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Abstract | The global �t of the Standard Model to ele
troweak pre
ision data, routinely performed by theLEP ele
troweak working group and others, demonstrated impressively the predi
tive power of ele
troweakuni�
ation and quantum loop 
orre
tions. We have revisited this �t in view of (i) the development of thenew generi
 �tting pa
kage, G�tter, allowing 
exible and eÆ
ient model testing in high-energy physi
s, (ii)the insertion of 
onstraints from dire
t Higgs sear
hes at LEP and the Tevatron, and (iii) a more thoroughstatisti
al interpretation of the results. G�tter is a modular �tting toolkit, whi
h features predi
tive the-oreti
al models as independent plugins, and a statisti
al analysis of the �t results using toy Monte Carlote
hniques. The state-of-the-art ele
troweak Standard Model is fully implemented, as well as generi
 ex-tensions to it. Theoreti
al un
ertainties are expli
itly in
luded in the �t through s
ale parameters varyingwithin given error ranges.This paper introdu
es the G�tter proje
t, and presents state-of-the-art results for the global ele
troweak�t in the Standard Model (SM), and for a model with an extended Higgs se
tor (2HDM). Numeri
al andgraphi
al results for �ts with and without in
luding the 
onstraints from the dire
t Higgs sear
hes at LEPand Tevatron are given. Perspe
tives for future 
olliders are analysed and dis
ussed.In the SM �t in
luding the dire
t Higgs sear
hes, we �ndMH = 116:4+18:3�1:3 GeV, and the 2� and 3� allowedregions [114; 145℄ GeV and [[113; 168℄ and [180; 225℄℄ GeV, respe
tively. For the strong 
oupling strength atfourth perturbative order we obtain �S(M2Z) = 0:1193+0:0028�0:0027(exp)� 0:0001(theo). Finally, for the mass ofthe top quark, ex
luding the dire
t measurements, we �nd mt = 178:2+9:8�4:2 GeV. In the 2HDM we ex
lude a
harged-Higgs mass below 240 GeV at 95% 
on�den
e level. This limit in
reases towards larger tan�, e.g.,MH� < 780 GeV is ex
luded for tan� = 70.
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1 Introduction 1

1 IntroductionPre
ision measurements allow us to probe physi
s at mu
h higher energy s
ales than the massesof the parti
les dire
tly involved in experimental rea
tions by exploiting 
ontributions from quan-tum loops. These tests do not only require a

urate and well understood experimental data butalso theoreti
al predi
tions with 
ontrolled un
ertainties that mat
h the experimental pre
ision.Prominent examples are the LEP pre
ision measurements, whi
h were used in 
onjun
tion with theStandard Model (SM) to predi
t via multidimensional parameter �ts the mass of the top quark [1℄,prior to its dis
overy at the Tevatron [2, 3℄. Later, when 
ombined with the measured top mass,the same approa
h led to the predi
tion of a light Higgs boson [4℄. Other examples are �ts to
onstrain parameters of Supersymmetri
 or extended Higgs models, using as inputs the anomalousmagneti
 moment of the muon, results on neutral-meson mixing, CP violation, rare loop-indu
edde
ays of B and K mesons, and the reli
 matter density of the universe determined from �ts of
osmologi
al models to data.Several theoreti
al libraries within and beyond the SM have been developed in the past, whi
h,tied to a multi-parameter minimisation program, allowed to 
onstrain the unbound parameters ofthe SM [5{8℄. However, most of these programs are relatively old, were implemented in outdatedprogramming languages, and are diÆ
ult to maintain in line with the theoreti
al and experimentalprogress. It is unsatisfa
tory to rely on them during the forth
oming era of the Large HadronCollider (LHC) and the preparations for future linear 
ollider proje
ts. Improved measurementsof important input observables are expe
ted and new observables from dis
overies may augmentthe available 
onstraints. None of the previous programs were modular enough to easily allow thetheoreti
al predi
tions to be extended to models beyond the SM, and they are usually tied to aparti
ular minimisation pa
kage.These 
onsiderations led to the development of the generi
 �tting pa
kage G�tter [9℄, designedto provide a framework for model testing in high-energy physi
s. G�tter is implemented in C++and relies on ROOT [10℄ fun
tionality. Theoreti
al models are inserted as plugin pa
kages, whi
hmay be hierar
hi
ally organised. Tools for the handling of the data, the �tting, and statisti
alanalyses su
h as toy Monte Carlo sampling are provided by a 
ore pa
kage, where theoreti
alerrors, 
orrelations, and inter-parameter dependen
ies are 
onsistently dealt with. The use ofdynami
 parameter 
a
hing avoids the re
al
ulation of un
hanged results between �t steps, andthus signi�
antly redu
es the amount of 
omputing time required for a �t.The �rst theoreti
al framework implemented in G�tter has been the SM predi
tions for the ele
-troweak pre
ision observables measured by the LEP, SLC, and the Tevatron experiments. State-of-the-art 
al
ulations have been used, and { wherever possible { the results have been 
ross-
he
kedagainst the ZFITTER pa
kage [5℄. For the W mass and the e�e
tive weak mixing angle, whi
hexhibit the strongest 
onstraints on the Higgs mass through radiative 
orre
tions, the full se
ondorder 
orre
tions are available [11{13℄. Furthermore, the 
orre
tions of order O(��2S) and theleading three-loop 
orre
tions in an expansion of the top-mass-squared (m2t ) are in
luded. The fullthree-loop 
orre
tions are known in the large MH limit, however they turn out to be negligiblysmall [14, 15℄.The 
al
ulations of the partial and total widths of the Z and of the total width of theW boson havebeen integrated from the ZFITTER pa
kage [5, 6℄ into the G�tter subpa
kage GSM and are 
o-



1 Introduction 2authored by both groups [16℄.1 It in
ludes up to two-loop ele
troweak 
orre
tions [5, 6, 17{26℄ andall known QCD 
orre
tions [5, 6, 27℄. Among the new developments in
luded in the SM libraryis the fourth-order (3NLO) perturbative 
al
ulation of the massless QCD Adler fun
tion [28℄,
ontributing to the ve
tor and axial-ve
tor radiator fun
tions in the predi
tion of the Z hadroni
width (and other observables). It allows to �t the strong 
oupling 
onstant with unique theoreti
ala

ura
y [28, 29℄.Among the experimental pre
ision data used are the Z mass, measured with relative pre
isions of2 � 10�5, the hadroni
 pole 
ross se
tion at the Z mass and the leptoni
 de
ay width ratio of theZ with 10�3 relative pre
ision. The e�e
tive weak mixing angle sin2�è� is known from the LEPexperiments and SLD to a relative pre
ision of 7 � 10�4. The W mass has been measured at LEPand the Tevatron to an overall relative pre
ision of 3 � 10�4. The mass of the top quark o

ursquadrati
ally in loop 
orre
tions of many observables. A pre
ision measurement (
urrently 7�10�3)is mandatory. Also required is the pre
ise knowledge of the ele
tromagneti
 and weak 
ouplingstrengths at the appropriate s
ales. Energy-dependent photon va
uum polarisation 
ontributionsmodify the QED �ne stru
ture 
onstant, whi
h at the Z-mass s
ale has been evaluated to a relativepre
ision of 8 � 10�3. The Fermi 
onstant, parametrising the weak 
oupling strength, is known to10�5 relative pre
ision.We perform global �ts in two versions: the standard (\blue-band") �t makes use of all the availableinformation ex
ept for the dire
t Higgs sear
hes performed at LEP and the Tevatron; the 
omplete�t uses also the 
onstraints from the dire
t Higgs sear
hes. Results in this paper are 
ommonlyderived for both types of �ts.Several improvements are expe
ted from the LHC [30, 31℄. The un
ertainty on the W -boson andthe top-quark masses should shrink to 1:8 � 10�4 and 5:8 � 10�3 respe
tively. In addition, theHiggs boson should be dis
overed leaving the SM without an unmeasured parameter (ex
ludinghere the massive neutrino se
tor, requiring at least nine additional parameters, whi
h are howeverirrelevant for the results dis
ussed in this paper). The primary fo
us of the global SM �t wouldthen move from parameter estimation to the analysis of the goodness-of-�t with the goal to un
overin
onsisten
ies between the model and the data, indi
ating the presen
e of new physi
s. Be
ausethe Higgs-boson mass enters only logarithmi
ally in the loop 
orre
tions, a pre
ision measurementis not required for this purpose. Dramati
 improvements on SM observables are expe
ted from theILC [32℄. The top and Higgs masses may be measured to a relative pre
ision of about 1 � 10�3,
orresponding to absolute un
ertainties of 0:2 GeV and 50 MeV, respe
tively. Running at lowerenergy with polarised beams, the W mass 
ould be determined to better than 7 � 10�5 relativea

ura
y, and the weak mixing angle to a relative pre
ision of 5 � 10�5. Moreover, new pre
isionmeasurements would enter the �t, namely the two-fermion 
ross se
tion at higher energies and thetriple gauge 
ouplings of the ele
troweak gauge bosons, whi
h are sensitive to models beyond theSM. Most importantly, however, both ma
hines are dire
tly sensitive to new phenomena and thuseither provide additional 
onstraints on �ts of new physi
s models or { if the sear
hes are su

essful{ may 
ompletely alter our view of the physi
s at the teras
ale. The SM will then require extensions,the new parameters of whi
h must be determined by a global �t, whose goodness must also beprobed. To study the impa
t of the expe
ted experimental improvements on the SM parameterdetermination, we perform �ts under the assumption of various prospe
tive setups (LHC, ILC,and ILC with GigaZ option).1Usage of the G�tter subpa
kage GSM should in
lude a 
itation of the ZFITTER pa
kage [5, 6℄.



2 The Statistical Analysis 3As an example for a study beyond the SM we investigate models with an extended Higgs se
tor oftwo doublets (2HDM). We 
onstrain the mass of the 
harged Higgs and the ratio of the va
uumexpe
tation values of the two Higgs doublets using 
urrent measurements of observables from theB and K physi
s se
tors and the most re
ent theoreti
al 2HDM predi
tions.The paper is organised as follows. A disquisition of statisti
al 
onsiderations required for theinterpretation of the �t results is given in Se
tion 2. It is followed in Se
tion 3 by an introdu
tionto the G�tter proje
t and toolkit. The 
al
ulation of ele
troweak pre
ision observables, the resultsof the global �t, and its perspe
tives are des
ribed in Se
tion 4. Se
tion 5 dis
usses results obtainedfor the Two Higgs Doublet Model. Finally, a 
olle
tion of formulae used in the theoreti
al librariesof G�tter is given in the appendix. We have 
hosen to give rather exhaustive information here forthe purpose of 
larity and reprodu
ibility of the results presented.
2 The Statistical AnalysisThe �tting tasks are performed with the G�tter toolkit des
ribed in Se
tion 3. It features theminimisation of a test statisti
s and its interpretation using frequentist statisti
s. Con�den
eintervals and p-values are obtained with the use of toy Monte Carlo (MC) simulation or probabilisti
approximations where mandatory due to resour
e limitations. This se
tion introdu
es the threestatisti
al analyses performed in the paper: (i) determination of SM parameters, (ii) probing theoverall goodness of the SM, and (iii) probing SM extensions and determining its parameters. TheSM part is represented by the global �t at the ele
troweak s
ale (Se
tion 4), while as example forbeyond SM physi
s we analyse an extension of the Higgs se
tor to two s
alar doublets (Se
tion 5).The statisti
al treatment of all three analyses relies on a likelihood fun
tion formed to measurethe agreement between data and theory. The statisti
al dis
ussion below follows in many aspe
tsRefs. [33, 34℄ with additional input from [35, 36℄ and other statisti
al literature.
2.1 Model ParametersWe 
onsider an analysis involving a set of Nexp measurements (xexp)i=1::Nexp , des
ribed by a 
or-responding set of theoreti
al expressions (xtheo)i=1::Nexp . The theoreti
al expressions are fun
tionsof a set of Nmod model parameters (ymod)j=1::Nmod. Their pre
ise de�nition is irrelevant for thepresent dis
ussion besides the fa
t that:� a subset of (ymod) may be un
onstrained parameters of the theory (e.g., the Higgs mass inthe SM, if the results from the dire
t sear
hes are not used);� another subset of (ymod) are theoreti
al parameters for whi
h prior knowledge from measure-ments or 
al
ulations is available and used (e.g., the Z-boson mass and the hadroni
 va
uumpolarisation 
ontribution to the running ele
tromagneti
 
oupling strength);� the remaining (ymod) parametrise theoreti
al un
ertainties, whi
h are based on hard-to-quantify edu
ated guesswork (e.g., higher order QCD 
orre
tions to a trun
ated perturbativeseries).



2.2 Likelihood Function 4It may o

ur that xexp or ymod parameters have statisti
al and theoreti
al errors, requiring a propertreatment for both of these. In the following we use the shorthand notations ymod (xexp, xtheo) tolabel both, sets of and individual parameters (measurements, theoreti
al expressions).
2.2 Likelihood FunctionWe adopt a least-squares like notation and de�ne the test statisti
s�2(ymod) � �2 lnL(ymod) ; (1)where the likelihood fun
tion, L, is the produ
t of two 
ontributionsL(ymod) = Lexp(xtheo(ymod)� xexp) � Ltheo(ymod) : (2)The experimental likelihood, Lexp, measures the agreement between xtheo and xexp, while the the-oreti
al likelihood, Ltheo, expresses prior knowledge of some of the ymod parameters. In most 
asesLexp in
orporates well-behaved statisti
al errors as well as (mostly) non-statisti
al experimentalsystemati
 un
ertainties. In some instan
es it may also in
lude theoreti
al un
ertainties and/orspe
i�
 treatments that may a

ount for in
onsistent measurements. On the 
ontrary, Ltheo relieson edu
ated guesswork, akin to experimental systemati
 errors, but in most 
ases less well de�ned.The impa
t of (mostly strong intera
tions related) theoreti
al un
ertainties and their treatmenton the analysis may be strong, as it is the 
ase for the global CKM �t [33, 34℄. The statisti
altreatment R�t [33, 34℄ (des
ribed below) is designed to deal with the problem of theoreti
al er-rors in a 
lear-
ut and 
onservative manner. Evidently though, an ill-de�ned problem 
annot betreated rigorously, and results that strongly depend on theory un
ertainties must be interpretedwith 
are. For the present analysis, by virtue of the large ele
troweak mass s
ale so that QCD is inthe perturbative regime, purely theoreti
al errors are small and 
ontrolled, so that the �t resultsare well behaved. In
reasing experimental pre
ision may alter this pi
ture in the future.
The Experimental LikelihoodThe experimental 
omponent of the likelihood is given by the produ
tLexp(xtheo(ymod)� xexp) = NexpYi;j=1Lexp(i; j) ; (3)where the Nexp individual likelihood 
omponents Lexp(i; j) a

ount for observables that may beindependent or not. The model predi
tions of the observables depend on a subset of the ymodparameters, and are used to 
onstrain those. Ideally, all likelihood 
omponents are independent(i.e. Lexp(i; j) = 0 for i 6= j) Gaussian fun
tions, ea
h with a standard deviation estimatingthe experimental statisti
al un
ertainty.2 In pra
tise however, one has to deal with 
orrelated2 The �tting pro
edure des
ribed in Se
tion 2.3 uses �2 minimisation to obtain the best mat
h between a testhypothesis, represented by a 
ertain parameter set, and the data. This requires the use of expe
ted experimentalerrors 
orresponding to the test hypothesis in the experimental likelihood, rather than the measured experimentalerrors. However, the expe
ted experimental errors are usually not available for all possible test hypotheses, and the



2.2 Likelihood Function 5measurements and with additional experimental and theoreti
al systemati
 un
ertainties. In a
-
ordan
e with the approa
h adopted by most published analyses, experimental systemati
 errorsare assumed to express Gaussian standard deviations, so that di�erent systemati
 errors 
an beadded in quadrature.3 Theoreti
al errors are treated a

ording to the R�t s
heme des
ribed below.
The Theoretical LikelihoodThe theoreti
al 
omponent of the likelihood is given by the produ
tLtheo(ymod) = NmodYi=1 Ltheo(i) : (4)The individual 
omponents Ltheo(i) 
an be 
onstant everywhere in 
ase of no a-priori information,be bound, or may express a probabilisti
 fun
tion when su
h information is reliably available.Ideally, one should in
orporate in Lexp measurements (or equivalent determinations su
h as Latti
egauge theory, provided well-
ontrolled theoreti
al assumptions are made) from whi
h 
onstraintson the ymod parameters 
an be derived. If su
h 
onstraints are not available, or if a 
omponent hasbeen expli
itly introdu
ed to parametrise theoreti
al un
ertainty, the Ltheo(i) 
omponents mustbe in
orporated by hand in Eq. (4). They are statisti
ally ill-de�ned and 
an hardly be treated asprobability density fun
tions.In the range �t approa
h, R�t, it is proposed that the theoreti
al likelihoods Ltheo(i) do not
ontribute to the �2 of the �t when the 
orresponding ymod parameters take values within allowedranges denoted [ymod℄. Usually these ranges are identi�ed with the intervals [ymod� �theo ; ymod+�theo℄, where ymod is a best-guess value, and �theo is the theoreti
al systemati
 error assigned toymod. Hen
e all allowed ymod values are treated on equal footing, irrespe
tive of how 
lose they areto the edges of the allowed range. Instan
es where even only one of the ymod parameters lies outsideits nominal range are not 
onsidered. This is the unique assumption made in the R�t s
heme: ymodparameters for whi
h a-priori information exists are bound to remain within prede�ned allowedranges. The R�t s
heme departs from a perfe
t frequentist analysis only be
ause the allowedranges [ymod℄ do not always extend to the whole physi
al spa
e.4 This minimal assumption, isnevertheless a strong 
onstraint: all the results obtained should be understood as valid only if allthe assumed allowed ranges 
ontain the true values of their ymod parameters. Be
ause there is ingeneral no guarantee for it being the 
ase, a 
ertain arbitrariness of the results remains and mustbe kept in mind.5 Although in general range errors do not need to be of theoreti
al origin, but
ould as well parametrise hard-to-assess experimental systemati
s, or set physi
al boundaries, wemeasured experimental errors are used instead. This may be a reasonable approximation for test values in 
losevi
inity of the measured experimental results. Nonetheless, one should expe
t that for regions that are stronglydisfavoured by the likelihood estimator the statisti
al analysis is less pre
ise, so that large deviations in terms of\sigmas" must be interpreted with 
are. We shall revisit this point in Se
tion 4.2.2 when in
luding results from thedire
t sear
hes for the Higgs boson in the �t.3This introdu
es a Bayesian 
avour to the statisti
al analysis.4Some ymod parameters do not have any a-priori information and are hen
e fully unbound in the �t.5If a theoreti
al parameter is bound to an allowed range, and if this range is narrower than what the �t wouldyield as 
onstraint for the parameter if let free to 
oat, the best �t value of this (bound) parameter usually o

urson the edge of the allowed range. A modi�
ation of this range will thus have immediate 
onsequen
es for the 
entralvalues of the �t.



