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DCPT/08/176DESY 08-183IPPP/08/88OUTP-08-20PThe Dis
overy Potential of Laser Polarization ExperimentsMarkus Ahlers1;�, Joerg Jae
kel2;y, and Andreas Ringwald3;z1Rudolf Peierls Centre for Theoreti
al Physi
s, University of Oxford, Oxford OX1 3NP, UK2Institute for Parti
le Physi
s and Phenomenology, Durham University, Durham DH1 3LE, UK3Deuts
hes Elektronen-Syn
hrotron, Notkestra�e 85, 22607 Hamburg, GermanyAbstra
tCurrently, a number of experiments are sear
hing for va
uum magneti
 birefringen
e and di
hroism,i.e. for dispersive and absorptive features in the propagation of polarized light along a transversemagneti
 �eld in va
uum. In this note we 
al
ulate the Standard Model 
ontributions to thesesignatures, thereby illuminating the dis
overy potential of su
h experiments in the sear
h for newphysi
s. We dis
uss the three main sour
es for a Standard Model 
ontribution to a di
hroism signal:photon splitting, neutrino pair produ
tion and produ
tion of gravitons.1 MotivationA number of experiments sear
hing for dispersive and absorptive features in the propagation of po-larized light along a transverse magneti
 �eld are presently operating (PVLAS [1℄, Q&A [2℄), being
ommissioned (BMV [3℄), or under serious 
onsideration (OSQAR [4℄, PVLAS Phase II [5℄). Theirprimary goal is to verify the long-standing predi
tion from quantum ele
trodynami
s (QED) for theseobservables [6; 7; 8; 9℄, in parti
ular to dete
t the va
uum magneti
 birefringen
e 
aused by virtualele
tron-positron 
u
tuations, and to sear
h for possible 
ontributions of new very weakly intera
tingsub-eV parti
les, su
h as ele
tri
ally neutral spin-zero (axion-like) [10℄, spin-one (photon-like) [11℄, or(mini-)
harged [12℄ parti
les, or other new low-energy phenomena beyond the Standard Model (e.g. [13℄).Therefore, the leading Standard Model 
ontributions for va
uum magneti
 birefringen
e and di
hroismare of quite some interest. Sin
e we are mainly interested in observables (nearly) free of a StandardModel ba
kground our main fo
us lies on the di
hroism.The leading QED 
ontribution to va
uum magneti
 di
hroism, namely photon pair produ
tion, 
 B!

, also known as \photon splitting", has been worked out some time ago and is well do
umented [7; 8℄.�e-mail: m.ahlers1�physi
s.ox.a
.ukye-mail: joerg.jae
kel�durham.a
.ukze-mail: andreas.ringwald�desy.de 1
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Here, we will also 
onsider the leading 
ontribution from weak intera
tions, i.e. neutrino pair produ
tion,
 B! ���, and from gravitational intera
tions, i.e. the produ
tion of gravitons 
 B! G.The 
entral questions whi
h we would like to address are:� How do the di�erent 
ontributions to the va
uum magneti
 di
hroism 
ompare to ea
h other?� What is the ba
kground free dis
overy potential for new physi
s in measurements of va
uummagneti
 di
hroism?To this end, we review in Se
t. 2 the photon splitting 
ontribution to the va
uum magneti
 di
hroismand 
al
ulate the neutrino pair produ
tion 
ontribution to the latter. Moreover, we will estimate thesize of the graviton 
ontribution. We 
omment on an apparent di
hroism 
aused by birefringen
e e�e
tsin high �nesse 
avities in Se
t. 3. Finally, in Se
t. 4 we summarize and 
on
lude by giving estimates forthe ba
kground free dis
overy potential for axion-like and mini
harged parti
les.2 Va
uum Magneti
 Di
hroism and Birefringen
e in the StandardModelWe will start with a brief review of the absorptive and dispersive features of light propagating through amagneti
 �eld in va
uum. Spe
i�
ally, we 
onsider the 
ase of linearly polarized laser light propagatingorthogonal to the magneti
 �eld lines. The laser amplitude 
an be de
omposed in 
omponents paralleland perpendi
ular to the magneti
 �eld, Ak and A?, respe
tively.The dispersion relation ki � ! for the two photon polarization states i =k;? with momenta ki andfrequen
y ! has a real dispersive (/ �ni) and an imaginary absorptive (/ i�i) part1,ki � ! = !�ni + i�i2 ; (1)
ompared to the free va
uum propagation with k � ! = 0. The photon-to-photon transition amplitudeafter a propagation distan
e ` 
an be written as (
f., e.g., Refs. [11℄)Ai
!
 = exp(i!�ni`) exp(�`�i=2) : (2)From this, the survival probability for an in
oming photon polarization state i 
an be inferred asP i
!
 = jAi
!
 j2 = exp(�`�i) � 1� `�i ; (3)Hen
e, `�i is the photon absorption probability, denoted �i in the following. A linear polarized laserbeam entering the magneti
 �eld at an angle � will experien
e a small rotation�� = 12(jA?
!
 j � jAk
!
 j) sin(2�) � 14(�k � �?) sin(2�) ; (4)where the approximation is valid for amplitudes that are 
lose to 1 and �i`� 1. Phase shifts 
omparedto an unmodi�ed photon beam appear as the argument of the amplitude, Arg(A?;k
!
). One �nds forthe ellipti
ity,  = 12[Arg(Ak
!
)�Arg(A?
!
)℄ sin(2�) � 12(�nk ��n?)!` sin(2�) : (5)1As usual, we work in natural units with ~ = 
 = 1. 2




