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Abstract

Fluxes are widely used to stabilise extra dimensions, but the supporting monopole-
like configurations are often unstable, particularly if they arise as gauge flux within a
non-abelian gauge sector. We here seek the endpoint geometries to which this insta-
bility leads, focussing on the simplest concrete examples: sphere-monopole compact-
ifications in six dimensions. Without gravity most monopoles in non-abelian gauge
groups are unstable, decaying into the unique stable monopole in the same topological
class. We show that the same is true in Einstein-YM systems, with the new twist
that the decay leads to a shrinkage in the size of the extra dimensions and curves
the non-compact directions: in D dimensions a Minkp_o X So geometry supported
by an unstable monopole relaxes to AdSp o x S, with the endpoint sphere smaller
than the initial one. For supergravity the situation is more complicated because the
dilaton obstructs such a simple evolution. The endpoint instead acquires a dilaton
gradient, thereby breaking some of the spacetime symmetries. For 6D supergravity we
argue that it is the 4D symmetries that break, and examine several candidates for the
endpoint geometry. By using the trick of dimensional oxidation it is possible to re-
cast the supergravity system as a higher-dimensional Einstein-YM monopole, allowing
understanding of this system to guide us to the corresponding endpoint. The result
is a Kasner-like geometry conformal to Minks X S5, with nontrivial conformal factor
and dilaton breaking the maximal 4D symmetry and generating a singularity. Yet the
resulting configuration has a lower potential energy than did the initial one, and is
perturbatively stable, making it a sensible candidate endpoint for the evolution.
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1 Introduction

The ubiquity of moduli in extra-dimensional compactifications has been a persistent thorn in
the side of model-builders attempting to bring higher-dimensional theories into contact with
Nature as we see it around us. For this reason flux-supported compactifications, for which
various n-form field strengths thread cycles and are topologically blocked from relaxing
to zero, represent a significant step forward by providing an attractive mechanism that
dynamically stabilises many of these moduli.

Better yet, the required n-form fields are as common as dirt in supersymmetric theories,
arising as components of the gravity supermultiplet in higher dimensions; as Maxwell fields
required by anomaly cancellation; or as fields sourced by D-branes or other such objects.
Perhaps the simplest such construction, due to Salam and Sezgin [1], is more than 20 years
old, and threads a Maxwell flux through the extra dimensions in 6D supergravity to stabilise
its compactification to Mink, x Ss.

What is less well known is that a great many of such monopole configurations are unstable,
particularly when the flux involved arises as a Dirac monopole embedded into a non-Abelian
gauge sector. For instance, explicit calculations [2] show that sphere-monopole compacti-
fications in anomaly-free supergravity — and their warped braneworld generalizations — are
generically unstable, even though the monopole in question carries nontrivial topological
charge. The instability is possible because there are typically more monopole solutions than
there are distinct topological sectors, allowing most to decay to the (often unique) stable
representative in any topological class — a phenomenon that is well understood within pure
Yang Mills (YM) theories [3] 4] 5].



For monopole-supported systems, the coupling to gravity does not remove the instability
[6, [7], and requires the geometry also to relax as the monopole decays. We examine this re-
laxation here, and argue that it is fairly straightforward for the Einstein-YM system (EYM).
As in pure YM theory, the unstable monopole evolves towards the unique stable monopole
in the same topological class [5], and as it does so the geometry adjusts simply by shrinking
the size of the supported extra-dimensional sphere, and by curving the large 4 dimensions.
In d + 2 dimensions, starting from Mink, x S, the system evolves towards AdSy x S}, with
the radius of S} being smaller than that of S,.

The situation is more complicated in the supergravity case, because the dilaton obstructs
this same simple evolution towards another maximally symmetric solution built with the
stable monopole because for it oo # 0. As a result d,,0 # 0, instead leading to a breakdown
of some of the spacetime symmetries. The corresponding final state for higher dimensional
systems, with gravity and a dilaton back-reacting to the monopole dynamics, is unknown.

In this paper we examine several candidate stable endpoint configurations for the simplest
case of compactifications of 6D supergravity down to 4D. We argue that the insensitivity
of the low-energy effective 4D scalar potential to scalar gradients in the compactified two
dimensions make it likely that it is the 4D spacetime symmetries that break in this case,
rather than those of the compactified two dimensions.

To find the endpoint solution we employ a trick: a cycle of dimensional oxidation and
reduction that maps the solutions of the supergravity of interest onto those of a dilaton-
free pure EYM system in still-higher dimensions. We use this to map the unstable initial
monopole-supported supergravity configuration onto an unstable monopole-supported state
in the still-higher dimensional theory. Assuming this higher-dimensional EYM system relaxes
in the simple maximally-symmetric way tells us its endpoint, and this can then be mapped
to determine the endpoint EYM-dilaton configuration that is supported by the final stable
state into which the monopole decays.

Proceeding in this way we are led to a stable, nonsupersymmetric endpoint geometry
that (in the absence of brane sources) is conformal to Mink, X Sy. Its nontrivial conformal
factor and dilaton break the maximal 4D symmetry, giving rise to a singular geometry for
which the dilaton and curvature blow up at a point in the 4D spacetime. However, the
configuration nonetheless has a lower potential energy than did the initial one, and is stable,
and is a reasonable candidate for the endpoint of the instability.

Although the dilaton changes the dynamics drastically, the presence of branes (specif-
ically, conical singularities in the extra-dimensional geometry) and warping do not make
much difference, as we show by also finding a warped generalization of the endpoint solution
in this case, for generic brane tensions. The solutions we find in this way turn out to be
static analogues of the time-dependent scaling solutions to 6D supergravity found in [8], with
the fields varying along a 4D spatial coordinate rather than along time.

We also examine a class of supersymmetric solutions to 6D supergravity as candidate
endpoints (that also break the 4D spacetime symmetry) [9]. Although we cannot prove
these not to be the ultimate endpoint, we provide arguments as to why this seems less likely
than those we construct using the oxidation/reduction trick.

The rest of our exposition is organised as follows. The next section, §1, summarises
the field equations of chiral gauged 6D supergravity [13], together with their most general
monopole-supported solutions that have at most conical singularities [14] 15]. This section
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concludes by briefly summarising the linearised stability analysis of ref. [2], and reviewing the
topological classification of non-abelian Dirac monopoles in YM theories. §3 then describes
how gravity backreacts to monopole decay in dilaton-free EYM theory, by shrinking the extra
dimensions and curving the 4 large dimensions. Finally §4 generalises these considerations
to the EYM-dilaton system that arises in the 6D supergravity of interest. This section
describes the oxidation/reduction procedure, and applies it to two examples. The first
example considers unwarped systems such as arise in the absence of branes, or with two
branes having equal tension. The second does the case of the general warped geometries of
§2, having only conical singularities. We end with some brief conclusions.

2 Theory and Background

We start with the bosonic actionl] for chiral 6D gauged supergravity coupled to gauge- and
hyper-multiplet matter, with gauge group G = G x U(1)g [13]

1 1 1
SB = /de\/ —q [;R— ZaMUaMU— ZGHU/Z Tr (FMNFMN) (21)

]' KO o 8 —KO
— 15 € Hunp H'™" =Gop(®) Dy, @ DYl — e Py(®)| ,

where {gy~, H3 = dBy + Ay A Fy, 0} are the bosonic fields in the gravity multiplet; F),, are
the gauge-multiplet field strengths for G x U(1)g; and ®* denote the hyper-multiplet scalars.
The dependence of the scalar potential on ®* is such that its minimum is at ®* = 0 where
v(0) = g%, and so we fix henceforth ®* = 0. Here g, is the U(1)r gauge coupling, and we
use ¢ for the G coupling constants [l

Using ®* = 0 the remaining equations of motion (EOMs) become

1 1 1 1 1

2 Ruy = 4 0o Ovo + 9 e/* Tr (FurFy ")+ 4 " HypoH,”? — Ar gun o,

1 1 1 8q?

0o =-=- 6mr/2 Tr (FMNFMM) + = emrHMNPHMNP . ﬂ 67K/0'/2,

K 4 6 K4

DM (emf/ZFMN) — gemr HNPQFPQ,

Dy (€57 HY™P) = 0, (2.2)
where

AM:Af\/[TI) FMN:FI\I/[NTI

with V,, the Lorentz covariant derivative, and 7} are the gauge group generators with struc-
ture constants ¢’ ;..