2.3 Parameter Estimation 6will 
olle
tively employ the term \theoreti
al (or theory) errors" to spe
ify range errors throughoutthis paper.
2.3 Parameter EstimationWhen estimating model parameters one is not interested in the quality of the agreement betweendata and the theory as a whole. Rather, taking for granted that the theory is 
orre
t, one is onlyinterested in the quality of the agreement between data and various realisations (models) of thetheory, spe
i�ed by distin
t sets of ymod values. In the following we denote �2min;ŷmod the absoluteminimum value of the �2 fun
tion of Eq. (1), obtained when letting all the ymod parameters freeto vary within their respe
tive bounds, with a �t 
onverging at the solution ŷmod.6 One nowattempts to estimate 
on�den
e intervals for the 
omplete ymod set. This implies the use of theo�set-
orre
ted test statisti
s ��2(ymod) = �2(ymod)� �2min;ŷmod ; (5)where �2(ymod) is the �2 for a given set of model parameters ymod. Equation (5) represents thelogarithm of a pro�le likelihood. The minimum value ��2(ŷmod) is zero, by 
onstru
tion. Thisensures that, 
onsistent with the assumption that the model is 
orre
t, ex
lusion 
on�den
e levels7(CL) equal to zero are obtained when exploring the ymod spa
e.In general, the ymod parameters in Eq. (5) are divided into relevant and irrelevant ones. Therelevant parameters (denoted a) are s
anned for estimation purposes, whereas the irrelevant ones(the nuisan
e parameters �) are adjusted su
h that ��2(a; �) is at a minimum for � = �̂. Sin
e infrequentist statisti
s one 
annot determine probabilities for 
ertain a values to be true, one mustderive ex
lusion CLs. The goal is therefore to set ex
lusion CLs in the a spa
e irrespe
tive of the� values.A ne
essary 
ondition is that the 
on�den
e interval (CI) 
onstru
ted from the ��2(ymod) teststatisti
s provides suÆ
ient 
overage, that is, the CI for a parameter under 
onsideration 
oversthe true parameter value with a frequen
y of at least the CL values at the CI boundaries if themeasurement were repeated many times. For a Gaussian problem, the test statisti
s follows a �2distribution [37℄ and one �nds1� CL(a; �̂) = Prob(��2(a; �̂);dim[a℄) ; (6)where dim[a℄ is the dimension of the a spa
e, whi
h is the number of degrees of freedom8 of theo�set-
orre
ted ��2. Here the probability density distribution of ��2 is independent of �. In a6The appli
ation of the R�t s
heme in presen
e of theoreti
al un
ertainties may lead to a non-unique fŷmodgsolution spa
e.7Throughout this paper the term 
on�den
e level denotes 1 minus the p-value of a given ��2 (or �2) test statisti
s,and is hen
e a measure of the ex
lusion probability of a hypothesis. This is not to be 
onfounded with a 
on�den
einterval, whi
h expresses an in
lusion probability.8 Note that the e�e
tive number of degrees of freedom may not always be equal to the dimension of the a spa
e.For example, if dim[a℄ = 2 but a single observable O = f(a) is s
anned in a, only one of the two dimensions of a isindependent, while the other 
an be derived via O so that the e�e
tive dim[a℄ to be used here is one [34℄. Similarly,the available observables may only 
onstrain one of the two dimensions of a. Again, the e�e
tive dimension to beused in Eq. (6) would be one. Intermediate 
ases, mixing strong and weak 
onstraints in di�erent dimensions of amay lead to an ill-posed situation, whi
h 
an only be resolved by means of a full toy MC analysis. Su
h an analysisis performed at some instan
es in this paper (see in parti
ular Se
tion 5.2.2 for the two-dimensional 
ase).



2.4 Probing the Standard Model 7non-Gaussian 
ase the CI for a must be evaluated with toy MC simulation for any possible setof true � values using, e.g., a Neyman 
onstru
tion [38℄ with likelihood-ratio ordering [39, 40℄.9One may then 
hoose for ea
h a the set of � that gives the smallest CL(a). This \supremum"approa
h [35℄ (also des
ribed in Ref. [36℄ with however a somewhat di�erent meaning) providesthe most 
onservative result, whi
h however over
overs in general. (Note also that the approa
hdepends on the ordering algorithm used [41℄). It may lead to the paradoxi
al situation that �values ex
luded by the data may be 
hosen as the true set to determine CL(a). As a modi�
ationto this s
heme, one 
ould only 
onsider � values that are within prede�ned ��2(a; �) bounds, thusguaranteeing a minimum 
ompatibility with the data [42, 43℄. A vast literature on this topi
 isavailable (see PhyStat 
onferen
e pro
eedings and, e.g., Ref. [36℄), mostly attempting to pres
ribea limitation of the � spa
e while maintaining good 
overage properties.10 We point out thatthe naive \plugin" approa
h that 
onsists of using the set of �̂ that minimises ��2(a; �̂) in the�t to estimate the true � is in
orre
t in general (it is trivially 
orre
t if the problem is stri
tlyGaussian, as then the ��2 distribution is �-independent). It may lead to serious under
overageif the ��2(a; �) frequen
y distribution is strongly dependent on � (
f. the analysis of the CKMphase 
 [35℄).As a short
ut to avoid the te
hni
ally 
hallenging full Neyman 
onstru
tion in presen
e of nuisan
eparameters, one may 
hoose a Gaussian interpretation of the pro�le likelihood L(a; �̂) versus a,whi
h 
orresponds to a MINOS [44℄ parameter s
an. Simple tests suggest satisfying 
overage prop-erties of the pro�le likelihood (see, e.g., [45{47℄). Mainly be
ause of its simpli
ity this assumptionwill be adopted for most (though not all) of the results presented in this paper.
2.4 Probing the Standard ModelBy 
onstru
tion, the parameter estimation via the o�set-
orre
ted ��2 is unable to dete
t whetherthe SM fails to des
ribe the data. This is be
ause Eq. (5) wipes out the information 
ontained in�2min;ŷmod . This value is a test statisti
s for the best possible agreement between data and theory.The agreement 
an be quanti�ed by the p-value P(�2min � �2min;ŷmodjSM), whi
h is the tail proba-bility to observe a test statisti
s value as large as or larger than �2min;ŷmod, if the SM is the theoryunderlying the data. It hen
e quanti�es the probability of wrongly reje
ting the SM hypothesis.In a Gaussian 
ase, �2min;ŷmod 
an be readily turned into a p-value via Prob(�2min;ŷmod ; ndof).11 Inpresen
e of non-Gaussian e�e
ts, a toy MC simulation must be performed. Again, a full frequentistanalysis requires the s
an of all possible (or \likely") true nuisan
e parameters, followed by toyMC studies to derive the 
orresponding p-values. Chosen is the set of true ŷmod that maximisesP(�2min;ŷmodjSM), where here exa
t 
overage is guaranteed by 
onstru
tion (note that in this phaseno expli
it parameter determination is performed so that all ymod are nuisan
e parameters).Su
h a goodness-of-�t test may not be the most sensitive manner to un
over physi
s beyond theSM (BSM). If the number of degrees of freedom is large in the global �t, and if observables9An ordering s
heme is required be
ause the 
onstru
tion of a Neyman CL belt is not unique. It depends on thede�nition of the test statisti
s used.10We re
all here the reserve expressed in Footnote 2 on page 4 a�e
ting the a

ura
y of any approa
h: thedependen
e of the measured errors on the out
ome of the observables (determined by a and �) { if signi�
ant { mustbe taken into a

ount.11The 
orresponding ROOT fun
tion is TMath::Prob(...).



2.5 Probing New Physics 8that are sensitive to the BSM physi
s are mixed with insensitive ones, the 
u
tuations in thelatter observables dilute the information 
ontained in the global p-value (or de�
ien
ies in the SMdes
ription may fake presen
e of new physi
s). It is therefore mandatory to also probe spe
i�
BSM s
enarios.12
2.5 Probing New PhysicsIf the above analysis establishes that the SM 
annot a

ommodate the data, that is, the p-value issmaller than some 
riti
al value, the next step is to probe the BSM physi
s revealed by the observeddis
repan
y. The goal is akin to the determination of the SM parameters: it is to measure new setsof physi
al parameters yNP that 
omplement the ymod SM parameters. The treatment is identi
alto the one of Se
tion 2.3, using a = fyNPg. Even if the SM 
annot be said to be in signi�
antdisagreement with the data, the estimation of yNP remains interesting be
ause the most sensitiveobservables, and the pre
ision to be aimed at for their determination 
an only be derived by thistype of analysis. Moreover, the spe
i�
 analysis might be able to faster dete
t the �rst signs of adis
repan
y between data and the SM if the theoreti
al extension used in the analysis turns outto be the right one.
3 The Gfitter PackageThe generi
 �tting pa
kage G�tter 
omprises a statisti
al framework for model testing and param-eter estimation problems. It is spe
i�
ally designed to provide a modular environment for 
omplex�tting tasks, su
h as the global SM �t to ele
troweak pre
ision data, and �ts beyond the SM. G�tteris also a 
onvenient framework for averaging problems, ranging from simple weighted means usingor not 
orrelated input data, to more involved problems with non-Gaussian PDFs and/or 
ommonsystemati
 errors, requiring or not 
onsistent res
aling due to parameter interdependen
ies.
SoftwareThe G�tter pa
kage [48℄ 
onsists of abstra
ted obje
t-oriented 
ode in C++, relying on ROOTfun
tionality [10℄. The 
ore �tting 
ode and the physi
s 
ontent are organised in separate pa
kages,ea
h physi
s model pa
kage 
an be invoked as a plugin to the framework. The user interfa
es G�tterthrough data 
ards in XML format, where all the input data and driving options are de�ned. The�ts are run alternatively as ROOT ma
ros or exe
utables, intera
tively or in a bat
h system.12This problem is similar to those o

urring in goodness-of-�t (GoF) tests in experimental maximum-likelihoodanalyses. If, for instan
e, the data sample with respe
t to whi
h a likelihood analysis is performed is dominated byba
kground events with a small but signi�
ant signal ex
ess a su

essful global GoF test would only reveal agreementwith the ba
kground model and say little about the signal. Similarly, a small p-value for the null hypothesis mayre
e
t problems in the ba
kground des
ription rather than an ex
ess of signal events. A possible remedy herewould be to restri
t the GoF test to signal-like events, or more spe
i�
ally, to test the GoF in all likelihood binsindependently.
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Gfitter Parameters and TheoriesG�tter de�nes only a single data 
ontainer, denoted parameter, whi
h 
an have three distin
tmanifestations a

ording to its use 
ase:(A) Measurements xexp that are predi
ted by the model (e.g., W mass in the SM): parametersof this type are not varied in the �t, but 
ontribute to the log-likelihood fun
tion through
omparison between the model predi
tion and the 
orresponding measurement.(B) Model parameters ymod that are not predi
ted by the theory but for whi
h a dire
t mea-surement exists (e.g., top mass in the SM): parameters of this type are varied in the �t, andthey 
ontribute to the log-likelihood fun
tion through 
omparison between the �t parametervalue and the 
orresponding measurement.(C) Model Parameters ymod that are not predi
ted by the theory and for whi
h no dire
t mea-surement exist (e.g., Higgs mass in the SM), or whi
h parametrise theoreti
al un
ertaintiesa

ording to the R�t pres
ription (
f. Se
tion 2.2): parameters of this type are varied freelyin the �t within bounds (if exist), and they do not 
ontribute themselves to the log-likelihoodfun
tion.A parameter is uniquely de�ned via a name (and optionally an alias to allow the user to de
lareseveral 
orrelated measurements of the same parameter, and to design theoreti
al predi
tions in apolymorph 
lass hierar
hy) in the data 
ard, and stored in a global parameter 
ontainer. Theseparameters are obje
ts (of the GParameter 
lass) that 
annot be destroyed nor be re
reated. Upon
reation of a parameter, G�tter sear
hes automati
ally in the physi
s libraries for a 
orrespondingtheory (an obje
t of the GTheory 
lass), identi�ed through the name of the parameter. If a theoryis found, the 
orresponding 
lass obje
t is instantiated13 and the parameter is 
ategorised as of type(A); if no theory is found, it is of type (B) or (C) depending on the presen
e of a measurement in thedata 
ard.14 The 
ategorisation of parameters is performed automati
ally by G�tter maintainingfull transparen
y for the user.
Parameter Errors, Ranges, Correlations and RescalingG�tter distinguishes three types of errors: normal errors following a Gaussian distribution des
rib-ing statisti
al and experimental systemati
 errors, a user-de�ned log-likelihood fun
tions in
ludingstatisti
al and systemati
 un
ertainties, and allowed ranges des
ribing physi
al limits or hard-to-assess systemati
 errors (mostly of theoreti
al origin). All errors 
an be asymmetri
 with respe
t tothe 
entral values given. All parameters may have 
ombinations of Gaussian and range errors (butonly a single user-de�ned likelihood fun
tion). Parameters of type (A) and (B) do not 
ontributeto the log-likelihood fun
tions if the theory predi
tion or 
oating parameter value is 
ompatiblewith the 
entral value of the parameter within the ranges of the theoreti
al errors attributed tothe parameter (
f. Se
tion 2.1 
on
erning the impli
ations of the term \theoreti
al error"). Only13A GTheory 
an depend on auxiliary theory obje
ts (derived from GTheory) that are used to outsour
e 
omplex
omputation tasks. Ca
hing of results from repetitive 
al
ulations also bene�ts from outsour
ing.14Measurement results 
an be given as 
entral value and Gaussian (possibly asymmetri
) and/or theoreti
al errors,or as a user-de�ned log-likelihood fun
tion en
oded in ROOT obje
ts (e.g. histograms, graphs or fun
tions).



3 The Gfitter Package 10beyond these ranges, a Gaussian paraboli
 
ontribution to the log-likelihood fun
tion o

urs. Forexample, the 
ombined log-likelihood fun
tion of a parameter with 
entral value x0, positive (neg-ative) Gaussian error �+Gauss (��Gauss), and positive (negative) theoreti
al error �+theo (��theo), for agiven set of ymod parameters and theoreti
al predi
tion f(ymod) reads15� 2 logL(ymod) = 8>>>>>><>>>>>>: 0 ; if: ���theo � f(ymod)� x0 � �+theo ;�f(ymod)�(x0+�+theo)�+Gauss �2 ; if: f(ymod)� x0 > �+theo ;�f(ymod)�(x0���theo)��Gauss �2 ; if: x0 � f(ymod) > ��theo : (7)Parameters of type (C) vary freely within the ranges set by the theoreti
al errors if available, orare unbound otherwise.Parameters 
an have 
orrelation 
oeÆ
ients identi�ed and set in the data 
ard via the parameternames (and alias if any). These 
orrelations are taken into a

ount in the log-likelihood teststatisti
s as well as for the 
reation of toy MC experiments.It is possible to introdu
e dependen
ies among parameters, whi
h 
an be used to parametrise
orrelations due to 
ommon systemati
 errors, or to res
ale parameter values and errors withnewly available results for parameters on whi
h other parameters depend. For example, in theglobal SM �t the experimental value used of the parameter ��(5)had(M2Z) depends on �S(M2Z). Thevalue for �S(M2Z) used when evaluating ��(5)had(M2Z) may have been updated in the meantime,or may be updated in ea
h �t step, whi
h leads to a (not ne
essarily linear) shift of ��(5)had(M2Z)and also to a redu
ed systemati
 error (for details see Footnote 20 on page 19). The res
alingme
hanism of G�tter allows to automati
ally a

ount for arbitrary fun
tional interdependen
iesbetween an arbitrary number of parameters.
CachingAn important feature of G�tter is the possibility to 
a
he 
omputation results between �t steps.Ea
h parameter holds pointers to the theory obje
ts that depend on it, and the theories keep tra
kof all auxiliary theory obje
ts they depend on. Upon 
omputation of the log-likelihood fun
tion ina new �t step, only those theories (or part of theories) that depend on modi�ed parameters (withrespe
t to the previous �t step) are re
omputed. More importantly, time intensive 
al
ulationsperformed by auxiliary theories that are shared among several theories are made only on
e per�t step. The gain in CPU time of this 
a
hing me
hanism is substantial, and 
an rea
h orders ofmagnitudes in many-parameter �tting problems.
FittingThe parameter �tting is transparent with respe
t to the �tter implementation, whi
h by defaultuses TMinuit [44℄, but whi
h is extensible via the driving 
ard to the more involved global min-15In the log-likelihood de�nition of Eq. (7), the 
entral value x0 
orresponds to the value with the largest likelihood,whi
h is not ne
essarily equal to the arithmeti
 average in 
ase of asymmetri
 errors.



4 The Standard Model Fit to Electroweak Precision Data 11ima �nders Geneti
 Algorithm and Simulated Annealing, implemented in the ROOT pa
kageTMVA [49℄.
Parameter Scans and ContoursG�tter o�ers the possibility to study the behaviour of the log-likelihood test statisti
s as a fun
tionof one or two parameters by one- or two-dimensional s
ans, respe
tively. If a parameter is of type(A), penalty 
ontributions are added to the log-likelihood test statisti
s for
ing the �t to yield theparameter value under study. In addition, two-dimensional 
ontour regions of the test statisti
s
an be 
omputed using the 
orresponding TMinuit fun
tionality.
Toy Monte Carlo AnalysesG�tter o�ers the possibility to perform toy Monte Carlo (MC) analyses repeating the minimisationstep for input parameter values that are randomly generated around expe
tation values a

ordingto spe
i�ed errors and 
orrelations. For ea
h MC experiment the �t results are re
orded allowinga statisti
al analysis, e.g., the determination of a p-value and an overall goodness-of-�t probabil-ity. All parameter s
ans 
an be optionally performed that way, as opposed to using a Gaussianapproximation to estimate the p-value for a given s
an point (manifestation of true values).
4 The Standard Model Fit to Electroweak Precision DataIn re
ent parti
le physi
s history, 
oined by the su

ess of the ele
troweak uni�
ation and QuantumChromodynami
s (QCD), �ts to experimental pre
ision data have substantially 
ontributed to ourknowledge of the Standard Model (SM). The �rst appli
ation of global �ts to ele
troweak data hasbeen performed by the LEP Ele
troweak Working Group [50℄ in the last de
ade of the 20th 
entury,unifying LEP and SLD pre
ision data. The primary results of these �ts were a predi
tion of thetop-quark mass (today's �t pre
ision ' 9 GeV) prior to its dis
overy, an a

urate and theoreti
allywell 
ontrolled determination of the strong 
oupling 
onstant at the Z-mass s
ale (today availableat the 3NLO level [28℄), and a logarithmi
 
onstraint on the Higgs mass establishing that the SMHiggs must be light. Other areas related to parti
le physi
s where global �ts are performed areneutrino os
illation [51℄, leading to 
onstraints on mixing parameters and mass hierar
hies, 
avourphysi
s, with 
onstraints on the parameters of the quark-
avour mixing (CKM) matrix and relatedquantities [33, 52℄, and 
osmology [53℄, leading to a large number of phenomenologi
al results su
has the universe's 
urvature, the reli
 matter and energy density, neutrino masses and the age ofthe universe. Global �ts also exist for models beyond the SM su
h as Supersymmetry [54, 55℄ withhowever yet insuÆ
ient high-energy data for su

essfully 
onstraining the parameters of even aminimal model so that simpli�
ations are in order.We emphasise that the goal of su
h �ts is twofold (
f. Se
tion 2): (i) the determination of thefree model parameters, and (ii) a goodness-of-�t test measuring the agreement between model anddata after �t 
onvergen
e. This latter goal 
an be only a
hieved if the model is over
onstrained bythe available measurements. The situation is parti
ularly favourable in the CKM se
tor, where the



4.1 Formalism and Observables 12primary goal of experiments and phenomenologi
al analysis has been moved from CKM parameterdetermination to the dete
tion of new physi
s via in
onsisten
ies in the CKM phase determination.The relatively young �eld of neutrino os
illation measurements on the 
ontrary does not yet providesigni�
ant over
onstraints of the neutrino 
avour mixing matrix.In the following we revisit the global ele
troweak �t at the Z-mass s
ale using the G�tter pa
kage.We re
all the relevant observables, their SM predi
tions, perform �ts under various 
onditions,and dis
uss the results.
4.1 Formalism and ObservablesThe formal analysis of this se
tion is pla
ed within the framework of the SM. The ele
troweak�t fo
uses on the parameters dire
tly related to the Z and W boson properties, and to radiative
orre
tions to these, providing the sensitivity to heavy parti
les like the top quark and the Higgsboson. The 
oating parameters of the �t are the Higgs and Z-boson masses, the 
, b, and t-quarkmasses, as well as the ele
tromagneti
 and strong 
oupling strengths at the Z pole. Most of theseparameters are also dire
tly 
onstrained by measurements in
luded in the �t.We have put emphasis on the 
ompleteness of the information given in this paper, with a largepart of the relevant formulae quoted in the main text and the appendi
es. Readers seeking fora more pedagogi
al introdu
tion are referred to the many ex
ellent reviews on this and relatedtopi
s (see, e.g., Refs. [25, 26, 56, 57℄). Se
tion 4.1.1 provides a formal introdu
tion of tree-levelrelations, and quantum loop 
orre
tions sensitive to parti
les heavier than the Z. The observablesused in the global �t and their SM predi
tions are summarised in Se
tion 4.1.2 and Se
tion 4.1.3respe
tively. Theoreti
al un
ertainties are dis
ussed in Se
tion 4.1.4.
4.1.1 Standard Model Tree-Level Relations and Radiative Co rrectionsThe tree-level ve
tor and axial-ve
tor 
ouplings o

urring in the Z boson to fermion-antifermionvertex if
�(g(0)V ;f + g(0)V ;f
5)fZ� are given by16g(0)V ;f � g(0)L;f + g(0)R;f = If3 � 2Qf sin2 �W ; (8)g(0)A;f � g(0)L;f � g(0)R;f = If3 ; (9)where g(0)L(R);f are the left-handed (right-handed) fermion 
ouplings, and Qf and If3 are respe
tivelythe 
harge and the third 
omponent of the weak isospin. In the (minimal) SM, 
ontaining onlyone Higgs doublet, the weak mixing angle is de�ned bysin2 �W = 1� M2WM2Z : (10)16Throughout this paper the supers
ript '(0)' is used to label tree-level quantities.