 
e
BBFigure 1: The leading order QED 
ontribution to the photon propagator in an external magneti
 �eld 
ausingva
uum magneti
 birefringen
e.Due to Lorentz invarian
e neither rotation nor ellipti
ity appears in the absen
e of a magneti
 �eld,and the amplitudes Ak;?
!
 are equal. In the presen
e of a magneti
 �eld, however, the amplitudes di�er,be
ause the os
illation and absorption lengths are di�erent for photons parallel k and perpendi
ular ?to the magneti
 �eld.The 
ontribution to �n and  
an be enhan
ed, if one exploits the possibility to en
lose the magneti
�eld region within an opti
al 
avity where the laser photons experien
e many re
e
tions along the opti
alaxis and thus a large number of passes through the magneti
 �eld. In this 
ase Eqs. (4) and (5) get anadditional fa
tor Npass � 1 
ounting the number of re
e
tions.The leading order QED 
ontribution to the refra
tive index by ele
tron-positron 
u
tuations in anexternal magneti
 �eld B (
f. Fig 1) is�nk;? = h(7)k ; (4)?i �90� � BB
r�2 ; (6)where the 
riti
al magneti
 �eld is de�ned as B
r = m2e=e ' 4:41 � 109 T. The 
orresponding leadingorder ellipti
ity indu
ed by QED e�e
ts is then QED = 1:0� 10�17� !eV��m̀��BT�2Npass sin(2�) : (7)For opti
al laser experiments with eV photons the real produ
tion of ele
tron-positron pairs is notpossible. The only Standard Model parti
les whi
h are light enough to 
ontribute to the absorption
oeÆ
ient are photons, neutrinos and gravitons. We will present the results for the absorption prob-abilities �k;? for photon splitting, neutrino pair produ
tion and graviton produ
tion in the followingsubse
tions.2.1 Photon splittingAn exhaustive study of photon splitting in an external magneti
 �eld, 
 B! 

, has been 
ondu
ted byAdler (
f. Refs. [7; 8℄). Taking into a

ount not only absorptive, but also dispersive e�e
ts, it was foundthat, at low energies, i.e. below the ele
tron-positron pair produ
tion threshold, 2me > ! > 0, therea
tions ?!?1 + ?2, k!?1 + k2, and k!k1 + ?2 are kinemati
ally forbidden, leading in parti
ularto �

k = 0 ; (8)
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while the rea
tion ?!k1 + k2 o

urs, with the absorption probability, for magneti
 �eld strengthsbelow the 
riti
al �eld strength, given by [7; 8; 9℄�

