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he Physik, Universit�at Hamburg,Luruper Chaussee 149, 22761 Hamburg, Germany(Dated: February 23, 2006)Abstra
tWe study the rare B de
ay B ! K�`+`� using soft-
ollinear e�e
tive theory (SCET). At leadingpower in 1=mb, a fa
torization formula is obtained valid to all orders in �s. For phenomenologi
alappli
ation, we 
al
ulate the de
ay amplitude in
luding order �s 
orre
tions, and resum the loga-rithms by evolving the mat
hing 
oeÆ
ients from the hard s
ale O(mb) down to the s
ale pmb�h.The bran
hing ratio for B ! K�`+`� is un
ertain due to the impre
ise knowledge of the soft formfa
tors �?(q2) and �k(q2). Constraining the soft form fa
tor �?(q2 = 0) from data on B ! K�
yields �?(q2 = 0) = 0:32� 0:02. Using this input, together with the light-
one sum rules to deter-mine the q2-dependen
e of �?(q2) and the other soft form fa
tor �k(q2), we estimate the partiallyintegrated bran
hing ratio in the range 1 GeV2 � q2 � 7 GeV2 to be (2:92+0:67�0:61)�10�7. We dis
usshow to redu
e the form fa
tor related un
ertainty by 
ombining data on B ! �(! ��)`�` andB ! K�(! K�)`+`�. The forward-ba
kward asymmetry is less sensitive to the input parameters.In parti
ular, for the zero-point of the forward-ba
kward asymmetry in the standard model, weget q20 = (4:07+0:16�0:13) GeV2. The s
ale dependen
e of q20 is dis
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I. INTRODUCTIONThe ele
troweak penguin de
ay B ! K�`+`� is loop-suppressed in the StandardModel(SM). It may therefore provide a rigorous test of the SM and also put strong 
on-straints on the 
avor physi
s beyond the SM.Though the in
lusive de
ay B ! Xs`+`� is better understood theoreti
ally using theOperator Produ
t Expansion, and the �rst dire
t experimentalmeasurements of the dileptoninvariant mass spe
trum and mX -distribution are already at hand [1, 2℄, being an in
lusivepro
ess, it is extremely diÆ
ult to be measured in a hadron ma
hine, su
h as the LHC, whi
his the only 
ollider, ex
ept for a Super-B fa
tory, that 
ould provide enough luminosity for thepre
ise study of the de
ay distributions of su
h a rare pro
ess. In 
ontrast, for the ex
lusivede
ay B ! K�`+`�, the diÆ
ulty lies in the impre
ise knowledge of the underlying hadrondynami
s. Experimentally, BaBar [3℄ and Belle [4℄ Collaborations have observed this rarede
ay with the bran
hing ratios:B(B ! K�`+`�) = 8<: (7:8+1:9�1:7 � 1:2)� 10�7 (BaBar) ;(16:5+2:3�2:2 � 0:9� 0:4) � 10�7 (Belle) : (1)We note that the Belle measurements are approximately a fa
tor 2 higher than the 
orre-sponding BaBar measurements. In addition, Belle has published the measurements [4, 5℄ ofthe so-
alled forward-ba
kward asymmetry (FBA) [6℄. In parti
ular, the best-�t results byBelle for the Wilson 
oeÆ
ient ratios for negative value of A7,A9A7 = �15:3+3:4�4:8 � 1:1;A10A7 = 10:3+5:2�3:5 � 1:8 ; (2)are 
onsistent with the SM values A9=A7 ' �13:7 and A10=A7 ' +14:9, evaluated in theNLO approximation (see Table I). With more data a

umulated at the 
urrent B fa
tories,and espe
ially the huge data that will be produ
ed at the LHC, it is foreseeable that thedilepton invariant mass spe
trum and the FBA in this 
hannel will be measured pre
iselyin several years from now, allowing a few % measurements of the Wilson 
oeÆ
ient ratiosand the sign of A7.Theoreti
ally, the ex
lusive de
ay B ! K�`+`� has been studied in a number of papers,see for example [7, 8, 9, 10, 11, 12℄. From the viewpoint of hadron dynami
s, the appli
a-tion of the QCD fa
torization approa
h [13℄ to this 
hannel [14℄ deserves spe
ial mention,2



as we shall be 
omparing our phenomenologi
al analysis with the results obtained in thispaper. The emergen
e of an e�e
tive theory, 
alled soft-
ollinear e�e
tive theory (SCET)[15, 16, 17, 18, 19℄, provides a systemati
 and rigorous way to deal with the perturbativestrong intera
tion e�e
ts in B de
ays in the heavy-quark expansion. A lot of theoreti
alwork has been done in SCET related to the so-
alled heavy-to-light transitions in B de
ays,in parti
ular, a demonstration of the soft-
ollinear fa
torization [20, 21, 22, 23℄, a 
omplete
atalogue of the various 2-body and 3-body 
urrent operators [19, 22, 24℄, and the extensionof SCET to two e�e
tive theories SCETI and SCETII , with the two-step mat
hing QCD!SCETI ! SCETII [25℄. Among various phenomenologi
al appli
ations reported in the liter-ature, SCET has been used to prove the fa
torization of radiative B ! V 
 de
ays at leadingpower in 1=mb and to all orders in �s [26, 27℄. Likewise, SCET, in 
ombination with theheavy-hadron 
hiral perturbation theory, has also been used to study the forward-ba
kwardasymmetry in the non-resonant de
ay B ! K�`+`� in 
ertain kinemati
 region [28℄. In thispaper, our aim is to use SCET in the de
ay B ! K�`+`�. Due to the similarity betweenB ! K�
 and B ! K�`+`� de
ays, our approa
h is quite similar to the earlier SCET-basedstudies [26, 27℄, in parti
ular to Ref. [26℄. Moreover, an analysis of the ex
lusive radiativeand semileptoni
 de
ays B ! K�
 and B ! K�`+`� in SCET 
an be 
ombined with datato redu
e the un
ertainties in the input parameters. In parti
ular, as we show here, the lo-
ation of the forward-ba
kward asymmetry in B ! K�`+`� 
an be predi
ted more pre
iselythan is the 
ase in the existing literature.It is well known that, when q2, the momentum squared of the lepton pair, is 
omparableto M2J= , the resonant 
harmonium 
ontributions be
ome very important, for whi
h thereis no model-independent treatment yet. Likewise, for higher q2-values, higher  -resonan
es( 0;  00; :::) have to be in
luded. Thus, in the following we will restri
t ourselves to theregion 1 GeV2 < q2 < 7 GeV2, whi
h is dominated by the short-distan
e 
ontribution. Notethat the lower 
ut-o� 1 GeV2 is taken here be
ause, as we shall see later, when q2 is verysmall, say q2 � O(�2QCD), the fa
torization of the annihilation topology breaks down. Inthis kinemati
 region, a fa
torization formula for the de
ay amplitude of B ! K�`+`�,whi
h holds to O(�s) at the leading power in 1=mb, has been derived in Ref. [14℄ usingthe QCD fa
torization approa
h We shall derive the fa
torization of the de
ay amplitude ofB ! K�`+`� in SCET, whi
h formally 
oin
ides with the formula obtained by Beneke et3



al. [14℄, but is valid to all orders of �s:hK�a`+`�jHeff jBi = T Ia (q2)�a(q2) +X� Z 10 d!! �B�(!)Z 10 du �aK�(u)T IIa;�(!; u; q2) ; (3)where a =k;? denotes the polarization of the K� meson. The fun
tions T I and T II are per-turbatively 
al
ulable. �a(q2) are the soft form fa
tors de�ned in SCET while �B� and �aK�are the light-
one distribution amplitudes (LCDAs) for the B and K� mesons, respe
tively.Compared to the earlier results of Ref. [14℄, obtained in the QCD fa
torization approa
h,the main phenomenologi
al improvement is that for the hard s
attering fun
tion T II, theperturbative logarithms are summed from the hard s
ale �b � O(mb) down to the interme-diate s
ale �` � p�b�h, where �h represents a typi
al hadroni
 s
ale. Note also that thede�nitions of the soft form fa
tors �a(q2) for our SCET 
urrents, de�ned subsequently inse
tion 2, are di�erent from those of Ref. [14℄, a point to whi
h we will return later in se
tion3. Hen
e, the expli
it expressions for T I, derived here and in Ref. [14℄ are also di�erent.This paper is organized as follows: In se
tion II, we brie
y review the basi
 ideas andnotations of SCET. We then list the relevant e�e
tive operators in SCET and do the expli
itmat
hing 
al
ulations from QCD to SCETI (Se
. II A) and from SCETI to SCETII (Se
. IIB). The matrix elements of the e�e
tive SCET operators are given in Se
. II C. At the end ofthis se
tion, the logarithmi
 resummation in SCETI is dis
ussed. In se
tion III, we 
onsidersome phenomenologi
al aspe
ts of the B ! K�`+`� de
ay. We �rst spe
ify the inputparameters, espe
ially the soft form fa
tors �?;k(q2) (Se
. III A), whi
h are the 
ause of thelargest theoreti
al un
ertainty. We use the q2-dependen
e of the related QCD form fa
torsin the LC-QCD sum rule approa
h, but �x the normalization of these soft form fa
torsusing 
onstraints from data on the ex
lusive de
ays B ! K�
. In Se
. III B, we workout numeri
ally the evolution of the B-type SCETI mat
hing 
oeÆ
ients, de�ned earlierin Se
. II. We then give the dilepton invariant mass spe
trum and the forward-ba
kwardasymmetry in the de
ay B ! K�`+`�, and 
ompare the integrated bran
hing ratios withthe measurements from BaBar and Belle (Se
. III C). We end with a summary of our resultsin se
tion IV and suggestions for future measurements to redu
e the model dependen
e dueto the form fa
tors and other input parameters.4