4.1 Formalism and Observables 13Ele
troweak radiative 
orre
tions modify these relations, leading to an e�e
tive weak mixing angleand e�e
tive 
ouplings sin2�fe� = �fZ sin2 �W ; (11)gV ;f = q�fZ �If3 � 2Qf sin2�fe�� ; (12)gA;f = q�fZIf3 ; (13)where �fZ and �fZ are form fa
tors absorbing the radiative 
orre
tions. They are given in Eqs. (59)and (60) of Appendix A.3. Due to non-zero absorptive parts in the self-energy and vertex 
orre
tiondiagrams, the e�e
tive 
ouplings and the form fa
tors are 
omplex quantities. The observablee�e
tive mixing angle is given by the real parts of the 
ouplingsRe(gV ;f )Re(gA;f ) = 1� 4jQf j sin2�fe� : (14)Ele
troweak uni�
ation leads to a relation between weak and ele
tromagneti
 
ouplings, whi
h attree level reads GF = ��p2(M (0)W )2�1� (M(0)W )2M2Z � : (15)Radiative 
orre
tions are parametrised by multiplying the r.h.s. of Eq. (15) with the form fa
tor(1��r)�1. Using Eq. (10) and resolving for MW givesM2W = M2Z2 0�1 +s1� p8 ��(1��r)GFM2Z 1A : (16)The form fa
tors �fZ , �fZ and �r depend nearly quadrati
ally on mt and logarithmi
ally on MH .They have been 
al
ulated in
luding two-loop 
orre
tions in the on-shell renormalisation s
heme(OMS) [58{60℄, ex
ept for b quarks where an approximate expression, in
luding the full one-loop
orre
tion and the known leading two-loop terms / m4t , is provided. The relevant formulae used inthis analysis are summarised in Appendix A.3. Sin
e �r also depends onMW an iterative methodis needed to solve Eq. (16). The 
al
ulation ofMW has been performed in
luding the 
omplete one-loop 
orre
tion, two-loop and three-loop QCD 
orre
tions of order O(��S) and O(��2s), fermioni
and bosoni
 two-loop ele
troweak 
orre
tions of order O(�2), and the leading O(G2F�Sm4t ) andO(G3Fm6t ) three-loop 
ontributions [11{13℄. Four-loop QCD 
orre
tions have been 
al
ulated forthe �-parameter [61{63℄. Sin
e they a�e
t the W mass by 2 MeV only, they have been negle
tedin this work.For the SM predi
tion of MW we use the parametrised formula [11℄MW = M iniW � 
1 dH� 
2 dH2 + 
3 dH4 + 
4(dh� 1)� 
5 d�+ 
6 dt� 
7 dt2 � 
8 dHdt + 
9 dhdt� 
10 d�S + 
11 dZ ; (17)with dH = ln� MH100 GeV� ; dh = � MH100 GeV�2 ; dt = � mt174:3 GeV�2 � 1 ;dZ = MZ91:1875 GeV � 1 ; d� = ��(M2Z)0:05907 � 1 ; d�S = �S(M2Z)0:119 � 1 ;



4.1 Formalism and Observables 14where here and below all masses are in units of GeV, and where mt is the top-quark pole mass,MZandMH are the Z and Higgs boson masses, ��(M2Z) is the sum of the leptoni
 and hadroni
 
ontri-butions to the running QED 
oupling strength at M2Z (
f. Appendix A.1), �S(M2Z) is the runningstrong 
oupling 
onstant at M2Z (
f. Appendix A.2.1), and where the 
oeÆ
ients M iniW ; 
1; : : : ; 
11read M iniW = 80:3799 GeV; 
1 = 0:05429 GeV; 
2 = 0:008939 GeV;
3 = 0:0000890 GeV; 
4 = 0:000161 GeV; 
5 = 1:070 GeV;
6 = 0:5256 GeV; 
7 = 0:0678 GeV; 
8 = 0:00179 GeV;
9 = 0:0000659 GeV; 
10 = 0:0737 GeV; 
11 = 114:9 GeV:The parametrisation reprodu
es the full result for MW to better than 0.5 MeV over the range10 GeV < MH < 1 TeV, if all parameters are within their expe
ted (year 2003) 2� intervals [11℄.The e�e
tive weak mixing angle of 
harged and neutral leptons and light quarks has been 
om-puted [12, 13℄ with the full ele
troweak and QCD one-loop and two-loop 
orre
tions, and the leadingthree-loop 
orre
tions of orders O(G2F�Sm4t ) and O(G3Fm6t ). The 
orresponding parametrisationformula for 
harged leptons readssin2�è� = s0 + d1LH + d2L2H + d3L4H + d4(�2H � 1) + d5��+ d6�t + d7�2t + d8�t(�H � 1) + d9��S + d10�Z ; (18)with LH = ln� MH100 GeV� ; �H = MH100 GeV ; �� = ��(MZ)0:05907 � 1 ;�t = � mt178:0 GeV�2 � 1 ; ��S = �S(M2Z)0:117 � 1 ; �Z = MZ91:1876 GeV � 1 ;and the numeri
al valuess0 = 0:2312527; d1 = 4:729 � 10�4; d2 = 2:07 � 10�5;d3 = 3:85 � 10�6; d4 = �1:85 � 10�6; d5 = 0:0207;d6 = �0:002851; d7 = 1:82 � 10�4; d8 = �9:74 � 10�6;d9 = 3:98 � 10�4; d10 = �0:655:Equation (18) reprodu
es the full expression with maximum (average) deviation of 4:5 � 10�6(1:2 � 10�6), if the Higgs-boson mass lies within 10 GeV < MH < 1 TeV, and if all parameters arewithin their expe
ted (year 2003) 2� intervals [13℄.The predi
tion of the e�e
tive weak mixing angle for the remaining light fermions (u; d; s; 
 quarksand neutrinos) di�ers slightly from the predi
tion for 
harged leptons. Again a parametrisationformula is provided [13℄, whi
h is used in this analysis. For bottom quarks, new diagrams withadditional top-quark propagators enter the 
al
ulation and the b quark spe
i�
 two-loop vertex
orre
tions do not exist.17 Instead we use Eq. (11) and the 
al
ulation of �bZ (
f. Appendix A.3),whi
h in
ludes the full one-loop 
orre
tion and the known leading two-loop terms / m4t .17After 
ompletion of this work the two-loop ele
troweak fermioni
 
orre
tions to sin2�be� have been published[64℄.They will be in
luded in future updates of this analysis.
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4.1.2 Summary of Electroweak ObservablesThe following 
lasses of observables are used in the �t.Z resonan
e parameters: Z mass and width, and total e+e� ! Z ! hadron produ
tion
ross se
tion (i.e., 
orre
ted for photon ex
hange 
ontributions).Partial Z 
ross se
tions: Ratios of leptoni
 to hadroni
, and heavy-
avour hadroni
 to totalhadroni
 
ross se
tions.Neutral 
urrent 
ouplings: E�e
tive weak mixing angle, and left-right and forward-ba
kwardasymmetries for universal leptons and heavy quarks.18W boson parameters: W mass and width.Higgs boson parameters: Higgs mass.Additional input parameters: Heavy-
avour (
; b; t) quark masses (masses of lighter quarks andleptons are �xed to their world averages), QED and QCD 
ouplingstrengths at the Z-mass s
ale.
4.1.3 Theoretical Predictions of Electroweak ObservablesParity violation in neutral 
urrent rea
tions e+e� ! ff resulting from the di�erent left and right-handed Z-boson 
ouplings to fermions leads to fermion polarisation in the initial and �nal statesand thus to observable asymmetry e�e
ts. They 
an be 
onveniently expressed by the asymmetryparameters Af = g2L;f � g2R;fg2L;f + g2R;f = 2 gV ;f=gA;f1 + (gV ;f=gA;f )2 ; (19)where only the real parts of the 
ouplings are 
onsidered as the asymmetries refer to pure Zex
hange. For instan
e, the forward-ba
kward asymmetry A0;fFB = (�0F;f � �0B;f )=(�0F;f + �0B;f ),where the supers
ript '0' indi
ates that the observed values have been 
orre
ted for radiativee�e
ts and photon ex
hange, 
an be determined from the asymmetry parameters (19) as followsA0;fFB = 34AeAf : (20)The Af are obtained from Eqs. (19) and (14) using sin2�fe� from the pro
edure des
ribed in theprevious se
tion.Unlike the asymmetry parameters, the partial de
ay width �f = �(Z ! ff) is de�ned in
lusively,i.e., it 
ontains all real and virtual 
orre
tions su
h that the imaginary parts of the 
ouplings mustbe taken into a

ount. One thus has�f = 4NfC�0j�fZ j(If3 )2 �����g2V ;fg2A;f �����RfV (M2Z) +RfA(M2Z)! ; (21)18Left-right and forward-ba
kward asymmetries have been also measured for strange quarks, with however insuf-�
ient pre
ision to be in
luded here.



4.1 Formalism and Observables 16where N `(q)C = 1(3) is the 
olour fa
tor, RfV (M2Z) and RfA(M2Z) are radiator fun
tions (de�nedfurther below), and �0 is given by �0 = GFM3Z24p2� : (22)The sin2�fe� term entering through the ratio of 
oupling 
onstants in Eq. (21) is modi�ed bythe real-valued 
ontribution I2f resulting from the produ
t of two imaginary parts of polarisationoperators [6℄ sin2�fe� ! sin2�fe� + I2f ; (23)where I2f = �2(M2Z)3518 �1� 83Re(�fZ) sin2 �W� : (24)The full expression for the partial leptoni
 width reads [6℄�` = �0���Z̀��s1� 4m2̀M2Z "�1 + 2m2̀M2Z � ����gV ;`gA;` ����2 + 1!� 6m2̀M2Z # ��1 + 34 �(M2Z)� Q2̀� ; (25)whi
h in
ludes e�e
ts from QED �nal state radiation. The partial widths for qq �nal states, �q,involve radiator fun
tions that des
ribe the �nal state QED and QCD ve
tor and axial-ve
tor 
or-re
tions for quarkoni
 de
ay modes. Furthermore, they 
ontain QED
QCD and �nite quark-mass
orre
tions. For the massless perturbative QCD 
orre
tion, the most re
ent fourth-order result isused [28℄. Expli
it formulae for the radiator fun
tions are given in Appendix A.4. The in
uen
eof non-fa
torisable EW 
 QCD 
orre
tions, �EW=QCD, that must be added to the width (21) forquark �nal states is small (less than 10�3). They are assumed to be 
onstant [65, 66℄, and takethe values �EW=QCD = 8>><>>: �0:113 MeV for u and 
 quarks,�0:160 MeV for d and s quarks,�0:040 MeV for the b quark. (26)The total Z width for three light neutrino generations obeys the sum�Z = �e +�� + �� + 3�� + �had ; (27)where �had = �u + �d + �
 + �s + �b is the total hadroni
 Z width. From these the improvedtree-level total hadroni
 
ross-se
tion at the Z pole is given by�0had = 12�M2Z �e�had�2Z : (28)To redu
e systemati
 un
ertainties, the LEP experiments have determined the partial-Z-widthratios R0̀ = �had=�` and R0q = �q=�had, whi
h are used in the �t.The 
omputation of the W boson width is similar to that of the Z boson, but it is only known toone ele
troweak loop. The expression adopted in this analysis 
an be found in [18℄. An improved,gauge-independent formulation exists [67℄, but the di�eren
e with respe
t to the gauge-dependentresult is small (0.01%) 
ompared to the 
urrent experimental error (3%).



4.1 Formalism and Observables 17The value of the QED 
oupling 
onstant at the Z pole is obtained using three-loop results forthe leptoni
 
ontribution, and the most re
ent evaluation of the hadroni
 va
uum polarisation
ontribution for the �ve quarks lighter than MZ . Perturbative QCD is used for the small top-quark 
ontribution. The relevant formulae and referen
es are given in Appendix A.1.The evaluation of the running QCD 
oupling 
onstant uses the known four-loop expansion ofthe QCD �-fun
tion, in
luding three-loop mat
hing at the quark-
avour thresholds (
f. Ap-pendix A.2.1). The running of the b and 
 quark masses is obtained from the 
orrespondingfour-loop 
-fun
tion (
f. Appendix A.2.2). All running QCD quantities are evaluated in themodi�ed minimal subtra
tion renormalisation s
heme (MS).
4.1.4 Theoretical UncertaintiesWithin the R�t s
heme, theoreti
al errors based on edu
ated guesswork are introdu
ed via boundtheoreti
al s
ale parameters in the �t, thus providing a 
onsistent numeri
al treatment. For exam-ple, the e�e
t from a trun
ated perturbative series is in
luded by adding a deviation parameter, Æth,des
ribing the varying perturbative predi
tion as a fun
tion of the 
ontribution from the unknownterms. Leaving the deviation parameter 
oating within estimated ranges allows the �t to adjustit when s
anning a parameter, su
h that the likelihood estimator is in
reased (thus improving the�t 
ompatibility).The un
ertainties in the form fa
tors �fZ and �fZ are estimated using di�erent renormalisations
hemes, and the maximum variations found are assigned as theoreti
al errors. A detailed nu-meri
al study has been performed in [68℄ leading to the following real-valued relative theoreti
alerrors Æth�fZ=j1 � �fZ j � 5 � 10�3 ; (29)Æth�fZ=j1� �fZ j � 5 � 10�4 ; (30)whi
h vary somewhat depending on the fermion 
avour. The 
orresponding absolute theoreti
alerrors are around 2 � 10�5 for both Æth�fZ and Æth�fZ and are treated as fully 
orrelated in the �t.These errors, albeit in
luded, have a negligible e�e
t on the �t results.More important are theoreti
al un
ertainties a�e
ting dire
tly the MW and sin2�è� predi
tions.They arise from three dominant sour
es of unknown higher-order 
orre
tions [11, 13℄: (i) O(�2�S)terms beyond the known 
ontribution of O(G2F�Sm4t ), (ii) O(�3) ele
troweak three-loop 
orre
-tions, and (iii) O(�3S) QCD terms. The quadrati
 sums of the above 
orre
tions amount toÆthMW � 4 MeV ; (31)Æth sin2�è� � 4:7 � 10�5 ; (32)whi
h are the theoreti
al ranges used in the �t. The empiri
al W mass parametrisation (17) isonly valid for a relatively light Higgs boson, MH . 300 GeV, for whi
h the error introdu
ed bythe approximation is expe
ted to be negligible [11℄. For larger Higgs masses, the total theoreti
alerror used is linearly in
reased up to ÆthMW = 6 MeV at MH = 1 TeV, whi
h is a 
oarse estimatealong the theoreti
al un
ertainties given in [11℄.
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al un
ertainties a�e
ting the top mass from non-perturbative 
olour-re
onne
tion e�e
tsin the fragmentation pro
ess [69, 70℄ and due to ambiguities in the top-mass de�nition [71, 72℄have been re
ently estimated to approximately 0.5 GeV ea
h. The systemati
 error due to showere�e
ts may be larger [69℄. Espe
ially the 
olour-re
onne
tion and shower un
ertainties, estimatedby means of a toy model, need to be veri�ed with experimental data and should be in
luded inthe top-mass result published by the experiments. Both errors have been negle
ted for the presentanalysis.Other theoreti
al un
ertainties are introdu
ed via the evolution of the QED and QCD 
ouplingsand quark masses, and are dis
ussed in Appendi
es A.1 and A.2.
4.2 Global Standard Model AnalysisThe last two de
ades have been proliferous in providing pre
ision experimental data at the ele
-troweak s
ale. Driven by measurements at LEP, SLC and the Tevatron, and signi�
ant theoreti
alprogress, many phenomenologi
al analyses have been performed, of whi
h we re-examine below theglobal SM �t. The primary goal of this re-analysis is (i) to validate the new �tting toolkit G�tterand its SM library with respe
t to earlier results [5{8℄, (ii) to in
lude the results from the dire
tHiggs sear
hes at LEP and the Tevatron in the global �t, (iii) to revisit the impa
t of theoreti
alun
ertainties on the results, and (iv) to perform more 
omplete statisti
al tests.
4.2.1 Floating Fit ParametersThe SM parameters relevant for the global ele
troweak analysis are the 
oupling 
onstants of theele
tromagneti
 (�), weak (GF ) and strong intera
tions (�S), and the masses of the elementarybosons (M
 , MZ , MW , MH) and fermions (mf with f = e; �; �; �e; ��; �� ; u; 
; t; d; s; b;), whereneutrinos are taken to be massless. The �t simpli�es with ele
troweak uni�
ation resulting in amassless photon and a relation between the W mass and the ele
tromagneti
 
oupling �, the Zmass, and the weak 
oupling GF , a

ording to Eq. (15). Further simpli�
ation of the �t arisesfrom �xing parameters with insigni�
ant un
ertainties 
ompared to the sensitivity of the �t.� Compared to MZ the masses of leptons and light quarks are small and/or suÆ
iently wellknown so that their un
ertainties are negligible in the �t. They are �xed to their worldaverage values [73℄. Only the masses of the heavy quarks,19 m
, mb and mt, are 
oating inthe �t while being 
onstrained to their experimental values. The top mass un
ertainty hasthe strongest impa
t on the �t.� The weak 
oupling 
onstant GF has been a

urately determined through the measurementof the � lifetime, giving GF = 1:16637(1) � 10�5 GeV�2 [73℄. The parameter is �xed in the�t.� The leptoni
 and top-quark va
uum polarisation 
ontributions to the running of the ele
tro-magneti
 
oupling are pre
isely known or small. Only the hadroni
 
ontribution for the �ve19In the analysis and throughout this paper we use the MS renormalised masses of the 
 and b quarks, m
(m
)and mb(mb), at their proper s
ales. In the following they are denoted with m
 and mb respe
tively.



4.2 Global Standard Model Analysis 19lighter quarks, ��(5)had(M2Z), adds signi�
ant un
ertainties and repla
es the ele
tromagneti

oupling �(M2Z) as 
oating parameter in the �t (
f. Appendix A.1).With the R�t treatment of theoreti
al un
ertainties four deviation parameters are introdu
ed inthe �t. They vary freely within their 
orresponding error ranges (
f. Se
tion 4.1.4). The theoreti
alun
ertainties in the predi
tions of MW and sin2�è� are parametrised by ÆthMW and Æth sin2�è� .The form fa
tors �fZ and �fZ have theoreti
al errors Æth�fZ and Æth�fZ , whi
h are treated as fully
orrelated in the �t.In summary, the 
oating parameters in the global ele
troweak �t are the 
oupling parameters��(5)had(M2Z) and �S(M2Z), the masses MZ , m
, mb, mt and MH , and four theoreti
al error param-eters.
4.2.2 Input DataA summary of the input data used in the �t is given in the se
ond 
olumn of Table 1, and dis
ussedbelow.� The mass and width of the Z boson, the hadroni
 pole 
ross se
tion �0had, the partial widthsratio R0̀, and the forward-ba
kward asymmetries for leptons A0;`FB, have been determined by�ts to the Z lineshape measured pre
isely at LEP (see [56℄ and referen
es therein). Measure-ments of the � polarisation at LEP [56℄ and the left-right asymmetry at SLC [56℄ have beenused to determine the lepton asymmetry parameter A`. The 
orresponding 
 and b-quarkasymmetry parameters A
(b), the forward-ba
kward asymmetries A0;
(b)FB , and the widths ra-tios R0
 and R0b , have been measured at LEP and SLC [56℄. In addition, the forward-ba
kward
harge asymmetry (QFB) measurement in in
lusive hadroni
 events at LEP was used to di-re
tly determine the e�e
tive leptoni
 weak mixing angle sin2�è� [56℄. The log-likelihoodfun
tion used in the �t in
ludes the linear 
orrelation 
oeÆ
ients among the Z-lineshape andheavy-
avour observables given in Table 2.� For the running quark masses m
 and mb, the world average values derived in [73℄ are used.The 
ombined top-quark mass is taken from the Tevatron Ele
troweak Working Group [74℄.� For the �ve-quark hadroni
 
ontribution to �(M2Z), the most re
ent phenomenologi
al resultis used [75℄ (see also the dis
ussion in [76℄). Its dependen
e on �S(M2Z) requires a properres
aling in the �t (
f. Se
tion 3).20� The LEP and Tevatron results for the W mass and width are respe
tively MW = (80:376 �0:033) GeV, �W = (2:196�0:083) GeV [77℄, andMW = (80:432�0:039) GeV, �W = (2:056�0:062) GeV [78, 79℄. Their weighted averages [78℄, quoted without the 
orrelation 
oeÆ
ient20 In [75℄ the light-quark hadroni
 
ontribution to �(M2Z) was found to be ��(5)had(M2Z) = 0:02768 � 0:00022 �0:00002, where the se
ond error singles out the un
ertainty from the strong 
oupling 
onstant for whi
h �S(M2Z) =0:118 � 0:003 was used. Linear res
aling leads to the modi�ed 
entral value ��(5)had(M2Z) = 0:02768 + 0:00002 �(�S(M2Z)�t � 0:118)=0:003. Sin
e �S(M2Z) is a free �t parameter and has no un
ertainty in a 
ertain �t step theerror on ��(5)had(M2Z) used in the log-likelihood fun
tion does no longer in
lude the 
ontribution from �S(M2Z), butthe 
orresponding variation is in
luded in the res
aling of the 
entral value only.