? = 13235 � 53 � 72 �2 �3� BB
r�6� !me�5me ` = 4:5� 10�86�BT�6� !eV�5�m̀� : (9)The extreme smallness of the probability of photon splitting results from the fa
t that diagrammati-
ally it �rst appears in the hexagon diagram (
f. Fig. 3 in Ref. [8℄), involving three intera
tions withthe external magneti
 �eld, leading to a suppression by a fa
tor of (B=B
r)6.2.2 Neutrino pair produ
tion in 
onstant magneti
 �eldsIn 
ontrast to photon splitting, the leading matrix element for neutrino pair produ
tion involves onlyone intera
tion with the external �eld and is, 
orrespondingly, des
ribed by a box diagram. It 
an bemost easily obtained from the e�e
tive Lagrangian des
ribing pro
esses involving two neutrinos and twophotons at energies mu
h below the ele
tron mass [14℄ (see also Refs. [15℄),L���e� = GF gAp2 �6� 1m2e �� (��L�)��14F�� ~F ���+ (��F��)�L� ~F ����+O(1=m4e) : (10)For simpli
ity, we start by 
onsidering the 
ase of one massive neutrino 
avour, either of Dira
 (S = 0)or Majorana (S = 1 and �� = �) type2. In this 
ase, the neutrino 
urrent reads L� = ��
�(1+
5)�. Notethat, in the Standard Model, the axial ve
tor 
oupling 
onstants are gA = 1=2 for �e and gA = �1=2for ��;� , respe
tively.For our 
ase of interest, namely photon-initiated pair produ
tion of neutrinos in the ba
kgroundof a magneti
 �eld, only the �rst term in Eq. (10) 
ontributes to the matrix element. The di�erentialnumber of produ
ed neutrino pairs �(p)��(p0), with total four momentum k = p+ p0, is obtained as [14℄dn���d4k = 11 + S G2F g2A�29(2�)7 m2�m4e jG(k)j2 k2r1� 4m2�k2 � �k2 � 4m2�� ; (11)where G(k) is the Fourier transformG(k) � Z d4x eik�x��14F�� ~F ��� = Z d4x eik�xE �B ; (12)involving the s
alar produ
t between the ele
tri
 �eld of the laser beam and the external magneti
 �eld.The latter is zero, E �B = 0, if the polarization of the laser beam is perpendi
ular to the dire
tion ofthe magneti
 �eld. Correspondingly, the probability �? vanishes,����? = 0 : (13)A non-zero result is obtained, on the other hand, when the laser beam's polarization is parallel to themagneti
 �eld.Con
retely, we 
onsider the �eld 
on�gurationE = E ei!(x�t)ez; B = B�x(�`=2;+`=2)ez ; (14)2The di�eren
e between Dira
 and Majorana neutrinos 
onsist of a fa
tor (1+S)�1 in the produ
tion probability. Thegeneralization to the more realisti
 
ase of three neutrino 
avor and mass eigenstates with non-trivial mixing is 
onsideredin Appendix A. This does not 
hange the order of magnitude of our results.4



Figure 2: The asymptoti
 value I0 of I for � !1.where the �rst equation des
ribes a laser beam propagating in the x-dire
tion with a linear polarizationin the z dire
tion and the se
ond equation des
ribes a 
onstant magneti
 �eld with linear extension `in the x-dire
tion (�x(a; b) = 1 for x 2 [a; b℄ and = 0 otherwise) and pointing in the z dire
tion. In thisset-up one obtainsG(k) = EB Æ(k0 � !)Æ(ky)Æ(kz)(2�)3�`(kx � !) ; with �`(k) = sin(k`=2)k=2 : (15)Note that in the limit `!1 the expression �`(k) redu
es to (2�)Æ(k).For the absorption probability of laser photons polarized along the dire
tion of the magneti
 �eldwe �nd, ����k = 11 + S 29G2F�2(2�)4 B2!4m4e Npass I �m�! ; !`�= 5:76� 10�73 11 + S �BT�2� !eV�4Npass I (�; �) ; (16)where I(�; �) = �24 p1�4�2Z�p1�4�2d�r1� 4�21� �2 (1� �2)j�� (�� 1)j2 ; (17)with dimensionless parameters � � m�=! and � � `!.In order to 
ompare the probability of pair produ
tion (20) with the one of photon splitting (9), wehave to evaluate the parametri
 integral (17). For all pra
ti
al purposes, we are interested in its valuefor large values of the length ` in units of the inverse laser energy, � = 5:1� 106 (!=eV) (`=m)� 1. Anintegration by parts of Eq. (17) reveals the following asymptoti
 expansion for large � ,I(�; �) = I0(�) + 1� � J(�; �) ; (18)5