II. SCET ANALYSIS OF B ! K�`+`�For the b! s transitions, the weak e�e
tive Hamiltonian 
an be written asHeff = �GFp2V �tsVtb 10Xi=1 Ci(�)Qi(�) ; (4)where we have negle
ted the 
ontribution proportional to V �usVub in the penguin (loop)amplitudes, whi
h is doubly Cabibbo-suppressed, and have used the unitarity of the CKMmatrix to fa
torize the overall CKM-matrix element dependen
e. We use the operator basisintrodu
ed in [14, 30℄:Q1 = (�sTA
)V�A(�
TAb)V�A ; Q2 = (�s
)V�A(�
b)V�A ;Q3 = 2 (�sb)V�AXq (�q
�q) ; Q4 = 2 (�sTAb)V�AXq (�q
�TAq) ;Q5 = 2 �s
�
�
�(1� 
5)b Xq (�q
�
�
�q) ;Q6 = 2 �s
�
�
�(1� 
5)TAb Xq (�q
�
�
�TAq) ;Q7 = �gemmb8�2 �s���(1 + 
5)bF�� ; Q8 = �gsmb8�2 �s���(1 + 
5)TAb GA�� ;Q9 = �em2� (�sb)V�A(�̀
�`) ; Q10 = �em2� (�sb)V�A(�̀
�
5`) ; (5)where TA is the SU(3) 
olor matrix, �em = g2em=4� is the �ne-stru
ture 
onstant, and mb(�)is the 
urrent mass of the b quark in the MS s
heme at the s
ale �.Restri
ting ourselves to the kinemati
 region 1 GeV2 < q2 < 7 GeV2, the light K�meson moves fast with a large momentum of the order of mB=2, whi
h thus 
an be viewedapproximately as a 
ollinear parti
le. For 
onvenien
e, let us assume that the K� mesonis moving in the dire
tion of the light-like referen
e ve
tor n, then its momentum 
an bede
omposed as p� = �n �pn�=2+p�?+n �p�n�=2, where �n� is another light-like referen
e ve
torsatisfying n � �n = 2. In this light-
one frame, the 
ollinear momentum of K� is expressed asp = (n � p; �n � p; p?) � (�2; 1; �)mb ; (6)with � � �=mb � 1. In addition to this 
ollinear mode, the soft and hard-
ollinear modes,with momenta s
aling as (�; �; �)mb and (�; 1;p�)mb, respe
tively, are also ne
essary to
orre
tly reprodu
e the infrared behavior of full QCD.5



SCET introdu
es �elds for every momentum mode and we will en
ounter the followingquark and gluon �elds�
 � � ; A�
 � (�2; 1; �) ; �h
; �h
 � �1=2 ; A�h
 � (�; 1; �1=2) ;qs � �3=2 ; A�s � (�; �; �) ; h � �3=2 : (7)In the above, the symbol A� stands for the gluon �eld, h represents a heavy-quark �eld,the symbols � and q stand for the light quark �elds, and the subs
ripts 
, s, h
 stand for
ollinear, soft and hard-
ollinear modes, respe
tively. Note that the momentum q of thelepton pair is taken as a hard 
ollinear momentum, sin
e in this paper we only 
onsiderthe range 1 GeV2 < q2 < 7 GeV2. That is why an extra hard-
ollinear �eld �h
 in the�n dire
tion is required later. As explained in detail in Ref. [26℄, to 
onstru
t the gaugeinvariant operators in SCET, it is more 
onvenient to introdu
e the building blo
ks, givenbelow, whi
h are obtained by multiplying the �elds by the Wilson lines whi
h run along thelight-ray to in�nity:X
 ; A�
 ; Xh
 ; Xh
 ; A�h
 ; Qs ; A�s ; Hs ; Q�s ; H�s : (8)For example, the �eld Xh
 is de�ned asXh
(x) = W yh
(x)�h
(x); with Wh
(x) = P exp�ig Z 0�1 ds�n �Ah
(x+ s�n)� ; (9)where Wh
(x) is the hard 
ollinear Wilson line. The notations Q�s and H�s are used when theasso
iated soft Wilson lines are in the �n-dire
tion. For the de�nitions of the other �elds andmore te
hni
al details about SCET, we refer the reader to Ref. [26℄ and referen
es therein.Sin
e SCET 
ontains two kinds of 
ollinear �elds, i.e. hard-
ollinear and 
ollinear �elds,normally an intermediate e�e
tive theory, 
alled SCETI , is introdu
ed whi
h 
ontains onlysoft and hard-
ollinear �elds. While the �nal e�e
tive theory, 
alled SCETII , 
ontains onlysoft and 
ollinear �elds. We will then do a two-step mat
hing from QCD ! SCETI !SCETII .A. QCD to SCETI mat
hingIn SCETI , the K� meson is taken as a hard-
ollinear parti
le and the relevant buildingblo
ks are Xh
, Xh
, A�h
 and h. The velo
ity of the B meson is de�ned as v = PB=mB. The6



mat
hing from QCD to SCETI at leading power may be expressed asHeff ! �GFp2V �tsVtb 4Xi=1 Z ds eCAi (s)JAi (s) + 4Xj=1 Z dsZ dr eCBj (s; r)JBj (s; r)+Z dsZ dr Z dt eCC(s; r; t)JC(s; r; t)� ; (10)where eC(A;B)i and eCC are Wilson 
oeÆ
ients in the position spa
e. The relevant SCETIoperators for the B ! K�`+`� de
ay are 
onstru
ted by using the building blo
ks mentionedabove [26℄:JA1 = �Xh
(s�n)(1 + 
5)
�?h(0) �̀
�` ; JA2 = �Xh
(s�n)(1 + 
5) n�n � vh(0) �̀
�` ;JA3 = �Xh
(s�n)(1 + 
5)
�?h(0) �̀
�
5` ; JA4 = �Xh
(s�n)(1 + 
5) n�n � vh(0) �̀
�
5` ;JB1 = �Xh
(s�n)(1 + 
5)
�? /Ah
?(r�n)h(0) �̀
�` ;JB2 = �Xh
(s�n)(1 + 
5) /Ah
?(r�n) n�n � vh(0) �̀
�` ;JB3 = �Xh
(s�n)(1 + 
5)
�? /Ah
?(r�n)h(0) �̀
�
5` ;JB4 = �Xh
(s�n)(1 + 
5) /Ah
?(r�n) n�n � vh(0) �̀
�
5` ;JC = �Xh
(s�n)(1 + 
5) /�n2Xh
(r�n) �Xh
(an)(1 + 
5) /n2 h(0) ; (11)where the operators JAi and JBj represent the 
ases that the lepton pair is emitted fromthe b! s transition 
urrents, while JC represents the diagrams in whi
h the lepton pair isemitted from the spe
tator quark of the B meson. Ex
ept the lepton pair, the operators JA;Bihave the same Dira
 stru
tures as those of the heavy-to-light transition 
urrents in SCET,whi
h were �rst derived in Ref. [16℄ for JAi and in Refs. [24, 25℄ for JBj (see, also Refs. [23,31℄). In this paper we take the operator basis of [26, 31℄ whi
h makes JBj multipli
ativelyrenormalized, but we have negle
ted the operators whi
h 
ontain the Dira
 stru
ture /Ah
?
�?and whi
h do not 
ontribute to the ex
lusive B meson de
ays. It is also 
lear that thestru
ture �̀
�
5` arises solely from Q10 of the weak e�e
tive Hamiltonian.Sin
e in pra
ti
e the mat
hing 
al
ulations are done in the momentum spa
e, it is more
onvenient to de�ne the Wilson 
oeÆ
ients in the momentum spa
e by the following Fourier-7