4.2 Global Standard Model Analysis 20Free Results from global EW �ts: Complete �t w/oParameter Input value in �t Standard �t Complete �t exp. input in lineMZ [GeV℄ 91:1875� 0:0021 yes 91:1874� 0:0021 91:1877� 0:0021 91:2001+0:0174�0:0178�Z [GeV℄ 2:4952� 0:0023 { 2:4959� 0:0015 2:4955� 0:0015 2:4950� 0:0017�0had [nb℄ 41:540� 0:037 { 41:477� 0:014 41:477� 0:014 41:468� 0:015R0̀ 20:767� 0:025 { 20:743� 0:018 20:742� 0:018 20:717+0:029�0:025A0;`FB 0:0171� 0:0010 { 0:01638� 0:0002 0:01610� 0:9839 0:01616� 0:0002A` (?) 0:1499� 0:0018 { 0:1478+0:0011�0:0010 0:1471+0:0008�0:0009 {A
 0:670� 0:027 { 0:6682+0:00046�0:00045 0:6680+0:00032�0:00046 0:6680+0:00032�0:00047Ab 0:923� 0:020 { 0:93470+0:00011�0:00012 0:93464+0:00008�0:00013 0:93464+0:00008�0:00011A0;
FB 0:0707� 0:0035 { 0:0741� 0:0006 0:0737+0:0004�0:0005 0:0737+0:0004�0:0005A0;bFB 0:0992� 0:0016 { 0:1036� 0:0007 0:1031+0:0007�0:0006 0:1036� 0:0005R0
 0:1721� 0:0030 { 0:17224� 0:00006 0:17224� 0:00006 0:17225� 0:00006R0b 0:21629� 0:00066 { 0:21581+0:00005�0:00007 0:21580� 0:00006 0:21580� 0:00006sin2�è�(QFB) 0:2324� 0:0012 { 0:23143� 0:00013 0:23151+0:00012�0:00010 0:23149+0:00013�0:00009MH [GeV℄ (Æ) Likelihood ratios yes 80+30[+75℄�23[�41℄ 116:4+18:3[+28:4℄� 1:3[� 2:2℄ 80+30[+75℄�23[�41℄MW [GeV℄ 80:399� 0:025 { 80:382+0:014�0:016 80:364� 0:010 80:359+0:010�0:021�W [GeV℄ 2:098� 0:048 { 2:092+0:001�0:002 2:091� 0:001 2:091+0:001�0:002m
 [GeV℄ 1:25� 0:09 yes 1:25� 0:09 1:25� 0:09 {mb [GeV℄ 4:20� 0:07 yes 4:20� 0:07 4:20� 0:07 {mt [GeV℄ 172:4� 1:2 yes 172:5� 1:2 172:9� 1:2 178:2+9:8�4:2��(5)had(M2Z) (y4) 2768� 22 yes 2772� 22 2767+19�24 2722+62�53�s(M2Z) { yes 0:1192+0:0028�0:0027 0:1193+0:0028�0:0027 0:1193+0:0028�0:0027ÆthMW [MeV℄ [�4; 4℄theo yes 4 4 {Æth sin2�è� (y) [�4:7; 4:7℄theo yes 4:7 �1:3 {Æth�fZ (y) [�2; 2℄theo yes 2 2 {Æth�fZ (y) [�2; 2℄theo yes 2 2 {(?)Average of LEP (A` = 0:1465 � 0:0033) and SLD (A` = 0:1513 � 0:0021) measurements. The 
omplete �t w/othe LEP (SLD) measurement gives A` = 0:1472+0:0008�0:0011 (A` = 0:1463 � 0:0008 ). (Æ)In bra
kets the 2� errors. (y)Inunits of 10�5. (4)Res
aled due to �s dependen
y.
Table 1: Input values and �t results for parameters of the global ele
troweak �t. The �rst and se
ond
olumns list respe
tively the observables/parameters used in the �t, and their experimental values or phe-nomenologi
al estimates (see text for referen
es). The subs
ript \theo" labels theoreti
al error ranges. Thethird 
olumn indi
ates whether a parameter is 
oating in the �t. The fourth (�fth) 
olumn quotes theresults of the standard (
omplete) �t not in
luding (in
luding) the 
onstraints from the dire
t Higgs sear
hesat LEP and Tevatron in the �t. In 
ase of 
oating parameters the �t results are dire
tly given, while forobservables, the 
entral values and errors are obtained by individual pro�le likelihood s
ans. The errors arederived from the ��2 pro�le using a Gaussian approximation. The last 
olumn gives the �t results for ea
hparameter without using the 
orresponding experimental 
onstraint in the �t (indire
t determination).



4.2 Global Standard Model Analysis 21MZ �Z �0had R0̀ A0;`FBMZ 1 �0:02 �0:05 0.03 0.06�Z 1 �0:30 0.00 0.00�0had 1 0.18 0.01R0̀ 1 �0:06A0;`FB 1
A0;
FB A0;bFB A
 Ab R0
 R0bA0;
FB 1 0.15 0.04 �0:02 �0:06 0.07A0;bFB 1 0.01 0.06 0.04 �0:10A
 1 0.11 �0:06 0.04Ab 1 0.04 �0:08R0
 1 �0:18

Table 2: Correlation matri
es for observables determined by the Z lineshape �t (left), and by heavy 
avouranalyses at the Z pole (right) [56℄.between mass and width, are used in the �t (
f. Table 1). Sin
e a modest 
orrelation hasinsigni�
ant impa
t on the �t results21 it is ignored in the following.� The dire
t sear
hes for the SM Higgs boson at LEP [80℄ and at the Tevatron [81, 82℄ use astest statisti
s the negative logarithm of a likelihood ratio, �2 lnQ, of the SM Higgs signalplus ba
kground (s + b) to the ba
kground-only (b) hypotheses. This 
hoi
e guarantees�2 lnQ = 0 when there is no experimental sensitivity to a Higgs signal. The 
orrespondingone-sided 
on�den
e levels CLs+b and CLb des
ribe the probabilities of upward 
u
tuationsof the test statisti
s in presen
e and absen
e of a signal (1 � CLb is thus the probability ofa false dis
overy). They are derived using toy MC experiments.22In the modi�ed frequentist approa
h [83{85℄, a hypothesis is 
onsidered ex
luded at 95% CLif the ratio CLs = CLs+b=CLb is equal or lower than 0.05. The 
orresponding ex
lusion
on�den
e levels de�ned by Eq. (6) are given by 1�CLs and 1�CLs+b, respe
tively. The useof CLs leads to a more 
onservative limit [80℄ than the (usual) approa
h based on CLs+b.23Using this method the 
ombination of LEP sear
hes [80℄ has set the lower limit MH >114:4 GeV at 95% CL. For the Tevatron 
ombination [81, 82℄, ratios of the 95% CL 
rossse
tion limits to the SM Higgs boson produ
tion 
ross se
tion as a fun
tion of the Higgsmass are derived, exhibiting a minimum of 1.0 at MH = 170 GeV. The LEP Higgs WorkingGroup provided the observed and expe
ted �2 lnQ 
urves for the s+b and b hypotheses, andthe 
orresponding values of the aforementioned 
on�den
e levels up to MH = 120 GeV. TheTevatron New Phenomena and Higgs Working Group (TEVNPH) made the same informationavailable for 10 dis
rete data points in the mass range 155 GeV � MH � 200 GeV based onpreliminary sear
hes using data samples of up to 3 fb�1 integrated luminosity [82℄. For themass range 110 GeV � MH � 200 GeV, Tevatron results based on 2:4 fb�1 are provided for21A 
orrelation of 0.2 between W mass and width was reported for the Tevatron Run-I results [56℄. Assuming thesame 
orrelation for the LEP and Tevatron 
ombined values of W mass and width leads to an in
rease of the �2minof the standard �t (
omplete �t) by 0.09 (0.23). In the 
omplete �t the 
entral value of the Higgs mass estimate isun
hanged (only the +1� bound slightly redu
es by 0:6 GeV), whereas a downward shift of 1:1 GeV of the 
entralvalue is observed for the standard �t. In both �ts the 
hanges in the other parameters are negligible.22 For a 
ounting experiment with N observed events and Ns (Nb � Ns) expe
ted signal (ba
kground) events,one has � lnQ = Ns � N ln(Ns=Nb + 1) ' Ns(1 � N=Nb), leading to small � lnQ values for large N (signal-like)and large � lnQ values for small N (ba
kground-like). For suÆ
iently large Ns +Nb, the test statisti
s � lnQ has asymmetri
 Gaussian probability density fun
tion.23Assuming a simple 
ounting experiment with a true number of 100 ba
kground and 30 signal events, the one-sided probability CLs+b to 
u
tuate to equal or less than 111 observed event is 0.05. The 
orresponding valueCLs = 0:05 (whi
h does not represent a probability) is however already rea
hed between 105 and 106 events.



4.2 Global Standard Model Analysis 22�2 lnQ [81℄, however not for the 
orresponding 
on�den
e levels.To in
lude the dire
t Higgs sear
hes in the 
omplete SM �t we interpret the �2 lnQ resultsfor a given Higgs mass hypothesis as measurements and derive a log-likelihood estimatorquantifying the deviation of the data from the 
orresponding SM Higgs expe
tation. For thispurpose we transform the one-sided CLs+b into two-sided 
on�den
e levels24 using CL2-sideds+b =2CLs+b for CLs+b � 0:5 and CL2-sideds+b = 2(1 � CLs+b) for CLs+b > 0:5. The 
ontributionto the �2 estimator of the �t is then obtained via Æ�2 = 2 � [Erf�1(1 � CL2-sideds+b )℄2, whereErf�1 is the inverse error fun
tion,25 and where the underlying probability density fun
tionhas been assumed to be symmetri
 (
f. Footnote 22 on page 21).For the 
omplete mass range available for the LEP sear
hes (MH � 120 GeV), and for thehigh mass region of the Tevatron sear
hes (155 GeV �MH � 200 GeV), we employ the CLs+bvalues determined by the experiments. For the low-mass Tevatron results (110 GeV �MH �150 GeV), where the CLs+b values are not provided, they are estimated from the measured�2 lnQ values that are 
ompared with those expe
ted for the s+b hypothesis, and using theerrors derived by the experiments for the b hypothesis. We have tested this approximationin the high-mass region, where the experimental values of CLs+b from the Tevatron areprovided, and found a systemati
 overestimation of the 
ontribution to our �2 test statisti
sof about 30%, with small dependen
e on the Higgs mass. We thus res
ale the test statisti
sin the mass region where the CLs+b approximation is used (i.e. 110 GeV �MH � 150 GeV)by the 
orre
tion fa
tor 0.77.26 On
e made available by the TEVNPH Working Group, thisapproximation will be repla
ed by the published CLs+b values.Our method follows the spirit of a global SM �t and takes advantage from downward 
u
-tuations of the ba
kground in the sensitive region to obtain a more restri
tive limit on theSM Higgs produ
tion as is obtained with the modi�ed frequentist approa
h. The resulting�2 
urves versus MH are shown in Fig. 1. The low-mass ex
lusion is dominated by the LEPsear
hes, while the information above 120 GeV is 
ontributed by the Tevatron experiments.Following the original �gure, the Tevatron measurements have been interpolated by straightlines for the purpose of presentation and in the �t whi
h deals with 
ontinuous MH values.Constraints on the weak mixing angle 
an also be derived from atomi
 parity violation measure-ments in 
aesium, thallium, lead and bismuth. For heavy atoms one determines the weak 
harge,QW � Z(1�4 sin2 �W )�N . Be
ause the present experimental a

ura
y of 0.6% (3.2%) forQW fromCs [86, 87℄ (Tl [88, 89℄) is still an order of magnitude away from a 
ompetitive 
onstraint on sin2�W ,we do not in
lude it into the �t. (In
luding it would redu
e the error on the �tted Higgs mass24The experiments integrate only the tail towards larger �2 lnQ values of the probability density fun
tion to
ompute CLs+b (
orresponding to a 
ounting experiment with to too few observed events with respe
t to the s + bhypothesis), whi
h is later used to derive CLs in the modi�ed frequentist approa
h. They thus quantify Higgs-like (not ne
essarily SM Higgs) enhan
ements in the data. In the global SM �t, however, one is interested in the
ompatibility between the SM hypothesis and the experimental data as a whole, and must hen
e a

ount for anydeviation, in
luding the tail towards smaller �2 lnQ values (
orresponding to a 
ounting experiment with too manyHiggs 
andidates with respe
t to the s + b hypothesis where, s labels the SM Higgs signal).25The use of Erf�1 provides a 
onsistent error interpretation when (re)translating the �2 estimator into a 
on�den
elevel via CL = 1� Prob(�2; 1) = Erf(p�2=2).26The 
orre
tion fa
tor redu
es the value of the �2 test statisti
s. As des
ribed in Footnote 32, its appli
ation haslittle impa
t on the �t results.
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Figure 1: The 
ontribution to the �2 estimator versus MH derived from the experimental information ondire
t Higgs boson sear
hes made available by the LEP Higgs Boson and the Tevatron New Phenomena andHiggs Boson Working Groups [80{82℄. The solid dots indi
ate the Tevatron measurements. Following theoriginal �gure they have been interpolated by straight lines for the purpose of presentation and in the �t.See text for a des
ription of the method applied.by 0.2 GeV). Due to the same reason we do not in
lude the parity violation left-right asymmetrymeasurement using �xed target polarised M�ller s
attering at low Q2 = 0:026 GeV2 [90℄.27The NuTeV Collaboration measured ratios of neutral and 
harged 
urrent 
ross se
tions in neutrino-nu
leon s
attering at an average Q2 ' 20 GeV2 using both muon neutrino and muon anti-neutrinobeams [91℄. The results derived for the e�e
tive weak 
ouplings are not in
luded in this analysisbe
ause of un
lear theoreti
al un
ertainties from QCD e�e
ts su
h as next-to-leading order 
orre
-tions and nu
lear e�e
ts of the bound nu
leon parton distribution fun
tions [92℄ (for reviews see,e.g., Refs. [93, 94℄).Although a large number of pre
ision results for �S at various s
ales are available, in
luding re
ent3NLO determinations at the � -mass s
ale [28, 29, 95, 96℄, we do not in
lude these in the �t, be
ause{ owing to the weak 
orrelation between �S(M2Z) and MH (
f. Table 3) { the gain in pre
isionon the latter quantity is insigni�
ant.28 Leaving �S(M2Z) free provides thus an independent andtheoreti
ally robust determination of the strong 
oupling at the Z-mass s
ale.The anomaly of the magneti
 moment of the muon (g� 2)� has been measured very a

urately toa relative pre
ision of 5 � 10�7. Be
ause of the small muon mass the interesting weak 
orre
tionsonly set in at a similar size, and this observable is thus not in
luded in the analysis. However, the27The main su

ess of this measurement is to have established the running of the weak 
oupling strength at the6:4� level.28In
luding the 
onstraint �S(M2Z) = 0:1212�0:0011 [29℄ into the �t moves the 
entral value ofMH by +0:6 MeV,and provides no redu
tion in the error.
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s beyond the SM (expe
ted to 
ouple to the lepton mass-squared)is similar to that of the other observables.
4.2.3 Fit ResultsAll �ts dis
ussed in this se
tion minimise the test statisti
s �2(ymod) de�ned in Eq. (1). The�2 fun
tion a

ounts for the deviations between the observables given in Table 1 and their SMpredi
tions (in
luding 
orrelations). Throughout this se
tion we will dis
uss the results of two �ts:� The standard (\blue-band") �t, whi
h in
ludes all the observables listed in Table 1, ex
eptfor results from the dire
t Higgs sear
hes.� The 
omplete �t in
ludes also the results from the dire
t sear
hes for the Higgs boson at LEPand the Tevatron using the method des
ribed in Se
tion 4.2.2.The standard (
omplete) �t 
onverges at the global minimum value �2min = 16:4 (�2min = 18:0) for13 (14) degrees of freedom, giving the naive p-value Prob(�2min; 13) = 0:23 (Prob(�2min; 14) = 0:21).See Se
tion 4.2.5 for a more a

urate toy-MC-based determination of the p-value. The results forthe parameters and observables of the two �ts are given in 
olumns four and �ve of Table 1 togetherwith their one standard deviation (�) intervals derived from the ��2 estimator using a Gaussianapproximation.29 We dis
uss in the following some of the outstanding �ndings and features of the�ts.
Direct and Indirect Determination of Observables, PullsTo test the sensitivity of the SM �t to the various input observables, we 
onse
utively disabledea
h of the observables in the �t and performed a log-likelihood s
an of the disabled observable.The 
orresponding results and the 1� intervals are listed in the last 
olumn of Table 1. Comparingthe errors obtained in these indire
t determinations with the available measurements reveals theirimportan
e for the �t. For example, the measurement of MZ is a 
ru
ial ingredient, albeit theavailable a

ura
y is not required. The indire
t and dire
t determinations of MW are of similarpre
ision, su
h that an improved measurement would immediately impa
t the �t. The same istrue for the asymmetry A`. On the other hand, due to an insuÆ
ient pre
ision the heavy quarkasymmetries A
 and Ab do not signi�
antly impa
t the �t (the �t outperforms the measurementsby almost two orders of magnitude in pre
ision).For further illustration, the pull values obtained from the di�eren
e between the �t result and themeasurement divided by the total experimental error (not in
luding the �t error) are shown forthe 
omplete �t in the left hand plot of Fig. 2 (the standard �t pulls are very similar). They re
e
tthe known tension between the leptoni
 and hadroni
 asymmetries, though it is noti
eable that nosingle pull value ex
eeds 3�. The pulls of the 
 and b quark masses are very small indi
ating thatvariations of these masses within their respe
tive error estimates has negligible impa
t on the �t.29We have veri�ed the Gaussian properties of the �t by sampling toy MC experiments. The results are dis
ussedin Se
tion 4.2.4. In the following, unless otherwise stated, 
on�den
e levels and error ranges are derived using theGaussian approximation Prob(��2; ndof ).
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Figure 2: Comparing �t results with dire
t measurements: pull values for the 
omplete �t (left), and resultsfor MH from the standard �t ex
luding the respe
tive measurements from the �t (right).
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Figure 3: Determination of MH ex
luding all the sensitive observables from the standard �t, ex
ept for theone given. The results shown are not independent. The information in this �gure is 
omplementary to theone in the right hand plot of Fig. 2.