with jJ(�; �)j � 0:4 and I0 (�) = �22 p1�4�2Z�p1�4�2d�r1� 4�21� �2 1 + �1� � : (19)The dependen
e of I0 on the relative neutrino mass � is shown in Fig. 2. The evident bound I0(�) < 0:08translates into a bound on the absorption 
oeÆ
ient from neutrino pair produ
tion in the limit � � 1as ����k � 4:6� 10�74�BT�2� !eV�4Npass : (20)2.3 Neutrino pair produ
tion in alternating magneti
 �eldsThe produ
tion of massive parti
les from massless laser photons requires a momentum 
ontributionfrom the ba
kground magneti
 �eld. A

ordingly, the produ
tion probability is suppressed in more orless 
onstant magneti
 �elds. Laser experiments 
an extend their sensitivity by 
onsidering alternatingmagneti
 �elds3. For simpli
ity, we 
onsider a sinusoidal magneti
 �eld of the formB(x; t) = B ez �x(�`=2;+`=2) �(
os �N�` x� for N evensin �N�` x� for N odd ; (21)where N 
ounts the number of �eld alternations. In parti
ular, these alternating magneti
 �elds arepresent as undulators in free ele
tron lasers generating keV laser photons [19℄. In this set-up one obtainsj�`;N (k)j = ���� 2kk2 � k2res �����(sin �k2̀ � for N even
os �k2̀ � for N odd ; (22)with kres � N�=`. In realisti
 experiments we 
onsider the situation with a �xed width d of the magneti
domains mu
h smaller than ` = (N + 1)d. In the limit of large N we 
an approximate expression (22)by its limit limN!1 j�`;N (k)j = � ��Æ(k � kres) + (�1)N Æ(k + kres)�� ; (23)with kres = �=d ' 6:2�10�5�(
m=d) eV. For the produ
tion of on-shell neutrinos only the se
ond term/ Æ(k + kres) 
ontributes. Energy-momentum 
onservation requires 2!kres � k2res > 4m2� . For typi
alneutrino masses of the order of 0:1 eV and free ele
tron laser experiments with 10 keV photons and1 
m undulators we 
an write the absorption probability as����k ' 11 + S G2F�236(2�)3 m2�B2m4e !2kres `Npass for ! � kres � 2m2�=!' 1:4� 10�63 11 + S� m�0:1eV�2�BT�2� !10 keV�2� d
m��1� `10m�Npass : (24)For the indi
ated experimental ben
hmark the neutrino produ
tion probability is in
reased by about afa
tor 100 
ompared to the 
onstant magneti
 �eld 
ase (Eq. (16)).3This has been noted in the 
ontext of axion-like parti
les [16; 17℄. An alternative for axion-like parti
les is to insertphase-shift plates as proposed in [18℄, however, in laser polarization experiments this might be experimentally more
hallenging. 6
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BBBFigure 3: Leading order 
ontributions to the graviton produ
tion in an external magneti
 �eld.2.4 Contribution from graviton produ
tionThe only remaining parti
le in the Standard Model that is light enough to be produ
ed in a laserexperiment is the graviton. In the presen
e of a magneti
 �eld gravitons 
an mix with photons in a waysimilar to axions [17℄ (
f. also Fig. 3). There are, however, two 
ru
ial di�eren
es. The �rst is simplythat gravitons are 
ompletely massless. The se
ond is that while axions 
ouple only to one polarizationgravitons 
ouple to both polarizations with equal strength. A