FIG. 1: O(�s) 
ontributions to the mat
hing of Qi to A-type SCET 
urrents. The 
rossed 
ir
lesdenote the possible lo
ations from where the virtual photon is emitted and then splits into a leptonpair.transformations: CAi (E) = Z ds eis�n�P eCAi (s) ;CBj (E; u) = Z dsZ dr ei(us+�ur)�n�P eCBj (s; r) ;CC(E; u) = Z dsZ dr Z da ei(us+�ur)�n�P eian�q eCC(s; r; a) ; (12)with E � n �v�n �P=2 and �u = 1�u. To get the order �s 
orre
tions to the de
ay amplitude,we need to 
al
ulate the Wilson 
oeÆ
ients CAi to one-loop level and CBj and CC to treelevel. In the following we will use �jC(A;B;C)i to denote the mat
hing results from the weake�e
tive operators Qj to the SCET 
urrents JA;B;Ci . With this, the mat
hing 
oeÆ
ientsfrom QCD! SCETI 
an be written asC(A;B;C)i = 10Xj=1 �jC(A;B;C)i (�QCD; �) ; (13)where �QCD is the mat
hing s
ale and � is the renormalization s
ale in SCETI .Ea
h operator of the weak e�e
tive Hamiltonian, namely Q1�10, will 
ontribute to CAiat order �s level, as shown in Fig. 1. But due to the small Wilson 
oeÆ
ients C3�6, it is8



numeri
ally reasonable to negle
t the 
ontributions from Q3�6. For the operators Q1;2 andQ8, the results 
an be easily derived from Eqs. (11) and (25) of Ref. [32℄:�1;2CA1 (�QCD) = ��em2� �s(�QCD)4� � 1̂s(2F (7)2 + ŝF (9)2 ) �C2 + 2(F (9)1 + F (9)2 =6) �C1� ;�1;2CA2 (�QCD) = ��em2� �s(�QCD)4� h(2F (7)2 + F (9)2 ) �C2 + 2(F (9)1 + F (9)2 =6) �C1i ;�8CA1 (�QCD) = ��em2� �s(�QCD)4� mb(�QCD)mb � 2̂sF (7)8 + F (9)8 �Ceff8 ;�8CA2 (�QCD) = ��em2� �s(�QCD)4� mb(�QCD)mb h2F (7)8 + F (9)8 iCeff8 ; (14)where ŝ � q2=m2b and mb is the pole mass of the b quark. The 
urrent mass mb is related tothe pole mass at next-to-leading order bymb(�) = mb �1 + �sCF4� �3 ln m2b�2 � 4�� ; (15)where CF = 4=3. The fun
tions F (7;9)1;2;8 are given in a mixed analyti
 and numeri
al formin Ref. [32℄. Following the 
onvention of Ref. [14℄, we also use the "barred" 
oeÆ
ients�Ci(i=1,...,6) here whi
h are the linear 
ombinations of the Wilson 
oeÆ
ients Ci of theweak e�e
tive Hamiltonian in Eq. (4). The e�e
tive Wilson 
oeÆ
ient Ceff8 is de�ned asCeff8 = C8 + C3 � C4=6 + 20C5 � 10C6.For the operators Q7, Q9 and Q10, the mat
hings to the A-type 
urrents give�7CA1 = �em2� mb(�QCD)mb 2̂s eC9Ceff7 ; �7CA2 = �em2� mb(�QCD)mb 2 eC10Ceff7 ;�9CA1 = �em2� eC3Ceff9 ; �9CA2 = �em2� �eC4 + 1 � ŝ2 eC5�Ceff9 ;�10CA3 = �em2� eC3C10 ; �10CA4 = �em2� �eC4 + 1� ŝ2 eC5�C10 : (16)To avoid 
onfusion with the Wilson 
oeÆ
ients in Eq. (4), we use the notations eCi for themat
hing 
oeÆ
ients, instead of Ci used originally in Ref. [16℄. The expli
it expressions of eCiup to one-loop order 
an be read from [16, 23℄. Note that although the operator basis of thetensor 
urrent in [23℄ looks slightly di�erent from that of [16℄, they are a
tually the same andit is easy to �nd the relations eC9 = C(A0)2T and eC10 = C(A0)1T . The e�e
tiveWilson 
oeÆ
ientsare de�ned as Ceff7 = C7 � C3=3 � 4C4=9 � 20C5=3 � 80C6=9 and Ceff9 (q2) = C9 + Y (q2),where the fun
tion Y (q2) represents the 
ontributions of the fermion loops and the expli
itformula 
an be found in [14℄. 9



FIG. 2: Tree-level mat
hing of Qi onto B-type SCET 
urrents. The 
rossed 
ir
les denote thepossible lo
ations from where the virtual photon is emitted, while the 
rosses mark the possiblepla
es where a gluon line may be atta
hed.To get the de
ay amplitude of B ! K�`+`� in order �s, the tree-level mat
hing ofthe e�e
tive weak Hamiltonian (4) onto B-type SCET 
urrents (11) is already enough, asillustrated in Fig. 2. If we use the notation �16CBi to stand for the mat
hings of Q1�6 ontoB-type SCET 
urrents JBi , namely �16CBi �P6j=1�jCBi , we get from Fig. 2a that�16CB1 = ��em2� 1mbŝ �23F?16(u; ŝ;m2
=m2b)( �C2 + �C4 � �C6)� 13F?16(u; ŝ; 0) �C3�13F?16(u; ŝ; 1)( �C3 + �C4 � �C6 � 4 �C5)� ;�16CB2 = �em2� 2mb �23F k16(u; ŝ;m2
=m2b)( �C2 + �C4 � �C6)� 13F k16(u; ŝ; 0) �C3�13F k16(u; ŝ; 1)( �C3 + �C4 � �C6)� ; (17)where u is the momentum fra
tion 
arried by the strange quark in the K� meson. The
10



fun
tions F?;k16 are de�ned asF?16(u; ŝ; �) = 1 + 2(1� ŝ)(1 � u)  ŝ p�ŝ+ 4�pŝ ar
tan pŝp�ŝ+ 4��p�1 + u� ŝu+ 4�p1 � (1� ŝ)u ar
tan p1 � (1� ŝ)up�1 + u� ŝu+ 4�!+ � Li2 2pŝpŝ �pŝ� 4�!+� Li2 2pŝpŝ +pŝ� 4�!� � Li2 2p1� (1� ŝ)up1� (1 � ŝ)u+p1� (1 � ŝ)u� 4�!�� Li2 2p1 � (1 � ŝ)up1 � (1 � ŝ)u�p1 � (1 � ŝ)u� 4�!! ; (18)F k16(u; ŝ; �) = 2ŝ+ 4ŝ(1� ŝ)(1 � u)  (1� u+ uŝ) p�ŝ+ 4�pŝ ar
tan pŝp�ŝ+ 4��p�1 + u� ŝu+ 4�p1 � (1� ŝ)u ar
tan p1 � (1� ŝ)up�1 + u� ŝu+ 4�!+ � Li2 2pŝpŝ �pŝ� 4�!+� Li2 2pŝpŝ +pŝ� 4�!� � Li2 2p1� (1� ŝ)up1� (1 � ŝ)u+p1� (1 � ŝ)u� 4�!� � Li2 2p1� (1� ŝ)up1� (1� ŝ)u�p1 � (1� ŝ)u� 4�!! : (19)As a 
he
k, it is not diÆ
ult to �nd the following relationsF?16(u; ŝ; m2qm2b ) = t?(u;mq)� (1� u)E2MB ; F k16(u; ŝ; m2qm2b ) = tk(u;mq)� ŝ(1� u)EMB ;where the fun
tions t?;k(u;mq) are de�ned in Eqs. (27)-(28) in the paper by Beneke et al. [14℄.We also note that the fun
tions F?16(u; ŝ; �) and F k16(u; ŝ; �) are �nite as �u = 1 � u! 0, asopposed to the fun
tions t?;k(u;mq), whi
h are singular as �u! 0.Fig. 2d and the operator Q9 of Fig. 2f, 
ombined with Fig. 2b, will 
ontribute to themat
hing 
oeÆ
ients �7;9CB1;2, while the operator Q10 of Fig. 2f will 
ontribute to �10CB3;4:�7CB1 = ��em2� mbm2b ŝ2Ceff7 ; �7CB2 = �em2� mbm2b(1� ŝ)2Ceff7 ;�9CB1 = 0 ; �9CB2 = ��em2� 1� 2ŝmb(1� ŝ)Ceff9 ;�10CB3 = 0 ; �10CB4 = ��em2� 1� 2ŝmb(1� ŝ)C10 : (20)Finally, Fig. 2e and Fig. 2
 
ontribute to the mat
hing 
oeÆ
ients�8CB1 = ��em2� mbm2b 2(1� u)(1� ŝ)3ŝ(u+ ŝ� uŝ) Ceff8 ; �8CB2 = 0 : (21)11



FIG. 3: The diagrams where the virtual photon, as denoted by the 
rossed 
ir
le, is emitted fromthe spe
tator quark.We shall now 
onsider the diagrams where the virtual (o�-shell) photon is emitted fromthe spe
tator quark, as shown in Fig. 3. Due to the o�-shellness of the quark propagator, itis easy to 
he
k that Fig. (3d-3f) are of order 1=mb suppressed 
ompared with Fig. (3a-3
)where the photon is emitted from the spe
tator quark in the B meson. Therefore at leadingpower in 1=mb, only the �rst three diagrams in Fig. 3 are relevant for our analysis. As weshall see in the following, all of these three diagrams 
ontribute to the Wilson 
oeÆ
ients ofthe C-type SCET 
urrent.The annihilation diagram, shown in Fig. 3a, 
ontributes to the mat
hing 
oeÆ
ient CCat order �0s, for whi
h the 
al
ulation is trivial,�(0)16 CC = 23 ��V �usVubV �tsVtb ( �C1 + 3 �C2)Æqu + ( �C3 + 3 �C4)� : (22)Here q is the 
avor of the spe
tator quark in the B meson and the supers
ript (0) denotesthe mat
hing at order �0s. At order �s, the diagrams shown in Figs. (3b-3
) also 
ontributeto the mat
hing onto the C-type SCET 
urrent with the 
oeÆ
ients�8CC = CFN
 �s4� �4Ceff81 � u+ uŝ ;�(1)16 CC = 2CFN
 �s4� n ( �C2 + �C4 + �C6)G(u; ŝ;m2
=m2b) + ( �C3 + 3 �C4 + 3 �C6)G(u; ŝ; 0)+( �C3 + �C4 + �C6)G(u; ŝ; 1) + 49( �C3 � �C5 � 15 �C6)� ; (23)12