4.2 Global Standard Model Analysis 26Parameter lnMH ��(5)had(M2Z) MZ �S(M2Z) mt m
 mblnMH 1 �0:395 0.113 0.041 0.309 �0:001 �0:006��(5)had(M2Z) 1 �0:006 0.101 �0:007 0.001 0.003MZ 1 �0:019 �0:015 �0:000 0.000�S(M2Z) 1 0.021 0.011 0.043mt 1 0.000 �0:003m
 1 0.000
Table 3: Correlation 
oeÆ
ients between the free �t parameters in the standard �t. The 
orrelations withand between the varying theoreti
al error parameters Æth are negligible in all 
ases. The 
orrelation betweenMH and the input parameter MW amounts to �0:49.The same observation applies to MZ and ��(5)had(M2Z) (and to a lesser extent even to mt). Thus,without signi�
ant impa
t on the goodness-of-�t �t these parameters 
ould have been �xed.30
CorrelationsThe 
orrelation 
oeÆ
ients between the �t parameters of the standard �t are given in Table 3.Signi�
ant are the 
orrelations of �0:40 (+0:31) between lnMH and ��(5)had(M2Z) (mt). An ex-
ellent pre
ision of these two latter quantities is hen
e of primary importan
e for the Higgs-mass
onstraint. The 
orrelation between ��(5)had(M2Z) and �S(M2Z) is due to the dependen
e of thehadroni
 va
uum polarisation 
ontribution on the strong 
oupling that is known to the �t (
f.
omment in Footnote 20 on page 19). The 
orrelation 
oeÆ
ients obtained with the 
omplete �tare very similar.
Prediction of the Higgs MassThe primary target of the ele
troweak �t is the predi
tion of the Higgs mass. The main resultsare dis
ussed in this paragraph, while more detailed aspe
ts 
on
erning the statisti
al propertiesof the Higgs mass predi
tion are presented in Se
tion 4.2.4. The 
omplete �t represents the mosta

urate estimation of MH 
onsidering all available data. We �ndMH = 116:4+18:3�1:3 GeV (33)where the error a

ounts for both experimental and theoreti
al un
ertainties. The theory param-eters Æth lead to an un
ertainty of 8 GeV on MH , whi
h does however not yet signi�
antly impa
tthe error in (33) be
ause of the spread among the input measurements that are sensitive to MH30Fixing m
, mb, mt, MZ and ��(5)had(M2Z) in the �t leads to only an insigni�
ant in
rease of 0.03 in the overall�2min, re
e
ting the little sensitivity of the �t to these parameters varying within the ranges of their (
omparablysmall) measurement errors. Of 
ourse, this does not prevent MH to strongly depend on the mt and ��(5)had(M2Z)input values.
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f. Fig. 3).31 As seen in Fig. 12 of Se
tion 4.3, on
e the measurements are (made) 
ompatible,the theoreti
al errors be
ome visible by the uniform plateau around the ��2 minimum, and alsofully 
ontribute to the �t error. The 2� and 3� allowed regions of MH , in
luding all errors, are[114; 145℄ GeV and [[113; 168℄ and [180; 225℄℄ GeV, respe
tively.32 The result for the standard �twithout the dire
t Higgs sear
hes is MH = 80+30�23 GeV : (34)and the 2� and 3� intervals are respe
tively [39; 155℄ GeV and [26; 209℄ GeV. The 3� upper limit istighter than for the 
omplete �t be
ause of the in
rease of the best �t value of MH in the 
omplete�t. The 
ontributions from the various measurements to the 
entral value and error of MH in thestandard �t are given in the right hand plot of Fig. 2, where all input measurements ex
ept for theones listed in a given line are used in the �t. It 
an be seen that, e.g., the measurements of mtand MW are essential for an a

urate estimation of the MH .Figure 3 gives the 
omplementary information. Among the four observables providing the strongest
onstraint onMH , namely A`(LEP), A`(SLD), A0;bFB andMW , only the one indi
ated in a given rowof the plot is in
luded in the �t.33 The 
ompatibility among these measurements (
f. Fig. 3) 
an beestimated by (for example) repeating the global �t where the least 
ompatible of the measurements(here A0;bFB) is removed, and by 
omparing the �2min estimator obtained in that �t to the one of thefull �t (here the standard �t). To assign a probability to the observation, the ��2min obtained thisway must be gauged with toy MC experiments to take into a

ount the \look-elsewhere" e�e
tintrodu
ed by the expli
it sele
tion of the pull outlier. We �nd that in (1:4 � 0:1)% (\2:5�") ofthe toy experiments, the ��2min found ex
eeds the ��2min = 8:0 observed in 
urrent data.In spite of the signi�
ant anti
orrelation between MH and ��(5)had(M2Z), the present un
ertaintyin the latter quantity does not strongly impa
t the pre
ision obtained for MH . Using the theory-driven, more pre
ise phenomenologi
al value ��(5)had(M2Z) = (277:0�1:6) �10�4 [97℄, we �nd for thestandard �t MH = 80+28�22 GeV. For 
omparison, with ��(5)had(M2Z) = (275:8 � 3:5) � 10�4 [98℄, we�nd MH = 83+34�26 GeV, reprodu
ing the result form the LEP Ele
troweak Working Group [50℄.
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Figure 4: ��2 versus mt for the 
omplete �t (solid line) and the standard �t (dashed), both ex
luding thedire
t mt measurement whi
h is indi
ated by the dot with 1� error bars.
Prediction of the Top MassFigure 4 shows the ��2 = �2��2min pro�le as a fun
tion of mt obtained for the 
omplete �t (solidline) and the standard �t (dashed line), both ex
luding the dire
t measurement of the top-quarkmass from the �t. The one, two and three standard deviations from the minimum are indi
atedby the 
rossings with the 
orresponding horizontal lines. From the 
omplete �t we �ndmt = 178:2+9:8�4:2 GeV ; (35)whi
h, albeit less pre
ise, agrees with the experimental number indi
ated in Fig. 4 by the dot with1� error bars (
f. Table 1). The 
orresponding result for the standard �t is mt = 177:0+10:8�8:0 GeV.The insertion of the dire
t (LEP) Higgs sear
hes leads to a more restri
tive 
onstraint towards31 This is a subtle feature of the R�t treatment that we shall illustrate by mean of a simple example. Consider twoidenti
al un
orrelated measurements of an observable A: 1� 1� 1 and 1� 1� 1, where the �rst errors are statisti
aland the se
ond theoreti
al. The weighted average of these measurements gives hAi = 1 � 0:7 � 1 = 1 � 1:7, wherefor the last term statisti
al and theoreti
al errors (likelihoods) have been 
ombined. If the two measurements onlybarely overlap within their theoreti
al errors, e.g., 1� 1� 1 and 3� 1� 1, their weighted average gives hAi = 2� 1.Finally, if the two measurements are in
ompatible, e.g., 1 � 1 � 1 and 5 � 1 � 1, one �nds hAi = 3 � 0:7, i.e., thetheoreti
al errors are only used to in
rease the global likelihood value of the average, without impa
ting the error.This latter situation o

urs in the MH �ts dis
ussed here (although the theoreti
al errors in these �ts are atta
hedto the theory predi
tions rather than to the measurements, whi
h however does not alter the 
on
lusion).32 A �t in whi
h the estimated CLs+b values of the Tevatron sear
hes in the mass region 110 GeV �MH � 150 GeVare not res
aled with the 
orre
tion fa
tor 0.77 (
f.. Se
tion 4.2.2) leads to a signi�
ant in
rease of the ��2 valueonly for MH = 150 GeV. At lower masses the �2 
ontributions of the dire
t sear
hes at the Tevatron are small. The
entral value of MH as well as the 1� and 3� allowed regions are un
hanged; only the 2� intervall is slightly redu
edto [114; 144℄ GeV without the 
orre
tion fa
tor.33The un
ertainty in the ymod parameters that are 
orrelated to MH (mainly ��(5)had(M2Z) and mt) 
ontributes tothe errors shown in Fig. 3, and generates a 
orrelations between the four MH values found.
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ause of the 
oating Higgs mass, and its positive 
orrelation with mt,the ��2 pro�le of the standard �t exhibits an asymmetry (the 
onstraint is less restri
tive towardslarger mt values), whi
h is opposite to the naive expe
tation from the dominantly quadrati
 mtdependen
e of the loop 
orre
tions.
The Strong and Electromagnetic CouplingsFrom the 
omplete �t we �nd for the strong 
oupling at the Z-mass s
ale�S(M2Z) = 0:1193+0:0028�0:0027 � 0:0001 ; (36)where the �rst error is experimental (in
luding also the propagated un
ertainties from the errorsin the 
 and b quark masses) and the se
ond due to the trun
ation of the perturbative QCD series.It in
ludes variations of the renormalisation s
ale between 0:6MZ < � < 1:3MZ [29℄, of masslessterms of order �5S(MZ) and higher, and of quadrati
 massive terms of order and beyond �4S(MZ)(
f. Appendix A.4).34 Equation (36) represents the theoreti
ally most robust determination of�S to date. It is in ex
ellent agreement with the re
ent 3NLO result from � de
ays [28, 29℄,�S(M2Z) = 0:1212�0:0005�0:0008�0:0005, where the errors are experimental (�rst) and theoreti
al(se
ond and third), the latter error being further subdivided into 
ontributions from the predi
tionof the � hadroni
 width (and spe
tral moments), and from the evolution to the Z-mass s
ale.35Be
ause of their pre
ision, and the almost two orders of magnitude s
ale di�eren
e, the � andZ-s
ale measurements of �S represent the best 
urrent test of the asymptoti
 freedom property ofQCD.Finally, the �t result for ��(5)had(M2Z) without using the 
onstraint from the phenomenologi
alanalysis in the �t (but in
luding the 
onstraint from the dire
t Higgs sear
hes, 
f. Table 1) pre
iselyestablishes a running QED 
oupling,36 and 
an be translated into the determination ��1(MZ)j�t =128:99�0:08. The result is in agreement with the phenomenologi
al value ��1(MZ)jph = 128:937�0:030 [75℄.
4.2.4 Properties of the Higgs-Mass ConstraintWe pro
eed with studying the statisti
al properties of the 
onstraints (33) and (34). Figure 5(top) shows the ��2 pro�le versus MH obtained for the standard �t (outermost envelope). Alsoshown is the 95% CL ex
lusion region obtained from the dire
t sear
hes at LEP [80℄. It ex
eedsthe best �t value of the standard �t. The R�t approa
h provides an in
lusive treatment of alltypes of theoreti
al un
ertainties 
onsidered in the �t. Fixing the Æth parameters at zero in the �t34The un
ertainty related to the ambiguity between the use of �xed-order perturbation theory and the so-
alled
ontour-improved perturbation theory to solve the 
ontour integration of the 
omplex Adler fun
tion has been foundto be very small (3 � 10�5) at the Z-mass s
ale [29℄.35Another analysis exploiting the � hadroni
 width and its spe
tral fun
tions, but using a di�erent set of spe
tralmoments than [29℄, �nds �S(M2Z) = 0:1187� 0:0016 [96℄. An analysis of the � hadroni
 width relying on �xed-orderperturbation theory �nds �S(M2Z) = 0:1180 � 0:0008, where all errors have been added in quadrature [95℄.36This result is 
omplementary (though more pre
ise) to the LEP measurements of the s
ale dependen
e of �using, e.g., small and large-angle Bhabha s
attering at low energy [99, 100℄ and high energies [101℄, respe
tively, or
ross se
tion and asymmetry measurements at high energies [102℄.
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Figure 5: ��2 as a fun
tion of MH for the standard �t (top) and the 
omplete �t (bottom). The solid(dashed) lines give the results when in
luding (ignoring) theoreti
al errors. The minimum �2min of the �tin
luding theoreti
al errors is used for both 
urves in ea
h plot to obtain the o�set-
orre
ted ��2.
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Figure 6: ��2 versus MH with an alternative treatment of theory un
ertainties [103℄. Shown are theresults of the standard �t ignoring theoreti
al un
ertainties (dotted line), the regions determined fromthe maximum deviation in ��2 a
hieved by shifting the SM predi
tions of all observables a

ording to 1\standard deviation" of the various theory un
ertainties (shaded band) and for 
omparison the result of thestandard �t (solid 
urve) in whi
h theoreti
al un
ertainties are in
luded in the �2 
al
ulation.(whi
h is equivalent to ignoring the 
orresponding theoreti
al un
ertainties) results in a narrowerlog-likelihood 
urve, with a +0:6 larger global �2min value, and a shift in MH at this minimum of+2:4 GeV with respe
t to the result of the standard �t. The di�eren
e between the two envelopesobtained with freely varying and �xed Æth parameters is highlighted by the shaded band in Fig. 5(top).In previous ele
troweak �ts [103℄ theoreti
al un
ertainties were a

ounted for by independently shifting theSM predi
tion of ea
h a�e
ted observable by the size of the estimated theoreti
al un
ertainty, and taking themaximum observed 
umulative deviation inMH as theoreti
al error. The error envelope obtained this way isshown in Fig. 6. The dotted 
urve in the middle of the shaded band is the result of a �t ignoring all theoreti
alun
ertainties. The shaded band illustrates the maximum deviations of the ��2 
urves obtained with shiftedpredi
tions. In
luding the systemati
 un
ertainties in this way yields a 1� interval of [55; 122℄ GeV and 95%(99%) CL upper limits of 162 GeV (192 GeV) respe
tively. For 
omparison the solid 
urve in Fig. 6 showsthe result of the standard �t using the R�t s
heme.37 More detailed studies of systemati
 theoreti
alun
ertainties are reported in [68℄.The ��2 
urve versus MH for the 
omplete �t is shown in Fig. 5 (bottom). Again the shadedband indi
ates the di�eren
e between the two envelopes obtained with freely varying and �xedÆth parameters, both normalised to the same �2min (from the �t with free Æth parameters). Thein
lusion of the dire
t Higgs sear
h results from LEP leads to a strong rise of the ��2 
urve below37The in
lusion of the theory errors via freely varying parameters (R�t) leads to a de
rease in the global �2min ofthe �t. In
ompatibilities in the input observables (whi
h may be due to statisti
al 
u
tuations) thus attenuate thenumeri
al e�e
t of the theoreti
al errors on the �tted parameter (here MH). See Footnote 31 on page 28 for anillustration of this e�e
t.



4.2 Global Standard Model Analysis 32MH = 115 GeV. The data points from the dire
t Higgs sear
hes at the Tevatron, available in therange 110 GeV < MH < 200 GeV with linear interpolation between the points, in
reases the ��2estimator for Higgs masses above 140 GeV beyond that obtained from the standard �t.We have studied the Gaussian (paraboli
) properties of the ��2 estimator to test whether theinterpretation of the pro�le likelihood in terms of 
on�den
e levels 
an be simpli�ed. Figure 7 givesthe 1 � CL derived for ��2 as a fun
tion of the MH hypothesis for various s
enarios: Gaussianapproximation Prob(��2; 1) of the standard �t in
luding theory errors (dashed/red line), Gaussianapproximation of the standard �t ignoring theory errors, i.e., �xing all Æth parameters at zero(solid/bla
k line), and an a

urate evaluation using toy MC experiments ignoring theory errors(shaded/green area). Also shown is the 
omplete �t result with Gaussian approximation. The toyexperiments are sampled using as underlying model the best �t parameters (and 
orrespondingobservables) obtained for ea
h MH hypothesis. As des
ribed in Se
tion 2.4, su
h a hypothesis isin
omplete from a frequentist point of view be
ause the true values of the nuisan
e parameters areunknown.38 However, the persuasively Gaussian 
hara
ter of the �t makes us 
on�dent that ourassumption is justi�ed in the present 
ase (
f. the additional dis
ussion and tests in Se
tion 4.2.5).The 
orrelations given in Table 2 are taken into a

ount for the generation of the toy experiments.Theoreti
al errors being of non-statisti
al origin have been ex
luded from this test, whi
h aimsat gauging the statisti
al properties of the test statisti
s. The 
urves in Fig. 7 show agreementbetween the Gaussian approximation without theoreti
al errors, and the toy MC result. It provesthat the �t is well behaved, and the ��2 estimator 
an be interpreted as a true �2 fun
tion.Figure 8 shows the 68%, 95% and 99% CL 
ontours for the variable pairs mt vs. MH (top)and ��(5)had(M2Z) vs. MH (bottom), exhibiting the largest 
orrelations in the �ts. The 
ontoursare derived from the ��2 values found in the pro�le s
ans using Prob(��2; 2) (
f. dis
ussion inSe
tion 2.3). Three sets of �ts are shown in these plots: the largest/blue (narrower/purple) allowedregions are derived from the standard �t ex
luding (in
luding) the measured values (indi
atedby shaded/light green horizontal bands) for respe
tively mt and ��(5)had(M2Z) in the �ts. The
orrelations seen in these plots are approximately linear for lnMH (
f. Table 3). The third setof �ts, providing the narrowest 
onstraints, uses the 
omplete �t, i.e., in
luding in addition toall available measurements the dire
t Higgs sear
hes. The stru
ture of allowed areas re
e
ts thepresen
e of lo
al minima in the bottom plot of Fig. 5.Figure 9 
ompares the dire
t measurements of MW and mt, shown by the shaded/green 1�bands, with the 68%, 95% and 99% CL 
onstraints obtained with again three �t s
enarios. Thelargest/blue (narrowest/green) allowed regions are again the result of the standard �t (
omplete�t) ex
luding (in
luding) the measured values of MW and mt. The results of the 
omplete �tex
luding the measured values are illustrated by the narrower/yellow allowed region. The allowedregions of the indire
t determination is signi�
antly redu
ed with the insertion of the dire
t Higgssear
hes. Good agreement is observed between (i) indire
t determination without (largest/blue38 Examples from other parti
le physi
s areas, su
h as the determination of the CKM phase 
 via dire
t CP violationmeasurements in B de
ays involving 
harm, show that this approximation 
an lead to severe under
overage of theresult [35℄. As des
ribed in Se
tion 2, the full treatment would require a numeri
al minimisation of the ex
lusionCLwith respe
t to any true SM (nuisan
e) parameter set used to generate the toy MC samples (
f. Refs. [35, 36℄).More formally, this 
orresponds to solving CL(MH) = min�CL�(MH), where � are the nuisan
e parameters of the �tand CL�(MH) = R��2(MH ;data)0 F (��2jMH ; �)d��2, and where F (��2jMH ; �) is the probability density fun
tionof ��2 for true MH and � determined from toy MC simulation.
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Figure 7: The 1 � CL fun
tion derived from the ��2 estimator versus the MH hypothesis (
f. Fig. 5(top) for ��2 versus MH) for the standard �t. Compared are the Gaussian approximation Prob(��2; 1)for the standard �t with (dashed/red line) and without theoreti
al errors (solid/bla
k line), respe
tively, toan evaluation based on toy MC simulation for whi
h theoreti
al errors have been ignored. Also given is theresult using Prob(:) for the 
omplete �t (dotted/blue line).area) and with (narrower/yellow area) the dire
t Higgs sear
hes, and (ii) the dire
t measurements(shaded/green bands).
4.2.5 Probing the Standard ModelWe evaluate the p-value of the global SM �t following the pres
ription outlined in Se
tion 2.4. A toyMC sample with 10 000 experiments has been generated using as true values for the SM parametersthe out
omes of the global �t (see the remarks below and in Se
tion 2.4 and Footnote 38 onpage 32 about the limitation of this method). For ea
h toy simulation, the 
entral values of all theobservables used in the �t are generated a

ording to Gaussian distributions around their expe
tedSM values (given the parameter settings) with standard deviations equal to the full experimentalerrors taking into a

ount all 
orrelations.39 It is assumed that 
entral values and errors areindependent. The R�t treatment of theoreti
al un
ertainties allows the �t to adjust theoreti
alpredi
tions and parameters at will within the given error ranges, and { as opposed to measurements{ the theoreti
al parameters 
annot be des
ribed by a probability density distribution and are thusnot 
u
tuated in the toy MC. For ea
h toy MC sample, the 
omplete �t is performed (i.e., in
ludingthe results from the dire
t Higgs sear
hes) yielding the �2min distribution shown by the light shaded39Sin
e only bounds on MH are available with no probability density information given within these bounds, arandom generation of MH toy measurements is not possible. This experimental input is thus kept un
hanged for alltoy MC experiments.
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Figure 8: Contours of 68%, 95% and 99% CL obtained from s
ans of �ts with �xed variable pairs mt vs.MH (top) and ��(5)had(M2Z) vs. MH (bottom). The largest/blue (narrower/purple) allowed regions are theresults of the standard �t ex
luding (in
luding) the measurements of mt (top) and ��(5)had(M2Z) (bottom).The narrowest/green areas indi
ate the 
onstraints obtained for the 
omplete �t in
luding all the availabledata. The horizontal bands indi
ate the 1� regions of respe
tively the mt measurement and ��(5)had(M2Z)phenomenologi
al determination.
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Figure 9: Contours of 68%, 95% and 99% CL obtained from s
ans of �ts with �xed variable pairs MW vs.mt. The largest/blue allowed regions are the results of the standard �t ex
luding the measurements of MWand mt. The narrow/yellow (narrowest/green) areas indi
ate the 
onstraints obtained for the 
omplete �tex
luding (in
luding) the 
orresponding measurements. The horizontal bands indi
ate the 1� regions of themeasurements (world averages).histogram in Fig. 10. The distribution obtained when �xing the Æth parameters at zero is shownby the dark shaded/green histogram. In
luding the theoreti
al un
ertainties redu
es the numberof degrees of freedom in the data and hen
e shifts the distribution to lower values. Overlaid is the�2 fun
tion expe
ted for Gaussian observables and 14 degrees of freedom. Fair agreement with theempiri
al toy MC distribution for �xed Æth is observed.The monotonously de
reasing 
urves in Fig. 10 give the p-value of the SM �t as a fun
tion of �2min,obtained by integrating the sampled normalised �2 fun
tion between �2min and in�nity. The valueof the global SM �t is indi
ated by the arrow. In
luding theoreti
al errors in the �t givesp-value (datajSM) = 0:22 � 0:01�0:02 ; (37)where the �rst error is statisti
al, determined by the number of toy experiments performed, andthe se
ond a