ordingly, to leading order �k = �? andthe leading order 
ontribution to a rotation of the laser polarization (
f. Eq. (4)) 
an
els.The QED va
uum birefringen
e (see Fig. 1), however, leads to a small di�eren
e in the gravitonprodu
tion for the di�erent polarizations. The reason is that the QED e�e
t 
auses a phase di�eren
ebetween the photon and the graviton. In 
onsequen
e, gravitons at di�erent positions along the beamline have di�erent phases and 
onstru
tive interferen
e is disturbed4. Sin
e the phase di�eren
e 
ausedby QED depends on the polarization (this is exa
tly the birefringen
e property) graviton produ
tion,too, depends on the polarization and we 
an observe a di
hroism. Moreover, at one-loop order (
f. righthand side of Fig. 3) there is also a di�eren
e in the photon-graviton amplitude between the two di�erentpolarizations.Following [17℄ and in
luding also the one-loop (ele
trons in the loop) 
orre
tion to the photon-graviton amplitude [20℄ we �nd�gravitonk;? = 2� BMPl�2 1 + Ck;? �4� � BB
r�2� !me�2!2� 1!�nk;?�2 sin2�!�nk;?`2 � ; (25)where we have used the QED 
ontribution to the refra
tive index given in Eq. (6) and the 
oeÆ
ientsCk = 1063 ; C? = 32315 : (26)Expanding the rotation �� = (�k � �?)=4 in powers of B=B
r the leading 0th order terms 
an
el. Atnext order we �nd,��graviton = " 1140� �2��2� BB
r�2� !me�2 � 11128� �45��2� BB
r�4(!`)2#� B`MPl�2Npass' "3:1� 10�76�BT�4�m̀�2� !eV�2 � 2:6� 10�72�BT�6�m̀�4� !eV�2#Npass : (27)4This e�e
t is analogous to the e�e
t of the axion mass in the axion-photon system.7



Experiment ![eV℄ Fmax Bmax[T℄ `B [m℄ j��SMj [nrad℄ j SMj [nrad℄BMV 1:17 200000 12:3 0:365 2:8� 10�53 8:2� 10�2OSQAR 1:17 10000 9:5 14:3 7:0� 10�49 9:6� 10�2PVLAS 2:33 70000 5:0 1:0 9:8� 10�54 2:6� 10�2PVLAS II 2:33 220000 2:3 0:5 1:8� 10�56 8:6� 10�3Q&A 1:17 31000 2:3 0:6 1:3� 10�57 7:3� 10�4Table 1: Parameters of the polarization experiments sear
hing for a possible rotation �� of the polarization afterpassage through a magneti
 �eld. ! is the frequen
y of the laser light, Fmax is the maximal �nesse of the 
avity
ontaining the magneti
 �eld of maximal strength Bmax and length `B. The Standard Model 
ontribution to therotation, ��SM, is dominated by graviton produ
tion (Eq. (27)).In Tab. 1 we have listed the total rotation expe
ted from Standard Model 
ontributions for variousexperimental setups. It is interesting to note that for the parameters of these experiments the largest
ontribution arises from graviton produ
tion, a somewhat smaller one from the neutrinos and thesmallest is photon splitting.3 E�e
ts of the Experimental ApparatusThere are additional 
ontributions to the va
uum magneti
 di
hroism originating from the experimentalapparatus. Most experiments in
rease their sensitivities by the extension of the opti
al path in mirrorsystems, often by using Fabry-P�erot 
avities. High �nesse 
avities posses resonant eigenmodes withextremely narrow line widths (see Appendix B). In the presen
e of magneti
 birefringen
e { either asan e�e
t of a non-ideal apparatus or a true signal { the wavelengths of the orthogonal and parallelmodes are di�erent. Consequently, the two polarizations 
annot simultaneously be in perfe
t resonan
ewith the 
avity. As a result, at least one mode is attenuated. This 
an indu
e a rotation of the laserpolarization plane [21℄.As an example, let us 
onsider an idealized situation where the only sour
e of birefringen
e is theQED e�e
t (
f. Eq. (6)). In the presen
e of va
uum magneti
 birefringen
e the laser propagation modesorthogonal and parallel to the external magneti
 �eld have k?;k � !(1 + �n?;k). Using Eqs. (4), (41)and (42) we �nd that to leading order a Fabry-P�erot 
avity whi
h is lo
ked to a resonan
e !` = N�will produ
e a rotation��FP = 12 2R(1�R)2 (�n2? ��n2k)(!`)2 sin(2�) � F2�2 (�n2? ��n2k)(!`)2 sin(2�) (28)' �1:5� 10�24� F105�2�BT�4�m̀�2� !eV�2 sin(2�) ;where F is the �nesse of the 
avity (
f. Appendix B) and we have used the QED 
ontribution of Eq. (6).Already this 
ontribution of QED e�e
ts 
an be huge 
ompared to the Standard Model ba
kgroundsdis
ussed in the previous Se
t. 2. For typi
al experimental values we �ndj��FP, QEDj � � F105�2 (10�14 � 10�8) nrad : (29)8