4For fermionic terms see [13].
°In general, if G consists of several simple factors, g represents a collection of independent gauge couplings.
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2.1 Background solutions

The solutions to these equations whose stability is of interest are monopole-supported extra
dimensions, in which the extra dimensions are supported against gravitational collapse by
having a gauge flux thread the extra dimensions. Our interest in particular lies in the case
where this background flux lies within the non-Abelian part of the gauge group. A broad
class of these have the form [15],

d 2
ds? = gy dzdz™ = pny, dz*da” + A h(p) de?

h(p)
Ai:ana (i—i>d¢

2 \p?
ko=2Inp, Hy,nvp=0 (2.4)
with
_2M 2gtp  KPyaq'q
h(p) - - 2 3
p K 8p
292
_nglg (p2 - pi)(pZ - p%) ) (25)

where (), are the generators of the Cartan subalgebra of the Lie algebra associated with the
group G, normalized so that Tr(Q.Qs) = Yap = 7*dap, for constant . The ¢* identify the
magnitude and direction of the background flux in the Lie algebra of G. Finally, p_ < p < py,
where

/ﬁ}2

P+ =535
297

1
M :*: \/M2 - Z f}/abqaqb] ] (26)

denote the two positive values where h(pL) = 0, at which point the geometry has a conical
singularity, with deficit angle

2

_ _1 ' 1 297 2 2
b =15 W)l =1- 5 (0% —r2) . (2.7)

As shown in ref. [I6], it is the property that these singularities are conical that defines these
solutions, eqs. (Z.4)) and (23, as special cases of the more general solutions of ref. [14].

We regard the conical singularities as indicating the presence of source codimension-two
branes having tensions 7%,

Sbrane = _T:I: /d4yv 7+, (28)

with ¢ being coordinates on the brane world-volume, and 7;; the induced metric there. The
tension is related to the geometry’s conical defect angle through T} = 2§./k? and this
connection allows us to trade the integration parameters M and ¢?> = v,¢%¢" for the two
source brane tensions. It turns out that only one combination of these parameters is fixed,
and that the tensions of the branes are related to each other by a constraint [15] (see later
sections for a recap of some of these features).
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These solutions break supersymmetry, apart from the special rugby-ball case where the
dilaton is a constant: 0,,0 = 0. Whether supersymmetry breaks even in this case depends
on the boundary conditions at the branes [17], which is governed by more model-dependent
details of the branes themselves.

The amplitude, ¢, of the gauge field is also constrained by topology to be quantized, as
follows. In order for the gauge field potential to be well-defined at pi, we need to cover the
internal manifold with two coordinate patches. Requiring that the two patches be related by a
single valued gauge transformation on their overlap leads to the following Dirac quantization

condition
@ (1 1
_ I =——_—_)=N 2.9

ge‘”?(pi p2> v (29)

where N; are integer monopole numbers, one for each gauge generator 7;. The quantities
eq; denote the @, charge of generator 7}, defined in the adjoint representation by choosing
a basis of generators that satisfies [Q.,T;] = €., T; (no sum). This clearly vanishes for
all generators of the Cartan subalgebra, e, = —e,, = 0. For those T; not in the Cartan
subalg?braﬁ hermitian conjugation reverses the sign of this charge, so we choose notation so
that T; = T—i-

Rugby Balls and Spheres:

Ref. [16] shows that these solutions go over to the unwarped rugby-ball solutions [18], when
T_ — T, (and to the spherical Salam-Sezgin solutions [1I] when 7, = 7_ = 0). In these
limits, a change of coordinates puts the background into the familiar form of a spherical
geometry supported by a Dirac monopole:

ds® =, dz"dz” + o® (d6” + sin® fd¢?)
Ay =1 2Qa (cosf F1)d¢
ko = Hynp =0 (2.10)

In this case the equations of motion fix the radius of the sphereﬂ a = k/(2v/2g1), and fix
the monopole strength

1
@ =720 q¢°¢" = ? ) (2.11)
i

(Any other value for the monopole strength would induce warping in the non-compact di-
rections, which requires 7'y # 7). On the other hand, the Dirac quantization condition in
this case reduces to:

— 94" €ar = Ny, (2.12)

and so consistency between this and eq. (ZII) in general requires relations between the
otherwise independent couplings ¢g; and g. In the simplest case where the monopole is
aligned in the U(1)g direction [I] we have ¢ = ¢; and consistency between equations of
motion and Dirac quantisation imply the monopole number must be N = +1.

6In the Cartan-Weyl basis of generators we label the Lie algebra of G by: {T}} = {Q, T;, T—;}.
"More generally there is a flat direction along which the values of o and a are correlated.



A concrete example

It is useful in what follows to have in mind a concrete example that is simple enough to
solve explicitly yet complicated enough to display the instabilities of later interest. For
this purpose we focus on the subsector of the theory for which the gauge fields lie within a
subgroup G = SU(3) x U(1) of the full group, with all hyper-scalars either neutral under
the non-Abelian subgroup or transforming in the adjoint/1 and all other fields required for
anomaly cancellation, including the Kalb-Ramond fields H,,yp, set to zero.

The Cartan subalgebra of SU(3) is two-dimensional, @, with a = 1,2, and with the
normalisation condition v, = Tr (QuQs) = § dap (50 v = ), these may be written

1 1
1 1
-1 Qs = - 1 . (2.13)

Qr=—r

The remaining six generators can be divided into three pairs, 7; and T_; with ¢ = 1,2, 3,
having opposite charges. The independent nonzero charge eigenvalues, e,;, then become

o
Q 1 1 1
Q2| O 3 3

Table 1: Table of charges for adjoint fields in SU(3).

The monopole breaks the SU(3) gauge group down to either U(1); x U(1)y or SU(2) x
U(1)y, depending on whether or not all of the eigenvalues of ¢“Q), are distinct or if two of
them are equal.

The case SU(3) — SU(2) x U(1)y:

If two eigenvalues of ¢°Q), are equal then an SU(3) rotation can be performed to ensure
that ¢*Q, points purely in the ¢® directionl The spectrum of SU(3) gauge bosons then

decomposes into the four massless gauge fields of the unbroken gauge group together with
an SU(2) doublet of massive charged states, having charge 1 with respect to U(1), (and

their conjugates). The Dirac quantisation condition then requires that ¢° = 2N/g where
N = N;_5 = N;_3 is an arbitrary integer, while N, = N;_; = 0.

The case SU(3) — U(1); x U(1)s:

Alternatively, if all eigenvalues of ¢%Q, are distinct then both ¢! and ¢® are nonzero. The

SU(3) gauge fields then decompose into two massless gauge fields, together with three com-
plex massive vectors with U(1); x U(1)y charges as given by Table 1: (%,0), (ﬁ, ),

8 Although the hyper-scalars vanish in the background, the charge of their fluctuations plays a role in the
Dirac quantization conditions.

9The same can sometimes also be done if its eigenvalues all differ, but the required SU(3) transformation
is then singular, a distinction that turns out not to be important for identifying which monopoles are
topologically stable [4].



(—ﬁ, 1). The Dirac quantisation condition then requires that ¢/ = 2v/3s!/g and ¢* =

2s%/g, where s’ = %(Nizg, — Ni—) = %Nizl and s? = %(Ni:?, + Nj—3) are half-integer valued.

Different quantum numbers (s?, s?) do not always label distinct monopoles. For instance
if (s!,s%) = (3,1), then

202

1

90°Qa=V3Q, + Qs = 3 ~1 : (2.14)
—1

and so equals —2Q, up to a permutation of the axes. This shows that the (s’,s?) = (
monopole is physically equivalent to the (s’,s?) = (0,—1) (or N = —1) SU(2) x U
preserving monopole.

2.2 Linearised instability

Linearised stability analysis shows that spacetimes stabilised by monopoles embedded into
non-abelian groups (as above) are unstable, as we now summarise following ref. [2]. Consider
therefore linearising about the background geometry

GundaMda™ = eAn,de"d:E” +etdu? + ePdg?, (2.15)

where the extra-dimensional coordinates are {x™} = {u(p), #}. Denote the Ricci tensor for
this geometry by R, and the background gauge field by A,,, with field strength F,,.

