality. The o; € R, 7 =1... K, are the de Roo-Wagemans-
phases first introduces in [7]. In the following we want to use the abbreviations ¢; =
cosq;, s; =sinq;. If K =1 we find f,yyyp and f_p/np to be proportional. This case
is equivalent to the purely electric gaugings of the last section since one always finds
an SL(2) transformation such that wl’ becomes (1,0).

For a semi-simple gauging as described in the last section there is a natural decom-
position of {v™} into mutual orthogonal subspaces and K equals the number of simple
factors in GGy. But the above construction also applies for non-semi-simple gaugings.

We have mentioned above that every consistent gauging is purely electric in a
particular symplectic frame. Considering a concrete gauging it is therefore natural to
formulate the theory in this particular frame, and also the two-form gauge fields then
disappear from the Lagrangian. For those gaugings defined by (251 we may perform
the symplectic transformation

K K
A;];/I-i_ = Z C; IPiMN AQH_ + Z S; IPiMN Aljj_’

i=1 i=1

K K
A ==Y Py AT Y GPMy AL (252
i=1 i=1

such that the covariant derivative depends exclusively on Aﬁ/f +
D,=V,— gAuMJrfMNPtNP . (2.53)

Note that the new electric vector fields flﬁ“ do not form a vector under SO(6,n), but

transform into fiﬁ/[ ~ under this group. The Lagrangian in the new symplectic frame

reads
1
_1 MN *
L= JRE L DM (DY) — s (D7) (D)
— TN F M FNT — LRy G“V”Aﬁ%Jrﬁp]\;r -9V, (2.54)
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and the scalar potential (ZIT]) takes the form [28]

K
V= Z cic; — 2Re(T)cis; + |72si85) Fivp S Shs

% [g MMQpNRPS | (% UMQ _ MMQ)nNRnPS

K
— 5 D csifiivp fons MMNTORS (2.55)
i,7=1

The kinetic term of the vector fields involves the field strength
leM—i— = 26[uf1,,}M+ - ngpMA[”N—i—A,,}P—i— s (256)

and the scalar dependent matrices Zy;ny and Rjy;y which are defined by

K
(T HMN = Im( Z cic; — 2Re(T)cisj + |T|%sis;) PM pP;N g MP9
i,j=1
K
7?,]\/[]\[(1'_1 —CiSj + Re )(SZ'S]‘ — CiCj) + |T|2SZ’Cj] PiMNIPjPRMNR .

(2.57)

In general when going to the electric frame for an arbitrary gauging there is still a
topological term for the electric fields of the form AA0A + AAAA [40], but here this
term is not present.

Comparing the scalar potential V' for non-vanishing phases «; with that of the last
section we find it to have a much more complicated 7 dependence and one can indeed

find gaugings where it possesses stationary points [10, 28§].

2.4.3 1IB flux compactifications

We now want to consider gaugings with an origin in type IIB supergravity. N = 4
supergravity can be obtained by an orientifold compactification of 1IB [I1], 12] and in
the simplest T°/Z, case this yields the ungauged theory with n = 6, i.e. the global
symmetry group is G = SL(2) x SO(6,6). Here, the SL(2) factor is the symmetry
that was already present in ten dimensions and SO(6, 6) contains the GL(6) symmetry
group associated with the torus 7°. The compactification thus yields the theory in a
symplectic frame in which SL(2) x GL(6) is realized off-shell. Turning on fluxes results
in gaugings of the theory that are purely electric in this particular symplectic frame.
This is the class of gaugings to be examined in this subsection.

An SO(6, 6) vector decomposes under GL(6) = U(1) x SL(6) into 6 & 6. The vector
fields A, split accordingly into electric ones A4, and magnetic ones A,,* where
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A=1...6is a (dual) SL(6) vector index. The SO(6,6) metric takes the form

r r
AT 1A 0 5/\

NN = = : (2.58)
(WAF ’7“> (59 0)

The gauge group generators (2.24) split as X = (Xpa, X*o) and a purely electric
gauging satisfies X, = 0. The tensors &,y and faarnvp decompose into the following

representations

(2,12) — (2,6) @ (2,6),
(2,220) — (2,6) D (2,20) & (2,84) ® (2,84) D (2,20) & (2,6) . (2.59)