where the fun
tion G(u; ŝ; �) is de�ned asG(u; ŝ; �) = 23 + 23 ln m2b�2 + 4Z 10 dx x(1� x) ln[�� x(1� x)(1� u+ uŝ)℄ : (24)B. SCETI ! SCETII mat
hingAs shown in Refs. [21, 25℄, whi
h analyzed the form fa
tors in the framework of SCET, onemay simply de�ne the matrix elements of the A-type SCETI 
urrents as non-perturbativeinput sin
e the non-fa
torizable parts of the form fa
tors are all 
ontained in su
h matrixelements. Therefore the expli
it mat
hing of JAi to SCETII operators is not ne
essary here.For B-type SCETI operators, they are mat
hed onto the following SCETII operatorsOB1 = �X
(s�n)(1 + 
5)
�? /�n2X
(0) �Qs(tn)(1 � 
5) /n2Hs(0) �̀
�` ;OB2 = �X
(s�n)(1 + 
5) n�n � v /�n2X
(0) �Qs(tn)(1 + 
5) /n2Hs(0) �̀
�` ;OB3 = �X
(s�n)(1 + 
5)
�? /�n2X
(0) �Qs(tn)(1 � 
5) /n2Hs(0) �̀
�
5` ;OB4 = �X
(s�n)(1 + 
5) n�n � v /�n2X
(0) �Qs(tn)(1 + 
5) /n2Hs(0) �̀
�
5` ; (25)where we only in
lude the 
olor-singlet operators that have non-zero matrix elements forthe B ! K�`+`� de
ay. Again, it is in pra
ti
e more 
onvenient to do the mat
hing
al
ulations in the momentum spa
e, and the Wilson 
oeÆ
ients DBi (!; u) 
an be de�nedby Fourier transforming the 
orresponding ones ~DBi (s; t) introdu
ed in the position spa
e,just like the 
ase in SCETI ,DBi (!; u) = Z dsZ dt e�i!n�vteius�n�P ~DBi (s; t): (26)Following the notations of [26℄, the Wilson 
oeÆ
ients DBi 
an be expressed asDBi (!; u; ŝ; �) = 1! Z 10 dv Ji�u; v; lnmb!(1 � ŝ)�2 ; ��CBi (v; �) ; (27)where the jet fun
tions Ji arise from the SCETI ! SCETII mat
hing and it is 
lear thatJ1 = J3 � J? and J2 = J4 � Jk. At tree level, using the Fierz transformation in theoperator basis,�X
NHs �QsMX
 = �14 �X
(1 + 
5) /�n2X
 �QsM(1 � 
5) /n2NHs � 14 �X
(1 � 
5) /�n2X
� �QsM(1 + 
5) /n2NHs � 18 �X
(1 + 
5) /�n2 
?�X
 �QsM(1 + 
5)
�? /n2NHs ;(28)13



one obtains J?(u; v) = Jk(u; v) = �4�CF�sN
 1mb(1 � u)(1� ŝ)Æ(u� v) : (29)Finally, the C-type SCETI 
urrent is mat
hed onto the SCETII operatorOC = �X
(s�n)(1 + 
5) /�n2X
(0) �Q�s(t�n)(1 + 
5) /n2H�s(0) �n��n � v �̀
�` : (30)We may similarly de�neDC(!; u) = Z dsZ dt e�i!�n�vteius�n�P ~DC(s; t): (31)with DC(!; u; ŝ; �) = �eeqŝ(! � q2=mb � i�)J C �ln mb!(1� ŝ)�2 ; ��CC(E; u; �) ; (32)where eq is the ele
tri
 
harge of the spe
tator quark in the B meson. At tree level the
orresponding jet fun
tion is trivial, J C = 1. For later 
onvenien
e, we will de�ne DC �bDC=(! � q2=mb � i�).C. Matrix elements of SCET operatorsThe last step before we 
an �nally get the de
ay amplitude for the B ! K�`+`� de
ay isto take the matrix elements of the relevant SCET operators. For the A-type SCET 
urrents(11), one may simply de�ne [26℄hM(p)j�Xh
�hjB(v)i = �2E�M (E)tr[MM (n)�MB(v)℄ ; (33)where the proje
tion operators areMB(v) = �1 + /v2 
5 ; MK�?(n) = /"�? /�n/n4 ; MK�k (n) = �/�n/n4 ; (34)with "�? being the polarization ve
tor of the K�? meson. It is then straightforward to get thematrix elements of the SCETI 
urrents JAi ashK�`+`�jJA1 jBi = �2E�?(g��? � i���? )"�?� �̀
�` ; hK�`+`�jJA2 jBi = �2E�k n�n � v �̀
�` ;hK�`+`�jJA3 jBi = �2E�?(g��? � i���? )"�?� �̀
�
5` ; hK�`+`�jJA4 jBi = �2E�k n�n � v �̀
�
5` ;(35)14



where g��? � g�� � (n��n� + �n�n�)=2 and ���? � �����v�n�=(n � v). Note that in the aboveequations, we use the 
onvention �0123 = +1, as adopted in the book by Peskin and S
hroeder[33℄.For the B-type SCETII operators (25), although naively the soft and 
ollinear degreesof freedom seem to be de
oupled, the fa
torization may be invalidated unless no endpointdivergen
es appear in the 
onvolution integrals [21, 22℄. The relevant meson LCDAs arede�ned as [13, 34℄h0j�Qs(tn)�Hs(0)jB(v)i =iF (�)2 pmB Z 10 d! e�i!n�vttr ���B+(!; �) � /n2n � v (�B�(!; �) � �B+(!; �))��MB(v)� ;hK�(p)j�X
(s�n)�/�n2X
(0)j0i =ifK�(�)4 �n � p tr[MK��℄Z 10 du eius�n�p�K�(u; �) ; (36)where two di�erent K�-distribution amplitudes (�kK�(u; �) for � = 1 and �?K�(u; �) for� = 
?) with their 
orresponding de
ay 
onstants fkK� and f?K�(�), respe
tively, are involved;F (�) is related to the B meson de
ay 
onstant fB up to higher orders in 1=mb by [35℄fBpmB = F (�)�1 + CF�s(�)4� �3 ln mb� � 2�� : (37)With the above LCDAs, the matrix elements of the operators OBi 
an be written ashK�`+`�jCB1 OB1 jBi = �F (�)m3=2B4 (1� ŝ)(g��? � i���? )"�?� �̀
�` Z 10 d!! �B+(!; �)� Z 10 du fK�?(�)�K�?(u; �)Z 10 dvJ?(u; v; lnmb!(1 � ŝ)�2 ; �)CB1 (v; �)� �F (�)m3=2B4 (1� ŝ)(g��? � i���? )"�?� �̀
�` �B+ 
 fK�?�K�? 
 J? 
CB1 ;hK�`+`�jCB2 OB2 jBi = �F (�)m3=2B4 (1� ŝ) n�n � v �̀
�` �B+ 
 fK�k�K�k 
 Jk 
 CB2 ; (38)while for the matrix element of CB3 OB3 (CB4 OB4 ), it 
an be obtained by simply repla
ing thelepton 
urrent �̀
�` on the right hand side of the above equations by �̀
�
5` and also repla
ingCB1 ! CB3 (CB2 ! CB4 ).The matrix element of OC is obtained likewise, with the resulthK�`+`�jDCOC jBi = �F (�)m3=2B4 (1� ŝ) �n��n � v �̀
�` !�B�! � q2=mb � i� 
 fK�k�K�k 
 bDC : (39)15



Sin
e �B�(!) does not vanish as ! approa
hes zero, the integral R d! �B�(!)=(!�q2=mb) wouldbe divergent if q2 ! 0. This endpoint singularity will violate the SCETII fa
torization, thatis why we should restri
t our attention to the kinemati
 region where the invariant mass ofthe lepton pair is not too small, say q2 � 1 GeV2.D. Resummation of logarithms in SCETIn the above analysis a two-step mat
hing pro
edure QCD ! SCETI ! SCETII has beenimplemented. This introdu
es two mat
hing s
ales, �h � mb at whi
h QCD is mat
hed ontoSCETI and �l � pmb� at whi
h SCETI is mat
hed onto SCETII . Thus, with the SCETImat
hing 
oeÆ
ients at s
ale �h, one may use the renormalization-group equations (RGE) ofSCETI to evolve them down to s
ale �l and then mat
h onto SCETII . The large logarithmsdue to di�erent s
ales are resummed during this pro
edure. Note that the meson LCDAsmay be given at another s
ale �L, and, in prin
iple, one should also use the RGE of SCETIIto run the 
orresponding mat
hing 
oeÆ
ients from �l down to �L. But sin
e in B de
aysthe s
ale �l ' 1:5GeV is already quite low, we may just take the meson LCDAs at thes
ale �l in this paper for simpli
ity and thereby avoid the running of the SCETII mat
hing
oeÆ
ients.Furthermore, one should note that for the A-type SCET 
urrents, only the s
ale �h isinvolved sin
e it is not ne
essary to do the se
ond step mat
hing of SCETI ! SCETII .Similarly, we may 
hoose the nonperturbative form fa
tors �?;k at the s
ale �h and avoidthe RGE running of the A-type SCETI mat
hing 
oeÆ
ients. For the B-type 
urrents, theRGE of SCETI 
an be obtained by 
al
ulating the anomalous dimensions of the relevantSCET operators, whi
h has been done in [31℄, where the mat
hing 
oeÆ
ients at any s
ale� 
an be obtained by an evolution from the mat
hing s
ale �h as followsCBj (E; u; �h; �) = �2E�h �a(�h;�) eS(�h;�) Z 10 dv U�(u; v; �h; �)CBj (E; v; �h)� �2E�h �a(�h;�) eS(�h;�) eU j�(E; u; �h; �) ; (40)with the subs
ript � =?; k and the fun
tions a(�h; �) and S(�h; �) are given in Eq. (66) ofRef. [31℄. Note that in the above equation one should use the subs
ript � =? for j = 1; 3,16