The unstable tachyonic directions turn out to be among the Kaluza-Klein (KK) modes of
the non-abelian gauge field that live in the extra dimensions and lie along directions of the
gauge algebra that are charged under the generator along which the background monopole
points:

Raising and lowering all indices with the rescaled background metric, jyy = €*/2G,, .,

ref. [2] shows that the part of the action that is bilinear in these unstable gauge-field fluctu-
ations is (in light-cone gauge):

1 A
S:(V.V) = —3 / dX\/—§ Tr [aﬂvmaﬂvm + D, V,D"V" — 2(9,A)2V?

—2(8, AV D V™ 4 Ry VPV 4 29 Fro V™ x VR (2.17)
where A = A + ko /2, and the covariant derivative of V,, is defined by

Dy Vy=Vy,Vy— ig [AMa VN] ) (2'18)

and V,, is the Lorentz covariant derivative.
Solving the linearised equations of motion and boundary conditions obtained from this
action, and requiring the resulting modes to have finite kinetic energy, leads to a discrete
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spectrum of fluctuations. Taking advantage of the axial-symmetry, make the Fourier decom-
position:

Va(X) =) Vml(w, u)e™? (2.19)

with m an arbitrary integer, —oco < m < oo. To diagonalise the mode functions make the
field redefinitions

Vim(z,u) = (e(AJrB)M Vam(z,u) £ ie(3A=B)/4 Vim(, u)) (2.20)

V2
and perform a Kaluza-Klein decomposition
Vi(z,u) = Vi(z)he(u). (2.21)

The solutions for ¢1(p) can then be found explicitly in terms of hypergeometric functions.
Forn=0,1,2,... the corresponding KK mass spectrum for V is

eFform<—-—Ltandm<N,+-L1
n+ -

3= et ) = (4 3 ) g+ (= Nl 4 mlm = N} (222

_1 1
e For n+<m§N,+n7

M2:%{<n+g>2—%+<n+g> [mn+—(m—N,)n_]}. (2.23)

4 _ L
oForN,+n7<m§ 0

= a1 = (n= 3 ) e~ - N} (224)

oForm>—iandm>N,+n%

1 1
M2 = g {n(n +1)+ (n + 5) mn, + (m — N;)n_]+ m(m — N,)n+77_} . (2.25)
In these expressions the parameters, 7., are related to the two conical defect angles, .,
by ne = (1 —6./27)"". The spectrum for V' is obtained from the above by transforming
m — —m and N; — —N;. The integer N, is the quantity appearing in the Dirac quantisation

condition, eq. (2.9) T

1Tn the sphere limit, the spectrum can be put into the familiar form M? = % [l(l +1) - (%)2] with
multiplicity 2! + 1, where, for V{, I =k + |1+ N,/2|, and £k =0,1,2,....
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Using these expressions it is possible to show that the necessary and sufficient condition
for the absence of tachyonic modes, assuming brane tensions not less than zero, is

IN;| <1 forevery I. (2.26)

For fields with N; > 2 the tachyonic modes are those with m = 1,2,..., N; — 1, while for
fields N; < —2 the tachyonic modes are those with m = —1,—2,..., N, + 1. Notice that
because m # 0 the instability towards growth of these modes spontaneously breaks the
axially symmetry of the background.

In fact, it has long been known that non-abelian monopoles in pure gauge theory in 4
dimensions are also generically unstable, with only one dynamically stable monopole exist-
ing within each topological class [3, [5]. Similar instabilities were also found soon after in
higher dimensions, compactified on spheres, both for Yang-Mills and for Einstein-Yang-Mills
theories [6l [7]. We use these related instabilities in subsequent sections to try to identify the
new state towards which the system evolves once the instability develops.

The SU(3) x U(1)r example

It is instructive to apply this to the specific example considered above, where the monopole
is embedded into SU(3) x U(1).

The case SU(3) — SU(2) x U(1);:

In this case we had (¢, ¢?) = (2/9)(0, N), with N, = N;—;y = 0 and N;—o = N;—3 = N. In
this case we find no tachyonic modes when N = 0,+1, but instability when |N| > 2 (for
which there are two complex tachyonic modes, V=2 and Vi=3).

The case SU(3) — U(1); x U(1)s:

Consider the monopole with (s’,s?) = (1,0), for example, where solving for the N,’s leads
to the nonzero values N; = (2,1,—1). Since N;—; = 2 this monopole has one complex
unstable tachyonic direction. Similarly, the monopole with (s?,s%) = (2,0) has tachyons
amongst all three of its charged fluctuations, since N; = (4,2, —2). However, the embedding
(s’,s?) = (3, 1) turns out to give monopole numbers N; = (1,1,0), and so is stable, as it
must be given that it is equivalent to the N = —1 monopole of the SU(2) x U(1),-preserving
category. Since this (and its conjugate) is the only stable monopole of this category, we see

that the only three stable cases preserve SU(2) x U(1), with N = 0, +1.

2.3 Topology

Since topological charge can cause stability for some configurations, it is worth identifying
how these charges are classified for non-abelian monopoles. In the present instance the
topology of the internal manifold is that of a sphere, with Euler number y = 2. This
is not changed by the presence of the conical defects, since the contribution to y from the
singularities compensates for the reduction that the angular defect causes in the contribution
to x from the integral of R over the internal space.

The non-trivial topology associated with the Dirac monopole embedded into the gauge
group G is similarly classified by 71(G). This can be seen explicitly in the so called Wu-Yang

10



Gauge group G m1(9) Center
SU(N) 1 In
SO(2k + 1) Z Z,
SO(4k) 7 Zy % Zs
SOUk+2) | Z(k=0),2 E>1)]| 2z
Sp(N) 1 Zy
Es 1 1
E7 1 Zo
FEy 1 s
F 1 1
Go 1 1

Table 1: 7; and centres for the simple Lie groups.

construction [19], used above, wherein the extra dimensions are covered with two patches,
each with a non-singular gauge potential A. In this case the A4 must differ on the overlap
of the two patches at the equator by a single-valued gauge transformation, and so defines a
map from S' to G that is classified by m(g).

For non-abelian groups the integer corresponding to this topological classification can be
written explicitly in terms of the representative gauge fields. Suppose for example, the gauge
algebra is SU(N), and all charged fields transform in the adjoint representation. Then the
global group is actually G = SU(N)/Zx because the adjoint representation uses the same
matrix to represent two group elements that differ only by an element of the group’s center.
Define the magnetic flux, ®, using the following integral,

1
® = —Tr exp [igj{ds (A — A_y) (2.27)

dz™
N )

ds
where the path is taken as the closed loop around the equator in the overlap of the two

patches on which the two gauge configurations, A, and A_, are respectively defined. This
expression, when evaluated using explicit gauge configurations, produces a phase

omil
@:exp< 7;\; ) : (2.28)

where 0 < L < N is the integer that labels the corresponding element of 7w, (SU(N)/Zy) =
Zy.

Table [l gives m; and the centers of all the simple Lie algebras. Amongst the known
anomaly-free non-abelian gauge groups in 6D chiral supergravity, those involving non-Abelian

LNTf Higgs fields spontaneously break G — H, then magnetic charge would instead be classified by 1 (H).
For smooth configurations without Dirac strings this reduces to the subgroup of 71 (#) consisting of those
elements which are contractible in G, denoted 71 (H)g. This is equivalent to the familiar classification of
non-singular monopoles by m2(G/H) (interpreted as classifying the map from the Sy at spatial infinity to
the vacuum manifold G/#) due to the isomorphism 71 (H)g ~ m2(G/H). Similarly, in the absence of a Higgs
contribution to topological charge the classification 71 (%) reduces to the Wu-Yang classification 71 (G), since

mi(H)/m(H)g ~ m1(9).
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gauge groups with non-trivial topology are the classic E; x Eg X U(1) g model [20], for which
all hyper-multiplets are singlets under Fj; as well as two models by Avramis and Kehaghias

[21]], respectively involving Fg (with hyper-multiplets only in the adjoint representation) or
SO(N)’s.

The example G = SU(3) x U(1)g

For the Dirac monopole embedded in SU(3), with all fields charged under the SU(3) sub-
group transforming in the adjoint representation, as described above the global group is

~

actually G = [SU(3)/Z3] x U(1)g, and the topological classification is given by:

A

m(G) = m(G) +m(U1)r)
= m(SU(3)/Z3) + m(U(1)r)
7,17 (2.29)

Notice that each simple factor of G gives rise to its own topological classification, provided
that the monopole lies at least partially in the factor of interest.

If the monopole is embedded purely within the SU(3) then the topology is simply clas-
sified by 7 (SU(3)/Z3) = Zj3. In the case where the monopole preserves an unbroken
SU(2) x U(1), we have seen that it can always be written as

1
gAL = —§M(COS fF1)do
N 1
where M = 2NQ, = 3 1 : (2.30)

—2

and, as before, @, is the second Cartan generator of SU(3) while N is the integer of the
Dirac quantisation condition. In this case the associated flux evaluates to ® = €2™N/3 ¢ 75,
showing that it is L = N (mod 3) that labels the distinct topological class [4]. The finding
that linearised stability requires N = 0, 1 is therefore consistent with the expectation that
there is only one stable monopole in each of the three independent topological sectors.

3 The Instability’s Endpoint

The previous sections argue that monopole-supported flux compactifications in 6D super-
gravity are generically unstable, provided the monopole is embedded within a non-Abelian
factor of the gauge group. We now ask what the new configuration is towards which such
an unstable non-Abelian monopole evolves.