From (2.24) one finds that the condition X*, = 0 demands most of these components
to vanish, only the (2,20) and a particular combinations of the two (2, 6)’s are allowed

to be non-zero. Explicitly we find for the general electric gaugings in this frame

gaM = (ga/\a gaA) = (gaAa 0)7
faMNP - (faAI‘E; faAI‘xa faAFEa faAFE) - (faAFﬁ; ga[AéIX‘:}a 0; 0) . (260)

This Ansatz automatically satisfies most of the quadratic constraints (Z20), the only
consistency constraint left is

fafars €gye) = 0 . (2.61)

Thus for £, = 0 we find foars to be unconstrained, i.e. every choice of foars gives
a valid gauged theory. It turns out that f,ars corresponds to the possible three-form
fluxes that can be switched on. These theories and extensions of them were already
described and analyzed in [13] [I4]. It was noted in [41] that not all N = 4 models
that come from T°/Z, orientifold compactifications can be embedded into the N = 8
models from torus reduction of IIB, since for the latter the fluxes have to satisfy the
constraint fuars fawaz) = 0.

Searching for solutions to the constraint (2.6I) with &,5 non-vanishing one finds

that the possible solutions have the form

farrs = &ajr Aryy or fanrs = €7 Baa &or &oxy (2.62)

with unconstraint £,x, Axr = Ajar) and By, respectively.

Theories with both f,yvp and &, non-zero were not yet considered in the litera-
ture. For foarnp = 0 the remaining quadratic constraints on &, demands it to be of
the form £uar = vo war, With v, arbitrary and wy, lightlike, i.e. wyw™ = 0. Thus for
vanishing foarnp the solution for &,/ is unique up to SL(2) x SO(6, n) transformations.

This solution corresponds to the gauging that can be obtained from Scherk-Schwarz
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reduction from D = 5 with a non-compact SO(1, 1) twist, which was constructed in [29]
for the case of one vector multiplet. This suggests that in certain cases non-vanishing
&anr corresponds to torsion on the internal manifold. But this does not apply for the I1B
reductions in this section since &, is a doublet under the global SL(2) symmetry of IIB,
while a torsion parameter should be a singlet. We have shown that these theories with
non-vanishing &,, are consistent N = 4 supergravities, but their higher-dimensional
origin remains to be elucidated.

The list of gauged N = 4 supergravities that were presented in this section is, of
course, far from complete. One could, for example, discuss other orientifold compacti-
fications of IIA and IIB supergravity, for all of which turning on fluxes yields gauged
theories in four dimensions [I5] [16]. However, the examples discussed were hopefully
representative enough to show that indeed all the various gaugings appearing in the
literature can be embedded in the universal formulation presented above. New classes
of gaugings are those with both f,y/np and &,y non-vanishing. Every solution of the
quadratic constraints (2.20)) yields a consistent gauging . For additional examples see
[42].

3 Gauged N =4 supergravities in D =5

In analogy to the four dimensional theory presented in the last section we now describe
the general gauged N = 4 (half-maximal) supergravity in five spacetime dimension.
The general gauging in D = 5 is parameterized by three real tensors fynp, Enn and
&, taking the role of foyrnvp and &,p from the last section. Our presentation is
less detailed than for the four dimensional theory because for the case £,y = 0 these
theories were already presented in the literature [31]. On the other hand, gaugings with
vanishing fynvp and &y but non-zero &, have a non-semi-simple gauge group and
originate in generalized dimensional reduction from D = 6 supergravity [29]. Here we
complete the analysis of [29, B1] by including gaugings with all tensors fyyp, Earnv and
&y non-zero. We give the complete bosonic Lagrangian and Killing spinor equations

and at the end of this section make contact with the four dimensional theory.