ounts for the shift resulting from �xed Æth parameters. The probability of falselyreje
ting the SM, expressed by the result (37), is suÆ
ient and no signi�
ant requirement forphysi
s beyond the SM 
an be inferred from the �t.To validate the p��best �t � min�p� assumption used in the above study, we have generated severaltrue parameter sets (�) in the vi
inity of the best �t result (varying parameters in
oherently by�1� around their measurement errors), and repeated the toy-MC based p-value evaluation forea
h of them. The �2 probability density distributions derived from these tests have been foundto be 
ompatible with ea
h other, leading to similar p-values in all 
ases studied. It supports therobustness of the result (37).We have extended the above analysis by deriving p-values for the standard �t as a fun
tion of the
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Figure 10: Result of the MC toy analysis of the 
omplete �t. Shown are the �2min distribution of a toy MCsimulation (open histogram), the 
orresponding distribution for a 
omplete �t with �xed Æth parameters atzero (shaded/green histogram), an ideal �2 distribution assuming a Gaussian 
ase with ndof = 14 (bla
kline) and the p-value as a fun
tion of the �2min of the global �t.true Higgs mass. The results are shown in Fig. 11. For values ofMH around 80 GeV, 
orrespondingto the �2min of the standard �t, p-values of about 0.25 are found.40 With higher MH the p-valuedrops rea
hing the 2� level at MH = 190 GeV and the 3� level at MH = 270 GeV.
4.3 Prospects for the LHC and ILCThe next generation of parti
le 
olliders, namely LHC and ILC, have the potential to signi�
antlyin
rease the pre
ision of most ele
troweak observables that are relevant to the �t. This will improvethe predi
tive power of the �t, and { in 
ase of a Higgs dis
overy { its sensitivity to physi
s beyondthe SM by dire
tly 
onfronting theory and experiment, and by testing the overall goodness-of-�tof the SM.At the LHC the masses of the W boson and the top quark are expe
ted to be measured withpre
isions rea
hing �(MW ) = 15 MeV and �(mt) = 1:0 GeV [30, 31, 104, 105℄, respe
tively.4140By �xing MH the number of degrees of freedom of the �t is in
reased 
ompared to the standard �t resulting ina larger average �2min and thus in a larger p-value.41CMS expe
ts a systemati
 (statisti
al) pre
ision of better than 20 MeV (10 MeV) for an integrated luminosity of10 fb�1 [31, 106℄. It uses a method based on solely the re
onstru
tion of the 
harged lepton transverse momentum,whi
h has redu
ed systemati
 un
ertainties 
ompared to re
onstru
ting the transverse W mass, with the downsideof a smaller statisti
al yield. In an earlier study using the transverse-mass method, ATLAS �nds a systemati
(statisti
al) un
ertainty of better than 25 MeV (2 MeV), for the same integrated luminosity [30℄. Combining both,lepton 
hannels and experiments, a �nal un
ertainty of about 15 MeV is anti
ipated in [104℄, whi
h is used here. Are
ent ATLAS study [107℄, superseding their previous results, �nds that un
ertainties of �(MW ) � 7 MeV may bea
hievable for ea
h lepton 
hannel (with similar un
ertainties for both aforementioned experimental approa
hes), by
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Figure 11: P-value of the ele
troweak �t versus MH as obtained from toy MC simulation. The error bandrepresents the statisti
al error from the MC sampling.At the ILC it is expe
ted that the top mass 
an be measured to an experimental pre
ision ofapproximately �(mt) = 50 MeV using a threshold s
an and an adapted mass de�nition [32, 108℄.This should translates into an error of 100{200 MeV on the MS-mass depending on the a

ura
y ofthe strong 
oupling 
onstant [32, 108, 109℄. More improvements are expe
ted for a linear 
olliderrunning with high luminosity and polarised beams at the Z resonan
e (GigaZ). The W -mass 
anbe measured to 6 MeV from a s
an of the WW threshold [32℄. The e�e
tive weak mixing angle forleptons 
an be measured to a pre
ision of 1:3 � 10�5 from the left-right asymmetry, ALR [32, 110℄.At the same time, the ratio of the Z leptoni
 to hadroni
 partial de
ay widths, R0̀, 
an be obtainedto an absolute experimental pre
ision of 0.004 [111℄. These numbers do not in
lude theoreti
alun
ertainties sin
e it is assumed that substantial theoreti
al progress will be realised in the yearsleft before these measurements are possible.At the time when the new measurements from the LHC experiments, and later the ILC, be
omeavailable, an improved determination of ��(5)had(M2Z) will be needed to fully exploit the new pre-
ision data. This in turn requires a signi�
ant improvement in the quality of the hadroni
 
rossse
tion data at energies around the 

 resonan
es and below, and a better knowledge of the 
and b quark masses entering the perturbative predi
tion of the 
ross se
tions where appli
able,whi
h serve as input to the dispersion integral. Referen
e [112℄ quotes expe
ted un
ertainties of�(��(5)had(M2Z)) � 7 � 10�5 and 5 � 10�5, 
ompared to presently 22 � 10�5, if the relative pre
isionon the 
ross se
tions attains 1% below the J= and the � resonan
es, respe
tively. The formerestimate will be used for the present study. Sin
e most of present data is dominated by systemati
un
ertainties, measurements of state-of-the-art experiments with better a

eptan
e and 
ontrol ofheavily relying on the 
alibration of the lepton momenta and re
onstru
tion eÆ
ien
ies at the Z pole. Using this�(MW ) in the �t improves the MH determination for the LHC prospe
tive from MH = 120+ 42� 33 to MH = 120+ 31� 26(using the improved ��(5)had(M2Z) error of 7 � 10�5 for both �ts, 
f. Table 4).



4.3 Prospects for the LHC and ILC 38Expe
ted un
ertaintyQuantity Present LHC ILC GigaZ (ILC)MW [ MeV℄ 25 15 15 6mt [ GeV℄ 1.2 1.0 0.2 0.1sin2�è� [10�5℄ 17 17 17 1.3R0̀ [10�2℄ 2.5 2.5 2.5 0.4��(5)had(M2Z) [10�5℄ 22 (7) 22 (7) 22 (7) 22 (7)MH(= 120 GeV) [ GeV℄ +56� 40 �+52� 39� �+39� 31� +45� 35 �+42� 33� �+30� 25� +42� 33 �+39� 31� �+28� 23� +27� 23 �+20� 18� �+8� 7��S(M2Z) [10�4℄ 28 28 27 6
Table 4: Measurement prospe
ts at future a

elerators for key observables used in the ele
troweak �t, andtheir impa
t on the ele
troweak �t. The 
olumns give, from the left to the right: present errors, the expe
tedun
ertainties for the LHC with 10 fb�1 integrated luminosity, the ILC without and with the option to runat the Z resonan
e and along the W -pair produ
tion threshold (GigaZ) for one year of nominal running.The estimated improvement for ��(5)had(M2Z) (given in parenthesis of the 
orresponding line) over the 
urrentun
ertainty is unrelated to these a

elerators, and must 
ome from new low-energy hadroni
 
ross se
tionmeasurements and a more a

urate theory (see text). The lower rows give the results obtained for MH and�S(M2Z). For MH are also given the results with improved ��(5)had(M2Z) pre
ision (parentheses { this has noimpa
t on �S(M2Z)), and when in addition ignoring the theoreti
al un
ertainties [bra
kets℄. Note that allerrors obtained on MH are strongly 
entral value dependent (see text).systemati
s are needed. High-statisti
s ISR analyses performed at the B and � fa
tories alreadyprovided promising results on many ex
lusive hadroni
 
hannels. New data will also 
ome fromthe BESIII experiment at the BEPCII e+e� 
ollider that starts operation in Summer 2008.The dominant theoreti
al un
ertainties a�e
ting the ele
troweak �t arise from the missing higherorder 
orre
tions in the predi
tions of MW and sin2�è� (
f. Se
tion 4.1.4), whi
h 
ontributesimilarly to the error on MH . They amount to 10 GeV (13 GeV) at MH = 120 GeV (150 GeV).Signi�
ant theoreti
al e�ort is needed to redu
e these.A summary of the 
urrent and anti
ipated future un
ertainties on the quantities MW , mt, sin2�è� ,R0̀, and ��(5)had(M2Z), for the LHC, ILC, and the ILC with GigaZ option, is given in Table 4. Byusing these improved measurements the global SM �t (not using the results from dire
t Higgssear
hes nor measurements of �S(M2Z)) results in the 
onstraints on the Higgs mass and �S(M2Z)quoted in Table 4. For all four s
enarios the true Higgs mass has been assumed to be MH =120 GeV and the 
entral values for all observables are adjusted su
h that they are 
onsistent withthis MH value. All �ts are performed using respe
tively the present un
ertainty on ��(5)had(M2Z),and assuming the above-mentioned improvement. For the latter 
ase results for MH are givenin
luding (parentheses) and ex
luding [bra
kets℄ theory un
ertainties. With the GigaZ option,the un
ertainty from ��(5)had(M2Z) would dominate the overall �t error on MH if no improvemento

urred. We emphasise that due (by part) to the logarithmi
 dependen
e, the error obtained onMH is strongly MH dependent: with the same pre
ision on the observables, but 
entral valuesthat are 
onsistent with a true value of 150 GeV, one would �nd MH = 150+66�49 GeV in average,
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Figure 12: Constraints on MH obtained for the four s
enarios given in Table 4, assuming the improvement�(��(5)had(M2Z)) = 7 �10�5 for all prospe
tive 
urves. Shown are, from wider to narrower ��2 
urves: present
onstraint, LHC expe
tation, ILC expe
tations with and without GigaZ option. The 1� errors forMH givenin Table 4 
orrespond to the ��2 = 1 intervals obtained from these graphs. The shaded bands indi
ate thee�e
t of theoreti
al un
ertainties.i.e., an error in
rease over the MH = 120 GeV 
ase of almost 30%. With the GigaZ option andthe resulting improvement for R0̀ the un
ertainty on �S(M2Z) from the �t is redu
ed by a fa
torof four.The MH s
ans obtained for the four s
enarios, assuming the improved ��(5)had(M2Z) pre
ision tobe appli
able for all future (LHC and beyond) s
enarios, are shown in Fig. 12. The shaded bandsindi
ate the e�e
t of the 
urrent theoreti
al un
ertainties. As expe
ted the theoreti
al errorsin
luded with the R�t s
heme are visible by a broad plateau around the ��2 minimum.A dis
overy of the Higgs boson at the LHC in the 
lean de
ay mode H ! 

 (H ! 2`2`0) for alight (heavy) Higgs would soon allow a pre
ision measurement of MH beyond the per
ent level.Inserting the measurement into the global ele
troweak �t would lead to a predi
tion of the Wboson mass with 13 MeV error, of whi
h 5 MeV is theoreti
al. Predi
tion and measurement 
ouldbe dire
tly 
onfronted. More in
lusively, the p-value of the data given the SM 
ould be determinedas a dire
t test of the goodness of the SM �t.
5 Extending the SM Higgs Sector – The Two Higgs Doublet ModelTwo Higgs Doublet Models (2HDM) [113℄ are simple extensions to the SM Higgs se
tor, onlyintrodu
ing an additional SU(2)L � U(1)Y Higgs doublet with hyper
harge Y = 1, leading to�ve physi
al Higgs bosons. Three Higgs bosons (A0, h0, H0) are ele
tri
ally neutral and the two



5.1 Input Observables 40remaining ones (H�) are ele
tri
ally 
harged. The free parameters of the 2HDM are the Higgsboson masses MA0 ;Mh0 ;MH0 and MH� , the ratio of the va
uum expe
tation values of the twoHiggs doublets tan� = v2=v1, o

urring in the mixing of 
harged and neutral Higgs �elds, and theangle �, governing the mixing of the neutral CP -even Higgs �elds. It should be noted that, in themost general 2HDM, tan� and hen
e the 
orresponding Higgs 
ouplings and mass matrix elementsdepend on the 
hoi
e of basis for the Higgs �elds [114, 115℄.Models with two Higgs doublets intrinsi
ally ful�l the empiri
al equalityM2W �M2Z 
os2 �W . Theyalso in
rease the maximum allowed mass of the lightest neutral Higgs boson for ele
troweak Baryo-genesis s
enarios to values not yet ex
luded by LEP (see, e.g., [116℄), and introdu
e CP violationin the Higgs se
tor. Flavour 
hanging neutral 
urrents 
an be suppressed with an appropriate
hoi
e of the Higgs-fermion 
ouplings (see e.g., Ref. [117, 118℄). For example, in the Type-I 2HDMthis is a
hieved by letting only one Higgs doublet 
ouple to the fermion se
tor. In the Type-II2HDM [119℄, whi
h is 
hosen for this analysis, one Higgs doublet 
ouples to the up-type quarksand leptons only, while the other one 
ouples only to the down-type quarks and leptons. TheType-II 2HDM resembles the Higgs se
tor in the Minimal Supersymmetri
 Standard Model. It�xes the basis of the Higgs �elds and promotes tan� to a physi
al parameter.Our analysis is restri
ted to the CP 
onserving 2HDM s
alar potential and furthermore we only
onsider observables that are sensitive to 
orre
tions from the ex
hange of a 
harged Higgs boson.In the Type-II 2HDM the 
harged Higgs-fermion intera
tion Lagrangian is given by [117, 118℄LH�ff = g2p2mW �H+ �U�MUK (1� 
5) 
ot� +KMD (1 + 
5) tan��D + h:
:� ; (38)where U and D are 
olumn matri
es of three generation up-type and down-type quark �elds,respe
tively, MU and MD are the 
orresponding diagonal mass matri
es, and K is the Cabibbo-Kobayashi-Maskawa quark-mixing matrix. The 
harged Higgs intera
tion has the same stru
tureas the 
harged 
urrent mediated by the W . Signi�
ant 
harged Higgs 
ouplings to light quarks
an o

ur for large values of tan�.By investigating observables that are sensitive to 
orre
tions from a 
harged Higgs ex
hange wederive 
onstraints on the allowed 
harged-Higgs mass MH� and tan�. Dire
t sear
hes for the
harged Higgs have been performed at LEP and the Tevatron. LEP has derived a lower limit ofMH� > 78:6 GeV at 95% CL [120℄, for any value of tan�.
5.1 Input ObservablesThe 
onstraints on the 
harged Higgs are 
urrently dominated by indire
t measurements, as op-posed to dire
t sear
hes at high-energy a

elerators. A multitude of heavy 
avour observablesmainly from B-meson de
ays is available whose sensitivity to the 2HDM parameters varies how-ever substantially, either due to limited experimental pre
ision in 
ase of rare de
ays, or be
ausespe
i�
 2HDM 
ontributions are strongly suppressed. The most relevant observables for the sear
hof Type-II 2HDM signals are the ele
troweak pre
ision variable R0b , bran
hing fra
tions of raresemileptoni
 B, D and K de
ays, and loop-indu
ed radiative B de
ays.42 A summary of theexperimental input used for this analysis is given in Table 5.42De
ays of � and � leptons 
an also o

ur through 
harged-Higgs tree diagrams giving anomalous 
ontributionsto the de
ay parameters (Mi
hel parameters [121℄) measured in these de
ays. Their present sensitivity is however
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5.1.1 Hadronic Branching Ratio of Z to b Quarks R0bThe sensitivity of R0b to a 
harged Higgs boson arises from an ex
hange diagram modifying the Zbb
oupling. The 
orresponding 
orre
tions of the SM predi
tion have been 
al
ulated in Ref. [124℄and are given in Eqs. (6.3) and (6.4) thereof.43 The left- (right-) handed 
orre
tions to the e�e
tive
ouplings ÆgL(R) are proportional to 
ot2� (tan2�) and to R=(R � 1) � R logR=(R � 1)2, whereR = m2t =M2H� . The 
harged-Higgs ex
hange leads to a de
rease of R0b . Neutral Higgs 
ontributions
an be negle
ted for small tan�. For the SM predi
tion we use the result from the 
ompleteele
troweak �t, R0b;SM = 0:21580�0:00006, where the dire
t measurement of R0b has been ex
luded(
f. Table 1). It is 
onfronted in the �t with the experimental value R0b;exp = 0:21629 � 0:00066,obtained at LEP [56℄, giving �R0b = R0b;exp �R0b;SM = 0:00049 � 0:00066.
5.1.2 The Decay B! Xs
The de
ay B ! Xs
 is an e�e
tive 
avour 
hanging neutral 
urrent pro
ess o

urring only at loop-level in the SM. The SM predi
tion for its bran
hing fra
tion (B) at NNLO a

ura
y is (3:15 �0:23) �10�4 [125℄, where the theoreti
al un
ertainty is estimated by studying (in de
reasing order ofimportan
e) nonperturbative, parametri
, higher-order andm
 interpolation ambiguity e�e
ts, andwhere all errors have been added in quadrature. Averaging bran
hing fra
tion measurements fromthe BABAR, Belle and CLEO Collaborations gives B(B ! Xs
) = (3:52�0:23�0:09) �10�4 [126℄,where the �rst error is experimental and the se
ond stems from the modelling of the photon energyspe
trum. The improved NNLO 
al
ulation yields a bran
hing fra
tion approximately 1.5 � lowerthan the NLO 
al
ulation [127℄, resulting in a small tension with the experimental average andthus leading to less stringent 
onstraints on the 
harged Higgs mass. The 2HDM 
ontribution tothe B(B ! Xs
) arises from a 
harged Higgs repla
ing the W� in the loop from whi
h the photonis radiated and is always positive in the type-II model. For the predi
tion of B(B ! Xs
) inthe 2HDM we have used parametrised formulae [128℄ reprodu
ing the result of [125℄ within 0.2%.While the value of the bran
hing fra
tion 
hanges withMH� and, to a lesser extent with tan�, theasso
iated theoreti
al un
ertainty stays to good approximation 
onstant at 7%. Sin
e it has beenderived by quadrati
ally 
ombining several error estimates, we treat it as an additional Gaussiansystemati
 error in the �t.
5.1.3 Leptonic Decays of Charged Pseudoscalar MesonsIn the SM the leptoni
 de
ay of 
harged pseudos
alar mesons pro
eeds via the annihilation of theheavy meson into a W boson and its subsequent leptoni
 de
ay. Angular momentum 
onservationleads to a heli
ity suppression fa
tor that is squared in the lepton mass. Competitive 
ontributionsfrom the 
harged Higgs se
tor 
an therefore o

ur. Negle
ting photon radiation, the leptoni
 de
aynot 
ompetitive with the other observables (a 95% CL limit of MH� > 1:9 GeV � tan� is 
urrently a
hieved from �de
ays [122℄, see also [123℄ for a review of the � de
ay parameters).43These equations 
ontain a misprint: the 
ommon fa
tors e=(sW 
W ) should be removed. We are grateful toPietro Slavi
h and Giuseppe Degrassi for drawing our attention to this.
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alar meson P has the form� (P ! `�) = B(P ! `�)�P = G2F8� f2Pm2̀mP �1� m2̀m2P �2 jVq1q2 j2 ; (39)where mP (m`) is the mass of the pseudos
alar meson (lepton), jVq1q2 j is the magnitude of theCKM matrix element of the 
onstituent quarks in P , and fP is the weak de
ay 
onstant.For P = B (implyingB� = B�u ) we use [126℄ �B� = (1:639�0:009)ps and jVubj = (3:81�0:47)�10�3 ,where the latter result has been averaged over in
lusive and ex
lusive measurements. For the Bde
ay 
onstant we use the value fB = (216 � 22) MeV, obtained by the HPQCD Collaborationfrom unquen
hed Latti
e QCD 
al
ulations [129℄. For meson and lepton masses we use the valuesof Ref. [73℄. With these inputs, we �nd the SM predi
tions B(B ! ��) = 1:53+0:46�0:38 � 10�4 andB(B ! ��) = 0:69+0:21�0:17 � 10�6.An alternative approa
h uses for the r.h.s. of Eq. (39) additional 
onstraints from the globalCKM �t enhan
ing the information on jVubj beyond that of the dire
t measurement through the�t of the Wolfenstein parameters �; �, and on fB through the measurement of the B0B0 mixingfrequen
y. This assumes that the measurements entering the �t are free from signi�
ant newphysi
s 
ontributions. It is 
ertainly the 
ase for the 
harged Higgs, but 
annot be ex
luded forthe CP -violation and neutral-B mixing observables. Hen
e, albeit using the global CKM �t isan interesting test, it 
annot repla
e the dire
t SM predi
tion of Eq. (39) based on tree-levelquantities and latti
e 
al
ulations only. Not using the dire
t measurements, the global CKM �tgives jVubj = (3:44+0:22�0:17) � 10�3, and for the 
omplete predi
tion B(B ! ��) = 0:83+0:27�0:10 [130℄.This latter result is about 1:9� below the one from the \tree-level" determination, and a similardis
repan
y is found for B ! �� (
f. Table 5).The 
harged-Higgs amplitude 
ontributes to the leptoni
 de
ays modifying Eq. (39) by a s
alingfa
tor rH . In the Type-II 2HDM the b quark 
ouples only to one of the Higgs doublets at treelevel so that the s
aling fa
tor for the de
ays B ! �� and B ! �� reads [131℄rH = �1�m2B tan2�M2H� �2 ; (40)whi
h 
an lead to both, an in
rease and a de
rease in the bran
hing fra
tion, depending on whetherthe W� and H� amplitudes interfere 
onstru
tively or destru
tively.The rare leptoni
 de
ay B ! �� has been observed by the BABAR and Belle Collaborations [132{134℄, with an average bran
hing fra
tion44 of B(B ! ��) = (1:51� 0:33) � 10�4. Only upper limitsare available for the muon 
hannel so far, the tightest one, B(B ! ��) < 1:3 � 10�6 at 90% CL(�12� 20 �tted events), being found by BABAR [136℄. For la
k of an experimental likelihood weuse the measured bran
hing fra
tion of (�0:57 � 0:71stat � 0:68syst)� 10�6.For P = K, 
ontributions from a 
harged Higgs are suppressed by (mK=mB)2 relative to leptoni
B de
ays. Moreover, due to the smaller phase spa
e for hadroni
 �nal states, leptoni
 de
ays havelarge bran
hing fra
tions, whi
h { on the other hand { have been measured to an ex
ellent 0.2%44Updated results from BABAR and Belle have been presented at the re
ent workshops CKM 2008 and Tau2008 [135℄, leading to the new average B(B ! ��) = (1:73 � 0:35) � 10�4. They will be in
luded in future updatesof this analysis.
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ura
y for ` = �. We follow the approa
h of Ref. [137℄ and 
ompare jVusj determinedfrom heli
ity suppressed K ! �� de
ays and heli
ity allowed K ! ��� de
ays, 
onsidering theexpression R`23 = ����Vus(K ! ��)Vud(� ! ��) Vud(0+ ! 0+)Vus(K ! ���) ���� (41)whi
h in the SM is equal to 1. The ratio B(K ! ��)=B(� ! ��) � (VusfK)=(Vudf�) is used toredu
e the theoreti
al un
ertainties from the kaon de
ay 
onstant fK , and from ele
tromagneti