As mentioned above, this problem is well understood in the case of pure Yang-Mills (YM)
theory, where the instability describes the decay into the lightest monopole within the given
topological class [5]. Our goal is to address what such a decay implies when the monopole in
question supports an extra-dimensional compactification. We do so in this section starting

2More generally, a monopole in SU(3) can always be written as g4y = —1M(cos§ F 1)d¢ where
M = 2L Q2 + diag(ry,r2,r3), L is one of 0,1,2 and ry,re, 75 are integers that sum to zero [4].
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with simple spherical compactifications of extra-dimensional Yang Mills and Einstein-Yang-
Mills (EYM) systems (including a cosmological constant, A). We defer the qualitatively
different case of EYM-Dilaton theories relevant to higher-dimensional supergravity to the
next section.

Concretely, consider the unstable N = 2 SU(3) monopole described in previous sections,
for which g(q¢’,¢?) = (0,4). Because N # 0 (mod 3), this state has a non-trivial topology
that prevents it from decaying into a topologically trivial configuration. It must instead
decay into the stable monopole with N = —1, doing so by emitting magnetic radiation (see

e.g. [3L5]).

3.1 Einstein Yang-Mills Theory

When the decaying monopole supports a compactified extra dimension, its decay should also
cause the extra-dimensional geometry to change. But since the decay also reduces the 4D
monopole energy density, its decay should also change the curvature of the large dimensions
we observe. We first show how this takes place in detail, working within the Einstein-Yang-
Mills system. In this case, we must solve both the Einstein and Maxwell equations of motion
to check that the expected stable monopole is a possible endpoint solution.

Consider then six-dimensional gravity coupled to a Yang-Mills field and a positive 6D
cosmological constant, A. We start with a solution, Mink, x Sy, for this system comprising
an unstable SU(3) monopole supporting two spherical extra dimensions, with A adjusted to
allow the observable four dimensions to be flat. This initial monopole then decays into the
topologically connected stable monopole as above, whilst the background geometry appro-
priately adjusts itself. We do not try to follow the time-dependence of this process in its
full transient glory. Instead we directly seek the endpoint solution to which it ultimately
evolves, under the assumption that this endpoint also remains maximally symmetric in the
4 visible and 2 internal dimensions.

It turns out that we are led in this way to two possible endpoint solutions. Either the
internal sphere shrinks whilst the non-compact directions curve into anti-de Sitter space
(AdS), or the sphere grows whilst the 4D spacetime curves into a de Sitter (dS) universe.
Based on the principle that the evolution lowers the effective 4D scalar potential energy, we
expect it is the AdS solution towards which the system evolves.

Endpoint Solutions
We start with the 6D EYM action,

1 2
Spyay = ?/dﬁx\/—g {R - % Tr (Fyn FM™) — A] : (3.31)

containing only gravity, gy, the Yang-Mills field, A,,;, and the 6D positive cosmological
constant, A. The equations of motion for this system become

116
Vo FYY —igA, FYY =0, (3.33)

2 A 2
Ry = %Tr (FyupF\") + gun (— — ”—TrF2> (3.32)
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for which we seek solutions having maximal symmetry in both 4 large dimensions and 2

small ones
ds® = g, datde” + a?(d6 + sin’ §dg?) (3.34)

with the maximally symmetric metric, g,,, satisfying R,, = 3Agu,, with 4D curvature
constant A. In our conventions the cases A > 0, A = 0 or A < 0 respectively correspond to
dS, flat and AdS geometries.

Consider now solutions for which the Maxwell field strength only has nonzero internal
components, F,,, and depends only on the coordinate  (as in the monopole solution). The
equation of motion for the gauge field then implies

7°Qq

Fyy = sin 0 (3.35)

where the constants ¢ again parametrise the monopole strength. Recalling our convention
Tr(QuQs) = Yab = ¥?0ap, We find after use of the 4D components of Einstein’s equations,

A K2g?
R;w = 3)\9;11/ = Ouw (Z - 39 a4> ) (336)

where ¢% = 7,5¢%". From the 2D Einstein equations we instead find

Grn 3k%¢* A
Row = =0mn | —=—5 +—1| ., 3.37
a? [ 32at - 4 (3:37)
leading to the following conditions for A and a:
AN K2
3\ = (Z ~ 3 a4> (3.38)
1 3 2,2 A 2.2
S S 5 (3.39)

a? 320 4 8dat

If we choose the initial monopole to be the unstable configuration having ¢* = ¢ =
(0,4/g), then ¢? = 16v%/g*. Tt is for this configuration that we tune the 6D cosmological
constant to obtain a flat 4D spacetime, A = 0. This fixes the initial radius of the internal
sphere and the 6D cosmological constant to be

s Kq 2Ry _ _
w=gomT g o A= =mesa (3.40)

2.2 2.2 2
P 1

To find the endpoint, we now take the monopole charge to be the topologically stable
one having N = —1 and so ¢} = (0, —2/g), and so ¢} = 47*/¢g*> = } ¢7. Since A is no longer
free to be adjusted, we now solve eqs. ([B.38) and (B.39) for the final radius, ay, of the 2D
sphere, and the curvature, A¢, of the final 4D spacetime.

We find in this way that the 4D curvature becomes

1 K1 a?
3\ = — — . 3.41
T7 4a? 324}~ 4a? 164}’ (3-41)
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while the new radius of the 2-sphere is given by

1 1 3r%} 1  3a
ST 2T 4f = 12 T (3.42)
a;  dai  32ap  4a; 1645

This has two roots, given by

347 1
ajy =2a] |1+ —Zq—’; = 2a; {111\/13], (3.43)
a;

and so ay; ~ 1.95a; while ay_ ~ 0.444 a;. The corresponding 4D curvature then becomes

1 7+ 213
3\jy = (2918\/_> (3.44)

and so A\py ~ 0.0819/a? and Ay ~ —0.452/a?. Clearly the radius of the sphere increases for
the dS solution and decreases for the AdS one.

Energetics

Intuitively, one would expect the AdS case to be the natural endpoint, since one expects to
obtain a negative potential energy after lowering it below the initially zero value needed to
ensure a flat 4 dimension, as we next check explicitly. To this end define the potential energy
(per unit 3D volume), &, of the effective 4D theory as the sum of the static 6D energy (i.e.
gradient, magnetic and potential energy), integrated over the extra dimensions, with

(2
E= /de\/_ [ 2+ TranFm”+A] (3.45)
Here R = 2/a® denotes the 2D curvature scalar, while the magnetic energy goes as
Tr B F™ = ¢%/2a?, leading to
£ = 4”;”2 [_ _q}
K 8
4ra®\” K2 2 A ,%Qq2
— AR D 3.46
( K2 ) 47 [ a4 a? 8a6] (3.46)

The second equality of eq. (B:46]) pulls out four powers of the 4D Planck mass, Mz =
4ra?/k?, which is useful when verifying that £ as defined reproduces the correct equations
of motion when used in the 4D field theory. It is useful to display the factors of M, explicitly
in this way because transforming to the 4D Einstein frame ensures that these are held fixed
when the 4D field a is varied to minimize the potential energy, leading to the condition

a2 4 324t

E/M,)) 22 [1 A 3m2q2] _o, (3.47)

da ma3
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in agreement with eq. (3.39) determining a. The 4D Einstein equations similarly equate
R, = 3\gu to (S/Mg) Juv, leading to the condition

2 /ﬁ}2q2
6N = —— + A+ T
a? tAt 8a*
A /{2q2
- 5 - 160,4 3 (348)

where the last equality — which agrees with eq. (3.38) — uses the field equation, eq. (B.47),
for a.

We may now compare the value of £ when evaluated at the initial and final configurations
considered above. Evaluating using our previous results for a;, g2 and A leads to & = 0 for
the initial unstable solution, consistent with having tuned A to ensure the flatness of the
initial 4D geometry. For the two candidate endpoint solutions, the potential energy is instead

. i 52(]2
o = | ging, o AU
I+ K2 + afi+8afci

47 a 2 q2 a; \2
K a; qi lei

or (14 + 4\/13)

(3.50)

K2\ 4+ 13

and so £y ~ 3.74 (2r/k%) > 0 and & ~ —1.07 (27/k?) < 0. Clearly we have apy > a; >
ar—, and Epy > & > &, indicating that the endpoint solution reached after the instability
indeed corresponds to a shrunken extra-dimensional sphere together with 4D AdS space.

4 Endpoint Revisited: Including the Dilaton

We next reconsider the problem of direct interest for higher dimensional supergravity, by
supplementing the Einstein-YM theory with an appropriate scalar dilaton field. In this
case we find the endpoint configurations do not preserve the maximal symmetry of the
underlying 4D and/or 2D geometries of the original unstable monopole-supported system.
As emphasised in [22], the presence of the dilaton crucially changes the dynamics of the
system, and this considerably complicates the search for the new endpoint solutions.