3.1 Quadratic constraints and gauge algebra

The global symmetry group of ungauged D = 5, N = 4 supergravity is G = SO(1,1) x

SO(5,n), where n € N counts the number of vector multiplets. The theory contains

13 Sometimes the half-maximal supergravities in D = 5 are referred to as N = 2 theories. We
prefer the notation N = 4 since they are related to the N = 4 theories in four dimensions via a torus
reduction. In this notation the minimal supergravity in D = 5 is denoted as N = 2.
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Abelian vector gauge fields that form one vector A} and one scalar A) under SO(5,7).
Note that the index M =1...5+n now is a vector index of SO(5,n) while in the last
section we used it for SO(6,n). The vector fields carry SO(1, 1) charges 1/2 and —1,
respectively, i.e.
1
M_ LM 0 _ _ 40

G A, = §A” , G A, =—A,, (3.1)
where d; denotes the SO(1, 1) action. The corresponding algebra generator is denoted
ts while the SO(5, n) generators are ¢y n = t[an). For the representations of the vector

gauge fields these generators explicitly read

1
tun p® = 5[?\/[77N]P ’ tﬁMN - _§5J\N4 ’ tano’ =0, tﬁoo =1. (3.2)

The general gauging of the theory is parameterized by tensors fynp = finunp], Sun =
§mn) and &y, They designate the gauge group and assign the vector gauge fields to

the gauge group generators. The general covariant derivative reads
D,=V,— gA,]f[ "t — gA,(i N tnp — gAﬁ/IgN tmMNn — gAngtﬁ , o (3.3)

where the indices are raised and lowered by using the SO(5,n) metric nyy and g is
the gauge coupling constant. In order that the above expression is G invariant we
need fynp and &y to carry SO(1,1) charge —1/2 and &yx to have charge 1. By G
invariance we mean a formal invariance treating the fy;np, &y and &y as spurionic
objects that transform under G. However, as soon as we choose particular values for
these tensors the global GG invariance is broken and only a local Gy C G invariance is
left.

To guarantee the closure of the gauge group and the consistency of the gauging we

need the following quadratic constraints to be satisfied for a general gauging
En€M =0, EunEY =0, funpE” =0,
3frin fral™ = 2fmunpéa),  En® fone = Eménp — & Eppur - (3.4)

This implies for example that &,; has to vanish for n = 0 since for an Euclidean metric
nymn one has no lightlike vectors. In general, however, all three tensors may be non-
zero at the same time. For the sake of discussing the closure of the gauge group it is
convenient to consider the group action on the vector field representation defined by
(B2). Introducing the composite index M = {0, M}, i.e. A}t = (A9, A)), we have

D, AM =V, AM 4 g AV XppM AT (3.5)
where the gauge group generators X" = (Xa)n” are given by

1
Xun" = —fun" - 577MN§P +ohn s Xuo® =&, Xou =&, (36)
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and all other components vanish. For the commutator of these generators one finds
(X, Xnv] = = Xun” Xp | (3.7)

i.e. the gauge group closes and X" itself takes the role of a generalized structure
constant. The closure relation (B.7) is equivalent to the quadratic constraint (3.4)).

For gaugings with only fy,np non-zero we see that this tensor is a structure constant
for a subgroup Gy of SO(5,n) that is gauged by using Aﬁ/f as vector gauge fields. If
only &y is non-zero we find a one-dimensional subgroup of SO(5, n) to be gauged with
gauge field Ag. And for gaugings with only &, non-zero one finds a 4 + n dimensional
gauge group SO(1,1) x SO(1,1)*™™ where the first factor involves the SO(1,1) of G.

Note further that ([B.7) is of precisely the same form as the closure relation (2.27)
which we had in four dimensions. This is not by accident but we have just applied a
general method of how to gauge supersymmetric theories which goes under the name
of the embedding tensor [21], 22 23], 24, 27]. In this language the tensors fynp, Emn
and &), are components of the embedding tensor which is a linear map from the vector
space of vector gauge fields to the Lie algebra of invariances of the ungauged theory.
Independent of the number of supersymmetries or of the spacetime dimension the
embedding tensor always has to satisfy the quadratic constraint (8.7). In addition
it always satisfies a linear constraint which involves extra objects and whose form
depends on the number of spacetime dimensions. For example in D = 4 the linear
constraint involves the antisymmetric tensor 2,4, and has the form X(MNQQP)Q =0
[27] while in D = 5 it involves the tensor dynp and takes the form ([B.I0) below. Our
presentation of the five dimensional theory is to a large extend based on [23] where the
corresponding maximal supergravity was presented.