while � =k for j = 2; 4. The evolution kernel eU j�(E; u; �h; �) obeysdeU j�(E; u; �h; �)d ln � = Z 10 dy yV�(y; u)eU j�(E; y; �h; �) + !(u)eU j�(E; u; �h; �) ; (41)with the initial 
ondition eU j�(E; u; �h; �h) = CBj (E; u; �h). Again, the fun
tions V�(y; u) and!(u) are de�ned in [31℄. In the next se
tion on phenomenologi
al appli
ation, we will solvethe above integro-di�erential equation numeri
ally.Finally, for the C-type SCET 
urrent JC, its anomalous dimension just equals the sumof the anomalous dimensions of the K� meson LCDA �K� and the B meson LCDA �B�.However, as the evolution equation of �B� is still unknown, we will not resum the pertur-bative logarithms for the JC 
urrent in this paper. Numeri
ally the 
ontribution from theJC 
urrent to the de
ay amplitude is small. Furthermore, as we will see later, the JC 
ur-rent is 
ompletely irrelevant for the forward-ba
kward asymmetry of the 
harged leptons.Therefore, this treatment has only minor impa
t on our phenomenologi
al dis
ussion.III. NUMERICAL ANALYSIS OF B ! K�`+`�We are now in the position to write the de
ay amplitude of B ! K�`+`�, using thesimilar notations adopted in [14℄,d2�dq2d 
os � = G2F jV �tsVtbj2128�3 ��em4� �2m3B�K�(1� q2m2B )2��2�2?(1 + 
os2 �) q2m2B (jC?9 j2 + (C?10)2)�8�2? 
os � q2m2BRe(C?9 )C?10 + �2k(1 � 
os2 �)(jCk9 j2 + (Ck10)2)� ; (42)with mB�K�=2 being the 3-momentum of the K� meson in the rest frame of the B meson,�K� = "�1� q2m2B�2 � 2m2K�m2B �1 + q2m2B�+ m4K�m4B #1=2 : (43)The angle � denotes the angle between the momenta of the positively 
harged lepton and theB meson in the rest frame of the lepton pair. Note that in the above equations the leptonsare taken in the massless limit and the K� meson mass is kept nonzero only for �K� , whi
h17



arises from the phase spa
e. The "e�e
tive" Wilson 
oeÆ
ients C?;k9 and C?;k10 are given byC?9 = 2��em �CA1 + mB4 fB�B+ 
 f?K��?K� 
J? 
 CB1�? � ;Ck9 = 2��em  CA2 + mB4 fB�B+ 
 fkK��kK� 
 Jk 
 CB2�k� q24mB fB!�B�=(! � q2=mb � i�)
 fkK��kK� 
 bDC�k ! ;C?10 = 2��emCA3 ;Ck10 = 2��em  CA4 + mB4 fB�B+ 
 fkK��kK� 
 Jk 
 CB4�k ! ; (44)where CA;Bi and DC are de�ned in Eqs. (13) and (32), respe
tively. The above expressionsare valid at leading power in 1=mb and to all orders in �s. But in this paper we only 
al
ulateexpli
itly the "e�e
tive Wilson 
oeÆ
ients" at one-loop order. At this order our results arequite similar to those of [14℄ using the large-energy limit of QCD. The main phenomenologi
alimprovement is that for the hard s
attering part, the mat
hing 
oeÆ
ients CBi are evolvedfrom the s
ale �h � O(mb) down to �l � pmb�h, during whi
h the perturbative logarithmsare summed. Here, �h represents a typi
al hadroni
 s
ale. Note also that the de�nitions ofthe soft form fa
tors �?;k in SCET are di�erent from those of Ref [14℄, therefore the expli
itexpressions for CAi are also di�erent from the 
oeÆ
ients C0;1a appearing in [14℄ whi
h arerelated to the form fa
tor 
orre
tions.In terms of the heli
ity amplitudes for the de
ay B ! K�(! K + �)`+`�, the doubledi�erential distribution d2B=d 
os �+ds is given in Eq.(44) of Ref. [36℄. This requires theheli
ity amplitudes, jH0(s)j2 = jHL0 (s)j2 + jHR0 (s)j2, jHL;R� (s)j2 and jHL;R+ (s)j2. While theamplitudes HL;R+ (s) are both power suppressed in 1=mb and numeri
ally small, the expres-sions for the others in SCET are given below:jH0j2 = m2B2 (1� q2m2B )2(jCk9j2 + (Ck10)2)�2k ;jHL;R� j2 = q2(1 � q2m2B )2jC?9 � C?10j2�2? : (45)Note that the dependen
e on the soft form fa
tors fa
torizes in �2k and �2? for the heli
ity
omponents jH0j2 and jHL;R� j2, respe
tively. Sin
e a similar analysis in terms of the heli
ityamplitudes of the 
harged 
urrent de
ay B ! �(! ��)`+�` 
an be performed, the ratios18



R0(s) and R�(s) of the two di�erential distributions (in B ! K�(! K�)`+`� and B !�(! ��)`+�`) have lot less hadroni
 un
ertainties, as these ratios (see Eq. (76) in Ref. [36℄for their de�nition) involve estimates of the SU(3)-breaking in the soft form fa
tors. Thepoint is that the ratios �K�k =��k and �K�? =��? are more reliably 
al
ulable than the form fa
torsthemselves.A. Input parametersTo get the di�erential distributions numeri
ally, some input parameters have to be spe
-i�ed. For the 
al
ulation of the Wilson 
oeÆ
ients, the relevant parameters are 
hosen as[37℄ MW = 80:425 GeV ; sin2 �W = 0:2312 ; �(5)MS = 217+25�23 MeV ; (46)and mpolet = (172:7 � 2:9) GeV, updated re
ently by the Tevatron ele
troweak group [38℄.Numeri
al values of the Wilson 
oeÆ
ients, evaluated at s
ale � = mb = 4:8 GeV, with thethree-loop running of �s and the input parameters �xed at their 
entral values given aboveare shown in Table I. Note that the NNLL formula for C9 
an be found, for example, inthe appendix of [14℄, while the relevant elements of three-loop anomalous dimension matrixhave been 
al
ulated re
ently in [39, 40℄.TABLE I: The leading-logarithmi
 (LL) and next-to-leading-logarithmi
 (NLL) Wilson 
oeÆ
ientsevaluated at the s
ale mb = 4:8 GeV. For C9;10, they are also given in the NNLL order.LL NLL LL NLL NNLL�C1 -0.2501 -0.1459 �C6 -0.0316 -0.0388�C2 1.1082 1.0561 Ceff7 -0.3145 -0.3054�C3 0.0112 0.0116 Ceff8 -0.1491 -0.1678�C4 -0.0257 -0.0337 C9 1.9919 4.1777 4.2120�C5 0.0075 0.0097 C10 0 -4.5415 -4.1958The CKM fa
tor jVtsV �tbj ' (1 � �2=2)jV
bj is estimated to be 0:0403 � 0:0020 by takingjV
bj = 0:0413�0:0021 [41℄ and � = 0:2226. For the B meson lifetimes, we use �B+ = 1:643 psand �B0 = 1:528 ps [41℄. The pole mass mb is 
hosen to be 4:8 GeV. The ratio of the 
harm19



quark mass over the b-quark mass is taken to be m
=mb = 0:29 � 0:02. For the mat
hings
ale from SCETI to SCETII , we use �l = pmb�h ' 1:5 GeV.The hadroni
 parameters for the de
ay B ! K�`+`� in
lude de
ay 
onstants, light-
onedistribution amplitudes (LCDAs) and the soft form fa
tors. The B meson de
ay 
onstant 
anbe estimated by QCD sum rules or latti
e 
al
ulations, here we take fB = (200� 30) MeV.For the K� meson, experimental measurements give [37℄ fkK� = (217 � 5) MeV while themost re
ent light-
one sum rules (LCSRs) estimate [42℄ is f?K�(1 GeV) = (185 � 10) MeV.Note that f?K� obeys the s
ale evolution equation f?K�(�) = f?K�(�0)(�s(�)=�s(�0))4=23.The B meson LCDAs enter into the de
ay amplitudes only in terms of the integratedquantities ��1B;+ and ��1B;�(q2) de�ned as by the following integrals��1B;+ � Z 10 d!! �B+(!) ; ��1B;�(q2) � Z 10 d! �B�(!)! � q2=mb � i� : (47)Therefore, it is not ne
essary to know the details about the shape of �B+(!). The most re
entestimate gives [43℄ ��1B;+ = (1:86�0:34) GeV�1 at the s
ale � = 1:5 GeV. However, ��1B;�(q2)does require the knowledge of �B�(!), about whi
h we know very little. Fortunately, ��1B;�(q2)only appears in the annihilation term whi
h plays numeri
ally a minor role in the B !K�`+`� de
ay. To be de�nite, we adopt a simple model fun
tion [34℄ �B�(!) = !�10 e�!=!0with !�10 ' 3 GeV�1.The K� meson LCDAs may be expanded in terms of Gegenbauer polynomials:�?;kK� (u; �) = 6u(1 � u)"1 + 1Xn=1 a?;kn (�)C3=2n (2u� 1)# : (48)However, the 
oeÆ
ients an are largely unknown. Following [44℄, we shall ignore the termsa?;kn (n > 2). For a1;2, we omit their s
ale dependen
e and estimate in a 
onservative manner:a?;k1 = 0:1 � 0:1, a?;k2 = 0:1 � 0:1. We note that re
ently the �rst Gegenbauer moment ofthe K� meson has been revisited in LCSRs [42℄ whi
h gives smaller un
ertainties.There are only two independentB ! K� form fa
tors in SCET, namely �?(q2) and �k(q2).They are related to the full QCD form fa
tors as dis
ussed in [31℄. The 
urrent knowledgeof these form fa
tors is fragmentary. For instan
e, �? may be extra
ted from V B!K� [26℄:�?(q2) = �?(0)rV1 + rV2  rV11 � q2=m2V + rV21 � q2=m2V fit! ; (49)with rV1 = 0:923, rV2 = �0:511, mV = 5:32 GeV and m2V fit = 49:40 GeV2. Note that theq2-dependen
e above is the same as that of V B!K�(q2), 
al
ulated in [44℄ using LCSRs.20