To see why the dilaton is so different we again start with a monopole-supported solution
to 6D chiral gauged supergravity with couplings chosen to allow a Mink, x S5 solution
with 4 flat large dimensions, see Eq. (2I0H2.IT). Now, however, if the monopole decays to
its stable topological cousin, a new maximally symmetric solution supported by the stable
monopole no longer satisfies the field equations ([2.2]), which require Do = 0 together with the
Einstein and Yang-Mills equations. In detail, the equations of motion under the maximally
symmetric ansatz ds® = ds} +a?(d6? +sin® 0d¢?), Fys = % sin @ and o = 0y = const, with
ds? the metric on 4D (A)dS or Minkowski spacetime, together imply the 4D curvature A = 0,
ae "0/ = /2:/2g; and ¢> = 1/¢?. This is to be compared with the initial configuration Eq.
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(ZI0H2IT). So, although one combination of the parameters, say a /4, is left free thanks
to the classical scaling symmetry, the magnetic flux in particular is fixed to its original —
unstable — magnitude if we insist on keeping the maximal symmetries. This shows that once
the monopole flux decays the dilaton gradient, 0,,0, is necessarily nonzero, thereby picking
out preferred directions in the underlying spacetime.

A key question asks whether this gradient points in the compact two directions, 0,,0 # 0,
or in the large spacetime directions, d,0. In this section we first argue that the system is
likely to prefer growing nonzero gradients in the large 4 dimensions, and then describe the
relative merits of two classes of candidate endpoint solutions that break the 4D spacetime
symmetries: a one-parameter family of supersymmetric solutions [9]; and a class of new
solutions to which one is led by adapting the arguments of the previous section to include
the dilaton.

4.1 4D or 2D: Which symmetries break?

We now argue that for 6D supergravity it is the 4D spacetime symmetries that generically
prefer to break. If true this is somewhat surprising, since the instability revealed by the
linearised analysis is in modes that vary in the internal 2 dimensions and not the macroscopic
4 dimensions. However, it is known [I0] that all of the axially symmetric bulk solutions
having AdS 4D geometry necessarily have a curvature singularity in the 2D geometry at the
position of one of the two source branes[] Any decay to a solution of the form AdS, x M,
therefore necessarily requires the development of a curvature singularity in the 2D geometry
at the position of one of the source branes, even if the initial unstable solution has no such
a singularity. But the divergence of bulk fields at a singularity is related to the physical
properties of the brane which is situated there [11l [12], with a curvature singularity in
particular implying a brane coupling to the bulk dilaton. Since it is not clear how such a
change to intrinsic brane properties can be triggered by the decay of a monopole in the bulk,
we instead explore the possibility that it is the 4D spacetime symmetries that break.

The simplest way to see the necessity for a curvature singularity is to recognize that the
effective 4D potential energy turns out to depend only on the near-brane limit of the o field
when its derivatives, 0,0, point purely along the 2D directions [I5]. That is, we evaluate

1 1 1 8q?
E = /dzx\/g_Q {—? Ry + 1 0o 0™o + 1 "2 Tr B F™ 4 % e 2| (4.51)

at an arbitrary solution to the field equations, eqgs. (Z2]), assuming only that all tensor
components point purely along the compact 2 dimensions. Use of the Einstein and dilaton
equations in particular then show [I5] that

1
£ = —ﬂ/de\/g_Q 0o, (4.52)

which vanishes on a smooth manifold. For example, when evaluated for the particular

13This is also a corollary of the fact [10] that all of the solutions having only conical singularities at the
branes have 4D geometries that are flat.
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solutions of egs. (2.4) and (2.5]), we find (keeping in mind the conical singularities at p = p..)

2 {h(p) h(m)] _9.

K2 p oy

P+
£= —5/ dp 3y | /2 0| = (4.53)
KJ,

In the presence of singularities localized at source branes, each brane can be isolated
within a small circle that acts as the boundary of the bulk geometry, leading the right-hand-
side of eq. (£52) to evaluate to a sum of terms involving the radial dilaton derivative, n-do,
evaluated at the brane positions. But the presence of such a nonzero scalar gradient near
the codimension-2 brane requires ¢ to diverge logarithmically there, and the stress energy
of this configuration makes the curvature also diverge. This argument is in agreement with
the explicitly known solutions of ref. [10].

But the near-brane dilaton derivative is related [I1}, 12] by the bulk-brane matching con-
ditions to the effective codimension-2 brane tension, T5(¢), with n - ¢ being proportional to
its derivative Ty. As such, the near-brane dilaton derivative cannot change without there also
being a physical change to the source branes, making such a configuration an unlikely end-
point for an unstable monopole. This being said, we shall also find the necessity of new types
of singularities in some solutions breaking the 4D symmetries, and so this argument cannot
be regarded as decisive until the interpretation of those singularities is better understood.

With this motivation we next examine two categories of candidate endpoint solutions
that break the 4D symmetries.

4.2 Supersymmetric AdS; x S5

Supersymmetric solutions are always attractive options when seeking stable endpoints from
initially unstable initial configurations, and it is the remarkable scarcity of such solutions
having the form M, x Ms, with M, = Mink, or AdS,, that helps make the endpoint of
monopole decay in 6D supergravity such a puzzle. The only known solutions of this type
have M, = Minky, My = Sy, and align the monopole in the U(1)g directions with monopole
number N = £1 [1].

Other supersymmetric solutions do exist [9], however, they just have fewer 4D spacetime
symmetries. These solutions have geometries AdS3 x 5'3, where 5'3 denotes a one-parameter
family of ‘squashed’ 3-spheres. The field configurations have constant dilaton, d,,0 = 0, and

ds® = dsigs, +0a° (W] +wd) + b°wi
€3
H3 = f <w1 N wo N\ wsg + %> (454)
F2 = k w1 VAN wa ,

where ds? g, is the line-element for AdS; and ;3 denotes the volume 3-form for the internal
3D geometry. The w,, denote the left-invariant 1-forms on the 3-sphere, that satisfy dw,, =
—% Emnp Wn N\ Wp, and so

Wy +iwy = e (df +isinf dg) , wg = d1p) + cos0do, (4.55)

where (6, ¢, 1) are Euler angles on the 3-sphere.
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The equations of motion impose the following three relations among the solution’s four
parameters, a, b, £ and k [9]:

v = k%2 2ok 1 144/1— 32k/2g%¢ (4.56)
- ) - 491 - 16g% gl ) .

in terms of which the AdS; Ricci tensor is Rap = 2\ gop with A = —b?/(4a?).

Is this the endpoint of the evolution away from the unstable monopole? Such a scenario
would be very attractive, indicating a dynamic spontaneous compactification wherein the
monopole instability triggers one of the large 4 dimensions to roll up into one of the directions
in S5. And because \ is negative this might be argued to be favoured energetically in
terms of an appropriate 3D potential energy. Better yet, the supersymmetric Mink, x S,
solution can be obtained formally from the AdS; x S solutions by taking the limit b — 0
[9], indicating there might be a plausible path through field space leading from the initial
unstable configuration to the final supersymmetric one.

There are a number of possible objections to the proposal that these solutions represent
to endpoint of the monopoles of present interest, however. Not least, the natural way to
obtain 4 large directions from AdS; x S; is by taking the lone squashed direction to become
large, b > a, rather than taking b < a. However in the limit b > a the curvature of the
large 3 dimensions becomes larger and not smaller, and there is furthermore an obstruction to
taking this limit within the supersymmetric solutions since it formally would require taking
¢ very large, but a? becomes complex in this limit. We therefore next seek other options for
the decay endpoint.

4.3 Deking the Dilaton

As noted above, it is the dilaton that appears to prevent the system’s relaxation towards
a maximally symmetric solution, and so removes the attractive picture obtained in the EYM
system described in §3. In the remainder of this section we use an elegant trick [23] that
reformulates the EYM-dilaton system as a dilaton-free system in higher dimensions. We do so
with the goal of exploring whether the analysis of §3 can lead to a better candidate endpoint,
for which the preserved maximal symmetries involve the fictitious dimensions associated with
the dilaton rather than being part of the physical 6 dimensions of our starting supergravity.