To give the Lagrangian and the gauge transformations of the theory in the next
section it is useful to introduce the tensors dayvo = dmaro) and ZMN = ZIMNT 5

follows
doyny = darony = dyrno = NN all other components zero, (3.8)
and
ZMN = LeMN Z0M = MO _ LM (3.9)

The embedding tensor then satisfies

Xouny” = duno2”° . (3.10)

3.2 The general Lagrangian

We have already introduced the vector fields Afy and Ag. In addition the bosonic field
content consists of scalars that form the coset SO(1,1) x SO(5,n)/SO(5) x SO(n) and
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two-form gauge fields By, ym = (Buw v, Buvo). In the ungauged theory these two-form
fields do not appear in the Lagrangian but can be introduced on-shell as the duals of
the vector gauge fields. In the gauged theory we consider both vector and two-form
fields as off-shell degrees of freedom, however, the latter do not have a kinetic term but
couple to the vector fields via a topological term such that they turn dual to the vectors
due to their own equations of motion [23]. This is analogous to the four dimensional
case where the two-forms turned out to be dual to scalars via the equations of motion.

The SO(1,1) part of the scalar manifold is simply described by one real field 3
that is a singlet under SO(5,n) and carries SO(1,1) charge —1/2. In addition we have
the coset SO(5,n)/SO(5) x SO(n) which is parameterized by a coset representative
V = (Vu™, Vi), where m = 1...5 and a = 1...n are SO(5) and SO(n) vector
indices. Our conventions for V here are the same as for the SO(6,n)/SO(6) x SO(n)
coset representative we had in four dimensions, see equations (Z3), (Z4), [23). In
addition to the symmetric matrix My;xy = VYT and its inverse M™MY we need the

completely antisymmetric
MMNPQR = EmnoquMmVNnVPOVQpVRq . (3,11)

The two-form gauge fields transform dual to the vector gauge field under G, i.e.
By v is a vector with SO(1,1) charge —1/2 and B, is a singlet carrying charge 1.

They enter into the covariant field strength of the vector fields as follows
Wyt =200, AN + gXpp™MAN AT + gZMV B, i (3.12)

We now have all objects to give the bosonic Lagrangian of the general gauged N = 4

supergravity in five dimensions
Lpos = Lyin + Etop + £p0t . (313)
It consists of a kinetic part

—1 1 1 v2 M a/N pv 1 v—4 440 0 pv
€ Lkin—§R_ ZE MMNrHlWrH m ZE 7‘[“”7‘[ "

— 3272(D,2)* + L (DuMyw)(DFMMYY | (3.14)
a topological part [23]
&
Lo = —8—ﬂeﬂ”ﬂ*”{gZMNBWM Dy Bag + ddupoAf, (044G + 19 Xrs” ATAT))|
— S dpnp AN O, AN 0\AT — 2 gd e Xor™ A) AZ AT 0\AT

— 2 ¢? dpwp Xor™ Xs7” Aﬁ[ AR AT A3 AZ} ; (3.15)
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and a scalar potential

e_l'cpot = —92V
2
g _
=7 EnnplorsS 2 (G MMOMNENPS _ LpMQuNR,PS | 1, MQ) Ry, PS)
+ ennEpgt (MM MY —gMPpNQ) + gyEn DT MMY

+ %ﬁfMNPfQREMMNPQR] : (3.16)
For £, = 0 the latter agrees with the potential given in [31].

The topological term seems complicated, but its variation with respect to the vector

and tensor gauge fields takes a rather simple and covariant form, namely

e )
8 Lyop = 4_\/§6uuma (% g ZMN %Ei)p/\/t AByy v+ dnp ’Hﬁ ’H%\ 5A[7;> + tot. deriv. ,
(3.17)
where we have used the covariant variation
AB,, = 7MWV <6BW N QdNPQA@(SAV%) , (3.18)

and the covariant field strength of the two-form gauge fields
ZMNUD = 723Dy, Byya + 6 dypo AT, (a,, A9 41 g Xps AT Af])] . (3.19)

Note that the two-forms appear in the Lagrangian always projected with ZMV i.e.
they completely decouple from the theory for the ungauged case g — 0, but also for the
gauged theory there are never all two-forms entering the Lagrangian. For gaugings with
only farnp non-zero we have ZMN = () and thus no two-forms are needed. In the last
equation we also defined the field strength of the two-forms only under Z% projection
because only then it transforms covariantly under the following gauge transformations
23]