However, analyses of the radiative B de
ays B ! K�
 [14, 26, 45, 46℄, B ! �
 [45, 46℄ andthe semi-leptoni
 B de
ay B ! �`� [47℄ imply that the LCSRs overestimate the B ! Vform fa
tors signi�
antly. We use the radiative B ! K�
 de
ay, whi
h has been measuredquite pre
isely [41℄: B(B0 ! K�0
) = (4:01�0:20)�10�5, to normalize the soft form fa
torat q2 = 0. In SCET, it is straightforward to get the de
ay amplitude of B ! K�
 from theB ! K�?`+`� de
ay, by taking the limit q2 ! 0. Then, using the input parameters fromTable II, we obtain �?(0) = 0:32�0:02. Here the error is mainly from the CKM fa
tor VtsV �tband the experimental un
ertainty of the bran
hing ratio B(B0 ! K�0
). This estimate is
onsistent with the result of Ref. [26℄, but signi�
antly smaller than the number 0:40� 0:04we get from LCSRs. In our numeri
al analysis, we will 
hoose the value �?(0) = 0:32� 0:02determined from the radiative B de
ays, but assume that the q2-dependen
e of �?(q2) 
anbe reliably obtained from the LCSRs.For the longitudinal soft form fa
tor �k, unfortunately there is no quantitative determina-tion from the existing experiments, though this may 
hange in the future with good qualitydata available on the de
ay B ! �`�`. Using heli
ity analysis, one 
an extra
t ��k (q2); 
om-bined with estimates of the SU(3)-breaking one may determine �K�k (q2). Not having thisexperimental information at hand, one may extra
t �k(q2) from the full QCD form fa
torAB!K�0 (q2):AB!K�0 (q2) = �1� �s(mb)CF4� �2 ln2[1� s℄� 2s ln[1� s℄ + 2 Li2[s℄ + 4 + �212�� �k(q2)� 14(1 � s)fB�B+ 
 fkK��kK� 
 Jk 
�2E�h �a(�h;�l) eS(�h;�l) Z 10 dy Uk(v; y; �h; �l) (50)with s = q2=m2B. LCSRs estimate [44℄ AB!K�0 (0) = 0:374 � 0:043 with the q2-dependen
eAB!K�0 (q2) = 1:3641� q2=m2B � 0:9901 � q2=36:78GeV2 : (51)From whi
h we get �k(0) = 0:40 � 0:05, using the input parameters dis
ussed above and/orlisted in Table II. Its q2-dependen
e is drawn in Fig. 4.Alternatively, �k(q2) may also be determined from the following relation,EmB(V �A2)B!K�(q2)mK�(mB +mK�) = �1 � �s(mb)CF4� �2 ln2[1� s℄� 2 ln[1� s℄ + 2 Li2[s℄ + 6 + �212�� �k(q2)� 1 � 2s4(1 � s)fB�B+ 
 fkK��kK� 
Jk 
�2E�h �a(�h;�l) eS(�h;�l) Z 10 dy Uk(v; y; �h; �l) :(52)21



TABLE II: Numeri
al values of the input parameters and their un
ertainties used in the phe-nomenologi
al study.MW 80:425 GeV sin2 �W 0:2312mpolet (172:7� 2:9) GeV �(5)MS (217+25�23) MeVjVtsV �tbj (40:3� 2:0)� 10�3 �em(mb) 1=133mB 5:279 GeV mpoleb 4:8 GeV�B+ 1:643 ps �B0 1:528 psm
=mb 0:29� 0:02 �l 1:5 GeV��1B;+(1:5 GeV) (1:86� 0:34) GeV�1 fB (200� 30) MeV�?(0) 0:32� 0:02 �k(0) 0:40� 0:05f?K�(1 GeV) (185� 10) MeV fkK� (217� 5) MeVa?;k1 0:1� 0:1 a?;k2 0:1� 0:1With the input V B!K�(0)�AB!K�2 (0) = 0:152�0:057 from LCSRs, we obtain �k(0) = 0:42�0:16, whi
h agrees with the range extra
ted from AB!K�0 . We will use �k(0) = 0:40 � 0:05,obtained from its relation to the full form fa
tor AB!K�0 and the LCSR, as dis
ussed above.Fig. 4 shows the q2-dependen
e of both soft form fa
tors �?;k(q2). However, sin
e the analysisof the semileptoni
 de
ay B ! �`� [47℄ suggests that both the transverse and longitudinalform fa
tors might be overestimated by LCSRs, we will also 
onsider, as an illustration of thenon-perturbative un
ertainties, the value �k(0) = �?(0) = 0:32 with all the other parameterstaken at their 
entral values.B. Numeri
al solution of the SCETI evolution fun
tionsAs we dis
ussed in Se
t. II.D, the B-type mat
hing 
oeÆ
ients CBi should be run fromthe s
ale �h = 4:8 GeV down to �l = 1:5 GeV, with the evolution kernel eU�(E; u; �h; �)obeying the integro-di�erential equation (41). To solve this equation numeri
ally, it is more22
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FIG. 4: The q2-dependen
e of the soft form fa
tors �?;k(q2). The solid 
urve represents �?(q2),while the dashed 
urve represents �k(q2). We have res
aled the transverse form fa
tor at q2 = 0,to be 
onsistent with the experimental measurements of the B ! K�
 de
ay rate.
onvenient to de�ne the following evolution fun
tions,eU (a)� (E; u; �h; �) = Z 10 dvU�(u; v; �h; �) ;eU (b)� (E; u; �h; �) = u+ ŝ � uŝ1 � u Z 10 dvU�(u; v; �h; �) 1� vv + ŝ� vŝ ;eU (
)� (E; u; �h; �) = Z 10 dvU�(u; v; �h; �)F �16(v; ŝ;m2
=m2b)F �16(u; ŝ;m2
=m2b) ; (53)where � =?; k and the fun
tions F?;k16 (u; ŝ;m2
=m2b) are de�ned in Eqs. (18) and (19). Notethat at the quark level, the K� meson energy is related to ŝ by E = mb(1� ŝ)=2 in the restframe of the b-quark. With su
h de�nitions, the above evolution fun
tions are normalizedto one at the s
ale �h: eU (a;b;
)� (E; u; �h; �h) = 1, and the QCD parameter �(5)MS would bethe only input for their numeri
al evaluations. The mat
hing 
oeÆ
ients CBj at s
ale �l 
anthen be written as�iCBj (E; u; �l) = �2E�h �a(�h;�l) eS(�h;�l) eU (a;b;
)� (E; u; �h; �l)�iCBj (E; u; �h) ; (54)where we should use the supers
ript (a) for �7;9;10CBj , the supers
ript (b) for �8CBj and thesupers
ript (
) for �16CBj . For the subs
ript �, one should use � =? for j = 1; 3 and � =kfor j = 2; 4, whi
h is the same as the 
onvention of Eq. (40). Note that for the evolutionof �16CBj , we have taken into a

ount the fa
t that the term F �16(u; ŝ;m2
=m2b) is dominantdue to the large Wilson 
oeÆ
ient �C2. 23