The idea behind the trick is that the dilaton can be regarded as a modulus obtained
by compactifying a simpler system in higher dimension. In particular, we consider EYM
theory in (6 + n) dimensions, chosen so that its dimensional reduction to 6D leads to the
dilaton-EYM theory of interest. With care, solutions in the higher dimensional non-dilatonic
theory can be reduced to solutions of dilatonic Einstein Yang-Mills in six dimensions, and
6D supergravity configurations can be ‘oxidised’ to higher dimensional solutions. Ref. [24]
performs a similar analysis to study the dynamics of instabilities in warped de Sitter solutions
to 6D dilatonic Einstein Maxwell theory, building on studies of the dilaton-free model [25].

4 deke v. (in ice hockey) to draw a defending player out of position by faking a shot or movement: deked
the goalie with a move from left to right.

15 A similar logic underlies the discussion of F-theory vacua in Type IIB string compactifications having
nontrivial dilaton profiles.
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instability
Minky , x S° _— adSy iy x S*
ds® =yt da” + dapdy®dy’ + d2 ds? = g (2, y)da"dz” + gapdydy" + dy
oxidise to EY MA reduce to EY Mo

ds? = grundXMdX N + 27X go (y) dy" dy® ds® = grydXMdXN + 27 oy (y) dy” dy”

Mink, x S? ?

_— °

ds? = ndatdz” + dQs
o = const.

Figure 1: The oxidation-reduction cycle used to generate solutions in the 6D dilatonic theory.

This trick is useful because the stability analysis of previous sections can be translated
word-for-word to the higher dimensional system, at least for unwarped backgrounds. In
particular, an unstable monopole-supported configuration with geometry Mink ) X So,
is unstable for large enough magnetic quantum numbers, and applying the arguments of §3
to the higher-dimensional system indicates a decay to AdSg,) X S supported by a stable
monopole. The logic (illustrated in Fig.[I]) then is to dimensionally reduce both the unstable
solution and its stable endpoint down to 6D to find the corresponding transition to which
this points in the lower-dimensional dilaton system.

4.3.1 Oxidation/Reduction

To proceed in detail we start with the D = 6 + n action [23] 24]

1 2
S=— [ d°zv/=g, [R(D) _ %D Tr F2 — A] , (4.57)

2
Kb

whose equations of motion are

R —@Tr(]-' Foo) 4 A—H—QDTr}"Z (4.58)
! Mt (D -2) 4 '

VA.'/_"AF - Z.gAAfAF = 0 .

16The bilinear action for the relevant modes is identical in this case (see equation (44) of [26]).
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To dimensionally reduce we seek solutions to these equations having the form!']

dS2D = Gar d$Ad$F - gMN (x) ddexN + 62w(1)gab(y) dyadyb
= @R (x) deMda + 2D gy (y) dyody?  (4.59)
fMN:fMN(l‘) and Far =Fap =0.

Here gq(y) is an n-dimensional maximally-symmetric metric, whose curvature scalar is:
g®Ry = n(n — 1)K, for constant K. Furthermore, the above configuration is the most
general one consistent with this maximal symmetry, which ensures that solutions to the
truncated action are guaranteed also to be solutions of the full higher-dimensional equations.
(Such a configuration is called a ‘consistent’ truncation [27].)
With this ansatz the action of the truncated 6D theory becomes [23] 24]
S = %/dﬁx\/—_g [R—L”H)

2
1 Onip O — % e™?/2 Ty F? (4.60)

— Ae ™2 Kn(n — 1) e~(+De/2)

where we define x? := £2,/V and F,y := V'/2F,», with V the volume of the n-dimensional
manifold computed with the metric g,,. Finally, defining

= 4 d 2= 4.61
Ko n(n+4) ¢ an ¢ 1 (4.61)
and so n = 4¢?/(1 — ¢?), allows the action to be written
1 6 K2 M K Cka/2 2
S = — [ Pay—yg R—ZaMaa o— e Tr F (4.62)
K

2(x 2
_ Ae—(na/2 +K4< (5C — 1) e—na/2§
12
This shows that the 6D supergravity action, eq. (2.2)), is obtained in the formal limit where
K =0and ¢ — 1 (and so n — o0), provided we also identify A = 8¢7/k>.

4.3.2 The Rugby Ball and its Decay

As an application consider the following simple monopole-supported compactification from
D to D — 2 dimensions:

ds? = gapdatde” + a>(d6? + sin® 0 dg?)
a I .
Fos = ?D sin 0 (4.63)
where A, B,.. = 0,1,...,n + 3, for which directions the d = (D — 2) = (4 + n)-dimensional
metric is

Rip = (d=1)Aagap = (D = 3)Aagas . (4.64)

"The indices T, A, .. run from 0 to n + 5, while indices a, b, .. run from 1 to n and 6D indices M, N, .. run
from 0 to 5 as before. We reserve A, B, .. to run from 0 to n + 3 in later applications.
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Using this ansatz in the D-dimensional equations of motion allows their content to be
boiled down to

1 KJ2 q2
D-3))\, = —— |22 _A 4.65
( Jha D-—2 { 8a? } (4.65)
1 HLZ q2
- = é’af + (D = 3) A4, (4.66)
whose solutions are
s _ (D=2 (D —3)
1 1
N = ——— |A——1| . 4.
e 409

Eliminating ¢ gives the 2-sphere radius in terms of the d-dimensional curvature:

1 1
A—(D—3)2)\d_/\—(n+3)2)\d'

(4.69)

2
Cbi —
Applying these results to an initial geometry Mink, x S5 supported by an unstable
monopole having charge ¢*> = ¢? shows that the parameter A must be tuned to
1 8

8
==, (4.70)

2 2 2 2
a;  Kiqp;  KQ;

A =

in which the final equality cancels the factors of extra-dimensional volume, V', that appear in
the relations between the D- and 6-dimensional versions of k and ¢2. Dimensionally reducing
this geometry on n of the flat directions then trivially reproduces the rugby-ball solution,
eq. (2I0), of 6D supergravity (whose decay we wish to study).

As in §3 we suppose the endpoint of the instability in the D-dimensional system also to
be given by solutions to these same equations, but for the smaller charge of the final stable
monopole: ¢}, ; < ¢p;. And eq. (£BT) implies that shrinking ¢* makes a7 get larger while
a? gets smaller, which eq. (£68) in turn implies \g; is positive while \s_ is negative. As
in §3 this predicts the endpoint to be a smaller monopole-supported sphere, with negatively
curved large directions.

The idea now is to dimensionally truncate the endpoint monopole-supported D-dimensional
geometry on n of its AdS dimensions, thereby obtaining a candidate endpoint solution for
the 6D EYM-dilaton system. To this end it is useful to rewrite the D-dimensional metric in
terms of flat spatial slicings

ds? = [da® + VTN (<t + 6y daided + G dy*dy’)| + a2 403

— e Aaa/2 [_6(2+n/2)mx A2 1+ eV A2 42 | (24n/2VAge 5is dride’
+a? eV Aa/2 dQS] + eV s, dytdy”,  (4.71)
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where 7, 7, .. run from 1 to 2, while (as before) a,b, .. run from 4 to 4 +n, and dQ3 denotes
the standard metric on the unit 2-sphere.

Comparing this last expression with the ansatz, eq. (£.60) allows the dilaton to be read
off from the z-dependence of the n-dimensional truncated metric, giving ¢ = +/—A;z, or

Ko = 1i7C<2\/ N4 T (4.72)

Using this in eq. (£60) then also allows the 6D metric to be identified. Making the change
of variables

1
R N S VETL Y P S e ve T 473
2 /e v= e (4.73)

allows the truncated 6D solution to be written

. 248/n . 248/n o e 2
w=—(2) e (2) s (2) aans,

and
4 z

o=, 0

where the length scale L,, is defined by

I nv=>A n 1

= 4.76
L, 4 4(n+3)\/ a2 a?’ (4.76)

and the expression for A\; in terms of a_ and a; is used. The final step is to take n — oo
(¢ — 1) to recover 6D Nishino-Sezgin supergravity. Both L and a_ remain finite in this
limit, with

L1 _1/1 1 .
- =eE @ (4.77)
and
N C (n+3) L, G
M a” = lim =58 HE\/1 CET IR B (4.78)

Combining all expression gives the final result for the candidate endpoint solution to
gauged chiral 6D supergravity

2\ 2

L) [—dt2 + 6y dxidxf] n (3)2 a2d02

d52:d22+< :

z CI? .
KO’Z4IH<—> and Fy, = — sinf. 4.79
S =2 (179
One can check directly that this configuration indeed solves the 6D supergravity equations,
and in fact can be recognized as one of the scaling solutions found in [§], but with the scaling
occurring along a 4D spatial coordinate, z, rather than time. Also noteworthy is the relation
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this solution implies between the sphere’s radius, r, and the dilaton: r? = e"7/2¢2

also familiar (but z-independent) from the Salam-Sezgin compactification [1].
The solution eventually breaks down for small z due to the singularity as z — 0, where
both the dilaton and the 6D Ricci scalar,

, which is

2(L* —104a2)

R= —, (4.80)

Z2a

blow up. Since this singularity has no counterpart in the higher dimensional AdS,,, x S,
EYM solution, its emergence is a consequence of taking the limit n — oo. The finite-n
geometries may be regarded in this way as providing resolutions of this singularity, along
the lines of the higher-dimensional resolution of dilatonic black hole singularities in string
theory described in ref. [2§].