§AM = DAM — gZMVE,

ABy st = (2DpZnm — 2dpnp M A7) (3.20)

Here AM = AM(z) and =, = E,m(2) parameterize the (tensor) gauge transforma-
tions. Also the field strength ’Hﬁ transforms covariantly under these transformations,

i.e.
MM = —gAV Xpp™MHT, . (3.21)

The topological term Ly, is invariant under (3.20)) up to a total derivative. The algebra
of gauge transformations closes analogous to the one we found in four dimensions (2.29)).

25



Varying the two-forms in the Lagrangian yields the equation of motion

1 o
7MN (6—\/5@,,,,)\(, H P — MNP’HZZ,> =0, (3.22)

where we have used

40
M = ) 3.23
MY ( 0 ZZMMN> (3.23)

Due to equation (B.22) the two-forms become dual to the vector gauge fields as was

announced earlier.

3.3 Killing spinor equations

We now turn to the fermions of the five dimensional theory in order to give the Killing
spinor equations. The fermions come in representations of the maximal compact sub-
group H = USp(4) x SO(n) of G, where USp(4) is the covering group of SO(5). In
the gravity multiplet there are four gravitini ¢,; and four spin 1/2 fermions x;, both
vectors under USp(4) and singlets under SO(n), i = 1...4. In the n vector multiplets
there are 4n spin 1/2 fermions A? which form a vector under both USp(4) and SO(n),
a = 1...n. All fermions are pseudo-Majorana, i.e. they satisfy a pseudo-reality con-
straint of the form & = Q;;C(&7)T, where Q;; is the USp(4) invariant symplectic form
and C' is the charge conjugation matrix.

The coset representative Vy,™ transforms as a 5 under USp(4) and can alternatively

be expressed as Vi = V17! subject to
Under supersymmetry transformations parameterized by ¢; = ¢;(x) we have

z j — 1% v
Oy = Dy€; — 6 <Qij2VM]k%£/[p — i\/§ 5y 2%2p> (Fu p— 45ﬂFp) €k

+ EQZ] Ajlk FM €L

V6
(SXl _ _% 34 (EleME) Puei _ % 3 (E Qij VMJkHl]l,/[j + %\/5 272 (Szk %gy) P“Vek
+ \/§gQij AY ¢,
oA = i QU (V"D VM The, — LSV HIE T ¢, + V290 A5 . (3.25)

Here we have neglected higher order fermion terms. These fermion variations could

formally be read off from [31]. But the fermion shift matrices Ay;;, As;; and Agij which

are defined below now include contributions from the vector &;,.
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Using V% and Vi we can define from fanp, Eun and &y scalar dependent

tensors that transform under H. The vector &, gives
=2y, M =Syt eM (3.26)
from the 2-form &,;5 one gets
il = /220 Vo PVt MY ¢l — ¥2,, 0P, i ¢MN (3.27)
and the 3-form fy/vp yields
i = _g Stk VI YPP PN i a3t 0 )y 9Py Rypil PN (3.28)

where NV = Nl ¢ = 6 coid = ¢olid] | pid = plid) - poid = palid) |1 The fermion shift
matrices can now be defined as

1

A= L (o,
A = = (¢ 4 gy 37

N (C7+p >
Agzg _ 5 (_CaZJ 4 paZJ _ i 270 QZJ) . (329)

These matrices do not only appear in the fermion variations but also in the fermion

mass terms that have to appear in the Lagrangian of the gauged theory

V6

U ij o7 ji T jia T a
Qi AV URT 0, 4+ V2 g Qg A DT X + V2 g Qe AT

(3.30)

—1
€ ['f.mass -

Note that we have only given those terms that involve the gravitini. Supersymmetry

imposes the following condition on the fermion shift matrices
O (AT AT — AF A — AR AT = -V, (3.31)
where the scalar potential appears on the right hand side. Again this condition is

satisfied as a consequence of the quadratic constraint (3.4).