The small magneti
 birefringen
e indu
ed by QED e�e
ts is in general not the dominant 
ontributionin realisti
 experiments. More importantly, re
e
tions at the 
avity mirrors 
an introdu
e a small phaseshift 10�7 { 10�6 rad per pass between the orthogonal and parallel �eld 
omponent, that a

umulateswith the number of re
e
tions Npass [21℄. In realisti
 
avities this is the dominant e�e
t5.However, it should be noted that this e�e
t is an artifa
t of a spe
i�
 experimental setup whi
hin
ludes a 
avity. Moreover, even in setups with 
avities it has been shown that the 
rosstalk betweenbirefringen
e and di
hroism 
an be eliminated by a suitable experimental te
hnique [21℄. In short, thesize of the rotation depends on the way in whi
h the 
avity is lo
ked to the laser. For example, if thelaser is lo
ked to the 
avity with a 
ondition !`(1+�n0) = N� with �n0 � �nk;?� 1 we �nd for therotation, ��FP = F2�2 �(�n? ��n0)2 � (�nk ��n0)2� (!`)2 sin(2�): (30)Adjusting �n0 one 
an 
hange the rotation. Using this and heterodyne dete
tion, where di�erentbirefringen
e sour
es show up in di�erent frequen
y sidebands, one 
an disentangle or eliminate therotation 
aused by the 
avity [21℄.4 Con
lusionsIn these notes we have dis
ussed the various Standard Model sour
es 
ontributing to a rotation ofthe polarization of light when passing through a magneti
 �eld. For typi
al experimental setups withmagneti
 �elds of the order of 1T, length of the order of 1m and frequen
ies in the 1 eV range we �ndthat the largest 
ontribution arises from the produ
tion of gravitons (
f. Eq. (27)), a somewhat smaller
ontribution arises from neutrino pair produ
tion (
f. Eqs. (20), (24)) and the smallest 
ontribution isphoton splitting (
f. Eq. (9)). Table 1 shows the leading order 
ontributions to the Standard Modelrotation ��SM and ellipti
ity  SM for various laser polarization experiments. Allowing for some roomin the experimental parameters the expe
ted order of magnitude for the rotation lies in the rangej��SMjNpass � (10�62 � 10�51) nrad : (31)Comparing this (
f. Eq. (31)) to the expe
ted rotation from an axion-like parti
les (ALP) (in thelimit of vanishing mass), j��ALPjNpass � B2`2M2a ; (32)the Standard Model ba
kground is negligible even for axion s
ales Ma way beyond the Plan
k s
ale.Similarly, mini
harged parti
les (MCP) (again in the limit of vanishing mass) lead to a rotation,j��MCPjNpass � 2:1� 104� 83�BT� 23�m̀�� !eV�� 13 : (33)A

ordingly, the ba
kground free dis
overy potential is in the range � � 10�28 � 10�25 whi
h is verypromising when 
ompared to typi
al predi
ted values, e.g., in realisti
 string 
ompa
ti�
ations, rangingfrom 10�16 to 10�2 [22℄.In addition to these true Standard Model ba
kgrounds to a di
hroism 
ausing a rotation of the laserlight, realisti
 experiments 
an have additional experimental ba
kgrounds. For example, in Fabry-P�erot5 Residual gases in the 
avity va
uum might be
ome birefringent in the presen
e of the magneti
 �eld, the Cotton-Mouton e�e
t, however, this e�e
t is sub-dominant in high quality va
ua.9