At large z the radius of the compact 2-sphere becomes very large, implying an eventual
breakdown of the 4D effective theory even at very low energies. It is instructive to ask how
the metric varies in the 4D Einstein frame, especially since the dependence on z only arises
as an overall conformal factor (as may be seen using the coordinate change u = In (2/L)),

ds? = 2 (77,“, dada” + a2 dgg) , (4.81)

implying the breaking of the 4D maximal symmetry therefore drops out of conformally invari-
ant quantities. Since the volume of the 2 compact dimensions varies as V, = (z/L)%a? o e**,
the 4D Einstein frame metric scales with u as g,(ﬁ) = e%g,,, which is again u-dependent,

and in fact turns out to be the same geometry as that of the 6D Einstein frame.

Stability

The stability of this solution follows from that of the corresponding oxidised solution,
AdS,y, X Ss, since the fluctuations in the 6D model are a sub-sector of those in the oxidised
model, allowing us to conclude that our proposed endpoint is a stable solution, without
performing the linearised stability analysis from scratch. Fluctuations in the (6 +n)D EYM
model divide into two decoupled sectors:

1. The metric fluctuations and gauge field fluctuations in the direction of the U(1)
monopole in the Lie Algebra. These were studied in [29], where they were found
to be stable, in the sense that none violate the Breitenlohner-Freedman bound.

2. The gauge field fluctuations orthogonal to the U(1) monopole. We argued above that
the presence of instabilities in this sector for Mink, x Sy [0, 2] generalise to higher
dimensions and so these modes are also unstable in the Mink,,, x S5 theory. The
identical argument shows that stable monopoles in Mink, x Sy oxidise to configurations
that are also stable in Mink,,,, x S;. The same conclusion should also apply for
AdS4., x Sy, since the Kaluza-Klein mass operator does not depend on the curvature
of the external geometry, but only on the curvature of the internal geometry and the
internal flux.
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Energy

The higher-dimensional picture also argues for there being an energetic criterion which
favours these new solutions as having smaller energy then the initial, unstable one. Given
the non-trivial profile for the dilaton in the large dimensions, an appropriate definition for
the energy is the sum of the 4D dilatonic gradient energy and the potential energy of the
4D effective theory defined in ({.5]]), which emerges from the gradient, magnetic and poten-
tial energy in the extra dimensions. Integrating out the extra dimensions, the total energy
density (per unit 3D volume) in the Einstein frame, gl(f) =e/2g,,, is:

2

2
/ &z /g2 [% e"7/20,0 %0 — Ry + T Fy F™ + Ae ™| | (4.82)

e

RO
Eror = 2
where the overall factor of e™” comes from the Weyl rescaling to the Einstein frame of
the 4D volume factor. A non-trivial gradient energy in the dilaton always gives a positive
contribution to the total energy, whereas the 4D potential energy in terms of the dilaton and

volume breathing modes is:

4ra’ 1 :
£= 0= oo (1 - a—‘) (4.83)

K2 2a% a?

Plugging the endpoint configuration (£79) into (£82) shows that the potential energy is
Ta? 3 4dra?

negative, ——== 771, and beats the gradient energy, % L%“ giving in total:
4ra® 4
Eror = T2 2 (4.84)

This result should be compared to the initial total energy, for which both the 4D gradient
and potential contributions are zero, and so the energy has been lowered.

4.3.3 The Decay of Warped Configurations

As a second example we extend the above analysis from sphere-monopole compactifications
to the more generic presence of warping, as is required if the two brane tensions are unequal.
We know that configurations with monopole numbers |N;| > 2 are also unstable in warped
brane-world compactifications with positive-tension brane sources [2]. We now seek the
endpoint of this stability, as indicated by the above oxidation/reduction technique.

To do so we first display a warped solution to the (n + 6)-dimensional EYM system with
cosmological constant, which reduces to the warped Minkowski solution of the 6D EYMo
theory. As previously, the instability of the 6D solution is shared by its higher dimensional
representation. We identify a plausible endpoint in the higher-dimensional EYM theory,
and reduce it to identify the corresponding candidate endpoint in 6D supergravity.

18Note, however, that the direct linearized analysis made in [2] does not extend to warped solutions in
(64+1n)D because the bilinear action for the modes of relevance depends on (n+4) in the warped case [26].
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The higher-dimensional warped solution

We again start from the (n + 6) dimensional EYM action (£.57)

2
:_/dD —gD[ )—%DTrf?—A. (4.85)

The relevant static warped solution to the corresponding field equations is obtained by a
Weyl rotation of a known black-hole like solution [30], as was done in [I5] (a similar solution
and method were also used in [31]). The result is

d 2
ds? = r?g,pdatda” + : + €2 hp(r) dg? (4.86)
hi(r)
€rqpQ@"
and  Fy = — L;nD+4 , (4.87)

where ¢, is a d = (n + 4)-dimensional, maximally symmetric metric, with R,; = (d —
1)Ag ga5, and we have introduced an additional parameter, €,, which will allow us to reach

the unwarped compactifications via a smooth limit. The function h,(r) is given explicitly
by

M Ar? K2 q2 (4.88)
3 (n+4)(n+5)  2(n+4)(n+3)r2ntd)’ .

where M is an integration constant that can be positive or negative. This solution can also
be found by solving directly the equations of motion, for which the Einstein equations reduce
under the above ansatz to

hD(T) =Ag+

r r2

(n+3)As hy (n+3)hp K2 q> A
Rip = —Gun [_ 2 + 2+ =79 STZD(nJIr)4) 4 (4.89)

1 (n+4) A 3K2q A
Rmn - _§gmn |:h,[I) + TD:| = Gmn |:8T[7)74+[‘1) + Z . (490)

Ref. [31] shows that this yields the desired warped 6D solutions to Nishino-Sezgin super-
gravity found in [I5] once the limit n — oo is taken, making them a good starting point for
seeking the endpoint of the decay of the underlying monopole.

The solution above (£.86] [A.8])) is very similar to that studied in [I5], Section 3 (see also
[14, [16]). The geometry is well defined in the region where the metric function hp(r) is
positive, and this implies M > 0 when \; < 0, while M can be negative for Ay > 0. Similar
to what is shown in [I5], the geometry pinches off at the points where h,(r) vanishes. There
are two such real roots, r, since hy(r) = —oco as r — 0 and r — oo, and changes sign only
twice.

Moreover, because h,, vanishes linearly near r = r,, being well approximated by h,(r) ~
b’ (ry) (r — r4), the 2D internal metric is approximately conical at these points, with:

5 2
ds? ~ dR% + (1 - i) R%d¢?. (4.91)
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Here Ry = 2/(r — r4)/h,(r+), and the deficit angles are given by:

oy _, 1
2T 2

ep b (rs)|. (4.92)

These singularities are sourced by codimension-two branes, with actions

Sbrane - _7;: / dD_2yV -7+, (493)

and whose tensions satisfy x27. = 2§.. On reduction to the 6D theory these become
3-branes with tensions T given by 7.V.

Finally, since the internal space is compact, there is as usual a Dirac quantization condi-
tion for the magnetic flux. Covering the space with two patches that respectively incorporate
r+, & la Wu and Yang, allows the gauge potential to be written

_GDQgQa 1 . 1
A= Tl <Tn+3 ri”’) dg. (4.94)

These are related by a single-valued gauge transformation on the overlap only if

€pq° 1 1
— gty +D3 <r1+3 - r"+3> = (4.95)

where e,; are the adjoint charges discussed in earlier sections, and NV, is an integer.