It is then straightforward to get the following evolution equationsdeU (a)� (E; u; �h; �)d ln� = Z 10 dy yV�(y; u)eU (a)� (E; y; �h; �) + !(u)eU (a)� (E; u; �h; �) ;deU (b)� (E; u; �h; �)d ln � = Z 10 dy yV�(y; u)(1� y)(u+ (1 � u)ŝ)(1� u)(y + (1 � y)ŝ) eU (b)� (E; y; �h; �)+!(u)eU (b)� (E; u; �h; �) ;deU (
)� (E; u; �h; �)d ln � = Z 10 dy yV�(y; u)F �16(y; ŝ;m2
=m2b)F �16(u; ŝ;m2
=m2b) eU (
)� (E; y; �h; �)+!(u)eU (
)� (E; u; �h; �) : (55)To get the numeri
al solutions of the above integro-di�erential equations, we will performthe s
ale evolution in one hundred dis
rete steps. While from the s
ale �n to �n+1, the
onvolution integral is evaluated for three hundred di�erent values and dis
rete ŝ values ofÆŝ = 0:01 in the interval ŝ 2 [0:04; 0:35℄. The fun
tion eU�(E; u; �h; �n+1) is obtained froma �t to these values. Taking �(5)MS = 217 MeV, the numeri
al results of these evolutionfun
tions are shown in Fig. 5. Note that the fun
tion eU (a)� (E; u; �h; �) a
tually does notdepend on the energy E, as shown in Fig. (5a). In fa
t, it is just the same fun
tion asU�(u; �h; �) de�ned in Eq. (5.23) by Neubert et al. [31℄. The fun
tion eU (b)k is not shownin Fig. 5, sin
e it does not enter into the de
ay amplitude at the one-loop level, due to�8CB2 = 0. While for the 
omplex fun
tions eU (
)� , only the absolute values of the fun
tionsare plotted.C. The dilepton invariant mass spe
trum and the forward-ba
kward asymmetryExperimentally, the dilepton invariant mass spe
trum and the forward-ba
kward (FB)asymmetry are the observables of prin
ipal interest. Their theoreti
al expressions in SCET
an be easily derived from Eq. (42):dBrdq2 = �BG2F jV �tsVtbj2128�3 ��em4� �2m3Bj�K� j(1� q2m2B )2��163 �2? q2m2B (jC?9 j2 + (C?10)2) + 43�2k(jCk9 j2 + (Ck10)2)� ; (56)24
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(d)FIG. 5: Numeri
al values of the fun
tions eU (a;b;
)� (E; u; �h; �l), evolved from �h = 4:8 GeV downto �l = 1:5 GeV, the relevant parameters are taken at their 
entral values. For the upper-left plot,the solid line denotes eU (a)? while the dashed line denotes eU (a)k . For the lower plots, sin
e eU (
)� are
omplex fun
tions, we only show their absolute values.dAFBdq2 = 1d�=dq2 �Z 10 d 
os � d2�dq2d 
os � � Z 0�1d 
os � d2�dq2d 
os ��= �6(q2=m2B)�2?Re(C?9 )C?104(q2=m2B)�2?(jC?9 j2 + (C?10)2) + �2k (jCk9 j2 + (Ck10)2) : (57)With the input parameters listed in Table II, the de
ay spe
trum and the FB asymmetryare shown in Fig. 6 and Fig. 7, respe
tively. In our 
al
ulation we have dropped the smallisospin-breaking e�e
ts, whi
h 
ome from the annihilation diagrams, and take the spe
tatorquark as the down quark in Eqs. (22, 23). To estimate the residual s
ale dependen
e, wevary the QCD mat
hing s
ale �h by a fa
tor p2 around the default value �h = mb. Notethat the soft form fa
tors �?;k(q2) de�ned in SCET are a
tually s
ale dependent, whi
h e�e
t25



107dBr/dq2

(a)

q2 [GeV
2]

107dBr/dq2

(b)

q2 [GeV
2]FIG. 6: The di�erential bran
hing ratio dB(B0 ! K�0`+`�)=dq2 in the range 1 GeV2 � q2 �8 GeV2. In the left plot, the solid line denotes the theoreti
al predi
tion with the input parameterstaken at their 
entral values, while the gray area between two dashed lines re
e
ts the un
ertaintiesfrom input parameters and s
ale dependen
e. In the right plot, the soft form fa
tors are normalizedas �k(0) = �?(0) = 0:32, while all the other parameters are 
hosen at their 
entral values.

q2[GeV
2]
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FIG. 7: The di�erential spe
trum of the forward-ba
kward asymmetry dAFB(B ! K�`+`�)=dq2in the range 1 GeV2 � q2 � 8 GeV2. Here the solid line denotes the theoreti
al predi
tion withthe input parameters taken at their 
entral values, while the gray band between two dashed linesre
e
ts the un
ertainties from input parameters and s
ale dependen
e. The dotted line representsthe LO predi
tions, obtained by dropping the O(�s) 
orre
tions.has been taken into a

ount in our error analysis.Restri
ting to the integrated bran
hing ratio of B ! K�`+`� in the range 1 GeV2 � q2 �26



7 GeV2, where the SCET method should work, we obtain7 GeV2Z1 GeV2 dq2dBr(B+ ! K�+`+`�)dq2 = (2:92+0:57�0:50j�k +0:30�0:28jCKM +0:18�0:20)� 10�7 : (58)Here we have isolated the un
ertainties from the soft form fa
tor �k and the CKM fa
torjV �tsVtbj. The last error re
e
ts the un
ertainty due to the variation of the other inputparameters and the residual s
ale dependen
e. If the smaller value for the longitudinal formfa
tor �k(0) = 0:32 is used, as shown in Fig. (6b), the 
entral value of the bran
hing ratiois redu
ed to 2:11 � 10�7. For B0 de
ay, the bran
hing ratio is about 7% lower due to thelifetime di�eren
e:7 GeV2Z1 GeV2 dq2dBr(B0 ! K�0`+`�)dq2 = (2:72+0:53�0:47j�k +0:28�0:26jCKM +0:17�0:19)� 10�7 : (59)To 
ompare with the 
urrent experimental observations, it was proposed in Ref. [14℄ to
onsider the integrated bran
hing ratio over the range 4 GeV2 � q2 � 6 GeV2, for whi
h weget (0:92+0:21�0:19)� 10�7. This is smaller than the number (1:2 � 0:4)� 10�7 obtained in Ref.[14℄, whi
h is mainly due to the fa
t that the most re
ent LCSRs estimation [44℄ prefers theform fa
tor AB!K�0 to be smaller. Experimentally one of the Belle observations [4℄ of ourinterest is8 GeV2Z4 GeV2 dq2dBr(B ! K�`+`�)dq2 = (4:8+1:4�1:2jstat. � 0:3jsyst. � 0:3jmodel)� 10�7 ; (60)for whi
h we predi
t (1:94+0:44�0:40) � 10�7. This is smaller than the published Belle data bya fa
tor of about 2.5. But at this stage, it is still too early to 
on
lude that one should
hange some theoreti
al input signi�
antly to be 
onsistent with the experimental data.For instan
e, the BaBar 
ollaboration measures the total bran
hing ratio of B ! K�`+`�to be [3℄ (7:8+1:9�1:7 � 1:2) � 10�7, whi
h is about twi
e smaller than the Belle observation[4℄ (16:5+2:3�2:2 � 0:9 � 0:4) � 10�7. This implies that, if �nally the total bran
hing ratio ofB ! K�`+`� is found to be 
loser to the BaBar result, the partially integrated bran
hingratio over the range 4 GeV2 � q2 � 8 GeV2 
ould be lowered to around 2:3 � 10�7, whi
his 
onsistent with our estimate (1:94+0:44�0:40)� 10�7 within the stated errors. We look forwardto experimental analyses from BaBar and Belle based on their high statisti
 data.27



One of the most interesting observables in the de
ay B ! K�`+`� is the lo
ation, q20,where the FB asymmetry vanishes. It was �rst noti
ed in the 
ontext of form fa
tor modelsin [48℄ and later demonstrated in [12℄, using the symmetries of the e�e
tive theory in thelarge-energy limit, that the value of q20 is almost free of hadroni
 un
ertainties at leadingorder. From Eq. (57), it is easy to see that the lo
ation of the vanishing FB asymmetry isdetermined by Re(C?9 ) = 0. At the leading order, this leads to the equation C9 + Ceff7 +Re(Y (q20)) = 0. In
luding the order �s 
orre
tions, our analysis estimates the zero-point ofthe FB asymmetry to be q20 = (4:07+0:16�0:13) GeV2 ; (61)of whi
h the s
ale-related un
ertainty is �(q20)s
ale =+0:08�0:05 GeV2 for the range mb=2 � �h �2mb together with the jet fun
tion s
ale �l = p�h � 0:5 GeV, as used in the paper by Benekeet al. [14℄. Sin
e no reliable estimates of the power 
orre
tions in 1=mb are available, weshould 
ompare our results with the one given in Eq. (74) of [14℄, also obtained in the absen
eof 1=mb 
orre
tions: q20 = (4:39+0:38�0:35) GeV2. Of this the largest single un
ertainty (about�0:25 GeV2) is attributed to the s
ale dependen
e. While our 
entral value for q20 is similarto theirs, with the di�eren
es re
e
ting the di�erent input values, the s
ale dependen
e inour analysis is signi�
antly smaller than that of [14℄. This improved theoreti
al pre
ision onq20 requires a detailed dis
ussion to whi
h we now 
on
entrate in the rest of this se
tion.As already stated in the introdu
tion, the expressions for the di�erential distributions inthe de
ay B ! K�`+`� derived here and in [14℄ are similar ex
ept for the de�nitions of thesoft form fa
tors and the additional step of the SCET logarithmi
 resummation in
orporatedin our paper. This resummation has also been derived in the existing literature [26, 31, 49℄.However, its e�e
t on the s
ale-dependen
e of q20 has not been studied in suÆ
ient detail.With the SCET form fa
tors �?(q2; �) and �k(q2; �) de�ned in Eq. (33) here, whi
h are s
ale-dependent quantities, and negle
ting the resummation e�e
ts 
onsistently in both the de
aysB ! K�`+`� and B ! K�
, the s
ale un
ertainty is in
reased, with q20 = 4:12+0:17�0:07 GeV2.We draw two inferen
es from this numeri
al study: (i) In
orporating the SCET logarithmi
resummation helps in the redu
tion of s
ale dependen
e in q20, (ii) �(q20)s
ale = +0:17�0:07, obtainedby dropping the resummation e�e
ts is still signi�
antly smaller (by a fa
tor 2) 
omparedto the 
orresponding un
ertainty �(q20)s
ale = � 0:25 GeV2 
al
ulated in Ref. [14℄. Thisdei�eren
e, as argued below, is to be tra
ed ba
k to the di�erent de�nitions of the softform fa
tors used by us for the SCET 
urrents and the 
orresponding quantities employed28