3.4 Dimensional reduction from D =5to D =4

Starting from a five dimensional N = 4 supergravity one can perform a circle reduction
to get a four dimensional N = 4 supergravity. Thus any five dimensional gauging

described by farnp, Eurnv and &y must give rise to a particular four dimensional gauging

1 Our notation translates into that of [31] as follows: a, = A, AN = giAEMN, fEy= —giSfMNP,

=9 (.. a—__J9 a = _9 ;.. a — _49 @,
Uz] = " %9a Cz]: V” V204 Cz]ﬂ Sl] 395 Pij, T” 209 Pij-
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characterized by foymnvp and £4as. In other words the set of five dimensional gaugings
is embedded into the set of four dimensional gaugings and we now want to make this
embedding explicit. This yields additional examples of four dimensional gaugings, but
it is also interesting in the context of string dualities in presence of fluxes since the two
tensors fyrnp and &y in D = 5 turn out to be parts of the single tensor f, ) yp under
the larger duality group in D = 4. Thus, as usual, one gets a more unified description of
gaugings with different higher dimensional origin when compactifying the supergravity
theory further. With all the group structure at hand it is not necessary to explicitly
perform the dimensional reduction but we can read off the connection from the formulas
for the covariant derivatives (2.12)) and (3.3) (that is from the embedding tensor).

A five dimensional theory with n vector multiplets yields a four dimensional theory
with n + 1 vector multiplets. One way to understand that is by counting scalar fields.
There are 5n + 1 scalars already present in five dimensions and in addition one gets
one scalar from the metric and 6+ n scalars form the vector fields which gives 6n+8 in
total and agrees with the number of scalars in the coset SL(2) x SO(6,n+1)/SO(2) x
SO(6) x SO(n + 1). When breaking the SO(6,n + 1) into SO(1,1)4 x SO(5,n) the
vector representation splits into an SO(5,n) vector v™ and two scalars v® and v® with
charges 0, 1/2 and —1/2, respectively, under SO(1,1)4. When breaking the SL(2)
into SO(1, 1)z the vector splits into two scalars v and v~ with charges 1/2 and —1/2
under SO(1,1). The four dimensional vector fields therefore split into AY*, AN~
AP A9 ADT and AT, We can now identifying the five dimensional vector fields as

M _ M 0 _ —
AM = ANt AS = A, (3.32)

7

and these fields carry charges 1/2 and —1 under the diagonal of SO(1,1)4 and SO(1,1)p
and the five dimensional SO(1,1) therefore has to be this diagonal. Thus the five
dimensional global symmetry generators are given in terms of the four dimensional

ones as follows

ty = 50 4 506+ tun = tflggsjw b (3.33)
The vector fields AY~, AP" are the four dimensional duals of A}* and A7~ they
come from the two-form gauge fields in five dimensions. The vector fields Ai‘f‘ and
ADT are uncharged under the five dimensional SO(1,1), they are the Kaluza-Klein
vector coming from the metric and its dual field.
Now, if a four dimensional vector field that was already a vector field in five di-
mensions (3.32) gauges a four dimensional symmetry that was already a symmetry in
five dimensions (3:33)) the corresponding gauge coupling in the covariant derivative in

D = 4 has to be the same as in D = 5. For the four dimensional covariant derivative
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(212) one finds

D, =V, —gAM (0.0 tnp + 2 10" Ptoe + oty )
—g AT (fo N + Eoton — Eoty ) + DI, (3.34)

where O,/ np is defined in (IZZI) and D% denotes exclusively four dimensional contri-
butions to the covariant derivative. By comparing with the known covariant derivative

in five dimensions (3.3)) one gets

Eemr =&, J+meo = %gM ) f-emn =&un , f+mnp = funp - (3-35)

For a simple circle reduction it is natural to demand furthermore fiynve =0, fiyne =
0, frune =0, formae = 0,6 =0, &g = 0 and €. = 0. Some of the last quantities,
however, may be non-zero for more complicated dimensional reductions and may then
for example correspond to Scherk-Schwarz generators [29]. But for the ordinary circle
reduction we have just given the embedding of the five dimensional gaugings into
the four dimensional ones. In addition to the above equations we have to make sure
that f,5p is totally antisymmetric in the last three indices (M = {M,®,©}). One
can then show that for these tensors f_ v 5vp and £, ;; the four dimensional quadratic
constraint (Z20) becomes precisely the five dimensional one (84) for fynp, Eyy and