orre
tions in the de
ay K ! �� [137℄. The dominant un
ertainty in Vus from K ! ��� de
aysstems from the K ! � ve
tor form fa
tor at zero momentum transfer, f+(0), while Vud determinedfrom super-allowed nu
lear beta-de
ays (0+ ! 0+) is known with very high pre
ision [138℄.In the 2HDM of Type-II the dependen
e of R`23 due to 
harged Higgs ex
hange is given by [137℄RH̀23 = ����1��1� mdms� m2K+m2H+ tan2����� ; (42)where we use ms=md = 19:5 � 2:5 [73℄. Experimentally, a value of Rexp`23 = 1:004 � 0:007 isfound [137℄, where (fK=f�)=f+(0) has been taken from latti
e 
al
ulations. It dominates theun
ertainty on R`23.
5.1.4 The Semileptonic Decay B! D��Similar to the B ! �� de
ay, the semileptoni
 de
ay B ! D�� 
an be mediated a by 
hargedHiggs. We follow the arguments of Ref. [139℄ and use the ratio RD�=e = B(B ! D��)=B(B ! De�)to redu
e theoreti
al un
ertainties from hadroni
 form fa
tors o

urring in the predi
tions of theindividual bran
hing fra
tions. In the Type-II 2HDM the ratio RD�=e 
an be expressed in thefollowing 
ompa
t form [139℄RHD�=e = (0:28 � 0:02) � h1 + (1:38 � 0:03) �Re(C�NP) + (0:88 � 0:02) � jC�NPj2i ; (43)where C�NP = �mbm� tan2�=m2H� . As for leptoni
 de
ays the 2HDM 
ontribution 
an either leadto an in
rease or de
rease in the bran
hing fra
tion. Equation 43 is the result of an integrationof the partial width d�(B ! D`�)=dw, assuming no Higgs 
ontribution to B ! De�, and wherew = vBvD with vB (vD) being the four-velo
ity of the B (D) meson.The ratio of bran
hing fra
tions has been measured by BABAR to be RexpD�=e = 0:42 � 0:12stat �0:05syst [140℄.
5.2 Results and DiscussionThe theoreti
al predi
tions of the Type-II 2HDM for the various observables sensitive to 
orre
tionsfrom the ex
hange of 
harged Higgs bosons have been implemented in a separate library integratedas a plug-in into the G�tter framework. Ex
lusion 
on�den
e levels have been derived in two ways:(i) for ea
h observable separately, and (ii) in a 
ombined �t.
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Figure 13: Two-sided 68%, 95% and 99% CL ex
lusion regions obtained for the various observables (seetext) in the 2HDM parameter plane MH� versus tan�.



5.2 Results and Discussion 45Parameter Experimental value Ref. SM predi
tion Ref.R0b 0:21629 � 0:00066 [56℄ 0:21580 � 0:00006 This workB(B ! Xs
) [10�4℄ 3:52 � 0:23� 0:09 [126℄ 3:15� 0:23 [125℄1:53+0:46�0:38 [fB ; jVubj℄ This workB(B ! ��) [10�4℄ 1:51 � 0:33 [134℄ 0:83+0:27�0:10 [CKM �t℄ [130℄0:69+0:21�0:17 [fB ; jVubj℄ This workB(B ! ��) [10�6℄ �0:57� 0:68 � 0:71 [136℄ 0:37+0:12�0:04 [CKM �t℄ [130℄RD�=e 0:42 � 0:12� 0:05 [140℄ 0:28� 0:02 [139℄R`23 1:004 � 0:007 [137℄ 1 {
Table 5: Experimental results and SM predi
tions for the input observables used in the analysis of the
harged-Higgs se
tor of the Type-II 2HDM.
5.2.1 Separate Constraints from Individual ObservablesConstraints in the two-dimensional model parameter plane (tan�;MH�) have been derived usingthe individual experimental measurements and the 
orresponding theoreti
al predi
tions of theType-II 2HDM. Figure 13 displays the resulting two-sided 68% (yellow/light), 95% (orange) and99% CL (red/dark) ex
luded regions separately for ea
h of the observables given in Table 5. The
on�den
e levels are derived assuming Gaussian behaviour of the test statisti
s, and using onedegree of freedom (
f. dis
ussion in Footnote 8 on page 6) , i.e., Prob(��2; 1). Also indi
ated inthe plots is the 95% CL ex
lusion limit resulting from the dire
t sear
hes for a 
harged Higgs atLEP [120℄ (hat
hed area).The �gures show that Rb is mainly sensitive to tan� ex
luding small values (below '1). B(B !Xs
) is only sensitive to tan� for values below '1. For larger tan� it provides an almost 
onstantarea of ex
lusion of a 
harged Higgs lighter than '260 GeV. (All ex
lusions at 95% CL). Theleptoni
 observables lead to triangle-shaped ex
luded areas in the region of large tan� and smallmH� values. B(B ! ��) gives the strongest 
onstraint.45 For these observables the 2HDM
ontribution 
an be either positive or negative, be
ause magnitudes of signed terms o

ur in thepredi
tions of the bran
hing fra
tions giving a two-fold ambiguity in the (tan�;MH�) plane.
5.2.2 Combined FitWe have performed a global Type-II 2HDM �t 
ombining all the available observables (and usingthe tree-level SM predi
tions for the leptoni
 B de
ays). We �nd a global minimum �2min = 3:9 atMH� = 860 GeV and tan� = 7. Sin
e the number of e�e
tive 
onstraints varies strongly a
rossthe (tan�;MH�) plane, it is not straightforward to determine the proper number of degrees offreedom to be used in the 
al
ulation of the CL { even if the test statisti
 follows a �2 distribution.A

ording to the dis
ussion in Footnote 8 on page 6 we avoid this problem by performing 2 00045The stronger 
onstraint obtained from the global CKM �t for B(B ! ��) is a result of the in
reased theoreti
alpre
ision and, more importantly, the 1:9� deviation with respe
t to the \tree-level" determination (
f. Table 5).
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Figure 14: Ex
lusion regions in the (tan�;MH�) plane. The top plot displays the 68%, 95% and 99% CLex
luded regions obtained from the 
ombined �t using toy MC experiments. For 
omparison the 95% CL
ontours using Prob(��2; ndof) for ndof = 1 and ndof = 2 are also shown (see dis
ussion in text). Thebottom plot shows the 95% CL ex
luded regions from the individual 
onstraints given in Table 5, and thetoy-MC-based result from the 
ombined �t overlaid.
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h s
an point to determine the asso
iated p-value. The upper plot ofFig. 14 shows the 68%, 95% and 99% CL ex
luded regions obtained from the toy-MC analysis ofthe 
ombined �t. For 
omparison the 95% CL 
ontours using Prob(��2; ndof) for ndof = 1 andndof = 2 are also shown. As expe
ted, the ndof = 2 approximation is more a

urate in regions whereseveral observables 
ontribute to the 
ombined �t, while ndof = 1 is better when a single 
onstraintdominates over all the others (very small and very large values of tan�). For 
omparison the lowerplot of Fig. 14 shows again the 95% CL ex
luded region obtained from the toy-MC analysis of the
ombined �t (hat
hed area) together with the 
orresponding regions obtained from the individual
onstraints. It 
an be seen that due to the in
reased number of e�e
tive degrees of freedom the
ombined �t does not ne
essarily lead to stronger 
onstraints.The 
ombination of the 
onstraints ex
ludes the high-tan�, low-MH� region spared by the B ! ��
onstraint. We 
an thus ex
lude a 
harged-Higgs mass below 240 GeV independently of tan� at95% 
on�den
e level. This limit in
reases towards larger tan�, e.g., MH� < 780 GeV are ex
ludedfor tan� = 70 at 95% CL.
5.2.3 PerspectivesImprovements on the low-energy B-meson observables are expe
ted from the KEKB and Belleupgrade program with an initial (�nal) target of 10 ab�1 (50 ab�1) integrated luminosity [141{143℄.Parallel developments envision the 
onstru
tion of a new SuperB a

elerator with similar targetluminosities [144℄. With respe
t to the 2HDM analysis, these programs are parti
ularly interestingfor the de
ays B ! ��, B ! �� and B ! D�� whose present bran
hing fra
tion measurementsare statisti
ally dominated. Further improvement 
an also be expe
ted for the measurement ofB(B ! Xs
) with however less prominent e�e
t on the 2HDM parameter 
onstraints due to thesize of the theoreti
al un
ertainties. The measurement of the ratio of partial Z widths, R0b , 
ouldbe improved at an ILC running at the Z resonan
e (GigaZ, 
f. Se
tion 4.3). The authors ofRef. [110℄ estimate a fa
tor of �ve in
rease over the 
urrent pre
ision, mostly by virtue of thein
reased statisti
al yield, and the ex
ellent impa
t parameter resolution suppressing ba
kgroundfrom 
harm quarks.The LHC experiments will attempt to dire
tly dete
t signals from 
harged-Higgs produ
tion, eithervia t ! bH� de
ays, if MH� < mt, and/or via gluon-gluon and gluon-bottom fusion to t(b)H�,and the subsequent de
ay H� ! ��, or, if MH� > mt, via H� ! tb. The full tan� parameterspa
e is expe
ted to be 
overed for H� lighter than top (a s
enario already strongly disfavouredby the 
urrent indire
t 
onstraints, espe
ially the one from B(B ! Xs
)), while the dis
overy ofa heavy H� requires a large tan�, whi
h rapidly in
reases with rising MH� [30, 31, 145℄.
6 Conclusions and PerspectivesThe wealth of available pre
ision data at the ele
troweak s
ale requires 
onsistent phenomenologi
alinterpretation via an overall (global) �t of the Standard Model and beyond. Su
h �ts, mainlydetermining the top-quark mass, the Higgs-boson mass, the strong 
oupling 
onstant, and theoverall 
onsisten
y of the model, have been performed by several groups in the past. The �t hassensitivity to 
on�rm ele
troweak uni�
ation and the Brout-Englert-Higgs me
hanism [146, 147℄



6 Conclusions and Perspectives 48of spontaneous ele
troweak symmetry breaking for the dynami
al generation of the fermion andboson masses, while posing problems for alternatives su
h as Te
hni
olour in its simplest form [148℄,requiring more involved s
enarios. Other theories, like Supersymmetry, are de
oupling from theStandard Model if their masses are large. For su
h models the high energy pre
ision data as wellas 
onstraints obtained from rare de
ays, 
avour mixing and CP -violating asymmetries in the Band K-meson se
tors, the anomalous magneti
 moment of the muon, and ele
tri
 dipole momentsof ele
tron and neutron, ex
lude a signi�
ant part of the parameter spa
e. However, the models
an be adjusted to be
ome 
onsistent with the experimental data as long as these data agree withthe Standard Model predi
tions.In this paper, we have revisited the global ele
troweak �t, and a simple extension of the Higgs se
torto two doublets, using the new generi
 �tting toolkit G�tter and its 
orresponding ele
troweakand 2HDM libraries. We have in
luded the 
onstraints from dire
t Higgs sear
hes by the LEPand Tevatron experiments in the former �t. Emphasis has been put on a 
onsistent treatment oftheoreti
al un
ertainties, using no assumptions other than their respe
tive ranges, and a thoroughfrequentist statisti
al analysis and interpretation of the �t results.G�tter is an entirely new �tting framework dedi
ated to model testing in high-energy physi
s.It features transparent interfa
es to model parameters and measurements, theory libraries, and�tter implementations. Parameter 
a
hing signi�
antly in
reases the exe
ution speed of the �ts.All results 
an be statisti
ally interpreted with toy Monte Carlo methods, treating 
onsistently
orrelations and res
aling due to parameter dependen
ies.For the 
omplete �t, in
luding the results from dire
t Higgs sear
hes, we �nd for the mass ofthe Higgs boson the 2� and 3� intervals [114; 145℄ GeV and [[113; 168℄ and [180; 225℄℄ GeV, re-spe
tively. The 
orresponding results without the dire
t Higgs sear
hes in the standard �t are[39; 155℄ GeV and [26; 209℄ GeV. Theoreti
al errors 
onsidered in the �t parametrise un
ertaintiesin the perturbative predi
tions of MW and sin2�fe� , and the renormalisation s
heme ambiguity.They 
ontribute with approximately 8 GeV to the total �t error obtained for MH for the stan-dard �t. In a �t ex
luding the measurement of the top quark mass (but in
luding the dire
tHiggs sear
hes) we �nd mt = 178:2+9:8�4:2 GeV, in fair agreement with the experimental world av-erage. Finally, the strong 
oupling 
onstant to 3NLO order at the Z-mass s
ale is found to be�S(M2Z) = 0:1193+0:0028�0:0027, with negligible theoreti
al error (0.0001) due to the good 
onvergen
e ofthe perturbative series at that s
ale.We have probed the goodness of the Standard Model �t to des
ribe the available data with toyMonte Carlo simulation. For the �t in
luding the dire
t Higgs sear
hes it results in a p-value of0:22 � 0:01�0:02, where the �rst error a

ounts for the limited Monte Carlo statisti
s, and these
ond for the impa
t of theoreti
al un
ertainties (without these, the p-value is redu
ed by 0.04).The p-value for the �t without dire
t Higgs sear
hes is similar (the redu
ed number of degrees offreedom approximately 
ountervails the better �2 value). The 
ompatibility of the most sensitivemeasurements determining MH has been estimated by evaluating the probability for a 
onsistentset of measurements to �nd a single measurement that in
reases the overall �2 of the global �t byas mu
h as is observed in data, when adding the least 
ompatible measurement (here A0;bFB). Ananalysis with toy MC experiments �nds that this o

urs in (1:4 � 0:1)% of the 
ases.We have analysed the perspe
tives of the ele
troweak �t 
onsidering three future experimentals
enarios, namely the LHC and an international linear 
ollider (ILC) with and without high lumi-



6 Conclusions and Perspectives 49nosity running at lower energies (GigaZ), all after years of data taking and assuming a good 
ontrolover systemati
 e�e
ts. For a 120 GeV Higgs boson, the improved MW and mt measurements ex-pe
ted from the LHC would redu
e the error on the MH predi
tion by up to 20% with respe
t tothe present result. The ILC 
ould further redu
e the error by about 25% over the LHC, and {if the hadroni
 
ontribution to �(M2Z) 
an be determined with better pre
ision (requiring betterhadroni
 
ross se
tion measurements at low and intermediate energies) { a 30% improvement ispossible. The largest impa
t on the �t a

ura
y 
an be expe
ted from an ILC with GigaZ option.Together with an improved �(M2Z), the present �t error on MH 
ould be redu
ed by more thana fa
tor of two. We point out however that, in order to fully exploit the experimental potential,in parti
ular the anti
ipated improvements in the a

ura
y of MW , theoreti
al developments aremandatory. If the Higgs is dis
overed, the improved ele
troweak �t will serve as a sensitive testfor the Standard Model and its extensions.By extending the Standard Model Higgs se
tor to two s
alar doublets (2HDM of Type-II), we havestudied the experimental 
onstraints on the 
harged-Higgs mass MH� and on tan�, using as inputbran
hing fra
tions of the rare B de
ays B ! Xs
, B ! ��, B ! ��, and B ! De�, the Kaonde
ay K ! ��, and the ele
troweak pre
ision observable R0b . Ex
lusion 
on�den
e levels havebeen derived by 
arrying out toy experiments for every point on a �ne grid of the (MH� ; tan�)parameter spa
e. At 95% 
on�den
e level we ex
lude 
harged Higgs masses MH� < 240 GeV forany value of tan�, and MH� < 780 GeV for tan� = 70.Inputs and numeri
al and graphi
al outputs of the G�tter Standard Model and 2HDM analysesare available on the G�tter web site: http://
ern.
h/g�tter. They will be kept in line with theexperimental and theoreti
al progress. Apart from these update 
ommitments, new theoreti
allibraries su
h as the minimal Supersymmetri
 extension of the Standard Model will be in
ludedand analysed.
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A Standard Model FormulaeThis se
tion gives the relevant formulae for the 
al
ulation of the ele
troweak observables used inthe global ele
troweak �t. We dis
uss the s
ale evolution of the QED and QCD 
ouplings andquark masses, and give expressions for the ele
troweak form fa
tors and radiator fun
tions.
A.1 Running QED CouplingThe ele
troweak �t requires the knowledge of the ele
tromagneti
 
ouping strength at the Z-masss
ale to an a

ura
y of 1% or better. The evolution of �(s) versus the mass s
ale-squared s is
onventionally parametrised by �(s) = �(0)1���(s) ; (44)following from an all-orders resummation of va
uum polarisation diagrams, sole 
ontributors tothe running �. Here � = �(0) = 1=137:035 999 679(94) is the �ne stru
ture 
onstant in the long-wavelength Thomson limit [149℄, and the term ��(s) 
ontrols the evolution. It is 
onvenientlyde
omposed into leptoni
 and hadroni
 
ontributions��(s) = ��lep(s) + ��(5)had(s) + ��top(s) ; (45)where the hadroni
 term has been further separated into 
ontributions from the �ve light quarks(with respe
t to MZ) and the top quark. The leptoni
 term in (45) is known up to three loops inthe q2 � m2̀ limit [150℄. The dominant one-loop term at the Z-mass s
ale reads��(1-loop)lep (M2Z) = � X`=e;�;���59 + 13 lnM2Zm2̀ � 2m2̀M2Z +O�m4̀M4Z�� � 314:19 � 10�4 : (46)Adding the sub-leading loops gives a total of ��lep(s) = 314:97�10�4 , with negligible un
ertainty.46The hadroni
 
ontribution for quarks with masses smaller than MZ 
annot be obtained from per-turbative QCD alone be
ause of the low energy s
ale involved. Its 
omputation relies on analyti
ityand unitarity to express the photon va
uum polarisation fun
tion as a dispersion integral involvingthe total 
ross se
tion for e+e� annihilation to hadrons at all time-like energies above the two-pion threshold. In energy regions where perturbative QCD fails to lo
ally predi
t the in
lusivehadroni
 
ross se
tion, experimental data is used. The a

ura
y of the 
al
ulations has thereforefollowed the progress in the quality of the 
orresponding data. Re
ent 
al
ulations improved thepre
ision by extending the use of perturbative QCD to energy regions of relatively low s
ales,bene�ting from global quark-hadron duality. For the �ts in this paper we use the most re
entvalue, ��(5)had(M2Z) = (276:8 � 2:2) � 10�4, from Ref. [75℄. The error is dominated by systemati
un
ertainties in the experimental data used to 
al
ulate the dispersion integral. A small partof the error, 0:14 � 10�4, is introdu
ed by the un
ertainty in �S(s) (the authors of [75℄ used thevalue �S(M2Z) = 0:1176 � 0:0020 [151℄). We in
lude this dependen
e in the �ts via the parameterres
aling me
hanism implemented in G�tter (
f. Se
tion 3).46While the two-loop leptoni
 
ontribution of 0:78 � 10�4 is signi�
ant (roughly one third of the un
ertainty in thehadroni
 
ontribution), the third order term, 0:01 � 10�4, is very small,



A.2 QCD Renormalisation 51The small top-quark 
ontribution at M2Z up to se
ond order in �S reads [152{155℄ to��top(M2Z) = � 445 �� M2Zm2t �1 + 5:062 a(5)S (�2) +�28:220 + 9:702 ln �2m2t ��a(5)S (�2)�2 (47)+ M2Zm2t �0:1071 + 0:8315 a(5)S (�2) +�6:924 + 1:594 ln �2m2t ��a(5)S (�2)�2�� ;� � 0:7 � 10�4 ;where the short-hand notation aS = �S=� is used, and where �(5)S is the strong 
oupling 
onstantfor �ve a
tive quark 
avors, and � is an arbitrary renormalisation s
ale, 
hosen to be � = MZ inthe �t.The un
ertainty on �(M2Z) is dominated by the hadroni
 
ontribution ��(5)had(M2Z), whi
h is a
oating parameter of the �t 
onstrained to its phenomenologi
al value. The errors due to un
er-tainties in MZ , mt and �S are properly propagated throughout the �t. Other un
ertainties arenegle
ted.
A.2 QCD RenormalisationLike in QED, the subtra
tion of logarithmi
 divergen
es in QCD is equivalent to renormalising the
oupling strength (�S � g2s=4�), the quark masses (mq), et
., and the �elds in the bare (supers
riptB) Lagrangian su
h as �BS = s"Z�S�S, mBq = s"Zmmq, et
. Here s is the renormalisation s
ale-squared, " the dimensional regularisation parameter, and Z denotes a series of renormalisation
onstants obtained from the generating fun
tional of the bare Green's fun
tion. Renormalisationat s
ale � introdu
es a di�erential renormalisation group equation (RGE) for ea
h renormalisedquantity, governing its running. All formulae given below are for the modi�ed minimal subtra
tionrenormalisation s
heme (MS) [156, 157℄.
A.2.1 The Running Strong CouplingThe RGE for �S(�2) readsd�Sd ln�2 = �(�S) = ��0�2S � �1�3S � �2�4S � �3�5S � : : : ; (48)