by Beneke et al. [14℄ in the QCD fa
torization approa
h. The results in Ref. [14℄ are,however, formally equivalent to the so-
alled "physi
al form fa
tor" (PFF) s
heme in SCET,as dis
ussed subsequently by Beneke and Yang [49℄. Thus, the s
ale dependen
e of thedistributions in B ! K�`+`�, in parti
ular of q20, is related also to the de�nitions (ors
heme dependen
e) of the form fa
tors in e�e
tive theories. The PFF-s
heme is one su
h
hoi
e, but this 
hoi
e is by no means unique.Con
entrating on the transverse form fa
tor, relevant for q20 of the FB asymmetry, in thePFF s
heme, the 
orresponding SCETI form fa
tor �P? (where we have now added a suÆxP for this s
heme) is de�ned as �P? � mBmB +mK� V ; (62)where V is one of the physi
al form fa
tors in the de
ay B ! K�`+`� in full QCD. In
ontrast, in our paper, the soft SCET form fa
tors are de�ned in Eq. (33). These two de�-nitions 
an be related to ea
h other by �P? = eC3�?, where the expression for the perturbativeQCD 
oeÆ
ient eC3 is given below ( eC3 is 
alled C(A0)1V in [23℄). Sin
e the de
ay amplitudeshould be independent on how one de�nes the soft form fa
tors, one must haveC?P9 �P? � C?9 �? =) C?P9 = C?9 = eC3 ; (63)Sin
e eC3 = 1 +O(�s), by expanding C?9 = eC3 to order �s, one obtainsC?P9 = C?91� (1 � eC3)' 2��em �CA1 + �em2� (1 � eC3)( 2̂sCeff7 + Ceff9 ) + mB4 fB�B+ 
 f?K��?K� 
 J? 
CB1�P? �= Ceff9 + 2̂sCeff7 �1 + CF�s4� �4 ln m2b�2 � 4 + 1� ŝŝ ln(1� ŝ)��+ ::: ; (64)whi
h agrees with the expression for C?P9 in Eq.(40) of [14℄ (
alled C9;?(q2) there). We re
allthat to determine q20, we solve the equation Re C?9 = 0, where now the quantity C?9 is de�nedas follows C?9 = eC3(�)Ceff9 + 2̂sCeff7 mbmb eC9(�) + ::: ; (65)29



with the QCD 
oeÆ
ients [16℄ ( eC9 is 
alled C(A0)2T in [23℄)eC3 = 1� �sCF4� �2 ln2� �mb�� (4 ln(1� ŝ)� 5) ln� �mb�+2 ln2(1� ŝ) + 2Li2(ŝ) + �212 +� 1̂s � 3� ln(1 � ŝ) + 6� ;eC9 = 1� �sCF4� �2 ln2� �mb�� (4 ln(1� ŝ)� 7) ln� �mb�+2 ln2(1� ŝ)� 2 ln(1� ŝ) + 2Li2(ŝ) + �212 + 6� : (66)The ellipses above denote the terms whi
h are the same for C?P9 and C?9 . The fun
tionsmultiplying the e�e
tive Wilson 
oeÆ
ients Ceff9 and Ceff7 appearing in C?P9 and C?9 inEqs. (64) and (65), respe
tively, lead to di�erent s
ale-dependen
e for q20.Our result for q20 using the SCET form fa
tors has been given above in Eq. (61) withthe s
ale-dependent un
ertainty �(q20)s
ale =+0:08�0:05 GeV2 . Note that we have 
onsidered ina 
orrelated way the s
ale-dependen
e of �?(�; q2) in our analysis. To illustrate this, weuse the experimental data on the bran
hing ratio of B ! K�
 and the 
entral values ofthe other input parameters given in Table II, whi
h yields the following s
ale-dependen
eof the relevant form fa
tor: �?(0; � = 2mb) = 0:34 and �?(0; � = mb=2) = 0:30. In solvingthe equation Re[C?9 ℄ = 0, relevant for the zero-point of the FB asymmetry in the de
ayB ! K�`+`�, we have fa
tored in the s
ale-dependen
e of �?(�; q2). We do a similarnumeri
al analysis of q20 in the PFF-s
heme, where the 
orresponding form fa
tor �P? (q2)is s
ale-independent, and in
orporate the e�e
t of the logarithmi
 resummation in boththe B ! K�
 and B ! K�`+`� de
ays. Solving now the equation Re[C?P9 ℄ = 0, usingthe 
entral value of the soft form fa
tor �P? (0) obtained from the analysis of the B ! K�
bran
hing ratio: �P? (0) = 0:28, and with all the other parameters �xed at their 
entral valuesgiven in Table II, we �nd that in the PFF-s
heme q20 = 3:98� 0:18 GeV2. Had we droppedthe resummation e�e
t, we would get q20 = 4:03 � 0:22 GeV2, where the s
ale un
ertainty�(q20)s
ale = �0:22 GeV2, derived here in the PFF-s
heme, is 
onsistent with the number�(q20)s
ale = �0:25 GeV2 obtained in [14℄. Therefore, we 
on
lude that the di�eren
e in theestimates of the s
ale dependen
e of q20 here and in Ref. [14℄ is both due to the in
orporationof the SCET logarithmi
 resummation and the di�erent (s
heme-dependent) de�nitions ofthe e�e
tive form fa
tors for the SCET 
urrents and the ones used by Beneke et al. [14℄.Using the SCET form fa
tors de�ned in Eq. (33) in this paper, we �nd that the s
ale-related30



un
ertainty �(q20)s
ale is redu
ed than in the PFF-s
heme of Beneke et al. [14℄. One expe
tsthat su
h s
heme-dependent di�eren
es will be
ome less marked after in
orporating theO(�2s) e�e
ts in the de
ay distributions for B ! K�`+`�. Our 
omparative analysis hintsat rather large O(�2s) 
orre
tions to q20 in the PFF-s
heme and a moderate 
orre
tion in theSCET analysis 
arried out by us in this paper. Sin
e the value of q20 o�ers a pre
ision test ofthe SM, and by that token provides a window on the possible beyond-the-SM physi
s e�e
ts,it is mandatory to undertake an O(�2s) improvement of the 
urrent theory of B ! K�`+`�de
ay. As power 
orre
tions in 1=mb have not been 
onsidered here, although they areprobably 
omparable to the O(�s) 
orre
tions as argued in a model-dependent estimateof the 1=mb 
orre
tions by Beneke et al. [14℄, it also remains to be seen how a model-independent 
al
ulation of the same e�e
t the numeri
al value of q20.IV. SUMMARYIn this paper, we have examined the rare B de
ay 
hannel B ! K�`+`� in the frameworkof SCET, where the fa
torization formula holds to all orders in �s and leading order in 1=mb.Making use of the existing literature, we work with the relevant e�e
tive operators in SCETand the 
orresponding mat
hing pro
edures are dis
ussed in detail. The logarithms relatedto the di�erent s
ales �h = mb and �l = pmb�h are resummed by solving numeri
allythe renormalization group equation in SCET. We then give expli
it expressions for thedi�erential distributions in q2 for the de
ay B ! K�`+`� in
luding the O(�s) 
orre
tions.In the phenomenologi
al analysis, we �rst dis
uss the input parameters, espe
ially how toextra
t the soft form fa
tors �?;k(q2) from the full QCD form fa
tors and also the 
onstraintson �?(0) from the experimental data on the B ! K�
 de
ay. Using the q2-dependen
e of theform fa
tors from the LCSRs and the normalization �?(0) = 0:32� 0:02 and �k(0) = 0:40�0:05, we work out the di�erential bran
hing ratio and the forward-ba
kward asymmetry asa fun
tion of the dilepton invariant mass. In the region 1 GeV2 � q2 � 7 GeV2, where theperturbative method should be reliable, our analysis yields7 GeV2Z1 GeV2 dq2dBr(B+ ! K�+`+`�)dq2 = (2:92+0:67�0:61)� 10�7 ; (67)whi
h 
an be 
ompared with the B fa
tory measurements in the near future. The largestun
ertainty in the bran
hing ratio is due to the impre
ise knowledge of �k(q2). We have31



illustrated this by using a value �k(0) = 0:32, whi
h redu
es the 
entral value of the bran
hingratio to 2:11� 10�7. We point out that pre
isely measured q2-distributions in B ! K�`+`�and B ! �`�` would greatly redu
e the form-fa
tor related un
ertainties in the di�erentialbran
hing ratios. The FBA is less dependent on the soft form fa
tors, and the residualparametri
 dependen
ies are worked out. We estimate the zero-point of the FBA to beq20 = (4:07+0:16�0:13) GeV2. The stability of this result against O(�2s) and 1=mb 
orre
tionsshould be investigated in the future.A
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