&nr- Also the four and the five dimensional scalar potentials (2.17)), become the

—

same if all scalars that are not yet present in D = 5 are set to the origini
Due to the antisymmetry of f_ 5p one finds the following additional terms in the

D = 4 covariant derivative:

Dy = —g AM (260N tve + Eart—)
+ gAY EY (tvo — thve) + 9 45T EN (tne +tne) - (3.36)

These are couplings of vector fields to symmetry generators that both only occur in
four dimensions. If one explicitly performs the dimensional reduction by hand these

gauge couplings originate from the dualization of the various fields.

4 Conclusions

The general gaugings of N = 4 supergravity in D = 5 and D = 4 were presented. The
D = 4 gaugings are parameterized by two SL(2) x SO(6,n) tensors foynp and Eanr,

15 Note that what we called n in section 2 is now n + 1 and the index M now is an SO(5,n) vector

index rather than a SO(6,n + 1) index.
16 The equality of the scalar potentials is most easily checked at the origin M = 1. If the potentials

do agree there for all possible gaugings the statement is already proven due to the SO(1,1) x SO(5,n)
covariance of the construction.
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subject to a set of consistency constraints. New classes of gaugings were found and it
was shown how the known gaugings are incorporated in this framework. Remarkably,
all known examples can be described by turning on only f,yvp or £,ar, but we have
shown that for a general gauging both tensors can be non-vanishing. Similarly, in five
dimensions the general gaugings are parameterized by three SO(1, 1) x SO(5,n) tensors
fune, Eun and £y The gaugings with &, = 0 were already described in [31], but it is
necessary to incorporate &y, to also include non-semi-simple gaugings that result from
Scherk-Schwarz dimensional reduction [29]. For a generic gauging all three tensors
may be non-zero. It would be very interesting to understand how all these gaugings
can be obtained from compactifications of string- or M-theory. For example for the
D = 4 gaugings with non-vanishing de Roo-Wagemans phases the higher dimensional
origin is not yet known. The compactifications that yield these gaugings might be of
unconventional type [43] [44]. The unifying scheme presented in this paper should be a
useful tool when tackling these questions in a covariant form. On the other hand, we
have so far only presented the gauged theories and have shown their consistency. It
would be interesting to further study these theories by classifying their ground states,

computing the mass spectrum, analyzing stability, etc.
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A Gauged half-maximal supergravities in D = 3

The general gauged half-maximal supergravity in D = 3 was given in [38] [45]. Here
we shortly describe the underlying group theory and the tensors that parameterize the
gauging. We then give the fermion shift matrices and the scalar potential in the same
form as we did in four and five dimensions. Finally we describe the embedding of the
four dimensional gaugings into the three dimensional ones. This relation is necessary
in order to calculate the four and five dimensional scalar potentials from the known

three dimensional one.
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A.1 General gauging, scalar potential, fermion shift matrices

The global symmetry group of the ungauged theory is G = SO(8,n), where n again
counts the number of vector multiplets. The vector fields A, MY = A ,[MN transform in
the adjoint representation of G. Here M, N =1,...,8 +n are SO(8,n) vector indices.
The general gauging is parameterized by the two real tensors Ayvpo = Amnpg) and
Avn = Ay, with n™¥ Xy = 0, and one real scalar A. Together they constitute the

embedding tensor
Ounrg = AMNPQ + Alpiv INQ] + ANPIv TINIQ (A.1)
which enters into the covariant derivative
D, =08,— A M Oun"pg . (A.2)

Due to the above definition the embedding tensor automatically satisfies the linear

constraint
Ounrg = Oroun - (A.3)
In addition it has to satisfy the quadratic constraint
@MNTV@PQVU - @PQTV@MNVU = @MN[PV@Q]VTU ) (A.4)

which may be written as a constraint on Aynpg, Avy and A.
The scalars of the theory form the coset SO(8,n)/SO(8)xSO(n) and in the following
we use the same conventions and notations as for the SO(6,n)/SO(6) x SO(n) coset in

four dimension, in particular we again have

Muyn = Vu"Vn" + V" V™ | nun = Vu'Vn" = Vu" V™, (A.5)
where now ¢ = 1,...,n and m = 1,...,8. In addition we need the scalar dependent
object