In order to have an expression for A in terms of the two real roots, we can write it as
follows (£ :=n + 3):

i
A 1
(C+1)(0+2)r2(rl —rt)r2

ho(r) = A [1_ﬁ] - ﬁ] (1.96)

+ [ré(r2l+2 _ 7"3”2) _ r2£+2( ‘ 7{)

+ Ty —

(o ) (R = )]

where now it is clear that h(ry) = 0. By comparing (488 and [.96]), the parameters ry can
be related to the original parameters of the solution as:

A (Tz(z+1) B rz(lJrl))
M = + — (7t 4.97
e A R A

2 2 A 042 0+2
SN e =) ), (4.98)

20(0 + 1) (C+1)(0+2) r2(rf —rt)
and moreover r, = 1, which amounts to a choice of coordinates. Meanwhile, the tensions of

27



the branes can be related to the bulk parameters via Eq. (£92)):

2
1—€;D: (4.99)
Yoo ((rga—a@enyrt 4ot D e _qy2y
20t —1 - T+ 1) (e+2) -

2
1- 7;§D - (4.100)
e ((—z+2 (C+1) 2 (o)t N e 1)2)\>
2 [0t — 1) - S+ 2) ) '

Unwarped limit

As an aside, we show how the above higher dimensional warped background reduces to the
known unwarped solution as the warp factor goes to one, r_ — r,. This limit can be taken
by making the change of coordinates:

r= %((1+a)+(1 — ) cosf) (4.101)

where we have defined o := r_/r,. We then take o = 1 + £ together with the limit & — 0,
but insist that £ e, — €5, a finite constant. In this way, the metric assumes the form of the
rugbyball

ds}, = gapda’da® + a® (d0” + 7 sin® 0d¢) | (4.102)
where the radius and deficit angle are, respectively,
1
2 _
a = m and (4103)
g o= o (4.104)
C 4et’ '

and the gauge field is that of the monopole

_ 5DQ?)Qa

Al (cosf F1) do. (4.105)

The quantisation condition (A95]) reduces to —gep, ¢% e, = N;, and Eq. (£98) tells us that:

1 KoEn s
15\ =0 {A,—- o ] : (4.106)

which is precisely one of the constraints encountered from the equations of motion for the
unwarped rugbyball. Meanwhile, the boundary conditions (£99, LT00) also reduce to the
expected ones:

2

71§D - 1-8 (4.107)
2

7;§D - 1-8. (4.108)



We obtain an additional constraint by putting together Eqs. (A98)) and (499 .I00): after
some manipulation one arrives at the condition A = 0. Therefore, we are able to take the
unwarped limit only for flat (n+4)D slices, and the warped generalizations for the dSy, X Sy

and AdS,,, x S solutions are yet to be discovered. Finally, taking furthermore g — 1 we
recover the equations for the sphere (L.66I4.69).

The Warped Endpoints: Upstairs and Downstairs

Back to the main line of argument, having established the higher dimensional warped con-
figurations that are assumed in the presence of 3-branes, we now ask what happens to these
configurations when they are unstable. As described above, we expect both the 6D and D-
dimensional warped solutions to be unstable when there are monopoles numbers |N,| > 1.
The monopole numbers depend on the charges present, as well as the parameters ¢%, €, and
r_, via the Dirac Quantisation condition (£93). The d = 4 + n-dimensional curvature, Ay,
completes the description of the solution (A.86HL.88), but not all of these parameters are
independent, due to the equations of motion (£98 99 [LTI00). Thus we can specify a
given solution completely with one parameter, say, ¢%. Beginning with an unstable solution,
q%,, the monopole field strength will decay conserving its topological flux, as we have seen
previously, and the geometry will adjust appropriately according to the equations of motion.
A reasonable endpoint in the D-dimensional EYM theory is then a warped configuration
within the same class ([L.86HL88)), with new parameters 3 ¢, € f,7—, and Ag,.

It remains to play the same game as in unwarped case to discover how the geometry
and dilaton respond to the decay of the monopole in 6D supergravity. The rules of the
game are by now familiar; we begin with a warped dilatonic 6D model, tuning the bulk
cosmological constant, A, to allow for flat 4D slices in the initial unstable configuration,
with monopole strength ¢* = ¢¢ and brane tensions 7. Uplifting this model to a non-
dilatonic D-dimensional theory, it is easy to see that the decay of the monopole to its stable
topological cousin curves the (4 +n)D slices from Ay, = 0 to Ag, # 0. Now we dimensionally
reduce the stable D-dimensional solution, and take the n — oo limit, in order to recover the
geometry and dilaton profile in the 6D supergravity model.

The dimensional reduction is performed as in the previous section. To allow a well-defined
n — oo limit, we further make the change of coordinates p = r>*%, along with the parameter

n

redefinitions p_ = 1" ?, € = 2 €p/n and X = n?\;. Moreover, we define the function h(p) as
h(p) = lim, o =52 hy(p):

h(p) = (A — A) g [1 - %] [1 - ’[’)—Z] . (4.109)

Finally, the solution to the 6D supergravity can be written:

2 _ 2 AT i A% dp? 2 2
ds? = pd> +p<L) (—dt +5”dxda:)+(L) <—h(p)+6h(p)dd)
z eq®
ko =41In <Z) +2Inp F,p = —?Qa (4.110)
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where, assuming A < 0, we have defined z as in Eq. ([£73)), 4/L = +/—\ and the quantization
condition takes the familiar form:

€q® 1
— geu—- (1 — p_2_> =N,, (4.111)

where we recall the choice of coordinates such that p, = 1. The parameters describing the
background, A, € and p_, are given as above in terms of g7, T, using (L.984.99[4.700) in the

limit n — oo:

(22 - (s t1-aeson— )
(1-IZ:2>2 = <§;§Cé?:?j((—l—%2p2——p4ﬁ\+(p2——1fA)>2. (4.112)

It is a simple exercise to invert these expressions. Then, the initial tuning of A gives:

2 2 (1 — T*f)
A= ! (4.113)

* ()

whereas the final solution parameters are:

(4.114)

In contrast to the unwarped case with or without branes, here we find a unique physical
solution with A < 0 (for the monopole field strength to decay, the combination €¢® must
decrease, which, together with e ~ 1/¢, implies ¢7 > ¢7). Otherwise, the endpoint in the
presence of warping is a straightforward generalization to the one we found in the previous
sections, breaking the 4D maximal symmetry, and it is similarly the analogue of the warped
scaling solutions found in [8]. Although to establish the stability of this final solution would
now require a systematic analysis of its fluctuations, we argue that due to flux conservation,
the monopole has nowhere else to go.
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Energy

Moreover, we now confirm that the energy of our proposed endpoint solution is less than the
zero energy of the initial unstable configuration. The total energy density can be defined as in
the unwarped case as a sum of 4D gradient and potential energies, (A.82]), but now including
the warp factor when we integrate out the extra dimensions. Evaluating on the background
solution (EIT0), we find, just as for the unwarped case, that the gradient energy is —1/2 of

the potential energy, so that the total energy in the Einstein frame (gl(f) = (z/L)%guw) is:
4re (1 — p?)
Eror = T2 et (4.115)

and indeed less than zero.

5 Conclusions

Compactifications supported by gauge field fluxes were long ago [0, [7] found to be generically
unstable, due to tachyonic modes in the non-Abelian degrees of freedom, but the fate that
they meet has remained an open question. In this paper, we have explored a number of
possible candidates for the endpoint of this instability.

Topological flux conservation suggests that an unstable monopole field decays to the
unique, topologically connected, stable monopole [3, [4 [5], and we have determined how the
geometry responds to this decay in various scenarios. In the Einstein-Yang Mills theory, with
a cosmological constant, a Mink, x S, lowers its potential energy by adjusting to AdSy x S5.
In 6D supergravity, the dilaton precludes such a simple dynamics, and we have argued that it
forces the breaking of the maximal symmetry in the non-compact dimensions. By recasting
the dilaton as the volume modulus of n fictitious dimensions in a yet-higher dimensional non-
dilatonic Einstein-Yang Mills theory [23], we were able to find the corresponding solutions
explicitly for both unwarped and warped initial configurations, with and without brane
sources. The non-trivial profile of the dilaton in 4D generates a singular, static, Kasner-
like geometry that is conformal to (unwarped or warped) Mink, x Sy, where the radius
of the 2-sphere grows with the distance from the singularity. How to interpret the naked
timelike singularity to which the instability seems to lead is an important open question;
does it signal an inconsistency or does it suggest some new physics beyond any supergravity
approximation? Omne way to resolve the singularity is to pass to the higher dimensional
Einstein-Yang Mills theory in (64n)D, in which case the singularity results from projecting
the smooth AdS,,, x Ss geometry onto six dimensions. Such ideas have been discussed in
[28]. Moreover, we have shown that the final configuration is perturbatively stable, and that
the decay results in a finite total energy which is lower (counting gradient and potential
contributions) than the initial one.

We would like to end with a comment. The instability suffered by Yang-Mills sectors in
the background of a monopole is the spherical analogue of the Nielsen-Olesen instability that
occurs in flat 4D Yang-Mills theory [32]. In that case, it was proposed that condensation of
the tachyonic modes leads to the formation of magnetic flux tubes [33], in a rather beautiful
imitation of the vortex formation in superconductor physics [34]. That such a dynamics
might also be possible in the present case is certainly an interesting speculation.
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