A.2 QCD Renormalisation 52The perturbative expansion of the �-fun
tion is known up to four loops [158, 159℄ (and referen
estherein), with the 
oeÆ
ients�0 = 14� �11 � 23nf� ; (49)�1 = 1(4�)2 �102� 383 nf� ; (50)�2 = 1(4�)3 �28572 � 503318 nf + 32554 n2f� ; (51)�3 = 1(4�)4 ��1497536 + 3564 �3���1078361162 + 650827 �3�nf+�50065162 + 647281 �3�n2f + 1093729 n3f� ; (52)where nf is the number of a
tive quark 
avours with masses smaller than �, and where �3 '1:2020569. Solving Eq. (48) for �S introdu
es a 
onstant of integration, �(nf ), with dimension ofenergy. The solution in the ultraviolet limit reads [160, 161℄�S(�2) = 1�0 L �1� �1�20 lnLL + 1�20L2 ��21�20 �ln2L� lnL� 1�+ �2�0 �+ 1�30L3 ��31�30 �� ln3L+ 52 ln2L+ 2 lnL� 12�� 3�1�2�20 lnL+ �32�0 �� ; (53)where L = 2 ln(�=�(nf ))� 1.As �S evolves it passes a
ross quark-
avour thresholds. Mat
hing 
onditions at these thresholds
onne
t �(nf )S of the full theory with nf 
avors to the e�e
tive strong 
oupling 
onstant �(nf�1)S ,where the heaviest quark de
ouples. The 
oupling 
onstant of the full theory is developed ina power series of the 
oupling 
onstant of the e�e
tive theory with 
oeÆ
ients that depend onx = 2 ln(�=mq) [160, 162{164℄:a(nf )S = a(nf�1)S �1 + C1(x)�a(nf�1)S �+ C2(x)�a(nf�1)S �2 + C3(x)�a(nf�1)S �3� ; (54)with aS = �S=� (re
alled), andC1(x) = x6 ; C2(x) = 
2;0 + 1924x+ x236 ;C3(x) = 
3;0 +�24154 + 134 
2;0 �� 3251728 + 
2;06 �nf�x+ 511576x2 + x3216 : (55)The integration 
oeÆ
ients 
i;0 
omputed in the MS s
heme at the s
ale of the quark masses are
2;0 = �1172 ; 
3;0 = 8204327648 �3 � 575263124416 + 263331104nf : (56)The solution of the RGE (48) at arbitrary s
ale requires �S to be known at some referen
e s
ale,for whi
h the Z pole is 
ommonly 
hosen. Three evolution pro
edures are implemented in G�tter,
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h lead to insigni�
ant di�eren
es in the result. The �rst uses numeri
al integration of the RGEwith a fourth-order Runge-Kutta method. The se
ond (the one 
hosen for this paper) determines�(5) at MZ by numeri
ally evaluating the root of Eq. (53), and the values for �(nf 6=5) are obtainedvia the mat
hing 
onditions. Both methods use �S(M2Z) as 
oating parameter in the �t. In thethird approa
h, �(5) is dire
tly determined by the �t without expli
it use of �S(M2Z).
A.2.2 Running Quark MassesThe MS RGE for massive quarks is governed by the 
-fun
tion de�ned by1mq dmqln�2 = 
(�S) = �
0�S � 
1�2S � 
2�3S � 
3�4S � : : : : (57)Its perturbative expansion has been 
omputed to four loops [165℄ (and referen
es therein), whi
hfor the 
 and b-quark 
avours reads [165℄m
(�2) = m̂
a12=25S �1 + 1:0141 aS + 1:3892 a2S + 1:0905 a3S� ;mb(�2) = m̂ba12=23S �1 + 1:1755 aS + 1:5007 a2S + 0:1725 a3S� : (58)The s
ale dependen
e of mq(�2) is given by the s
ale dependen
e of aS = aS(�2). The renormal-isation group independent mass parameters m̂q are determined from the measured quark massesat �xed s
ales (
f. Table 1).
A.3 Electroweak Form FactorsThe ele
troweak form fa
tors for lepton or quark 
avours f , �fZ and �fZ , absorbing the radiative
orre
tions, are used in the G�tter software for the 
al
ulation of the partial and total widthsof the Z boson and of the total width of the W boson. The relevant implementations havebeen integrated from the ZFITTER pa
kage [5, 6℄ (
f. Footnote 1) and are 
o-authored by bothgroups [16℄. It in
ludes up to two-loop ele
troweak 
orre
tions [5, 6, 17{26℄ and all known QCD
orre
tions [5, 6, 27℄. In these 
al
ulations the intermediate on-shell mass s
heme [6℄ is used, whi
hlies between OMS-I and OMS-II. These latter two s
hemes are used to estimate the un
ertaintyarising from the renormalisation s
heme ambiguity (see [68℄ for more information). The formfa
tors in the intermediate s
heme are given by�fZ = 1 + Æ�f;[G℄rem1 + Æ�̂(G) �1���r[G℄rem� + Æ�f;G2rem ; (59)�fZ = �1 + Æ�f;[G℄rem ��1� 
2Ws2W Æ�̂(G) �1���r[G℄rem��+ Æ�f;G2rem ; (60)where the supers
ript (G) stands for the in
lusion of all known terms, whereas [G℄ = G + �SGin
ludes the ele
troweak one-loop 
orre
tions together with all known orders in the strong 
oupling
onstant. These QCD 
orre
tions are taken from [27℄. The parameter Æ�̂(G) 
ontains all known
orre
tions to the Veltman parameter, de�ned by the ratio of e�e
tive 
ouplings of neutral to
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harged 
urrents [166, 167℄. The subs
ript \rem" stands for \remainder". The 
orre
tion ��r[G℄rem isgiven by ��r[G℄rem = ��rGrem +�rG�Srem ; (61)with the one-loop remainder��rGrem = p2GFM2Zs2W 
2W4�2 (�23 + 1s2W �16NfC � 16 � 7
2W� ln 
2W+ 1s2W ���FW + 112 � 58
2W �1 + 
2W �+ 9
2W4s2W ln 
2W�) ; (62)where Nf=q(`)C = 3(1) is the 
olour fa
tor, s2W = sin2�W and 
2W = 
os2�W , and where ��FW is givenby ��FW = 1M2W ��FWW (0)� �FWW (M2W )� : (63)The terms �FWW (0) and �FWW (M2W ) are the W boson self energies dis
ussed below.For the purpose of illustration we give the formulae for the one-loop 
orre
tions of the ele
troweakform fa
tors at the Z pole for vanishing external fermion masses [17℄:Æ�f;[G℄rem = �4�s2W ��0ZZ (M2Z)���FZ � 112 + 58
2W (1 + 
2W )� 94 
2Ws2W ln 
2W + 2uf� ; (64)Æ�f;[G℄rem = �4�s2W �� 
2Ws2W��F +�FZ
(M2Z) + s4W
2W Q2fV1Z(M2Z)� uf� ; (65)whereuf = 14
2W �1� 6jQf js2W + 12Q2fs4W �V1Z(M2Z) + �12 � 
2W � jQf js2W�V1W (M2Z) + 
2WV2W (M2Z) ;��FZ = 1M2W ��FWW (0)� �FZZ(M2Z)� :The term �FZZ(M2W ) is the Z boson self energy. The vertex fun
tions in the 
hiral limit are givenby [25℄V1V (s) = �72 � 2RV � (3 + 2RV ) ln(� ~RV ) + 2(1 +RV )2 hLi2(1 + ~RV )� Li2(1)i ; (66)V2W (s) = �16 � 2RW ��76 +RW� LWW (s)s + 2RW (RW + 2)F3(s;M2W ) ; (67)where Li2 is the dilogarithm fun
tion, and where ~RV = RV �i
V , 
V =MV �V =s, and RV =M2V =s.The Z{
 mixing fun
tion in Eq. (65) is given by�FZ
(M2Z) = 2Xf NfC jQf jvfI3(�s;m2f ;m2f ) ; (68)



A.3 Electroweak Form Factors 55where vf = 1� 4Qfs2W , and where the index f runs over all fundamental fermions. The integralsF3 in (67) and I3(Q2;M21 ;M22 ) in (68) are given in Appendi
es C and D of Ref. [168℄.For the two-loop 
orre
tions to the ele
troweak form fa
tors, Æ�f;G2rem and Æ�f;G2rem in Eqs. (59) and(60), the interested reader is referred to the original literature [6, 21{26℄. Be
ause of missing two-loop 
orre
tions to the form fa
tors �bZ and �bZ o

urring in Z ! bb, an approximate expressionis used, whi
h in
ludes the full one-loop 
orre
tion and the known leading two-loop terms / m4t .Non-universal top 
ontributions [6, 19, 20℄ must be taken into a

ount in this 
hannel due to aCKM fa
tor 
lose to one and the large mass di�eren
e of bottom and top quarks�b = �2xt �1� �3�s(m2t ) + xt � (2)� m2tM2H�� ; (69)where xt = GFm2t =(8�2p2) and the fun
tion � (2)(m2t =M2Z) is given in [19℄. Sin
e the �rst termin Eq. (69) represents one-loop 
orre
tions, it must be subtra
ted from the universal form fa
torsto avoid double-
ounting. Let �0b and �0b be these 
orre
ted form fa
tors (
f. Refs. [6, 19, 20℄ forthe 
orre
tion pro
edure), the form fa
tors beyond one-loop are obtained by �b = �0b (1 + �b)2 and�b = �0b(1 + �b)�1.
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A.3.1 Self-Energies of W and Z BosonThe W and Z boson self-energies PFWW and PFZZ and on-shell derivative P0FZZ are the sums ofbosoni
 and fermioni
 parts. The bosoni
 parts read [25, 169℄PBos;FWW (0)M2W = 5
2W (1 + 
2W )8 � 174 + 58
2W � rW8 +�94 + 34
2W � 3s2W � ln 
2W + 3rW4(1 � rW ) ln rW ;(70)PBos;FWW (M2W )M2W = � 1579 + 2312
2W + 112
4W � rW2 + r2W12 + 1
2W ��72 + 712
2W + 124
4W � ln 
2W+ rW ��34 + rW4 � r2W24 � ln rW +�12 � rW6 + r2W24 � LWH(M2W )M2W+ ��2
2W � 176 + 23
2W + 124
4W � LWZ(M2W )M2W ; (71)PBos;FZZ (M2Z)M2W = � 8
4W � 34
2W3 + 3518 �1 + 1
2W �� rW2 + r2Z12
2W + rW ��34 + rZ4 � r2Z24� ln rZ+ 5 ln 
2W6
2W +�12 � rZ6 + r2Z24� LZH(M2Z)M2W+ ��2
6W � 176 
4W + 23
2W + 124� LWW (M2Z)M2W ; (72)X0Bos;FZZ (M2Z) = � 4
4W + 17
2W3 � 239 + 518
2W � rW2 + rW rZ6 + rW ��34 + 3rZ8 � r2Z12� ln rZ� 112
2W ln 
2W + ln rZ2
2W +��
6W + 7
4W6 � 17
2W12 � 18� LWW (M2Z)M2W+ �12 � 5rZ24 + r2Z12 + 12(rZ � 4)� LZH(M2Z)MW 2 ; (73)where the shorthand notation rW = M2H=M2W and rZ = M2H=M2Z has been used. The fun
tionLV1V2(s) � L(�s;M2V1 ;M2V2) is de�ned in Eq. (2.14) of Ref. [170℄.The fermioni
 parts read [25, 169℄PFer;FWW (M2W )M2W = Xf=fu;fdNfC "� 2sM2W I3(: : : ) + m2fuM2W I1(: : : ) +m2fdM2W I1(�s;m2fd ;m2fu)# ; (74)PFer;FZZ (M2Z)M2W = 12
2W Xf NfC "� sM2Z �1 + v2f� I3(�s;m2f ;m2f ) + m2fM2Z I0(�s;m2f ;m2f )# ; (75)X0Fer;FZZ (M2Z) = �Xf NfC �rf2 �1� rfM2WF(�M2Z ;m2f ;m2f )�+ 16
2W �1 + v2f� (76)� �12 ln(rf 
2W ) + rf 
2W + (� 14
2W + rf2 � r2f
2W )M2WF(�M2Z ;m2f ;m2f )�� ;with rf = m2f=M2W and vf = 1� 4Qfs2W (re
alled from above), and where (: : : ) in Eq. (74) standsfor (�s;m2fu ;m2fd). The sums are taken over all fundamental up-type and down-type fermions of
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 U(1) doublets with masses mfu and mfd , respe
tively. The integrals In(Q2;M21 ;M22 )and F are given in Appendix D of Ref. [168℄.
A.4 Radiator FunctionsThe radiator fun
tions RqV (s) and RqA(s) absorb the �nal state QED and QCD 
orre
tions to theve
tor and axial-ve
tor 
urrents in hadroni
 Z de
ays. They also 
ontain mixed QED 
 QCD
orre
tions and �nite quark-mass 
orre
tions expressed in terms of running masses. The followingformulae as implemented in the G�tter subpa
kage GSM are taken from [26℄ and the ZFITTERpa
kage [5, 6℄ (
f. Footnote 1). They have been updated to take into a

ount results from there
ent 3NLO 
al
ulation of the massless QCD Adler fun
tion [28℄ (represented by the 
oeÆ
ientC04).RqV (s) = 1 + 34Q2q�(s)� + aS(s)� 14Q2q �(s)� aS(s)+ �C02 + Ct2� sm2t �� a2S(s) + C03a3S(s) + C04a4S(s)+ ÆC05a5S(s) + m2
(s) +m2b(s)s C23a3S(s)+ m2q(s)s �CV21aS(s) + CV22a2S(s) + CV23a3S(s)�+ m4
(s)s2 �C42 � ln m2
(s)s � a2S(s) + m4b(s)s2 �C42 � ln m2b(s)s � a2S(s)+ m4q(s)s2 (CV41aS(s) + "CV42 + CV;L42 lnm2q(s)s # a2S(s))+ 12m04q (s)s2 a2S(s)� m6q(s)s3 (8 + 1627 "155 + 6 ln m2q(s)s # aS(s)) ; (77)
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RqA(s) = 1 + 34Q2q�(s)� + aS(s)� 14Q2q�(s)� aS(s)+ �C02 + Ct2� sm2t �� (2Iq3 )I(2)� sm2t �� a2S(s)+ �C03 � (2Iq3 ) I(3)� sm2t �� a3S(s) + [C04 � (2Iq3) ÆI(4) ℄ a4S(s)+ ÆC05a5S(s) + m2
(s) +m2b(s)s C23a3S(s)+ m2q(s)s �CA20 + CA21aS(s) + CA22a2S(s) + 6�3 + lnm2ts � a2S(s) + CA23a3S(s)�� 10m2q(s)m2t � 881 + 154 lnm2ts � a2S(s)+ m4
(s)s2 �C42 � ln m2
(s)s � a2S(s) + m4b(s)s2 �C42 � ln m2b(s)s � a2S(s)+ m4q(s)s2 (CA40 + CA41aS(s) + "CA42 + CA;L42 lnm2q(s)s # a2S(s))� 12m04q (s)s2 a2S(s) ; (78)where the �nite quark-mass 
orre
tions are retained for 
harm and bottom quarks only, i.e., alllighter quarks are taken to be massless. This restri
ts the validity of the above formula to energieswell above the strange-pair and below the top-pair produ
tion thresholds, whi
h is suÆ
ient forour use. The mass m0q denotes the other quark mass, i.e., it is mb if q = 
 and m
 if q = b.The running of the quark masses is 
omputed in the MS s
heme a

ording to Eq. (58). The twoparameters ÆI(4) and ÆC05 represent the next unknown 
oeÆ
ients in the perturbative expansion.They are treated as theoreti
al errors within the R�t s
heme, and vary within the bounds obtainedwhen assuming a geometri
 growth of the perturbative 
oeÆ
ients with the perturbative order,i.e., for a 
oeÆ
ient H one has ÆHn = (Hn�1=Hn�2) �Hn�1.The expressions for the �xed-order perturbative 
oeÆ
ients C(V=A)ij in Eqs. (77) and (78) are givenbelow.Massless non-singlet 
orre
tions [28, 171{174℄:C02 = 36524 � 11 �(3) +��1112 + 23�(3)�nf ; (79)C03 = 87029288 � 1218 �(2)� 11034 �(3) + 2756 �(5)+ ��7847216 + 116 �(2) + 2629 �(3)� 259 �(5)�nf +�151162 � 118�(2)� 1927�(3)�n2f ; (80)C04 = � 156:61 + 18:77nf � 0:7974n2f + 0:0215n3f ; (81)whi
h for nf = 5 take the values C02 = 1:40923, C03 = �12:7671 and C04 = �80:0075, exhibitingsatisfa
tory 
onvergen
e given that �S(M2Z)=� ' 0:04.
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 massive 
orre
tions [175℄:C23 = � 80 + 60 �(3) + �329 � 83�(3)�nf ; (82)CV21 = 12 ; (83)CV22 = 2532 � 133 nf ; (84)CV23 = 2522 � 8552 �(2) + 3103 �(3)� 52256 �(5)+ ��494227 + 34 �(2) � 39427 �(3) + 104527 �(5)�nf + �12554 � 23�(2)�n2f ; (85)CA20 = � 6 ; (86)CA21 = � 22 ; (87)CA22 = � 822124 + 57 �(2) + 117 �(3) + �15112 � 2 �(2)� 4 �(3)�nf ; (88)CA23 = � 4544045864 + 1340 �(2) + 11891536 �(3)� 127 �(5)+ �71621162 � 2092 �(2)� 216 �(3) + 5 �(4) + 55 �(5)� nf+ ��131711944 + 169 �(2) + 269 �(3)�n2f : (89)Quarti
 massive 
orre
tions [175℄:C42 = 133 � 4 �(3) ; (90)CV40 = � 6 ; (91)CV41 = � 22 ; (92)CV42 = � 302912 + 162 �(2) + 112 �(3) + �14318 � 4 �(2)� 83�(3)�nf ; (93)CV;L42 = � 112 + 13nf ; (94)CA40 = 6 ; (95)CA41 = 10 ; (96)CA42 = 338912 � 162 �(2) � 220 �(3) + ��416 + 4 �(2) + 163 �(3)�nf ; (97)CA;L42 = 772 � 73nf : (98)Power suppressed top-mass 
orre
tion [175℄:Ct2(x) = x� 44675 � 2135 lnx� : (99)



A.4 Radiator Functions 60Singlet axial-ve
tor 
orre
tions [175℄:I(2)(x) = � 3712 + lnx+ 781x+ 0:0132x2 ; (100)I(3)(x) = � 5075216 + 236 �(2) + �(3) + 6718 lnx+ 2312 ln2x : (101)Singlet ve
tor 
orre
tion [175℄:RhV (s) = 0�Xf vf1A2 (�0:41317) a3S(s) : (102)
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