MMNPQRSTU — EmnopqrstVMmVNnVPOVQPVRqVSTVTSVUt . (A6)

The scalar potential then takes the form

1
V=- 21 [)\MNPQ)\RSTU( — LMMEAMNE M MY+ 3MME AN P RY

non non-on
+ )\MN)\PQ (—%MMPMNQ + %UMPUNQ + %MMNMPQ)

_4MMR77NS PT QU | 3)\rMR NS PT QU | lMMNPQRSTU>
2 3

+ 192X\ — 24 ) )\MNMMN] : (A.7)
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Although written differently, this is the same potential as given in [38].

The maximal compact subgroup of G is H = SO(8) x SO(n). All the fermions
and the fermion shift matrices A; and A, transform under H. Let A, A= 1,...,8 be
(conjugate) SO(8) spinor indices. The Gamma-matrices of SO(8) satisfy
Then the fermion shift matrices A; and A, are defined through the so called T-tensor
as follows [38]

TABCD — iFABFCDVMmVNnVPOVQp@MNPQ ,

16 mn=— op
1
TABma _ ZF?I,BVMOVNPVPmVQa@MNPQ ,
8 4
AAB _ _SpacBC | % saBpCDCOD
! 3 o ’
AAB — 2TABma - EFC(ATB)Cna - i(SABFCDTCDna ) (Ag)
2 ma 3 mn 21 mn

The quadratic constraint (A.4]) guarantees that A; and A, satisfy

1
AfCAlBC - AAC A2cha = _1—285ABV ) (A]'O)

2 ma

with the scalar potential V' appearing on the right hand side.

A.2 From D=4to D=3

Performing a circle reduction of four dimensional N = 4 supergravity with n vector
multiplets yields a three dimensional N = 8 supergravity with n 4 2 vector multiplets.

The embedding of the global symmetry groups is given by
SO(8,n+2) D SO(2,2) x SO(6,n) D SL(2) x SO(6,n) , (A.11)

where the SL(2) is just one of the factors in SO(2,2) = SL(2) x SL(2). Accordingly we
split the fundamental representation of SO(8,n + 2) as oM = (o™, v*®) where a = 1,2
and z = 1,2. Note that the SO(8, 1 4 2) vector index is denoted by M, while M is an
SO(6,n) vector index. The SO(2,2) metric is given by

Moa ys = Eayéas which yields Mo ysn”” 1 = 07, (A-12)

The SL(2) generators t(.g), t(zy) and the SO(2,2) generators t;q 3 = tyg4q are related
as follows

1
t:l?ayﬁ = —5 (Gaﬁtxy + GIytaﬁ) , (A13)

32



where we use the conventions (fy)p< = 65\4%\[}? for the SO(2,2) generators (M =
za). The embedding of the D = 4 vector fields into the D = 3 ones is then given by

At = Al (A.14)

where Aﬂ/’ la denotes the corresponding components of the D = 3 vector fields Ai‘ZIN =

ALMN]. Analogous to the reduction from D =5 to D = 4 described in section 3.4, now
the covariant derivatives in D = 4 and D = 3 have to agree for those terms already
present in D =4, i.e.

D, D> 0,— 21424 2Oy tnp + Ai\tﬂa@M 1679 €xy Loy

= 9, — A,MOu N tnp — AMON g, (A.15)
This yields
AMa MNP = — % famnp , AM la:vﬁy'yemy = %Ga('yfﬁ)M ) Mam = Eamr (A-16)

while we demand the other components of Ay 555 and Ay to vanish and also A = 0.
However, the antisymmetry of Aj;5pg and the symmetry of A7y has to be imposed,
for example

AM zawByy = AM[{za} (2B} {y7)] A zazByy = 5 0s€ay€a(yEp)M - (A.17)

We have thus defined the embedding of the four dimensional gaugings into the three
dimensional ones. The quadratic constraint (A.4) in D = 3 is satisfied iff the D = 4
quadratic constraint (Z20) is satisfied. The D = 3 scalar potential (A.7) reduces to
the D = 4 potential ([2I1]) when all D = 3 extra scalars are set to the origin.
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