avities there is a 
rosstalk between birefringen
e and di
hroism. However, as demonstrated in [21℄these e�e
ts 
an be 
ontrolled by suitable measurement te
hniques.Overall, opti
al measurements of va
uum magneti
 di
hroism allow for an enormous dis
overy po-tential for new physi
s untainted by Standard Model ba
kgrounds, motivating further experimentale�orts to go beyond the 
urrent sensitivities.A
knowledgmentsThe authors would like to thank Giovanni Cantatore, Javier Redondo and Giuseppe Ruoso for helpfuldis
ussions, suggestions and 
omments. MA a
knowledges support by STFC UK (PP/D00036X/1).A Neutrino Pair Produ
tion and Flavor MixingThe neutrino 
avor eigenstates �� (� = e; �; �) are 
omposed out of mass eigenstates �i (i = 1; 2; 3)a

ording to �� =Xi U��i�i and �i =X� U�i�� ; (34)with U yU = 1. The neutrino 
urrents of 
avor � are generalized toL�� =Xi;j U�iU��jL�ij and L�ij =X� U��iU�jL�� : (35)Note, that for on-shell neutrino mass eigenstates �i with mass mi we have now ve
tor and axial-ve
tor
ontributions in the intera
tion term Eq. (10) a

ording to mass splittings, i.e.,��L�� =Xij U�iU��j��L�ij =Xij U�iU��j [i(mi �mj)��i�j + i(mi +mj)��i
5�j℄ : (36)Sin
e geA = 12 , but g�;�A = �12 the sum over intermediate 
avor eigenstates �� in the pro
ess 
 B! ��i�jdoes not simply redu
e to mass diagonal terms. Instead, the neutrino produ
tion probability of Eq. (16)(summed over all mass eigenstates) is generalized by the substitution3g2AI(�; �)!Xi;j ����12Æij � UeiU�ej����2 I(�i; �j; �) : (37)The generalized parametri
 integral (Eq. (17)) of the transition probability isI(�i; �j ; �) = �i�j4 p1�(�i+�j)2Z�p1�(�i+�j)2d� vuut1� 2(�2i + �2j)1� �2 + �2i � �2j1� �2 !2(1 � �2)j�� (�� 1)j2 : (38)B High Finesse Fabry-P�erot CavitiesConsider a Fabry-P�erot 
avity as sket
hed in Fig. 4. The laser light (for illustration shown with a smallin
ident angle) is transmitted and re
e
ted by both 
avity mirrors with 
oeÆ
ients T and R = 1� T ,10
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Figure 4: Light path inside a Fabry-P�erot 
avity.respe
tively. The transmitted laser amplitude Tn (relative to the initial amplitude right before the �rstmirror at z = 0) is Tn = T exp(�ik`)Rn�1 exp(�i2(n� 1)k`) : (39)The sum of these amplitudes givesA
 = T1 + : : :+ TN = T exp(�ik`) 1� exp(�i2Nk`)RN1� exp(�i2k`)R N!1����! T exp(�ik`)1� exp(�i2k`)R : (40)The transmission 
oeÆ
ient of the Fabry-P�erot 
avity is then given byjA
 j2 = T 2 1 +R2N � 2RN 
os(2Nk`)1 +R2 � 2R 
os(2k`) N!1����! T 21 +R2 � 2R 
os(2k`) : (41)Hen
e, the resonant modes of the 
avity are k` = N�. The �nesse of the 
avity is de�ned as the ratioof the spread of the eigenmodes �� over the line width Æ�,F = ��Æ� = �2 ar
sin� 1�R2pR� � �pR1�R : (42)In the last expression we have used 1 � R � 1. The e�e
tive number of passes of the laser photonsbetween the 
avity mirrors 
an be estimated from the �nesse asNpass � 2�F : (43)Referen
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